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ABSTRACT

Analytical expressions and numerical results are presented for the

complex-valued, dynamic (frequency dependent), flexibility influence

coefficients for a homogeneous, isotropic, linearly viscoelastic half space in

plane strain or generalized plane stress. These influence coefficients,

defined for uniformly spaced nodal points at the surface of the half space,

are obtained from solutions of two boundary value problems, associated with

harmonically time-varying (e iwt ) stresses uniformly distributed between two

adjacent nodal points. Numerical values for these coefficients are presented

for Cl viscoelastic half space of constant hysteretic material. A method is

develloped to determine from these results the dynamic stiffness matrix,

associated with the nodal points at the base of a surface supported structure,

for the half space. The resulting dynamic stiffness matrix is shown to be

supe'rior compared to the one determined from an available procedure, which

is based on solutions of displacement boundary value problems for the half

space.
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INTRODUCTION

The direct method for analysis of structure-soil systems (12), which

is nOlN widely used for nuclear power plant structures, is an obvious

application of the finite element method. In order to define the portion of

the soil to be included in the system to be analyzed,a boundary is

introduced,whether a natural dividing line such as a soil-rock interface

exists at the site or not. Vertically oriented wave transmitting boundaries

have been developed to limit the lateral extent of the soil region included

in the finite element system and yet simulate the infinite extent of the soil

region (16). However, the horizontally oriented boundary, which defines the

vertical extent of the soil region included in the analysis and where the

earthquake input is defined, is assumed to be rigid.

If essentially similar soils extend to large depths at the site of the

structure, the rigid boundary will distort the response of the structure to

an extent depending on its location. By locating this boundary at considerable

depth, it may, in principle, be possible to reduce this distortion so that

it becomes small enough to be of no practical consequence; however, excessively

large computational effort is required in a finite element analysis of the

system with such a large soil region. The rigid boundary and the associated

distortion of results can be eliminated by modelling the soil region not as a

finite element system but as a half space.

The substructure method for earthquake response analysis (8,15) is

applicable to systems where the structure is idealized as an assemblage of

finite elements and the soil region as a half space. In this approach,

structure-soil interaction introduces a dynamic (frequency dependent) stiff

ness matrix for the soil region in the equations governing the steady-state

response of the structure to harmonic ground motion. This matrix ~f(w)
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relates the interaction forces ~ (t) at the structure-soil interface to the

corresponding displacements r (t), relative to the free-field earthquake

displacement:

(1)

where the Fourier transform of z(t) has been denoted by z(w). ~f(w) is a

square matrix of order equal to the number of connection degrees of freedom

on the structure-soil interface. For structure-soil systems idealized as

two-dimensional--in plane strain or generalized plane stress--each connection

nodal point has two-degrees of freedom. The m_nth element of this matrix,

o f(w) ,is defined in Fig. 1. This matrix is determined from solutions ofJ.e. mn
boundary value problems for the soil region arising from the application of

harmonic forces or displacements individually in each of the connection

degrees of freedom.

In an earlier study (1) of dynamics of soil regions idealized as a

viscoelastic half space in generalized plane stress or plane strain, it

appeared preferable to solve the boundary value problems with prescribed

displacements rather than applied forces. The solution for the latter case

would not ensure compatibility of displacements at the surface of the soil

region with the deformations in a displacement formulation of the finite

element system representing the structure. Note that the displacement is

prescribed only in the connection degrees of freedom, the tractions are zero

outside the structure-soil interface, thus leading to a mixed boundary value

problem. Instead of solving this mixed problem directly, it was more

convenient to proceed as follows: (i) Sol ve the corresponding di spl acement

boundary value problems with displacements prescribed as zero outside the

base of the structure on the structure-soil interface; numerical solutions

have been presented in both graphical and tabular form. (ii) Assemble an
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expanded version of the dynamic stiffness matrix ~f(w) including enough

nodal points outside the interface. (iii) Finally, introduce the condition

of zero forces and 'condense out' the outside degrees of freedom, a process

which requires large computational effort. At the structure-soil interface,

this approach insures compatibility of displacements but equilibrium of

stresses is violated. This local discrepancy in stress equilibrium is un

bounded and does not diminish with reduction in spacing between nodal points.

It is demonstrated in the first part of this paper that the resulting

inaccuracy in the dynamic stiffness matrix for the half space is significant.

The principal objective of this paper is to develop a procedure which is

devoid of these errors and does not require 'condensing out' the degrees of

freedom outside the base of the structure on the structure-soil interface.

The procedure is based on solutions of two boundary value problems with

prescribed stresses at the surface; normal stresses are prescribed in one

probllem and shear stresses in the other. Fig. 2 displays the problem

associated with prescribed normal stresses. Solutions are presented herein

for these two dynamic boundary value problems for a homogeneous,isotropic,

linearly viscoelaStic half space in generalized plane stress or plane strain.

Two viscoelastic models, Voigt solid and constant hysteretic solid, are

considered. The solutions in the form of indefinite integrals are first

presented for the corresponding elastic material, the correspondence principle

is utilized to obtain solutions for the viscoelastic material, and numerical

results are tabulated for a wide range of the important parameters for the

convenience of other researchers. A procedure for determining dynamic

(frequency-dependent) stiffness matrices for the half space from the

numerical results for the two boundary value problems is described. Finally,

it is shown that the dynamic stiffness matrix for the half space determined

in this manner is devoid of the inaccuracy of the previous approach (1).
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EVALUATION OF AVAILABLE PROCEDURE

The dynamic stiffness matrix ;qf(w) for the half space with respect to a

discrete set of nodal points at the structure-soil interface, as determined

from the results and procedures of an earlier study (1), is employed to analyze

a problem for which the dynamic flexibility (or compliance) coefficients or

dynamic stiffness (or impedance) coefficients are available from a classical

type analysis, without discretization of the structure-soil interface.

Such results are available for the system of Fig. 3, a rigid strip

footing of infinite length and width 2B supported on the surface of an elastic

half space (11). For steady state harmonic vibration at frequency w the

horizontal, vertical and rotational displacements

and the corresponding forces

are related as follows:

(2)

(3)

where the subscript "Oil refers to rigid-body motion and associated forces, and

~ is the shear modulus for the material of the half space. The dimensionless

compliance coefficients CVV' CHH ' CHM and CMM are functions of the Poisson's
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ratio v and the dimensionless frequency parameter

where Cs is the velocity of equivoluminal waves in the half space

the compliance matrix.

( 4)

'C denotes

From the available compliance coefficients for the system of Fig. 3

with an elastic half space, the results for the same system but with a

viscoelastic half space were determined numerically by utilizing an

alternative representation of the elastic-viscoelastic analogy (5). For

accur'ate numerical evaluation, it is necessary that the compliance coefficients

for the elastic material be available up to a large enough value of the

excitation frequency, beyond which the coefficients are small enough to be

replaced by zero. The available data (Fig. 4) which reasonably fits this

requirement is for Poisson's ratio of 0.5 and for the case of a rigid

footing perfectly bonded to the half space. In numerically evaluating the

compliance coefficients for a viscoelastic half space, the elastic coefficients

were simply read-off from Fig. 4. Obviously, it would have been better to

accurately re-evaluate the elastic coefficients from the analytical results

(11) but this was not considered necessary for the purposes of this study. The

compliance coefficients for the system of Fig. 3 with a viscoelastic half

space, and the material idealized as a Voigt solid with loss coefficient

~ = 0.1, as computed from the numerical data of Fig. 4 and the alternative

representation of the elastic-viscoelastic analogy,are presented in Fig. 5;

see Appendix A for more information.

The compliance matrix~(Ao) can also be expressed in terms of ~f(w),

the dynamic stiffness matrix with reference to nodal point degrees of

freedom, as follows:
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(5)

where L transforms the rigid body degrees of freedom r to the nodal point
- -0

degrees of freedom I. The dynamic stiffness matrix .rJ.f(w) for a viscoelastic

half space, with the material idealized as a Voigt solid with loss coefficient

~ = 0.1 and Poisson's ratio = 1/2, is determined in accordance with the

earlier procedures (1). The compliance matrix ~(Ao) is then determined

from Eq. 5. The compliance coefficients determined in this manner are also

presented in Fig. 5.

It is apparent fran Fig. 5 that the available procedures for evaluating

~f(w) do not result in satisfactory solutions for the compliance coefficients

for the system of Fig. 3. The canpliance coefficients determined in this

manner oscillate around the results obtained as described above by extending

those in Ref. 11. These oscillations remained even after the numbers of

nodal points on and outside the footing-soil interface were increased.

At the structure-soil interface, the available procedure for evaluating

~f(w) insures compatibility of displacements but equilibrium of stresses is

violated. For displacement interpolation functions that vary linearly over

the boundary of finite elements, stresses at the base of the structure are

bounded and uniform over an element. However, the stresses in the half

space due to prescribed linearly varying displacements at nodal point t
have a logarithmic singularity at nodal points t -1, e and t +1 (4).

This local discrepancy in stress equilibrium is unbounded and does not

diminish with reduction in spacing between nodal points. It is apparent

from Fig. 5 that the resulting errors are significant. A procedure for

determining ~f(w) which is devoid of these errors is presented next.
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BASIC EQUATIONS FOR ELASTIC MEDIA

With reference to an orthogonal cartesian coordinate system xl' x2' x3'

the equations relating Lij' the stress components, to ui ' the displacement

components, applicable to a homogeneous, isotropic, linearly elastic body in

the state of plane strain parallel to the xl - x2 plane are

where,

L •. = >"88 •. + ]l(u .. + u.. ) ,
'J 'J ',J J,'

au.- ,
Ui,j = ax.

J

(i,j = 1,2) (6)

e = u.. with a repeated subscript indicating summation as the index that is,,,
repeated takes the values 1,2; 0ij is the Kronecker delta, A and ]l are the

Lame constants. In addition, L33 = A8, L13 = L23 = O.

The Navier equations of equilibrium are

2
]lV u,' + (A + ]l)e . = pU.

,1 1
(i = 1,2) (7)

where p is the density of the medium, Ui

operator, i.e. v2Ui =Ui,jj' (i = 1,2).

The displacements can be expressed

andtjJ:

2au. 2
- , and V is the Laplace= at2

in terms of potential functions ¢

Ul = ¢,l + 1/J,2

(8)

Eq. 7 will be satisfied if the functions ¢ and 1/J are solutions of the wave

equcltions
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where

(9)

c = ..JA+2~
p p

c =~ r;;-
, s Vp (l0)

cp is the velocity of irrotational waves (also referred to as longitudinal,

dilatational, or p waves); and Cs the velocity of equivoluminal waves (also

referred to as transverse, distortional, or s waves).

The stress components can, from Eqs. 6 and 8,be expressed in terms of

the potential functions:

(11 )

Eqs. 6 and 7 apply directly to a plane strain problem. They also

apply to problems in generalized plane stress if \ is replaced by
-
\ :: 2Afl/(\+2fl).

EQUATIONS FOR STEADY STATE HARMONIC MOTIONS

As mentioned earlier, the objective is to obtain solutions for a half

space with prescribed stress varying in time as eiwt . As the governing

equations are linear, any response quantity:

(12)
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where r is the complex frequency response function for r ; it is a complex

valued function of the excitation frequency w. Eq. 12 applies to all response

quantities: Tij , ui ' ~, Wetc. and its substitution into Eq. 9 leads to

(13 )

where!

and Eq. 8 becomes

=~Kp C
P

(14 )

(15 )

-Similarly T •• , ~ and Wget replaced by T•• , ~ and 1jJ respectively in Eq. 11
1J 1 J

which with the aid of Eq. 13 becomes

T22 = ~(-Ks2¢ - 2¢,11 - 2~,12)

T12 = ~(-Ks2~ + 2¢,12 - 2~,11)

(16)
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DYNAMIC FLEXIBILITY INFLUENCE COEFFICIENTS--ELASTIC MEDIUM

The spacing b between the nodal points on the structure-soil interface

is taken to be uniform in order to produce results that are widely applicable.

The stress components prescribed on the surface of the half space are assumed

to be constant between adjacent nodal points in order to ensure compatibility

of these stresses with those at the base of the finite element system

representing the structure--assuming that interpolation functions vary

linearly and stresses remain constant over a side of a finite element.

The stresses prescribed at the boundary x2 = 0 of the half space are of

the form

(17)

Consider the particular case (Fig. 2)

(18)

where, as shown in Fig. 6,

= {

lib -b/2 ~ Xl ~ b/2
h(X l )

0 Xl < -b/2 and Xl > b/2

(19)

Thus the prescribed stresses represent a harmonic force of unit amplitude in

direction x2 uniformly distributed over the spacing b between two adjacent

nodal points. The displacements at nodal point m caused by the prescribed

stresses defined by Eqs. 17 and 18 are denoted by F~2 eiwt ; i = 1,2. (Fig. 2).
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Similarly the displacements at nodal point m due to prescribed stresses defined

by Eqs. 17 and 20:

(20)

are denoted by F~l eiwt ; i = 1)2. Th~ stresses prescribed by Eqs. 17 and 20

represent a harmonic force of unit amplitude in direction xl uniformly

distY"ibuted over the spacing b between two adjacent nodal points. The

quantities F~j will be referred to as dynamic (frequency dependent) flexibility

influence coefficients; they are complex valued.

The general solution for the Fourier Transform (along xl) of Eq. 13 is

written, the arbitrary constants are determined from Eq.16 for the prescribed

stresses of Eqs. 18 and 20, and then the displacements are determined from

Eq. 15. The solutions for the dynamic influence coefficients are*

(21a)

(21b)

o

F12 (a ) = _1
m 0 7Tll

dS (2lc)

*See Appendix B for details of derivation
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F21 (a ) =_F12 (a )
mom 0

where the dimensionless frequency parameter

wba =o Cs

(2ld)

(22)

A

S is a dimensionless Fourier transform parameter, and h(S) is the Fourier

transform of h(xl):

and

A

h(S) 2 . S= - S1n -
S 2

(23)

1-2v
2( l-v) (24)

where v is the Poisson's ratio for the elastic solid.

DYNAMIC FLEXIBILITY INFLUENCE COEFFICIENTS--VISCOELASTIC MEDIUM

The equations governing steady state harmonic motions of a viscoelastic

material are identical to those for elastic media--Eqs. 10, 13 to 16--except

that the elastic constants are replaced by their complex moduli (2,7). There

fore, according to the correspondence principle (2,7), the frequency-dependent,

complex-valued flexibility influence coefficients for a viscoelastic half

space also are given by Eq. 21 provided the Lame constants A and ~ are

replaced by their complex moduli A*(W) and ~*(w), where W is the frequency of

vibration.

indirectly

The

material.

Note that A and ~ enter into Eq. 21 directly, as well as
2 2through Kp and K

S
--see Eqs. 10 and 14.

complex moduli depend on the viscoelastic model assumed for the

For a Voigt solid--one of the two models of interest here--
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. A'\*(w) = \[l+lW I ]
(25)

u·u*(w) = u[l+iw - ]
u

where AI and u l may be referred to as the Lame constants of viscosity. In

troducing the assumption (9)

AI = U I

I u

the number of viscous constants is reduced from two to one; furthermore it

implies: the material is similarly viscoelastic in bulk and shear deformations;

the Poisson's ratio is real valued, independent of w, and equal to the Poisson's

ratio for the corresponding elastic material. Eq. 25 may now be rewritten as

A*(w) = ,tw) , u*(w) =~
e, 1; \W J

whey'e

, -1
dw) = (l+iw ~ )

u

In terms of the frequency parameter ao'

C 11 '

t; = f ~

(26)

(27)

For a Voigt solid, the energy loss per cycle of harmonic vibration is

proportional to the excitation frequency. However, over a considerable

range of frequencies, several materials, including rocks and soils, exhibit

energy loss substantially independent of the frequency of vibration (6,13).
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Such materials may be idealized as a constant hysteretic solid, which differs

from a Voigt solid in the value assigned to ~I. For a Voigt solid, ~I ;s

considered to be constant and the energy loss is proportional to w, whereas

for the constant hysteretic solid, the product W~I is considered to be

constant and the energy loss is then independent of w. For the constant

hysteretic solid, therefore

where n is a coefficient of energy loss (10).

The dynamic flexibility influence coefficients for Voigt and constant

hysteretic solids are obtained by substituting A*(W) and ~*(w) from Eq. 26

(28)

instead of A and ~, wherever they appear--d;rectly as well as indirectly

through ao--in Eq. 21. The final expressions for nodal point mare
A

presented in Eq. 29, wherein Eq. 23 has been substituted for h(S):

2a 2r 2 JOO ;ls2_~a 2 s;n(S/2) cos(m - i)S
F11 ( ) = 0 '" 0 dS
m ao TI~ S[4S2;1(s2-x~a02)(s2_~a02) _ (2B2_~a02)2J

o

(29a)

(2gb)

F21 (a ) = _F12 (a )mom 0

(29c)

(29d)
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In Eq. 29, as defined earlier, ~ is one of the Lame constants--the

shear modu·lus--for the corresponding elastic solid; X is defined by Eq. 24,

and ~: by Eqs. 27 and 28 for Voigt sol id and constant hysteretic sol id,

respectively. The energy loss per cycle of harmonic vibration in the two

types of viscoelastic solids is related to [; and n; the choice of values

for t; or n for a particular material will be considered later. The

dynamic flexibility influence coefficients are complex-valued functions

of the dimensionless frequency parameter ao (Eq. 22).

DYNAMIC STIFFNESS MATRIX

Because the flexibility coefficients for the half space depend on

excitation frequency, it is most convenient to first determine structural

response in the frequency domain and then obtain the response to arbitrary

ground acceleration by Fourier synthesis. As mentioned earlier, the

equations governing the steady-state response of the structure to harmonic

ground motion contain 4f (w), a frequency-dependent complex-valued stiffness

matrix for the soil region (8). This section describes the procedure for

determining this matrix from the influence coefficients F~j.

For harmonic vibration, the forces at the nodal points on the

structure-soil interface B(t) =R eiwt and the corresponding displacements

~(t) =r eiwt . By definition of ~f(w), these complex-valued force and

displacement vectors are related as

(30)

Between adjacent nodal points on the structure-soil interface, the interaction

stresses imposed on the half space by the structure are uniformly distributed-

assuming that interpolation functions vary linearly and stress is constant
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over a side of a finite element of the structure. If the complex amplitude

of the interaction force on element ~ (Fig. 7)--the element between nodal

points 1 and (1+1)-- of the structure~soil interface is

-
p =
-1

where the superscripts "1" and "2" denote the components along the xl and x2

axes, the complex amplitude of the displacement at nodal point m is

r =-m

and

F =-m

then, by definition of the dynamic flexibility influence coefficients, for

the system of Fig. 7:

FT FT FT FT FT -
!:l ~l-1 -2 -3 -4 -N-l

!:2 ~l FT FT FT FT
~2-1 -2 -3 -N-2

FT FT FT -
!:3 ~2 ~l ~3-1 -2 -N-3

= ~4 (31)
•

P-N-l

F-N-l
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Eq. 31 written in compact form is

r = E(w) P

The precise relationship between the displacement at mid-point of

element 1 on the surface of the half space:

(32)

and the displacements at nodal points 1 and (H1): ~1 and ~1+1 depends on

the vibration frequency w. However, a reasonable approximation, which is

consistent with the linear variation of displacement along a side of a

finite element at the base of the structures, is

- 1 (- - )
Pl =2 r 1 + r 1+1 (33)

Combining such relationships for all the elements and introducing a trans-

formation matrix 0 leads to

- -p = Qr

As a consequence of the principle of virtual work

-T - -T
r R = P P- - -

Substituting Eqs. 30 and 34 into Eq. 35 results in

- T ! ( ) - - T DT p-rtJ w r=r
- -f - - - -

Combining Eqs. 32 and 34:

(34)

(35)

(36)



18

(37)

With the aid of Eqs. 34 and 37, Eq. 36 becomes

(38)

Because Eq. 38 is valid for arbitrary r

(39)

Recalling that E(w) is known in terms of the dynamic flexibility influence

coefficients (Eqs. 31 and 32), and Qis a simple displacement transformation

matrix (Eqs. 33 and 34), Eq. 39 provides a means for determining ~f(w), the

dynamic stiffness matrix for the half space, from the results of the dynamic

flexibility influence coefficients F~j(w).

In employing this ~f(w)--determined by the above procedure--in the

substructure method, equilibrium of stresses will be ensured throughout the

structure-soil interface, the compatibility of displacements will be ensured

at the connection nodal points but will be violated locally between these

nodal points.

NUMERICAL RESULTS FOR INFLUENCE COEFFICIENTS

It is desirable that numerical data for the dynamic influence

coefficients F~j(ao) be readily available so that ~f(w), the dynamic

stiffness matrix for the half space, can be readily determined for analysis

of any structure.

Numerical evaluation of the integrals of Eq. 29 for a viscoelastic

solid is straightforward, because no singularities or branch points of the
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integrand appear on the real axis. Simpson's rule provided the more

effective means for numerical integration compared to the Fast Fourier

Transform algorithm. In the latter method it is necessary to use the same

integration interval for all values of m, resulting in either an excessively

short integration interval for the smaller values of m or in unacceptably

large errors for the larger values of m.

The complex-valued dynamic influence coefficients F~j (ao) are

expressed as follows:

Fij (a ) =1 [fij (a ) + igij (a )J
m 0 ~ mom 0

(40)

The real and imaginary parts f~J (ao) and g~j (ao) are real-valued functions

of the frequency parameter ao' In addition to the energy loss coefficients

~ or n, the only material constant that explicitly enters into these functions

is the Poisson's ratio v. The Lame constant ~ and density p enter only

implicitly through the frequency parameter ao'

The dynamic flexibility influence coefficients f~j and g~j were

evaluated over a range of the frequency parameter ao for a constant hysteretic

solid with constant values of n = 0.01,0.1,0.25 and 0.5. Poisson's ratio

for these computations is set as v = 1/3. The results for m = 0,1,2, ... 8

are presented in Figs. 8 to 16 and in Appendix c.

Results for the purely elastic solid, n = 0, are not presented. In

this case, the procedure for evaluating the integrals of Eq. 29 is more involved

because the singularities of the integrand are on the real axis. However,

this is no limitation from the point of view of applications, because for

real materials a viscoelastic model with small values of n is more

appropriate than a purely elastic model. Furthermore, the static values

(ao = 0) are not included because of the logarithmic singularity as ao
approaches zero (11).
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Considerable numerical problems arise in evaluating the integrals of

Eq. 29 for values of the frequency parameter ao close to zero and very low

values of the energy loss coefficient n. The consequences of these

difficulties can be readily observed in the plots of the flexibility

influence coefficients~ e.g. in Fig. 8. In principle, the use of a large

number of integration steps should eliminate this numerical problem. However,

because this would require excessive computer storage and computation time,

it may not be practical. For more realistic values of the energy loss

coefficient (e.g. n = 0.1) these numerical problems do not arise with an

acceptable number of integration steps (see Appendix 0 for further details).

Some features of the results for the dynamic flexibility influence

coefficients are apparent in Figs. 8 to 16: These coefficients decay as the

frequency parameter increases. Hith increase in m, these coefficients

become smaller and vary with frequency in an increasingly oscillatory

manner.

The dynamic flexibility influence coefficients presented above are

applicable to foundation materials over a wide range of strain amplitude. At

very small strains one of the two linear viscoelastic models is generally

appropriate and the numerical data presented is directly applicable. The

selection of values of ~ or n may be based on available data (3,10). Pre-

ferably, they should be determined from experiments on specimens of the

foundation material subjected to harmonically varying stresses and strains

and the following equations:

for a Voigt solid, and

~ = 2'ITn

(41)

(42)
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for a constant hysteretic solid. In these equations, 6W is the energy loss

per cycle given by the area of the stress-strain ellipse, and Wis the strain

energy stored in an elastic material which experiences the same amplitudes

of stress and strain as the viscoelastic material. At the larger strains

associated with intense earthquake motions the linear viscoelastic models

may be appropriate for rocks, but the behavior of many soils departs from

linear viscoelasticity resulting in non-elliptical stress-strain loops (13);

6W/W is substantially independent of the vibration frequency, but is a

function of the strain amplitude (13,14). In view of the well known concept

of equivalent viscous damping, the numerical results for the constant

hysteretic solid with 6W/W the same as experimentally determined for soils may be

used even though the linear viscoelastic model is strictly inapplicable.

The results presented above are for a viscoelastic half space in the

state of plane strain. They are also applicable to problems in plane stress

provided v is replaced by v and E by E where

- v E = 1+2v E
v = l+v ' (1+v)2

Thus, the numerical results are applicable to plane stress systems with

v = '1/4.

EVALUATION OF THE NEW PROCEDURE

(43)

In order to establish its validity, ~f(w), the dynamic stiffness matrix

for the half space with respect to a discrete set of nodal points at the

structure-soil interface, as determined from the numerical data and the

procedures of the preceeding sections, is employed to analyze the system of

Fig. 3. The compliance matrix ~(Ao) is determined from Eq. 5. The three

sets--with the footing discretized into four, ten and twenty elements,
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respectively--of compliance coefficients determined in this manner for a

viscoelastic half space, with the material idealized as a Voigt solid with

energy loss coefficient ~ = 0.1 and Poisson1s ratio = 1/2, are presented in

Fig. 17. Also presented are the results obtained earlier (Fig. 5) by

numerical application of an alternative representation of the elastic

viscoelastic analogy to the "exact" results (Fig. 4) for a purely elastic

half space.

For the smaller values of the dimensionless frequency parameter Ao'

the compliance coefficients determined from ~f(w) are essentially identical-

even with as few as four e1ements--to those obtained from numerical

application of the elastic-viscoelastic analogy to the lIexactll results for

the elastic half space; however, at larger values of Ao ' the difference

between the two types of results does not reduce beyond some small value

even when the number of elements is increased to as many as 20. It is

believed that the discrepancy will not be reduced further even if the number

of elements was more than 20, and that it is really due to the numerical

errors in the results for the elastic half space--as used here--to which the

elastic-viscoelastic analogy was applied. As mentioned earlier, the

compliance coefficients for elastic half space were not accurate enough to

start with because they were read off from Fig. 4; furthermore, these

coefficients were available only up to Ao = 10 and were set equal to zero for

larger values of Ao' The resulting numerical errors in the compliance

coefficients determined for the viscoelastic half space via the elastic-

viscoelastic analogy are more significant for the larger values of Ao.

In spite of these discrepancies, it is apparent that the approach

developed in the preceeding sections provides better results for the dynamic

stiffness matrix ~f(w) than were possible by the earlier procedures (1).



23

CONCLUSION

Analytical expressions and numerical results have been presented for

the dynamic (frequency dependent), flexibility influence coefficients for a

homogeneous, isotropic, linearly viscoelastic half space in plane strain or

generalized plane stress. These influence coefficients, defined for uniformly

spaced nodal points at the surface, were obtained from solutions of two

boundary value problems, associated with harmonically time-varying (e iwt)

stresses uniformly distributed between two adjacent nodal points. Numerical

values of these coefficients were presented for a viscoelastic half space of

constant hysteretic material.

A method has been developed to determine from these results the dynamic

stiffness matrix, associated with the nodal points at the base of a surface-

supported structure, for the half space. The resulting dynamic stiffness

matrix was shown to be superior compared to the one which was based on

solutions of displacement boundary value problems for the half space (1).

Utilizing the results and procedures developed in this work, the

earthquake response of a structure, idealized as a two-dimensional finite

element system, supported on the surface of a viscoelastic half space in

plane strain or generalized plane stress can be analyzed by the substructure

method (8). In such an analysis it would not be necessary to limit the base

of the structure to a rigid plate, an assumption made in previously reported

solutions for continuum models of the soil region.

In the direct finite element method (12) a boundary is introduced to

defoj ne aportion of the so i1 reg i on to be included in the systen to be

analyzed, whether a natural dividing line such as a soil-rock interface

exists at the site or not. The horizontally oriented boundary, which

defines the vertical extent of the soil region included in the finite
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element system and where the earthquake input is defined, is assumed to be

rigid. If essentially similar soils extend to large depth at the site of

the structure, this rigid boundary will distort the response of the structure

to an extent depending on its location. The results of this work along with

the substructure method would make it possible to eliminate the rigid

boundary and the associated distortion of results, thus leading to reliable

results for earthquake response of structures at such sites.
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NOTATION

= dimensionless frequency parameter, defined by Eq. 22

= dimensionless frequency parameter, defined by Eq. 4

= spacing between nodal points

= half-width of rigid footing

= velocity of irrotational waves

= velocity of equivoluminal waves

= displacement transformation matrix, transforms r to p

= Fourier transform of f(x l )

= frequency-dependent flexibility influence coefficients

= real and imaginary parts of F~j, defined by Eq. 40

= function defined by Eq. 19 and Fig. 6

= element displacements

= element forces

= complex frequency response function for q
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= nodal displacements

= rigid footing displacements

= nodal forces

= rigid footing forces

= time variable

= displacement components

= cartesian coordinate system

= function defined by Eqs. 27 and 28

= u..
1 ,1

= wave numbers defined by Eq. 14

= Lame constants of elasticity

= Lame constants of viscosity

= complex-valued Lame constants of viscoelasticity

= Poisson's ratio

~, n = coefficients characterizing energy loss in Voigt and constant

hysteretic solids
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p = density

T· . = stress componentslJ

¢, ~ = displacement potential functions

x

w = excitation frequency

= displacement transformation matrix, transforms ~o to r

= frequency-dependent, complex-valued rigid footing compliance

matrix

= frequency-dependent, complex-valued foundation stiffness matrix
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A VISCOELASTIC HALF SPACE: v = 1/2, ~ = 0.1
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APPENDIX A: APPLICATION OF ELASTIC-VISCOELASTIC ANALOGY TO
OBTAIN COMPLIANCE COEFFICIENTS FOR THE SYSTEM
OF FIG. 3 WITH A VISCOELASTIC HALF SPACE

If F(Ao) is a frequency response function for an elastic system, then

the corresponding function F*(Ao) for a viscoelastic system, with the material

similarly viscoelastic in bulk and shear, may be expressed as

(A.l)

in which the positive, real-valued functions a and 8 are related to s(Ao)

defined in Eq. 27 as follows

(A.2)

~ is a dummy integration variable over the frequency range. The integral of

Eq. JL 1 may be re-written over 0 to CQ by noti ng. that

F(-Q) = complex conjugate of F(Q) (A.3)

The compliance functions for a rigid footing perfectly bonded to the

surface of an elastic half space with Poisson's ratio of 0.5 are presented in

Fig. 4. Numerical values for these functions.were simply read-off from an

enlargement of Fig. 4, starting from the frequency parameter Ao = 0.05 up to

Ao = 10.0 at intervals of 0.05. For values of Ao > 10 these coefficients

were arbitrarily specified to be zero. This was netessary to truncate the

range of integration and because the functions were not available for the

larger values of Ao' An alternative was to re-compute the compliance

coefficients from the analytical results (11), thus obtaining accurate

values and for a larger range of Ao' but this was not considered necessary

for purposes of this study.



The function F(n) in Eg. A.l is defined by numerical values for each of

the compliance functions, successively, determined in the above-mentioned

manner for the elastic system. The integral in Eq. A.l is numerically

evaluated by Simpson's rule to obtain each corresponding compliance function

for the system of Fig. 3 where the half space is of Voigt solid with energy

loss coefficient ~ = 0.1. The results are presented in Fig. 5.

Because the functions CHH and CMM do not decay to a negligible value at

Ao = 10, the corresponding functions for the viscoelastic system contain

greater errors relative to those in the functions CVV and CHM.
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APPENDIX B: DERIVATION OF EQS. 21a to 21d

The Fourier Transform of a function f(x l ) is defined by

-co

f(x l ) can then be represented as a Fourier integral or by an inverse Fourier

transform:

-co

The Fourier transform of Eq. 13 is

(B .1)

2:::
d~ _ (S 2 _ K

s
2) ~ = 0

d 2 0x2

The functions ¢ and ~ must be chosen so that the stresses Tij assume specified

values at the boundary x2 = 0, and remain finite at x2 = -co. Thus, the

solutions ofEq. B.l are

'"
~(So,x2'w) = B(So'w) exp(x2 ;ls02

(B.2)

with restriction that the real parts of ;1s 2 - K 2 and ;ls02 - K 2 beo p s

non-negative for all values of So. A and B are to be determined from the

prescribed tractions at x2 = o.



The Fourier transform of T12 and T22 from Eq. 16 is

Substituting from Eq. B.2 and specializing for x2 = 0:

Problem 1

(B.3)

The prescribed tractionsat x
2

= 0 are defined by Eq. 20 ;its Fourier transform

is

A

where h(So) is the Fourier transform of h(x l ):

-00

Substituting for h(x l ) from Eq. 19 results in

(6.4)

2=
Bob

sin

A and B are determined from Eqs. B.3 and B.4 and then Eq. B.2 becomes



!U

1= -
].l

Substituting these equations into the Fourier transform of Eq. 15 and

specializing for x2 = 0 leads to

A

U =2

The inverse Fourier transform of these equations are Eqs. 2la and 2lc.

Problem 2

The prescribed tractionsat x
2

= 0 are defined by Eq. 18; its Fourier transform

is

A and B are determined from Eqs. B.3 and 8.5 and then Eq. B.2 becomes

(B.5)



Substituting these equations into the Fourier transform of Eq. 15 and

specializing for x2 = 0 leads to

A

ul = -

The inverse Fourier transform of these equations are expressed in Eqs. 21b

and 21d. In Eqs. 21a through 21d a change of variable S = bSo has been

introduced.
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APPENDIX C

VALUES OF fij AND gi
j FOR CONSTANT HYSTERETIC SOLIDm m

The following computer program listing is available
upon request from Professor A.K. Chopra, Structural
Engineering and Structural Mechanics, Davis Hall,
University of California, Berkeley, California.
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FLEXIBILITY INFLUENCE COEFFICIENTS FOR THE HALFPLANE
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,APPENDIX D: COMPUTER PROGRAM FOR DETERMINING DYNAMIC FLEXIBILITY
INFLUENCE COEFFICIENTS FOR THE HALF PLANE

0.1 IDENTIFICATION

HFPC - Ha lfpl ane Compl iance Coeffi cients

0.2 DESCRIPTION

This FORTRAN package detennines the dynamic flexibility influence

(or compliance) coefficients for the surface of a viscoelastic halfplane.

These compliance coefficients, F~j (ao)' are nodal displacements (at node M,

in the direction i = X or Y) due to uniformly distributed, unit harmonic

element loads, applied horizontally or vertically (j = X or Y, respectively)

at the halfplane surface (see Figs. 0.1 and 0.2). The coefficients vary with

the dimensionless frequency parameter ao =wb/c s ' and are computed for unit

shear modulus and specified Poisson's ratio and damping properties for the

halfplane. Once obtained, these compliance coefficients can be used in the

determination of the dynamic stiffness matrix for the halfplane by the program

IMPN, as described in Appendix E.

This code is written for CDC 7600 machines, and utilizes large core

memory by the compiler FTN. For convenience, the notations for coordinate

axes, compliance coefficients, and nodal point numbering are indicated

differently in this Appendix from those in the text.

0.3 INPUT DATA

The following punched cards, in the sequence indicated, are

required:

A. PROBLEM IDENTIFICATION (8A10)

Columns 1 - 80 HEAD: Identification header to be printed

with output.
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B. PROBLEM DESCRIPTION (3F10.0)

Columns 1 - 10 ENU: Poisson's ratio (see Note 1)

11 - 20 DA0: Nondimensional frequency interval 6 ao
21 - 30 DZETA: Interval of spatial integration (see Note 3)

C. PROBLEM CONTROL CARD (515)

Columns 1 - 5 NPROB: Number of problems wtih different damping

coefficients.

6 - 10 NJ:

11 15 NW:

16 - 20 NZT:

Number of base nodal points

Number of nondimensional frequencies for

which compliance coefficients are to be

generated~ thus coefficients are evaluated

for ao = DA0, 2*DA0, 3*DA0, ... , NW*DA0.

Number of spatial integration points

(see Note 3)

21 - 25 MeODE: Material loss model identification code

(see Note 2)

= 0 for constant hysteretic solid

= 1 for Voigt model

D. MATERIAL DAMPING CARD (F10.0)

This card is to be supplied for each of NPROB problems - this is

the only parameter that may be varied between problems.

Columns 1 - 10 DAMP: Material loss coefficient (see Note 2)

Note 1: The "el as tic" material constants are determined as follows:

Shear modulus, G, is taken as unity.

Poisson's ratio, v, is input via the parameter ENU for plane strain

problems. To model plane stress conditions, input the equivalent parameter

ENU =v/(l-v). Thus, for example, to generate the compliances for a plane
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stress problem with a Poisson1s ratio v = 1/4, input ENU = 1/3.

Modulus of elasticity, E, is computed as E = 2*(1 + ENU).

Note 2: The viscoelastic shear modulus G* is determined as follows:

For constant hysteretic solids (MeaDE = 0) G* is frequency independent

and is given by G* = 1 + i DAMP.

For the Voigt model (MCODE = 1) G* is frequency dependent and is

given by G* = 1 + i ao * DAMP.

While the loss coefficient DAMP can be varied for each of the NPROB

problems in a run, only one~ of damping is allowed per run, viz. constant

hysteretic or Voigt.

Note 3: Choice of integration parameters

In order to secure numerical stability for practical values of

damping (e.g. n ~ .10 for constant hysteretic solid) it is recommended that

the integration interval DZETA not exceed 0.0075 and that the number of

integration points NZT be at least 10,000. In any case, NZT*DZETA, the range

of integration, should not be less than 75.

Note 4: Blank common requirement

The blank common storage area, which is indicated in the main program

by IICOMMON A(l)II, should have available NSIZE words, where NSIZE is the

maximum of 6*NW*NJ+5*NZT+1000S and 6*NW*NJ+32*NJ*NJ+1000S'

In the CDC 7600 the required field length is provided automatically
~~,! ,...... ~.,~,~

by calling a sist~ routine.

0.4 OUTPUT DATA

The following data is printed by the program:

A. An image of the input data set is printed, including the heading,

material properties, integration parameters and the nondimensional
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frequency range. This is given for each of the NJ-l sets of

compliance coefficients described next.

B. Compliance coefficients vs. nondimensional frequency.

For each station point (node number), M= 2,3,4, ... ,NJ, the
..Y..X YY _XV

compliance coefficients FM ' FM and FM are printed for all of the

nondimensional frequency values considered.
XX XX

station point are not given since Fl = F2

The results at the first
YY YY XY XY

Fl = F2 and F1 = -F2 .

C. Compliance coefficients vs. station point.

This is a rearrangement of the data output in B, above. For each of

the values of nondimensional frequency ao considered. the compliance
XX YY XY

coefficients FM ' FM and FM are printed for all station points

M = 1,2.3, ... N.J.

For each of the NPROB problems, the following three unformatted

bi nairy records are written on tape unit TAPE 2:

logical Record 1: HEAD, NPROB, NJ, NW

logical Record 2: MCODE, E, ENU, DAMP. DA0

logical Record 3: F(I,J,K), the complex array of compliance

coefficients where

1= 1,2,3, ... ,NW i'ndexes the nondimensional

frequency values

J = 1,2,3 indexes the compliance IIdirections li

::,~.. 2 '.,

xx, YY and XV, respectively and

K = 1,2,3, ...• NJ indexes the station point

(node number).
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D.5 EXAMPLE

An example is given to illustrate the form of the punched card input

and the printed output for the program HFPC. The dynamic flexibility influence

coefficients are to be generated for a constant hysteretic solid with loss

coefficient n = .10. Poisson's ratio is v = 1/3 for plane strain conditions.

The compliances will be computed for 5 nodes at 32 frequencies, ao = .05, .10,

.15, ... ,1.60. For the integration scheme 20,000 points spaced at an interval

of .004 are to be used.

The four input cards required are shown on page 96. The resultant

output is shown on pages 96 and 97; it is given only for station point

2 (for parts A and B described in section 0.4 above) and only for the non

dimensional frequency ao = DA0 = .05 (for part C above). The output written

on unit TAPE2 is not shown but wi 11 be used as input (vi a uni t TAPEl) to the

program IMPN in the Example given in Appendix E.

D.6PROGRAM LISTING

The listing of the computer program HFPC is presented on pages 98

and 99.

The following computer program listing is available
upon request from Professor A.K. Chopra, Structural
Engineering and Structural Mechanics, Davis Hall
University of California, Berkeley, California. '
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SAMPLE INPUT FOR THE PROGRAM HFPC

A: EA.A"'PlE PROBL EM FOR THE PRO GR A~ HFP(

B: .3~3~33333 .05 .004

C: 3220)00

D: .1

SAMPLE OUTPUT FOR THE PROGRAM HFPC

Parts A and B (for M = 2 only)

CAAMPlE PKlHLt~ ~OR THE PRGGRAM HFPC
E .2 6E.b67E+~ 1
ENU .333333E+OC
OAG ,:'-OGOJCE-('l
DAMP; d.tOr ':CE+CC
IP~B= 1
NJ 5
~W 32
t-ZT = 2l0CO
DZTA= •• 000JOE-'2
MCCD= [
ANALYSIS FeR CONSTANT HY~T:_R~TIC SOLID
CDEFFICloNT ARRAYS A,l TO Be GENERAT,D I~ TA'[3
TRANSFOR~ OF THE FCRClf~G FUNCT]Oh IS PROVIDED EV Ttf SUBROUTINE FC~CFh2 WITH NFORCE=
STATION ?OlNT NU~Bf~= 2 )A~PING COfFF.= .1DOOOD~+OO

NON-OIe.'NSIONAL COMPLIANCES
MODLLLS OF klGl£lTY ~ .1~D~C'E~'1

LA ~GE CO~E MEHOR 'f 100973 IDECHAU WORDS USEll

AO FXX FrY FXY

.050 [00 • 899E.:7(,l: +t C -.410reCE+QO .7[6670[+0" -.4G2753[+00 .811 .. 56£-01 -.106936[-J1
,100000 • 7572.'S!:E+ l:G -.J989;.(,E+i)j ,037616E+OC -.36691.[+ 0, .8u9L,.9UE-Ql -.132:;8CO-J!
.150r,00 .6707Z7EtC':' -.,38933:, +CO • ,50615[+00 -.376543[+OC .802921[-01 -.156967,-]1
.200300 .6097110+[0 - d628_7,+ 00 .ItS9133E+OlJ -. 369825E+0 0 .7957,6[-01 -.181599c-J1
.250( ~G .S622SEi:. +l': ... 37759.[+OC '''1168c+Ct -.36.032[+0 C .767768E-.1 -.2.5765,- J1
.300COO .52330£"E .. {.~ .... ~73~~9:ttO .~Olo,+8ftOt -.358 875E+ 00 .778860E-01 -.2295;00-]1
.350C(iO .l.,90213t tLe .... J69lCd.Et uO .3079b9E+0 C -.354104E+OC .7&912710-01 -.252925'-- J1
.400 CIlCi .461ttlSt: teu .... Jo~"~2lt(t .3385€:3E+Cc, -. H956.E+ to .758527[-01 -.2756520-J1
.450000 .435e9d:. tee, -.361997::+QC • 312~25EtO{' -.J ..515~E"OC • 7,1102[-01 -.2982'E-01
.5"'OC 0(,1 .41295€E+(1. - .3:1B727Et"~ .288811E+Ju -.3,0825[+Ot .73.873E-01 -.32(,233::- :,;1
.550000 .392:'1~E:+L~ -.3~557SE+CO .2[7418[+00 -.336516[+00 .721865[-01 -.3416230-J!
.600COD .313DDL.£tl,f.. - • .:5Z£;G7E+OO .247712E+Oc. -,3322C6E+OC .7~81\j2E-iJl -.36Z"390-J1
.650C'C .355353t: teL -. 3494~7E."CO .22~486E+Oij -.327871E+OO .693612[-01 -. 362.530-J 1
.700COO • 3389~9E +(.Ci -,.34€;526E+CO .212S32EtQO -. 323ct9LtE+ DO .676.21E-01 -.40U360-J1
.750D'C .32362£;[ ti.L -. J-t3S81E H n .196b9:')E ..t~ -,319D64EtOC .6b2558E-01 -.421167;'- J1
.8GOCOe 03092.IEtOO -.3406.60 +CO .161830E+Ou -.31.573[+ 00 .6.6053E-01 -.4394100-01
.850000 .Z957C7;:+!.C, -,J3772,UOJ .1&78't8E+OC -. 310U7H ,0 .62693.[-01 - ....$6961~-,H
.900cee .282 Hie +(;:.: -. 3347~lE +DO e1 ::4658f.+OD -.305393[+ C1 .&11237[-01 -.47378DE"-Jl
.950000 .Z7076S~ tOu -.33185 ..~+uO .142188E+Ou -.3L06ge[tCl .592991[-01 - ••69853O-j1

1.0UC(~~ .259C:74t:+Li. -.3289'~6(+C.~ .13U381E+OO -.2959HE+OC .,,..228E-01 -.5J51600-]1
1.050COO .Z48314€+C!C -. 52S944~+.GO .119184E+DO -.291100[+ 00 .,,498itE-01 -.'19.8E-J1
1.100000 .Z37863E+C;' -.3229E6Et,O .ll85S6E+OO -.286199E+oe .535291[-01 -.53341"E.-Jl
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SAMPLE OUTPUT FOR THE PROGRAM HFPC

Part C (for ao : 0.05 only)
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APPENDIX E

COMPUTER PROGRAM FOR DETERMINING THE
DYNAMIC STIFFNESS MATRIX FOR THE HALFPLANE
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APPENDIX E: COMPUTER PROGRAM FOR DETERMINING THE DYNAMIC
STIFFNESS MATRIX FOR THE HALFPLANE

E.l IDENTIFICATION

IMPN - Impedance Matrix in Nodal Coordinates

E. 2 DESCRIPTION

This FORTRAN package determines the frequency dependent dynamic

stiffness matrices, associated with nodal degrees of freedom on the surface

of a viscoelastic halfplane, from the compliance coefficients generated by

the program HFPC described in Appendix D. These impedance matrices can then

be utilized by the substructure method of analysis of earthquake response of

structures including the effects of structure-soil interaction.

This code is written to input via TAPEl the problem parameters and

compliance coefficients directly as written by the program HFPC in records.

1 to 3 on TAPE2. Using these input parameters the program automatically

determines and allocates the necessary blank common storage space.

E.3 INPUT DATA

The following punched cards, in the sequence indicated, are required:

A. PROBLEM IDENTIFICATION (8A10)

Columns 1 - 80 HEAD: Identification header to be printed with

output.

B. ELASTICITY MODULUS (F10.0)

Columns 1 - 10 E: Modulus of elasticity for which impedances

are to be computed (see Note below)

The remaining data, including the flexibility influence coefficients, is input

via tape unit TAPE1, directly as written on unit TAPE2 by the program HFPC

(see section 0.4, part 0, for a description).
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Note: The dynamic flexibility influence coefficients computed by HFPC and

input on TAPEl by IMPN, are determined for a unit elastic shear modulus

G. This program scales the values of the impedance coefficients to be

calculated to correspond to the value of E as input bn punched cards

above. This overrides the value of E = 2*(1+ENU) as used by HFPC.

£.4 OUTPUT DATA

The following data is printed by the program.

A. The problem heading and an image of the problem parameters as input

on TAPEl are given.

B. For each value of the nondimensional frequency, the heading, material

properties, and the foundation dynamic stiffness matrix are printed.

These stiffness matrices are complex valued and are given in nodal

degrees of freedom, as shown in Fig. E.l. At each position in the

printed stiffness array, the real part of that quantity appears

above the imaginary part.

The output under A and B above is repeated for each of NPROB problems,

where NPROB is the parameter described in section 0.3 for the program HFPC.

For each of the NW nondimensional frequencies, the following three unformatted

binary records are written on tape unit TAPE2:

Logical Record 1: HEAD

Logical Record 2: A@, MCODE, E, ENU, DAMP, DA0, NW, NJ, where

A0 is the nondimensional frequency corresponding to

SFW in the next record.

Logical Record 3: SFW(I,J), the complex dynamic stiffness matrix

where I,J = 1,2,3, ... ,2*NW index the nodal degrees of

freedom.
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This tape output is also repeated for each of the NPROB problems.

E.5 EXAMPLE

An example is given to illustrate the form of the punched card input

and the printed output for the program IMPN. This is a continuation of the

example given in section 0.5 for the program HFPC. The impedances are to be

generated for a modulus of elasticity E = 1.0, which will override the value

of E = 2*(1+ENU) = 2(1+1/3) = 8/3 for which the compliances were calculated

in section 0.5.

The two input cards required are shown on page 105. The

resultant output is shown on pages 105 and 106; it is given only for the

non-dimensional frequency ao = DA0 = .05 (for part B described in section E.4

above). The output written on TAPE2 cannot be shown, but it could, for example,

be punched on cards for subsequent use in dynamic analyses.

E.6 PROGRAM LISTING

The listing of the computer program IMPN is presented on pages 107

to 109.

The following computer program listing is available
upon request from Professor A.K. Chopra, Structural
Engineering and Structural Mechanics, Davis Hall,
University of California, Berkeley, California.
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SAMPLE INPUT FOR THE PROGRAM IMPN

A: «AMPLE PRr"LE'. FOR THE PQ1GRAM I MPN

s: 1.

SAMPLE OUTPUT FOR THE PROGRAM IMPN

Part A

~'(.~Pi..E p~ JoLEH F'R TI1E PRCG~~M IMPN PAGE -

APE S P E I F I CAT ION S

iAPH CONTAINS NCNDIMENSIONAL (SHEAR MODULUS-l.l flEXIBILITY COEFFICIENTS
TAPEI HEADING EXAMPLE PROBLEM fDR THE PROGRAM HfPC
NJ,~dER OF UIFFERENT DA~PINGS 1
NU·~dER OF dASE CONNECTlO~ NOOAL POINTS 5
NU~dER Of DifFERENT FPEQUENCIES 32

l..J(,4( .lJ;~ CJF f.-if L4S1 I¥C'RD NEEDED IS, 02434-6 ~CTAL 10470 DECIMAL
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SAMPLE OUTPUT FOR THE PROGRAM IMPN

Part B (for ao = 0.05 only)

::,(M.MPL2 PRJdLb" FUR THE FRCGRAM IMPN PAGE ::I

.if[f~.:::,j.) MAf'<.IX
I~J~)14~~~j~~AL F~~JU~NCY=

L- ~ '11-'! hJ ... Li:'FFlt.:I :;n;
~JJJ~J~ J~ t~~~Tl~i~Y

* 5( 1)( CJE-(' 1
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