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A B S T R A C T

A new method for the torsional analysis of non-uniform circular piles partially or fully embedded in multi-
layered elastic soils is developed. The mechanical response of non-uniform piles such as those with a linear
variation in cross-section (i.e., tapered piles) or discontinuous variations (i.e., stepped piles), and reacting
against a non-homogeneous elastic soil can be easily investigated with the proposed formulation. The non-
homogeneity of the soil is incorporated by assuming a shear modulus distribution that fits a quadratic equation
(i.e., 𝐺(𝑧) = 𝐺𝑜 + 𝑠𝑧 + 𝑡𝑧2). The governing differential equation (GDE) of a single non-uniform circular pile
segment is derived and solved using the differential transformation method (DTM); then, the stiffness matrix
of the segment is found by applying equilibrium and compatibility conditions at the ends of the element. The
analysis of non-uniform piles in multi-layered soils is conducted by dividing the pile into multiple segments
(i.e., each segment representing a change in soil properties or pile geometry) and then assembling them using
classic matrix methods. The proposed matrix formulation is simple to implement, easy to incorporate into
already available structural matrix analysis codes and provides accurate results when compared with more
cumbersome analytical and numerical solutions. The simplicity, practicality and accuracy of the method is
validated with five illustrative examples.
. Introduction

Non-uniform cross-section piles such as tapered and stepped piles
re commonly used in many geotechnical applications because they
rovide higher compressive axial, lateral and torsional capacities than
ylindrical piles [1–6]. Thus, because of the taper angle, they also pro-
ide a more efficient drivability performance during construction [7,8].
iles are usually designed to resist large lateral and torsional loads
uch as those resulting from accidental collisions, environmental loads
i.e., wind and wave loads in offshore structures), earthquake-induced
oads, lateral soil movement loads, etc. The superiority in capacity of
apered and stepped piles over cylindrical ones of the same length and
olume are due to the larger cross-sectional area at the upper portion
f the pile (i.e., higher stiffness).

Many researchers have investigated the torsional performance of
iles via analytical- or numerical-based techniques [9–18]. Most of
hese methods are limited to piles with a uniform cross-section (i.e., pris-
atic piles), embedded in a single- or double-layered soil and with
constant or linear distribution of the shear modulus. From these

tudies, and because of the complexity of the analysis, only very few

∗ Corresponding author.
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of them have been devoted to investigate piles with non-uniform sec-
tions [19,20]. Even though piles are commonly embedded in soils made
up of multiple layers, and each layer has it own properties, available
analytical methods accounting for this fact are rather limited [21,22],
and even more limited for piles with non-uniform cross-sections. More-
over, these methods are mathematically very complicated, requiring,
in most cases, calculus of variations schemes and iterative procedures
to find the solution. A technical literature review indicates that the
analysis of torsional loaded non-uniform piles in multi-layered soils
has received little attention, and that there is still a lack of simple,
analytical approaches to conduct these types of analyses.

This paper presents a new, simple analytical approach to investigate
the mechanical response of non-uniform circular piles (i.e., tapered
piles, stepped piles, etc.) in multi-layered non-homogeneous soils and
subjected to torsional loads. This research is a continuation of a work
previously presented by the first author to analyze prismatic piles [23]
and now is extended to investigate the torsional response of non-
uniform circular piles. The approach is limited to piles in elastic soils
and slippage at the soil–pile interface is neglected. The governing
vailable online 12 April 2022
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differential equation (GDE) of a segment of pile is derived in a clas-
sical manner and solved using the Differential Transformation Method
(DTM). The distribution of the shear modulus along the pile segment is
assumed to fit a quadratic function, so a wide range of soil conditions
can be accounted for. Simple steps are provided to study the torsional
response (i.e., variation of the angle of twist with depth) of piles in a
single-layered soil while accounting for the contribution of the torsional
stiffness at the pile base. The exact solution of a segment is used to
derive the segment’s stiffness matrix by applying compatibility condi-
tions at the ends of the element. The analysis of piles in multi-layered
soils is carried out by (i) dividing the pile into multiple segments;
one segment assigned to each portion of the pile with different soil
properties or geometry conditions, (ii) computing the stiffness matrix
of each segment and then (iii) assembling the global stiffness matrix of
the entire pile by means of convention matrix methods. In this manner,
the torsional response of the entire pile can be investigated. In addition
to fully embedded piles, and because of the advantages of the matrix
formulation, partially embedded piles can also be studied by simply
neglecting the contribution of the soil in the unembedded portion. The
proposed formulation can be easily integrated into already available
matrix structural analysis codes.

2. Formulation of problem

Fig. 1 shows the main features of the formulated problem. Fig. 1(a)
depicts a prismatic, tapered and stepped pile subjected to a torque 𝑇 at
he pile head and embedded in a soil with 𝑖th layers. The pile segment
as a shear modulus 𝐺𝑝, variable polar moment of inertia 𝐽 (𝑧), variable

cross-sectional area 𝐴(𝑧) and length 𝐿𝑝. For the analysis, the pile is
subdivided into a number of segments, one segment for every change
in soil properties or pile geometry. Fig. 1(b) shows a segment of pile of
length 𝐿 (i.e., segment 𝐴𝐵 - layer 3) for which the constitutive GDE and
stiffness matrix are derived. The soil is modeled with rotational discrete
springs, and the shear modulus within each layer is assumed to vary
with depth following a quadratic function of the form 𝐺(𝑧) = 𝐺𝑜+𝑠𝑧+𝑡𝑧2

(Fig. 1(c)). 𝑠 = 𝑡 = 0 represents a homogeneous distribution of 𝐺(𝑧)
and 𝑡 = 0 a linear increasing or decreasing variation of 𝐺(𝑧). The
soil is represented as a discrete, independent linear elastic spring. This
simplification is analogous to the well-known soil model proposed by
Winkler for a beam resting on elastic foundation. Discrete methods
are simple to implement and, as shown by many researchers, they
accurately predict the torsional response of piles [12,18,22]. Fig. 2
shows a reference circular pile for the tapered elements. Here, 𝑟𝑏 and
𝑟𝑡 are the radius at the top and bottom of the pile, respectively. 𝑟𝑒𝑞 is
the radius at 𝑧 = 𝐿𝑝∕2. 𝑚 is the taper ratio and is defined as 𝑚 = 𝑟𝑏∕𝑟𝑡.
𝑚 = 1 correspond to a prismatic pile.

It is assumed that the pile: (i) twists about its principal longitudinal
axis; (ii) behaves as a homogeneous, isotropic, linear elastic material
and (iii) experiences only St. Venant torsion stresses. These assumptions
are considered appropriate from a practical perspective, where the
design engineer limits the magnitude of the torsional load that the
foundation will experience and both the soil and pile element remain in
the linear regime for the applied loads (working loads), factors of safety
implemented for design and torsional rotation design limitations. Next,
the governing differential equation (GDE) of a single pile segment,
its corresponding analytical solution and the derivation of its stiffness
matrix – a required step to investigate piles in multi-layered soils – are
presented.

3. Governing equations

The GDE of the solid circular tapered pile subjected to torsional
loads and embedded in a non-homogeneous elastic media (i.e., segment
𝐴𝐵 shown in Fig. 1(b)) can be expressed as [15,16]:
𝑑 [

𝐺 𝐽 (𝑧)𝑑𝜃
]

= 2𝜋𝑟2(𝑧)𝜏(𝑧) (1)
2

𝑑𝑧 𝑝 𝑑𝑧
Fig. 1. (a) Non-uniform piles in a multi-layered soil; (b) single pile segment (structural
model); (c) shear modulus distribution along a pile segment and (d) local degrees of
freedom and right hand sign convention for torques and rotations.

where 𝜏(𝑧) = 2𝐺(𝑧)𝜃(𝑧) for elastic conditions. 𝜏(𝑧) and 𝜃(𝑧) are, respec-
ively, the shear stress at the soil–pile interface and angle of twist at a
epth 𝑧. 𝑟(𝑧) and 𝐽 (𝑧) are the pile’s radius and polar moment of inertia
t a depth 𝑧, respectively. They are given by:

(𝑧) = 𝑟𝑡
[

1 + 𝑧
𝐿
(𝑚 − 1)

]

(2)

𝐽 (𝑧) = 𝜋
2
𝑟4(𝑧) = 𝜋

2
𝑟4𝑡
[

1 + 𝑧
𝐿
(𝑚 − 1)

]4
(3)

ow, substituting 𝑟(𝑧) and 𝐺(𝑧) into Eq. (1), the following expression
or the GDE is obtained:
𝑑
𝑑𝑧

[

𝐺𝑝𝐽 (𝑧)
𝑑𝜃
𝑑𝑧

]

= 4𝜋
{

𝑟𝑡
[

1 + 𝑧
𝐿
(𝑚 − 1)

]}2
(𝐺𝑜 + 𝑠𝑧 + 𝑡𝑧2)𝜃(𝑧) (4)

For analysis of one single element (i.e., segment 𝐴𝐵), 𝑧 = 0 corresponds
to end 𝐴 of the element and 𝑧 = 𝐿 to end 𝐵. Introducing the normalized
variable 𝜁 = 𝑧∕𝐿, and expanding the first term in Eq. (4), the GDE
becomes:
𝐺𝑝𝐽 (𝜁 )

𝐿2
𝑑2𝜃
𝑑𝜁2

+
𝐺𝑝

𝐿2
𝑑𝜃
𝑑𝜁

𝑑𝐽
𝑑𝜁

= 𝑅(𝜁 )𝜃(𝜁 ) (5)

Recall that 𝑑𝑛∕𝑑𝑥𝑛 = (1∕𝐿)𝑛(𝑑𝑛∕𝑑𝜁𝑛). Eq. (5) is the normalized second
rder DE that governs the torsional response of the proposed structural
egment. Here, 𝑅(𝜁 ) = 𝑅0 + 𝑅1𝜁 + 𝑅2𝜁2 + 𝑅3𝜁3 + 𝑅4𝜁4 and 𝐽 (𝜁 ) =
𝑆0 + 𝑆1𝜁 + 𝑆2𝜁2 + 𝑆3𝜁3 + 𝑆4𝜁4. Table 1 lists the expressions for terms
comprising functions 𝑅(𝜁 ) and 𝐽 (𝜁 ).

The Differential Transformation Method (DTM) is used to solve
the GDE. The DTM transforms, in an easy and rather elegant man-
ner, the GDE into a recurrence equation and the boundary conditions
(B.Cs.) into algebraic expressions. Thus, the solution to this complex

DE (Eq. (5)) is reduced to solve a simple linear algebraic equation. The
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Table 1
Expressions for terms comprising functions 𝑅(𝜁 ) and
𝐽 (𝜁 ).
𝑅(𝜁 ) and 𝐽 (𝜁 )

𝑅0 = 4𝜋𝑟2𝑡 ⋅ 𝐺𝑜

𝑅1 = 4𝜋𝑟2𝑡 ⋅ [2(𝑚 − 1)𝐺𝑜 + 𝑠𝐿]

𝑅2 = 4𝜋𝑟2𝑡 ⋅ [𝑛𝐿
2 + 2(𝑚 − 1)𝑠𝐿 + (𝑚 − 1)2𝐺𝑜]

𝑅3 = 4𝜋𝑟2𝑡 ⋅ [2(𝑚 − 1)𝑡𝐿2 + (𝑚 − 1)2𝑠𝐿]

𝑅4 = 4𝜋𝑟2𝑡 ⋅ [(𝑚 − 1)2𝑡𝐿2]

𝑆0 = 𝜋𝑟4𝑡 ∕2

𝑆1 = 4𝜋𝑟4𝑡 ∕2 ⋅ (𝑚 − 1)

𝑆2 = 6𝜋𝑟4𝑡 ∕2 ⋅ (𝑚 − 1)2

𝑆3 = 4𝜋𝑟4𝑡 ∕2 ⋅ (𝑚 − 1)3

𝑆4 = 𝜋𝑟4𝑡 ∕2 ⋅ (𝑚 − 1)4

Fig. 2. Reference circular tapered pile.

ain properties of the DTM are listed in Table 2. For further details
bout the DTM method the reader is referred to [24–26].

The angle of twist is expressed in terms of the DTM method as
ollows:

(𝜁 ) = �̄� (0) + �̄� (1) 𝜁 + �̄� (2) 𝜁2 + �̄� (3) 𝜁3 +⋯ + �̄� (𝑖) 𝜁 𝑖 =
∞
∑

𝑘=0
�̄� (𝑘) 𝜁𝑘 (6)

and

�̄� (𝑘) = 1
𝑘!

[

𝑑𝑘𝜃 (𝜁 )
𝑑𝜁𝑘

]

𝜁=0
(7)

here 𝜃(𝜁 ) is the angle of twist and �̄�(𝑘) is the transformed of the 𝑘th
erivative of 𝜃(𝜁 ) [24]. Term 𝑖 of the series is selected such that the
ontribution of the next term (i.e., �̄�(𝑖+1)𝜉𝑖+1) is less than an arbitrary
mall number (i.e., for instance, 𝜖 < 10−6). Now, using the properties
f the DTM listed in Table 2, Eq. (5) can be expressed in a recurrence
orm as follows (see Appendix):

̄(𝑘 + 2) =

{

𝐿2

𝐺𝑝

[

𝑅𝑜�̄�(𝑘) + 𝑅1�̄�(𝑘 − 1) + 𝑅2�̄�(𝑘 − 2) + 𝑅3�̄�(𝑘 − 3)

+ 𝑅4�̄�(𝑘 − 4)
]

−
[

𝑆1(𝑘 + 1)2�̄�(𝑘 + 1) + 𝑆2𝑘(𝑘 + 1)�̄�(𝑘) + 𝑆3(𝑘 − 1)(𝑘 + 1)�̄�(𝑘 − 1)

+ 𝑆4(𝑘 − 2)(𝑘 + 1)�̄�(𝑘 − 2)
]

}

∕

{

𝑆0(𝑘 + 1)(𝑘 + 2)

}

(8)
3

Table 2
DTM properties.

Original function Transformed function

1 𝑦(𝜁 ) = 𝑔(𝜁 ) ± ℎ(𝜁 ) 𝑌 (𝑘) = �̄�(𝑘) ± �̄�(𝑘)

2 𝑦(𝑥) = 𝛼𝑔(𝜁 ) 𝑌 (𝑘) = 𝛼�̄�(𝑘)

3 𝑦(𝜁 ) = 𝑑𝑛𝑔(𝜁)
𝑑𝜁𝑛

𝑌 (𝑘) = (𝑘+𝑛)!
𝑘!

�̄�(𝑘 + 𝑛)

4 𝑦(𝜁 ) = 𝑔(𝜁 )ℎ(𝜁 ) 𝑌 (𝑘) =
∑𝑘

𝑟=0 �̄�(𝑟)�̄�(𝑘 − 𝑟)

5 𝑦(𝜁 ) = 𝜁𝑛 (*) 𝑌 (𝑘) = 𝛿(𝑘 − 𝑛) =

{

0 if 𝑘 ≠ 𝑛
1 if 𝑘 = 𝑛

Eq. (8) is the GDE transformed into a recurrence equation and is used
to determine coefficients �̄�(𝑘) of the proposed solution (Eq. (6)). Here,
�̄�(−1) = �̄�(−2) = �̄�(−3) = �̄�(−4) = 0. Coefficients �̄�(0) and �̄�(1) are found
from the B.Cs. at 𝜁 = 0. Coefficients �̄�(2) − �̄�(𝑖) are linear combinations
of �̄�(0) and �̄�(1).

The B.Cs. at ends 𝐴𝐵 of the pile segment are:
At 𝜁 = 0:
𝑑𝜃
𝑑𝜁

∣ 𝜁=0 = −𝑇𝑎𝐿∕(𝐺𝑝𝐽𝑜) = �̄�(1) (9)

At 𝜁 = 1:

𝑑𝜃
𝑑𝜁

∣ 𝜁=1 = −𝑇𝑏𝐿∕(𝐺𝑝𝐽1) =
∞
∑

𝑘=0
𝑘�̄� (𝑘) (10)

here 𝑇𝑎 and 𝑇𝑏 are the torques at ends 𝐴 and 𝐵 of the element and 𝐽0
and 𝐽1 are the polar moment of inertia evaluated at 𝑧 = 0 and 𝑧 = 𝐿,
respectively (from Eq. (3)). At the pile base, the relation between the
torque and twist is given by [27]:

𝜃 ∣ 𝜁=1 =
∞
∑

𝑘=0
�̄�(𝑘) = 3

16
⋅

𝑇𝑏
𝐺𝑏𝑟3𝑏

(11)

where 𝐺𝑏 is the shear modulus at the base of the pile. Substituting
Eq. (11) into Eq. (10), the following expression at the pile base is found:

− 16
3
𝐺𝑏𝑟

3
𝑏

𝐿
𝐺𝑝𝐽1

∞
∑

𝑘=0
�̄�(𝑘) =

∞
∑

𝑘=0
𝑘�̄� (𝑘) (12)

. Proposed solution

The solution to Eq. (6) consists of finding coefficients �̄�(𝑘) that
atisfy the B.Cs. at ends 𝐴 and 𝐵 of the element. The following simple
teps are provided:

1. Assume an initial, arbitrary small value of �̄�(0).
2. Compute �̄�(1) from Eq. (9).
3. Determine coefficients �̄�(2) − �̄�(𝑖) from the recursive equation

(Eq. (8)).
4. Solve the following linear algebraic expression (Eq. (12)).

𝐹 (�̄�(0)) = 16
3
𝐺𝑏𝑟

3
𝑏

∞
∑

𝑘=0
�̄�(𝑘) +

𝐺𝑝𝐽1
𝐿

∞
∑

𝑘=0
𝑘�̄� (𝑘) (13)

5. Increase in a step-wise fashion the value of �̄�(0) and repeat steps
(1) − (4). Plot �̄�(0) against 𝐹 (�̄�(0)).

6. Select coefficient �̄�(0) that makes 𝐹 (�̄�(0)) = 0 (i.e., this coefficient
satisfies both B.Cs.)

7. Once �̄�(0) is known, repeat steps (2) and (3) and determine the
angle of twist profile from Eq. (6).

8. The torque profile can be found from Eq. (14):

𝑇 (𝜁 ) = −
𝐺𝑝𝐽 (𝜁 )

𝐿
𝑑𝜃
𝑑𝜁

(14)

Steps (1)–(8) can be used to study the overall torsional response
of single non-uniform circular piles in a one-layered soil profile while
accounting for the contribution of the torsional stiffness at the pile base.
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As stated by Randolph [27], the contribution of the base quickly be-
comes insignificant, even for rigid piles, as the length and flexibility of
the pile increase. Therefore, for practical applications, and in particular
for piles in multi-layered soils, this contribution can be neglected.

5. Stiffness matrix derivation

The local stiffness matrix of the pile segment 𝐴𝐵 shown in Fig. 1
is derived from equilibrium and compatibility conditions. This matrix
relates the nodal torques and angles of twist in local coordinates. The
stiffness matrix method is used to analyze non-uniform circular piles
in multi-layered soils. Here, the torsional stiffness contribution of the
pile base is neglected. For further details about the stiffness matrix
method, the reader is referred to Przemieniecki [28] and McGuire et al.
[29]. Segment 𝐴𝐵 could represent a layer of soil in a multi-layered
oil profile or a portion of the pile with different material or geometry
roperties (i.e., stepped piles). The stiffness matrix has a size of 2 𝑥 2,
ne for each degree of freedom (rotation) at each end of segment 𝐴𝐵.
ig. 1(d) shows the right-hand sign convention adopted in the matrix
nalysis for the torques and rotations.

The angle of twist at 𝜁 = 0 can be evaluated using Eq. (6). At
= 1, and taking into account that coefficients �̄�(2) − �̄�(𝑖) are linear

ombinations of �̄�(0) and �̄�(1), 𝜃(𝜁 ) can be conveniently expressed as:

(𝜁 = 1) = 𝑓0�̄�(0) + 𝑓1�̄�(1) (15)

here 𝑓0 and 𝑓1 are functions that grouped the coefficients of the series
ffected by �̄�(0) and �̄�(1), respectively. 𝑓0 is the value of 𝜃(𝜁 = 1)
n Eq. (6) when �̄�(0) = 1 and �̄�(1) = 0. Coefficients �̄�(2) − �̄�(𝑖) are
omputed from Eq. (8). 𝑓1 is determined in an analogous manner by
aking �̄�(0) = 0 and �̄�(1) = 1. By definition, terms 𝑆11 and 𝑆21 of the
atrix are the holding actions at ends 𝐴𝐵, respectively, when a unit

otation is imposed at node 1 while holding the rotation at node 2 to
ero. Terms 𝑆12 and 𝑆22 are determined in an analogous manner by
mposing a unit rotation at node 2 while holding the rotation at node
to zero.

When a unit rotation is imposed at node 1 (𝜃(0) = 1) while holding
he rotation at node 2 to zero (𝜃(1) = 0), one has:

(𝜁 ) = 1 = �̄�(0) (16)

(𝜁 ) = 0 = 𝑓0�̄�(0) + 𝑓1�̄�(1) (17)

rom Eqs. (16) and (17), �̄�(0) = 1 and �̄�(1) = −𝑓0∕𝑓1. Terms 𝑆11 and
21 are determined as follows:

(𝜁 = 0) = 𝑆11 = −
𝐺𝑝𝐽0
𝐿

𝑑𝜃
𝑑𝜁

∣ 𝜁=0 = −
𝐺𝑝𝐽0
𝐿

�̄�(1) (18)

=
𝐺𝑝𝐽0
𝐿

𝑓0
𝑓1

(19)

(𝜁 = 1) = 𝑆21 =
𝐺𝑝𝐽1
𝐿

𝑑𝜃
𝑑𝜁

∣ 𝜁=1 =
𝐺𝑝𝐽1
𝐿

(𝑓01�̄�(0) + 𝑓11�̄�(1))

=
𝐺𝑝𝐽1
𝐿

(

𝑓01 −
𝑓0𝑓11
𝑓1

)

(20)

Now, when a unit rotation is imposed at node 2 (𝜃(1) = 1) while holding
he rotation at node 1 to zero (𝜃(0) = 0), one has:

(𝜁 ) = 0 = �̄�(0) (21)

(𝜁 ) = 1 = 𝑓0�̄�(0) + 𝑓1�̄�(1) (22)

rom Eqs. (21) and (22), �̄�(0) = 0 and �̄�(1) = 1∕𝑓1. Terms 𝑆12 and 𝑆22
re determined as follows:

(𝜁 = 0) = 𝑆12 = −
𝐺𝑝𝐽0
𝐿

𝑑𝜃
𝑑𝜁

∣ 𝜁=0 = −
𝐺𝑝𝐽0
𝐿

�̄�(1) = −
𝐺𝑝𝐽0
𝐿

1
𝑓1

(23)

𝑇 (𝜁 = 1) = 𝑆22 =
𝐺𝑝𝐽1
𝐿

𝑑𝜃
𝑑𝜁

∣ 𝜁=1 =
𝐺𝑝𝐽1
𝐿

(𝑓01�̄�(0) + 𝑓11�̄�(1)) =
𝐺𝑝𝐽1
𝐿

𝑓11
𝑓1
4

(24)
where 𝑓01 is the value of 𝜃′(𝜁 ) at 𝜁 = 1 (i.e., 𝜃′(𝜁 ) = ∑𝑚
𝑘=0 𝑘�̄�(𝑘)) when

�̄�(0) = 1 and �̄�(1) = 0. 𝑓11 is the value of 𝜃′(𝜁 ) at 𝜁 = 1 when �̄�(0) = 0
and �̄�(1) = 1. The stiffness matrix of the segment, matrix [𝐾], can be
expressed as follows:

[𝐾] =
[

𝐾11 𝐾12
𝐾21 𝐾22

]

=
𝐺𝑝

𝐿

[

𝐽0𝑓0∕𝑓1 −𝐽0∕𝑓1
−𝐽1(𝑓11𝑓0∕𝑓1) + 𝐽1𝑓01 𝐽1𝑓11∕𝑓1

]

(25)

6. Verification of the new method

6.1. Example 1: Pile in a one-layered homogeneous soil

Fig. 3 shows the torsional stiffness ratio, 𝑇𝑆𝑅 = 3𝑇𝑜∕(16𝐺𝑏𝑟3𝑏𝜃𝑜),
and distribution of the normalized torque, 𝑇 (𝑧)∕𝑇𝑜, for a prismatic
(𝑚 = 𝑟𝑏∕𝑟𝑡 = 1) and tapered (𝑚 ≠ 1) pile. Steps (1) to (8) from
Section 4 were employed to find the overall torsional response. The pile
is subjected to a torsional load 𝑇𝑜 at its head and embedded in a one-
layered homogeneous elastic soil (i.e., uniform distribution of 𝐺(𝑧)).
The soil has a shear modulus 𝐺𝑜 along the pile length and 𝐺𝑏 at the
pile base. In order to have some means of comparison with already
published works, the definition of the taper ratio was modified in this
example. Here, the reference point is located at the corner of the pile
head as depicted in Fig. 3(a) and not at 𝐿𝑃 ∕2 as proposed for the matrix
analysis approach (Fig. 2).

Fig. 3(a) shows the torsional stiffness ratio as a function of the soil–
pile stiffness ratio, 𝐺𝑝∕𝐺𝑜, for a prismatic pile. 𝐺𝑝 is the shear modulus
of the pile. The analysis was conducted for three slenderness ratios
(𝐿∕𝑟𝑡 = 5, 10 and 30) and two soil stiffness ratios (𝐺𝑏∕𝐺𝑜 = 1 and 10). It
is seen that for piles that behave as very flexible piles (i.e., low values
of 𝐺𝑝∕𝐺𝑜), 𝑇𝑆𝑅 was independent of the slenderness ratio regardless of
the shear modulus at the pile base. Similar trends have been reported
by Poulos [9] and Randolph [10]. Fig. 3(b) shows 𝑇𝑆𝑅 as a function
of 𝐿∕𝑟𝑡 and 𝑚. It is observed that: (i) 𝑇𝑆𝑅 increased as 𝐿∕𝑟𝑡 increased
due to a decrease in the angle of twist at the pile head (𝜃𝑜) associated
to the increment in slenderness ratio and (ii) the magnitude of 𝑇𝑆𝑅
was greater for 𝑚 = 0.75 than for 𝑚 = 0.50 due to a decrease in 𝜃𝑜
associated to a greater cross-section at the upper portion of the segment
(i.e., higher pile stiffness). The results are in good agreement with those
obtained from the variation scheme and numerical solution developed
by Rajapakse and Selvadurai [19] and Selvadurai and Rajapakse [20].

Figs. 3(c) and (d) present the torque distribution profiles for a short
pile of length 𝐿 = 5𝑟𝑡 and a shear modulus at the pile base of 𝐺𝑏 = 𝐺𝑜
and 𝐺𝑏 = 10𝐺𝑜, respectively. The analysis was conducted for 𝑚 = 1, 0.75
and 0.50. It is observed that the torque profile was almost linear for the
prismatic pile and slightly concave up for the tapered ones. The portion
of the applied torque at a given depth became smaller as the taper
ratio decreased. This is because of the reduction in cross-section with
depth. Note that the portion of the torque at the pile base corresponds
to the value of 𝑇 (𝑧)∕𝑇𝑜 at 𝑧∕𝑟𝑡 = 5. As anticipated, for short piles,
the magnitude of the torque transferred at the pile base increased
significantly as the 𝐺𝑏∕𝐺𝑜 ratio increased, and it was greater for the
prismatic pile than for the tapered ones (i.e., because of the bigger
cross-section at the pile base).

6.2. Example 2: Tapered pile in a two-layered homogeneous soil

Fig. 4 shows the torsional stiffness factor, 𝑇𝑡∕(𝐺2𝑟3𝑒𝑞𝜃𝑡), plotted
against the length ratio, ℎ∕𝐿, for a tapered pile embedded in a two-
layered homogeneous elastic soil (i.e., 𝐺1 and 𝐺2 are constant). ℎ and
𝐿−ℎ are the thicknesses of the top and bottom layers, respectively, and
𝐺1 and 𝐺2 their corresponding shear modulus. Length ratios ℎ∕𝐿 = 0
and ℎ∕𝐿 = 1 represent a pile in a one-layered soil with constant shear
modulus 𝐺2 and 𝐺1, respectively. The analysis was conducted for four
shear modulus ratios (𝐺1∕𝐺2 = 4, 2, 0.5 and 0.25) and nine taper ratios
(𝑚 = 1, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3 and 0.2). The reference point for
parameter 𝑚 was located at a depth 𝐿 ∕2, as depicted in Fig. 2. The
𝑝
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Fig. 3. Example 1: Torsional stiffness and torque distribution of a prismatic and tapered pile in a one-layered soil while accounting for the contribution of the torsional stiffness
t the pile base.
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ollowing parameters were used for the parametric study: 𝑟𝑒𝑞 = 0.5 m,
= 25 m, 𝐺𝑝 = 8 GPa, 𝐺2 = 8 MPa and 𝑇 = 100 kN m.
For the matrix analysis, the pile was subdivided into two segments.

Segment 1 was assigned to the portion of the pile embedded in the
bottom layer with thickness 𝐿− ℎ and shear modulus 𝐺2, and segment
2 to the portion of the pile embedded in the top layer with thickness ℎ
and shear modulus 𝐺1. Note that for a given taper ratio (𝑚), the stiffness
matrix of each segment must be computed with its local taper ratio,
and this value will depend on the length ratio ℎ∕𝐿. Fig. 4(d) shows the
structural model, segment numbering, and global degrees of freedom
at the joints. The overall torsional response of the pile was carried
out by computing the individual local stiffness matrix of each segment
and then connecting them at the joints by using conventional matrix
structural analysis. The global stiffness and joint load matrices of the
pile are expressed as:

[𝐾𝐺] =

1 2 3
⎡

⎢

⎢

⎣

⎤

⎥

⎥

⎦

𝐾1
11 𝐾1

12 0 1
𝐾1

21 𝐾1
22 +𝐾2

11 𝐾2
12 2

0 𝐾2
21 𝐾2

22 3
; {𝑇 } =

⎧

⎪

⎨

⎪

⎩

⎫

⎪

⎬

⎪

⎭

0 1
0 2
𝑇𝑡 3

Here, the numbers outside the brackets indicate the global degrees
of freedom at the joints. The superscripts of the matrix coefficients
indicate the segment number. For example, 𝐾1

12 corresponds to coef-
ficient 𝐾12 of segment 1. Once the global stiffness matrix and nodal
forces are known, the nodal angles of twist can be obtained by solving
{𝜃} = [𝐾𝐺]−1{𝑇 }. {𝜃} = {𝜃1, 𝜃2, 𝜃3}𝑇 are the angles of twist at nodes 1,
2 and 3, respectively.
5

i

Figs. 4 and 5 show the contribution of both the taper ratio and sur-
rounding soil at the upper portion of the pile on the torsional capacity.
Fig. 5 shows the torsional stiffness factor for taper ratios 𝑚 = 1, 0.8, 0.5
nd 0.2. For the cases when 𝐺1∕𝐺2 = 4 and 𝐺1∕𝐺2 = 2, and regardless
f the taper ratio, the torsional stiffness factor rapidly increased until
he thickness of the top layer was approximately 30% the length of the
ile (ℎ∕𝐿 > 0.3) and then it remained constant. The increase in capacity
as due to a larger shear modulus along the upper portion of the pile.

n an analogous manner, when 𝐺1∕𝐺2 = 0.5 and 𝐺1∕𝐺2 = 0.25, the
orsional stiffness factor gently dropped until ℎ∕𝐿 was approximately
0% and then it remained constant. From these figures, it is also seen
hat, irrespective of the 𝐺1∕𝐺2 ratio, the torsional stiffness significantly
ncreased as the taper ratio decreased, highlighting the advantages of
apered piles over conventional prismatic ones in terms of torsional
apacity. For prismatic piles (𝑚 = 1), the results from the proposed
odel were compared with those reported by Chow [12], Zhang [17]

nd Zou et al. [18]. For tapered piles (𝑚 ≠ 1), and due to the lack of
ublished works, they were compared with results obtained from the
inite element analysis package Abaqus 3D. The agreement between the
esults from the proposed formulation and those obtained from much
ore cumbersome analytical and numerical approaches was excellent.

.3. Example 3: Tapered pile in a four-layered soil

Fig. 6 shows the angle of twist profile for a tapered pile in a four-
ayered soil subjected to a torsional load of 100 kN m at its head. The
nalysis is conducted for taper ratios 𝑚 = 1, 0.8, 0.5 and 0.2. The pile has
) a shear modulus 𝐺 = 9.6 ⋅ 106 kPa, (ii) an equivalent radius of 0.5 m
𝑝
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Fig. 4. Example 2: Torsional stiffness factor versus length ratio for a tapered pile in a two-layered homogeneous soil when (a) 𝐺1∕𝐺2 = 4, (b) 𝐺1∕𝐺2 = 2, (c) 𝐺1∕𝐺2 = 0.5 and (d)
𝐺1∕𝐺2 = 0.25.

Fig. 5. Example 2: Torsional stiffness factor versus length ratio for a tapered pile in a two-layered homogeneous soil for (a) 𝑚 = 1, (b) 𝑚 = 0.8, (c) 𝑚 = 0.5 and (d) 𝑚 = 0.2.
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Fig. 6. Example 3: Tapered pile in a four-layered soil: (a) increase of 𝐺(𝑧) with depth in a step-wise manner and (b) linear increase distribution of 𝐺(𝑧).
g
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at a depth 𝐿𝑝∕2) and (iii) a length of 25 m. Two cases are considered in
his example. The first case considers a soil where 𝐺(𝑧) increases with
epth in a step-wise manner, as shown in Fig. 6(a) (i.e., each individual
ayer has a uniform distribution of 𝐺). From top to bottom, the shear
odulus 𝐺 and thickness 𝐿 of the first three layers are 8.6 ⋅103 kPa and
m, 18.52 ⋅ 103 kPa and 5 m, and 28.8 ⋅ 103 kPa and 10 m. The fourth

ayer has a shear modulus of 40 ⋅103 kPa and extends to a greater depth
eyond the toe of the pile. These soil and pile parameters are similar
o those previously implemented by Misra et al. [21] for the case of a
rismatic pile in a four-layered soil deposit. The second case considers
he condition where 𝐺(𝑧) increases with depth in a linear fashion, as
hown in Fig. 6(b) (i.e., each individual layer has a linear distribution
f 𝐺). Here, the shear modulus at the surface is 𝐺𝑧=0 = 8.6 ⋅103 kPa and
t the pile toe 𝐺𝑧=𝐿𝑝

= 40 ⋅ 103 kPa.
The analysis was carried out by subdivided the pile into four seg-

ents, one segment for each layer. The elements, degrees of freedom
nd their numbering are shown in Fig. 6. The global stiffness and joint
oad matrices of the entire pile are expressed in a symbolic form as
ollows:

𝐾𝐺] =

1 2 3 4 5

⎡

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎦

𝐾1
11 𝐾1

12 0 0 0 1
𝐾1

21 𝐾1
22 +𝐾2

11 𝐾2
12 0 0 2

0 𝐾2
21 𝐾2

22 +𝐾3
11 𝐾3

12 0 3
0 0 𝐾3

21 𝐾3
22 +𝐾4

11 𝐾4
12 4

0 0 0 𝐾4
21 𝐾4

22 5

;

𝑇 } =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

⎫

⎪

⎪

⎬

⎪

⎪

⎭

0 1
0 2
0 3
0 4
𝑇𝑡 5
7

For completeness, and to facilitate the replication of the results, the
lobal stiffness matrices and joint load vector for 𝑚 = 1, 0.8, 0.5 and 0.2
n Fig. 6(a) are shown below:
[

𝐾𝐺
]

𝑚=1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

231510.7 −167730.8 0 0 0
−167730.8 508270.2 −147513.8 0 0

0 −147513.8 569967.1 −26406.4 0
0 0 −26406.4 637815.7 −17874.9
0 0 0 −17874.9 344608.1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

[

𝐾𝐺
]

𝑚=0.8 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

322037.9 −242736.7 0 0 0
−242736.7 655140.6 −187359.9 0 0

0 −187359.9 643264.6 −26267.4 0
0 0 −26267.4 569484.8 −10522.4
0 0 0 −10522.4 249274.0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

[

𝐾𝐺
]

𝑚=0.5 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

580910.5 −465093.3 0 0 0
−465093.3 1050739.4 −289266.4 0 0

0 −289266.4 814645.4 −25251.3 0
0 0 −25251.3 449192.7 −2730.0
0 0 0 −2730.0 111663.7

⎤

⎥

⎥

⎥

⎥

⎥

⎦

[

𝐾𝐺
]

𝑚=0.2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1215822.3 −1033168.3 0 0 0
−1033168.3 1958404.8 −505569.4 0 0

0 −505569.4 1139292.3 −22073.1 0
0 0 −22073.1 305398.9 −77.9
0 0 0 −77.9 15283.7

⎤

⎥

⎥

⎥

⎥

⎥

⎦
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Fig. 7. Example 4: (a) Stepped pile in a one-layered non-homogeneous soil, (b) segment numbering and degrees of freedom and (c) angles of twist profile for ℎ∕𝐿 = 0.25, ℎ∕𝐿 = 0.5,
∕𝐿 = 0.75 and ℎ∕𝐿 = 1.0.
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𝑇 } = {0 0 0 0 100}𝑇

The nodal angles of twist in global coordinates, {𝜃} = {𝜃1, 𝜃2,
3, 𝜃4, 𝜃5}𝑇 , for 𝑚 = 1, 0.8, 0.5 and 0.2 were obtained by solving
𝜃} = [𝐾𝐺]−1{𝑇 }. They are:

{𝜃}𝑚=1.0 = 10−3 ⋅ {0.58256, 0.20789, 0.05390, 0.00223, 0.00011}𝑇

{𝜃}𝑚=0.8 = 10−3 ⋅ {0.44660, 0.18053, 0.05268, 0.00243, 0.00010}𝑇

{𝜃}𝑚=0.5 = 10−3 ⋅ {0.28352, 0.13912, 0.04948, 0.00278, 0.00011}𝑇

{𝜃}𝑚=0.2 = 10−3 ⋅ {0.16662, 0.09929, 0.04412, 0.00319, 0.00002}𝑇

Once the nodal angles of twist vector in global coordinates were
nown, the end-torques on the individual element were calculated with
he element local stiffness matrix [𝐾]𝑖 and local angles of twist {𝜃}𝑖
s {𝑇 }𝑖 = [𝐾]𝑖{𝜃}𝑖 (i.e., i=1, 2, 3 and 4). Figs. 6(a) and (b) show the
ngles of twist profiles for the two cases discussed herein. These profiles
ere obtained from Eqs. (6) and (9); where, for each segment, the first

oefficients of the {𝜃}𝑖 and {𝑇 }𝑖 vectors are �̄�(0) and 𝑇𝑎, respectively.
̄(2) − �̄�(𝑚) were determined from the recursive equation (Eq. (8)). The
esults from the proposed formulation are in excellent agreement with
hose obtained from Abaqus 3D and those reported by Misra et al. [21]
or the case of 𝑚 = 1.

.4. Example 4: Stepped pile in a one-layered non-homogeneous soil

Fig. 7 shows the angle of twist profile for a stepped pile in a one-
ayered non-homogeneous soil. The pile has a total length of 20 m and is
ubjected at its head to a torsional load of 100 kN-m. The shear modulus
f the soil 𝐺(𝑧) is assumed to vary linearly with depth as shown in
ig. 7(a). 𝐺(𝑧) at the surface is 𝐺𝑧=0 = 8 ⋅ 103 kPa and at the pile
oe 𝐺𝑧=𝐿𝑝

= 32 ⋅ 103 kPa. The shear modulus of the pile is taken as
𝑝 = 8 ⋅ 106 kPa. The upper portion of the stepped pile has a length ℎ
nd a radius 𝑟 = 0.5 m. The lower portion of the pile has a length 𝐿−ℎ
nd a radius 𝑟 = 0.25 m. The analysis was performed for four ℎ∕𝐿 ratios
i.e., ℎ∕𝐿 = 0.25, 0.5, 0.75 and 1.0).

For the analysis, the stepped pile was subdivided into two segments.
he first segment was assigned to the upper portion of the pile and
he second one to the lower portion. Fig. 7(b) shows the segment
umbering and global degrees of freedom at the joints. Fig. 7(c) shows
he angle of twist profiles and their comparisons with those obtained
rom Abaqus 3D. The results between the proposed method and those
rom Abaqus 3D are in excellent agreement.
8

.5. Example 5: Pile partially embedded in a two-layered soil

The capabilities of the proposed approach to accurately capture,
n a simple and practical manner, the torsional response of partially
mbedded piles in multi-layered soils is demonstrated in this example.
ig. 8 shows the angle of twist profile for a prismatic, tapered and
tepped pile partially embedded in a two-layered soil deposit. For the
tepped pile, it is assumed that the bottom end of the upper portion of
he pile coincides with the layer–layer interface. Each pile (i) has a total
ength of 23 m, of which 3 m are unembedded as depicted in Fig. 8(a)
nd (ii) is subjected at its head and at the surface level to torsional
oads of 50 kN-m and 200 kN-m, respectively. It is assumed that (i) the
hickness of the upper and lower layers are ℎ and 𝐿 − ℎ, respectively,
ii) in the upper and lower layers, 𝐺(𝑧) is uniformly distributed and has
magnitude of 𝐺1 and 𝐺2 = 8 ⋅103 kPa, respectively, and (iii) the shear
odulus of the pile is 𝐺𝑝 = 8 ⋅ 106 kPa. The analysis is performed for

wo values of ℎ∕𝐿 ratios and two values of 𝐺1∕𝐺2 (i.e., ℎ∕𝐿 = 0.25,
∕𝐿 = 0.75, 𝐺1∕𝐺2=0.25 and 𝐺1∕𝐺2=4).

Following the same procedure as that described in previous exam-
les, the analysis was conducted by dividing the pile at the layer–layer
nd layer–air interfaces (i.e., into three segments). Fig. 8(b) shows the
egment numeration and global degrees of freedom. For the unembed-
ed portion of the pile, the shear modulus of the soil was taken as
(𝑧) = 0 (i.e., 𝐺𝑜 = 𝑠 = 𝑡 = 0). Figs. 8(c) to (e) show the angle of twist

profiles and their comparisons with those obtained from Abaqus 3D
for the stepped, tapered and prismatic pile, respectively. Fig. 8 shows
a good agreement between the results from the proposed method and
those obtained from Abaqus 3D. The maximum relative difference in
𝜃 is between 7% and 8% and it occurs to the prismatic element for
values of 𝐺1∕𝐺2 = 0.25. This difference could be attributed to the load
transfer mechanism associated with each method in combination with
the higher shear stresses transferred from the pile to the upper portion
of the soil (due to a smaller cross-section). As discussed by Nghiem
and Chang [22], the torque applied at the pile head travels in the
vertical direction and then is transmitted to the soil in the form of
radial and vertical shear stresses. The proposed model does not account
for the effect of the vertical shear stress. Abaqus 3D uses a more
robust constitutive model that accounts for the distribution of the shear

stresses in both directions.
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Fig. 8. Example 5: Partially embedded pile in a two-layered soil (a) structural model, (b) segment numbering and global degrees of freedom, (c) 𝜃 for stepped pile, (d) 𝜃 for
tapered pile and (e) 𝜃 for prismatic pile.
7. Conclusions

A new matrix method to investigate the torsional response of non-
uniform circular piles in multi-layered non-homogeneous elastic soils
was derived and presented in detail. The analysis of prismatic, tapered
and stepped piles partially or fully embedded in multi-layered soils can
be easily conducted in a simple manner with the proposed formulation
- a difficult and cumbersome endeavor when using available analytical
and numerical methods. The matrix formulation proposed herein can
be easily implemented into already available structural matrix analysis
codes. The proposed method is of great practical interest to practi-
tioners, who lack of simple and accurate models to analyze complex
problems of torsionally loaded piles.

The stiffness matrix of a single pile segment was derived and then
used to investigate, by means of classical matrix methods of structural
analysis, the torsional response of piles in multi-layered soils. The shear
modulus distribution along each segment of pile was assumed to fit a
quadratic function, so a wide range of soil conditions can be accounted
9

for. Eight simple steps were provided to study the overall torsional
response of short piles in a one-layered soil while accounting for the
contribution of the torsional stiffness at the pile base. The analysis of
piles embedded in soils made up of multiple layers was carried out by
dividing the pile into multiple segments, each segment representing
a change in soil properties or pile geometry. Five examples were
presented to validate the simplicity and practicality of the proposed
method to accurately capture the torsional response of piles in multi-
layered soils. The results from the proposed method were found to be
in excellent agreement with those obtained from the finite element
analysis package Abaqus 3D and more cumbersome analytical and
numerical approaches.
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Appendix

Transformation of the GDE into a recursive equation
Eq. (5) can be rewritten as follows:

𝐽 (𝜁 )𝑑
2𝜃

𝑑𝜁2
+ 𝑑𝜃

𝑑𝜁
𝑑𝐽
𝑑𝜁

= 𝐿2

𝐺𝑝
𝑅(𝜁 )𝜃(𝜁 ) (A.1)

Using property # 4 from Table 2, the following transformed functions
for terms of the GDE are obtained:

𝐽 (𝜁 )𝑑
2𝜃

𝑑𝜁2
=

𝑘
∑

𝑟=0
𝐽 (𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)�̄�(𝑟 + 2) (A.2)

𝑅(𝜁 )𝜃(𝜁 ) =
𝑘
∑

𝑟=0
�̄�(𝑘 − 𝑟)�̄�(𝑟) (A.3)

𝑑𝜃
𝑑𝜁

𝑑𝐽
𝑑𝜁

==
𝑘
∑

𝑟=0
(𝑘 − 𝑟 + 1)𝐽 (𝑘 − 𝑟 + 1)(𝑟 + 1)�̄�(𝑟 + 1) (A.4)

From the kronecker delta function from Table 2 (property # 5), one
knows that:

𝐽 (𝑘) = 𝑆𝑜𝛿(𝑘) + 𝑆1𝛿(𝑘 − 1) + 𝑆2𝛿(𝑘 − 2) + 𝑆3𝛿(𝑘 − 3) + 𝑆4𝛿(𝑘 − 4) (A.5)
𝐽 (𝑘 − 𝑟) = 𝑆𝑜𝛿(𝑘 − 𝑟) + 𝑆1𝛿(𝑘 − 𝑟 − 1) + 𝑆2𝛿(𝑘 − 𝑟 − 2)

+ 𝑆3𝛿(𝑘 − 𝑟 − 3) + 𝑆4𝛿(𝑘 − 𝑟 − 4)

𝐽 (𝑘 − 𝑟 + 1) = 𝑆𝑜𝛿(𝑘 − 𝑟 + 1) + 𝑆1𝛿(𝑘 − 𝑟) + 𝑆2𝛿(𝑘 − 𝑟 − 1)

+ 𝑆3𝛿(𝑘 − 𝑟 − 2) + 𝑆4𝛿(𝑘 − 𝑟 − 3)

�̄�(𝑘) = 𝑅𝑜𝛿(𝑘) + 𝑅1𝛿(𝑘 − 1) + 𝑅2𝛿(𝑘 − 2) + 𝑅3𝛿(𝑘 − 3)

+ 𝑅4𝛿(𝑘 − 4) (A.6)
�̄�(𝑘 − 𝑟) = 𝑅𝑜𝛿(𝑘 − 𝑟) + 𝑅1𝛿(𝑘 − 𝑟 − 1) + 𝑅2𝛿(𝑘 − 𝑟 − 2) + 𝑅3𝛿(𝑘 − 𝑟 − 3)

+ 𝑅4𝛿(𝑘 − 𝑟 − 4)

Now, substituting Eqs. (A.5) and (A.6) into Eqs. (A.2)–(A.4), and then
substituting the resulting expressions into Eq. (A.1), the following
equation is obtained:

𝑆0(𝑘 + 1)(𝑘 + 2)�̄�(𝑘 + 2) + 𝑆1𝑘(𝑘 + 1)�̄�(𝑘 + 1) + 𝑆2(𝑘 − 1)𝑘�̄�(𝑘)

+ 𝑆3(𝑘 − 2)(𝑘 − 1)�̄�(𝑘 − 1)

+ 𝑆4(𝑘 − 3)(𝑘 − 2)�̄�(𝑘 − 2) + 𝑆1(𝑘 + 1)�̄�(𝑘 + 1) + 2𝑆2𝑘�̄�(𝑘)

+ 3𝑆3(𝑘 − 1)�̄�(𝑘 − 1)

+ 4𝑆4(𝑘 − 2)�̄�(𝑘 − 2)

= 𝐿2

𝐺𝑝

[

𝑅𝑜�̄�(𝑘) + 𝑅1�̄�(𝑘 − 1) + 𝑅2�̄�(𝑘 − 2) + 𝑅3�̄�(𝑘 − 3) + 𝑅4�̄�(𝑘 − 4)
]

(A.7)

Finally, solving for �̄�(𝑘+ 2) in Eq. (A.7), the recursive form of the GDE
is found (Eq. (8)).
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