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Abstract

Quantum Chromodynamics (QCD) is the theory describing the strong inter-
action, felt by quarks and mediated by gluons. Due to the strong coupling of the
theory at low energies the standard technique for dealing with the electroweak

sector, perturbation theory, becomes intractable. One must therefore resort to
non-perturbative methods to study the rich low energy structure of QCD.

Lattice Quantum Chromodynamics is the only known means of directly
studying QCD non-perturbatively from first principles. By formulating QCD
on a discrete hypercube, one can perform numerical simulations to calculate

observable expectation values, and additionally perform studies of more funda-

mental quantities, such as the quark propagator.

Constructing QCD on the lattice is not without its difficulties. Aside from

being extremely computationally intensive, maintaining all the relevant symme-

tries of the continuum theory is non-trivial. Chiral symmetry, and its sponta-

neous breaking in the QCD vacuum is a key feature of the continuum theory

which, among other things, provides an explanation of the relative light mass of
the pion and the other pseudo-Goldstone bosons.

The overlap-Dirac operator is a long sought after realisation of chiral sym-

metry on the lattice. However, it is relatively expensive to evaluate compared to
more standard discretisations of the Dirac operator. The overlap is constructed

as a function of a non-chirai fermion operator, the overlap kernel, typically taken

to be the Wilson-Dirac operator. In this work we construct an overlap opera-

tor that is faster to evaluate computationally through the use of an alternative

kernel, the Fat Link Irrelevant Clover (FLIC) action.

The properties of FLIC Overlap fermions are investigated through both the

quark propagator in momentum space, via topology. These calculations are

performed in both the quenched and the dynamical kernel approximation, a

type of partial quenching. In the quenched approximation, the effects of fermion

vacuum flucuations are neglected in the creation ofgluon field configurations. In

the partially quenched approximation, a different fermionic action is used in the

sea and valence sectors. A means of including the effects of FLIC sea fermions in

the gluonic background fleld is developed. An impiementation of code optimised

for cluster computing is also presented'
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Chapter 1

Introduction

The last century has been a remarkable period in the history of physics. The

evolution from the classical world to the quantum world has challenged our un-

derstanding of nature and has also revolutionised modern society. Quantum
physics was proposed in the early 1900's by Einstein and Planck as a theory

which resolved the UV catastrophe in the photo-electric effect, and two decades

Iater quantum mechanics would be developed by Schrodinger, de Broglie and

Heisenberg. The physicists of the time grappled with the conceptual difficul-

ties presented by this strange new microscopic world, but their successors would

overcome these difficulties to unite the theory of special relativity with quan-

tum mechanics to form the foundation of modern physics, quantum field theory

(QFT). In turn, the development of QFT would lead to the discovery of quan-

tum gauge field theories. This discovery was a remarkable breakthrough, as the

strong and weak nuclear force, along with the electromagnetic force were found

to be mediated by gauge bosons, leading to a unified theory of these three forces,

the Standard Model.

While the theoretical evolution from quantum mechanics onwards was taking
place, there was also a technological evolution unfolding. Soon after the transis-

tor was invented, quantum electrodynamics(QED) was formulated by Feynman,

Schwinger and Tomonaga. Around the time that Yang and Mills were study-

ing non-Abelian gauge invariance, quantum mechanics would give us the silicon

chip, and the world would never be the same. In 1971 t'Hooft proved that the

electroweak QFT of Weinberg, Salam and Glasholv was renormalisable, signal-

ing the start of the period when gauge field theories became the foundation of

-ãd..n physics. In the same year, the first microprocessor was created, itself

heralding the start of a new era, one which would see computers become a fun-

damentai part of modern society. The formulators of quantum mechanics in the

early part of the iast century would never have conceived that this theory would

one'day lead to the development of the silicon chip and it subsequent techno-

Iogical hegemony. Nonetheless, in this modern age it seems apt that we use the

teãhnological fruits of quantum mechanics to study its theoretical flowers.
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1.1 Quantum ChromodYnamics

Quantum chromodynamics (QCD) is a gauge field theory which is believed to

be the theory of strong interactions. It is the theory which primarily describes

quarks (or partons), the constituent particles of the nucleon and all hadronic

matter. Unlike the electron and the other leptons, quarks possess a colour charge

and hence interact with the gauge bosons which mediate the strong interaction,

the gluons. The gluons are themselves coloured, as QCD is a non-Abelian gauge

theory. This simple fact means that, unlike their electromagnetic counterpart

the photon, the gluons interact with themselves, and these self-interactions have

some very non-trivial consequences.

Certainly not the least of these is colour conflnement, that is, the inability to
directly observe quarks in isolation (except at extreme energies). The binding

force exerted by the gluons is so strong that we can only see quarks indirectly
through the colour neutral composite particles that are comprised of them, the

hadrons. Furthermore, the hadrons which compose stable matter, the proton

and the neutron, are comprised of up and down quarks, yet the intrinsic mass of
these quarks accounts for only three percent of the nucleon mass. The remaining

mass is dynamically generated by the complex interactions between the quarks

and the gluons, a clear indication that the QCD "vacuum" is anything but
empty.

These fundamental properties of QCD that shape the world we see are inher-

ently non-perturbative in nature - they are not present at high energies when the

coupling constant ostrons becomes small, and QCD becomes perturbative with
the onset of asymptotic freedom. Thus perturbation theory, which was so suc-

cessful when applied to quantum electrodynamics, fails when applied to QCD at

low to moderate energies. Various techniques have been developed to deal with
the non-perturbative nature of the strong interaction at the energy scales that
Ì,¡,,e are most interested in. However due to complexity of the non-perturbative

theory either a model is used, or a truncation of the theory is performed (as in

the Dyson-Schwinger equations) in order to study quantities of interest. Unfor-

tunately, this means that no continuum based approach is derived solely from

first principles. However, modern computational power made possible by the

thoughts of physicists a century ago means that a first principles approach is

available, that of Lattice QCD.

L.2 Continuum QCD
We begin by outlining some important concepts from continuum gauge field

theories in order to provide a foundation for the formulation of Lattice QCD as

well as providing some insight into the motivation of the lattice approach and

the work presented in this thesis.
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L.z.L Gauge Invariance

The Lagrangian density for the free fermion field, lþ(*), in Euclidean space is

given by (suppressing the spinor and gauge indices as is standard)

Lr."(r) : rþ(")(Ø + m)þ(r), (1.1)

and is invariant under global gauge (phase) transformations,

,þ(") - Grþ("), ú(") - ,þ(")Gt, (1.2)

where G e ^9U(,n/). The principle of local gauge invariance states thar L(r)
should be invariant under local gauge transformations,

,þ(") - G(r)þ(r), ú(r) - S@)Gt @). (1.3)

This is based upon the idea that the phase (an irrelevant quantity) of a particle
should be able to be changed locally without affecting the physics. However, we

can see that .C¡""(r) is not locally gauge invariant,

Lt..(r) - Lr,u.'(r) : ,þ(")(Ø + *)lþ(r) + lt(r)Gt çn¡pcç"¡rþ(r). (1 4)

The problem is that 0, now acts non-trivially on G(r). We can ameliorate this
problem by using a gauge covariant derivative,

Dt,: ð, + i,gAr, (1.5)

where we define the gauge freld Ar(r) to transform as

Ar@)--+ G(r)(Ar(*) + [ar¡ctç"¡. 
(1 6)

Then as G(r)Gt(r):1 we have 7rG(r)GI(r): -G(r))rGt(r) and hence the
covariant derivative transforms as

Drrþ(") -. G(r)Drrþ(r), (1'7)

and thus
L(r) : rþ(*)(þ + m)þ(r) (1.8)

is locally gauge invariant under Stl(¡'r) ga,uge transformations. In the case of

QED, we consider the Abelian group t/(1) instead of (non-Abelian) ,su(lú), and

Ar(*) is the photon field. For QCD, the gauge group is SU(3), and Ar(r) :
A$(r)7"(r) represents the sum of the eight gluon fields Afr(r), 2"d.fZare the

eiþht generators of SU(3). The gluon fie Id is given dynamics by the inclusion of

a ne\M term in the Lagrangian,

Lqco : ,þ(r)(þ + m)þ(r) - in F*,(,)FP'(r), (1 9)

where Fp, : 0rA, - A,Ap+dglA¡", A,f is the antisymmetric field strength tensor,

which satisfies lD, D"] -- i'gF,",.
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L.2.2 Gauge Field GeometrY

In order to explain some geometrically oriented concepts related to the gauge

freld, we must first clarify precisely what we mean when we write downT/(ø)

and, Ar(r). With each point in space-time iD we a ê¿

C3 thát represents the colour (gauge) degrees of ld

,þ(") : ,þ'i") e v,. Ar(") : A7@) is a matrix
gu"g" transformation G(r) performs a change of basis of v,. A global gauge

t.arrsfor-ution changes the basis in the same fashion at every point' The prin-

ciple of local gauge invariance simply states that we can choose a different basis

at each ø.

As at each point r the colour part of the fermion field lies in a different vector

space, one might ask how one can compare the field at two different points'What

we wish to do is transport a vector ,þ(") e V* to y along some curve C*-, \o get

,þ(C,-ù 9Vo.W" want to do this in a meaningful fashion, such that the inner

p-ã";; ,,þç;-o)rþ(g) is preserved under local gauge (basis) transformations. We

clea.ly cannot simply sel þ(C*-r) : ,þ(") as the gauge transformation properties

at the two points are different. We must transport þ(r) in a gauge parallel sense

such that ,þ(c*-n) has the same gauge transformation properties asTl(g). This

is the concept of þarallel transport, well known to those familiar with differential

geometry.
We can see that if we had a matrix tlc(A,r) that transformed as

uc(a,r)--+ G(y)Uc(a,flGI@), (1.10)

then þ(C,-o) : Uc(a,")rþ(") would transform appropriately. Let us divide C"-,
into n very small line segments. Consider transporting ,þ(r) 

" 
small distance to

r I 6r along the first line segment. Now, set

ulÐ@t õr,r) - ¿isA,(r)6aø - r-li,gAr@)õr+ +o(õr2), (1.11)

where it is understood that õrt' : 6ru(C). We witl show that this matrix has

the desired transformation properties. Now, note that we can Taylor expand

çt(r + ðø) to see that

GI @ + õr) : cI (") + ôpGI @)6np + o(õr2)' (1.12)

Thus, under the gauge transformation G(ø) we have that

u[t) çr t 6r,r) :7 + i'sAr(r)6rp + o(õr2)

---+ 1l_ ts(G(r)(Ar(r) + 
)ar¡ct@))õru 

+0(612)

: G(n)(t + fue*çr)õrp)ct (") + G(r)\rGI çfl6rp + 0(6r.2)

: G(r)(t + tsA'rçr)6r.)(cI (") + ðt GT @)õrP) i o(õr2)

: G(r)(t + tsA,*çr)õru)GI (r -t õr) + 0(6r.2)

: G(r)u[r)(, + õr,r)GI(r + õr) + 0(612)'
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Having seen that U[t) çr * 6r,r) as defined above has the desired property, we

construct a matrix U[")@,ù : IIT:r(Jc(*o,r¿-1), where r,o: r,rn: g and

r¿ is given by moving along the ,ith line segment from the point r¿-1, that is,

tà : ri-r * õr¡4. Now defin e Uc(a, r) : Iim'-*Uy) (a, *),

Uc(a,") : j5g fretue'{"n-')6'I-t = 
p 

"io 
Ïc A'(r)d'tu'

rL

i:l

(1.13)

Thus the (gauge) parallel transporter from r to y along the curve C is simply

the path ordered exponential of the gauge field along C, mote commonly known

as the Wilson iine. This matrix is unitary and satisfies(J-¿(r,A):Uc(A,r)1.
Now let us consider an infinitesimal closed loop C*-, passing through the

intermediatepoints(xt--fr|õr,rz:ïl6rl6y,f3:r*ðg'Makingextensive
use of the Taylor expansion Ar@ * õr) : Ar(") I 0,Ar(r)6r" I 0(612) the
parallel transporter around this infinitesimal loop will be given by

Uc(r, r) : Uc@1, r)[Js(r2, r)u[@2, rs)U)(rs, r)
: (1 + i,sAr(n)õr')(1 + i.sA,(r2)õy")(l - i'eA,(rs)6r")(1 - isAp(r)õv?)

+ o(õr2 ,6y2)
: (1 + i,gAr(r)6np + igA,(rù6a" - 92Arçr¡A,(r)õrpõy")x

(7 - i. s A.(rs) õ ro - ö s A B @) 6 aP - s2 A,(rr) Ap (r) 6 r" õ yP) + O (õ 12, õ v2¡

: 1* i,s{(Ar(r) - Ar(rs))6rq + (A,(rt) - A"(r))6a" +i's(Ar(r)A"(r1)

- Ar@)A,(") + Ar(rs)A,(n) - A,(r1)Ar(rs))6rt"6a"j + O(õr2,õE2)

: 1 * q (arl,,1*) - 0,Ar(r) + tslAr(r), A,("\) õrP õa" + o(õr2, õv2)

:1-| igFr,(r)õrp6a" +o(õr2,6y2). (1.14)

Recognising this, using a similar construction to that we used in deriving the

Wilson line, we can see that the parallel transporter around a closed loop C : 0S

which is the boundary of some surface S will be given by

tLc(r,r) : Peis I" F'ß , (1.15)

where we have made use of Stoke's theorem. It is easy to see that Frr(r) '
G(r)Fr,(r)Gt(u) under a gauge transformation G(ø) ,, and Us(n, r) is similarly

covariant. Hence Tr(Is(r,,ø) is gauge invariant by the cyclic invariance of the

trace, and this invariant quantity is known as the Wilson loop.

1.3 Functional QFT
Given the Lagrangian density L(r) of a quantum field theory, one can describe

the physics of the theory in what is known as the functional integrai formalism.
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For a detailed description of this formalism we refer the reader elsewhere[1], and

here only present the concepts relevant to this thesis. In particular, we will

not mention any of the subtleties involved when one wishes to differentiate or

integrate with respect to anti-commuting Grassmanian fields.

1.3.1 Functional Integration
A functional tr' : C-(Rn) ---+ C is a mapping from the space of smooth functions

to the complex numbers. Define the action to be the functional

SlA,rþ,rr): I d,arL(r), (1.16)

where we consider L(r) to depend on the gauge fields Ar and the fermion fields

{ and, ,þ. In Euclidean space, the generating functional is given by the following

functional integral,

z : I DADIþDú e-slA"þ"þ\- (1'17)
J

The primary quantity of interest, the expectation value of some observable (? is

given by

(o):! [o,qorþoú ol¿,,r¡,,rp1"-sv'ú'+]. (1.18)
'- t z.l

In order to specify precisely what we mean by integrating a functional F[/]
over function space, we must define the measureDf . Defining this measure is

somewhat problematic, as function space is extremely large, in fact, an infinite-
dimensional vector space. We define I O¡ by considering the limit of the equiv-

alent integral over a finite number of degrees of freedom'

Starting with Euclidean spacetime 1Ra, define IHI4 C iRa to be a hypercube

with sides ãf length l. Partition IHIa into a hybercubic lattice of points n' c aZ4

with lattice spacing ¿ and lrf + 1 points on a side, where N : I. So, if zs denotes

the origin of IHIa then

n : {ro * anln e 2,4,0 < n, < N}' (1.19)

Given a function .f , lRn -t c, define a function rÉ , n' ---+ c by simply con-

sidering the restriction of f b n'. Now, IL contains (¡ú + 1)a points' so rue

can completely specify any such function /lp by specifying its value at each

r € n . So the function space over IL is simply a finite-dimensional complex

vector space which we denote yo(C), and each function /l¡ has a corresponding

vector f e VL(C) with components f, = f (r),r €n ' Given some functional

F : C-(lRa) - C, Iet us assume r,¡/e can write down a corresponding function

Fln : VL(C) r C. Then we define the functional integral of F [/] with respect

1", Fvt:,1*ls lT"dr. 
F (]L f) (1.20)

7
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where it is understood that when taking limo-s we hold I : aN fixed.

L.3.2 Functional Differentiation
Given a functional tr' [/] we define ffi, tfre functional derivative of F with respect

to / to be the function defined by

I o^" ó@)#: 11¡ lfrV + aól- Ftll) , (tzr)

where /(r) is some (arbitrary) smooth test function. Naturally, we require that
the limit defined above to be independent of the choice of / in order for F to be

differentiable. It is then straightforward to show that

F[fl: 
"l 

d}, r@)o(ù * ffi: s@)Fffl, 0.22)

and one can see that the functional derivative behaves in the expected fashion.

At this point we wish to note that we can write the gluonic term in the QCD
Lagrangian in terms of the eight individual gluon fields Alr(r). First, note that
To, the generators of Stl(3) satisfy

"I\7"76:To*, (1.23)

lT",Tu]: ifou.T., (1.24)

where fo6.a,re the structure constants for Stl(3), which are antisymmetric. It is
then straightforward that

11
)n Fu"@)Fr"(r): Urfr"@)rft,@), (1.25)

where Fr"(r): Fi,(r)T", and

rþ@): ðt Aî(r) - 0"A!r@) - sf"u"Abr(r)Ai@). (r.26)

Now, in the presence of a gluonic current Jt@) and fermionic sources

X@),X@), we may write the generating functional for QCD as

ZlJr, X, X] : I O lOdrOþ ¿ï da,-r{n)+Ai'(r)ft (r)+x@)ú(n)+'þ@)x@) . Q.27)
,l

Then it is clear that, for example, the two-point function can be obtained by

differentiating the generating functional,

(,þ(r),þ(r,)) : +r(#) (-#t)",r,",1,,,:o (1 28)

Higher order n-point functions may be similarly constructed by inserting more

derivatives.

8



1.3.3 Perturbation Theory in Functional QFT
Decomposing the Lagrangian for QCD into the following form

Lqco(n): f,lo},u(r) + ¿[Î1""(r) + L.(r),

r,¡/e can now distinguish between the kinetic terms

c[%.u{") : ú(r)(Q + m)þ(r),

¿!11""(r) : -1u@ rAi@) - a,Aft(r)) @rAi@) - a,A"r(r)),

and the interacting terms

Lt(r) : L-qsq(,) -l L""*(r) t L"**(r),
Lqr"(*) : i'g'þ @) 4 @)T¡þ (r)'

L 
"r"(*) 

: 
|s Í *"a rAi@) Abr(r) Aî(*),

L 
""r"(r) 

: -.tnn' r *. ¡ oo" Abr(r) Ai @) Afl (r) Aî (")

Now, define the following oPerators

where we have set

dar Vro"(r) + V**r(r¡ |-V"r*r(r),

an, Lf)*u(r) - x@)rþ(") - ,þ@)x@),

an, r*9|",(r) - Ar@)Jr(").

(1.2e)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

vqo,(,) :-lrypro#6å6#, (1.36)

v,",(*):)or*"a,å6å6å@, (1 37)

v*"""(,) : -)fr*.t"0.ffiå6åøå6 (1 3s)

and observe that for each s : Qgq, ggg, gggg we have

V"(r)ZlJp,X,xl: L"(r)ZlJp,X,xl. (1.39)

Using the fact that these operators do not depend :upon A¡",tþ,tþ the generating

functional may be rewritten in the following form

zlJ',X,xl: "-'' I DADIþDú e-sqe-s", (1'40)
I

I
I
I

Vt

Sq

^9c

(1.41)

(1.42)

(1.43)

9



Deflne Lt(r,g) to be the fermionic Green's function

(Ø + ùn,(*,a) : 6n(, - ù. (1.44)

The functional integral is invariant under translations in function space, so if we

make the change of variables

,þ(") - ,þ(") + dÍy L,¡(r,a)x(ù, (1.45)

,þ(") - ,þ(*) + dna x(ùLt(a,r),

I
I (1.46)

then one can show that / an" Lf;Lu(z) will become

I o^ * rþ (n) (Q + m)rþ (r) +,þ @) x@) + x@),þ (r) * I d,a y 7@) L,¡ (r, a) x@) . (1.47)

Thus, setting M(r,A) : 6a(r - A)(ø * rn) we can write

sq: I o^" I o^, ,¡çr)uçr,ù,þ(a)+ X(z)ar( r,a)x@). (1.4s)

In order to do the equivalent for ,9ç we must derive the appropriate Green's

function for the gluons. First, using integration by parts we observe that

I o^* ðrAi@)a.Ai'@): - I d,ar Ai@)0r0,Ai@), (1'4e)

and hence

I o^. ¿!1j,""(,) :; I d,ar Ai@)(õp'a .a - 0P0")Ai@). (1.50)

In this form we can now see that if we defrne L,r,(r,g) to be the gauge bosonic

Green's function

(6P" A . 0 - ApA\Lr,(n,A) : õ4(r - A),

then one can transform the gluonic fields according to

(1.51)

'+fl(r) -, A!r@) + day Lr,(r,a)Ji@), (1.52)

in order to obtain that

d,ay Afl(r)Dr" (*,a)Ai@) + ft @)L,r,(r,a)Ji (a), (1'53)Sc:

10



where Dp"(r,a): õa(n-ù(6pva.Ô-apa"). we now make use if our expressions

for e and G, along with the following standard result, which states that given

linear operators BP'(r,g) and C(r.,A) we have that

8

il # : I oo ¿-.à I an' ¡ aas Ai'(t)Bþ"(''ùA'(ù' (1'54)

^_1

detC: IO.,lrOrtr r-Ïda'Ïaav þ(n)c(r'v)þ(v), (1'55)
.t

to write the generating functional as1

Zlq,X,Xl: det, D-a det Me-v'e- [ d}r I d'av 7@)a'¡(z'v)7(a)+J#(*)Lp"(*'s)Jí(a) .

(1.56)

Now, observing that in momentum space At(", g) is the bare quark propagator

and, Lr,(r, g) is the bare gluon propagator, and hence that yqqg, V**. and P*ræ

will correspond to the quark-gluon vertex, the 3-gluon vertex and the 4-giuon

vertex respectively, w€ can construct a set of Feynman rules based upon the

above form of the generating functional. Then, by expanding the exponential

e-v, we can obtain a power series in g and hence a perturbative expansion for

vacuum expectation values. For example, the perturbation series for the two-

point function would be

(,þ(*,)ú(*ù: 

^detD-, 

d,etM (-"h #) e -v, *ïr; + )

*"- ï da" ! das 7@)\(n,a)x(a)+Jt@)a*"(t,s)Ji(s) (1.57)
J,X,X:O

Using the correspondences stated above for the vertices and propagators, we

could then construct a set of Feynman diagrams to represent the above expan-

sion, and this would be equivalent to the standard set of diagrams derived from

the usual perturbation theory, shown below

+ +

L.3.4 The Lattice as a Regulator

In perturbation theory, loop diagrams involve an unconstrained momentum in-

tegral which is divergent in four dimensions. This problem is due to the fact

lstrictly speaking, in its gauge invariant form, det D 0 and hence is not invertible. This

is due to the integration ,f DA over all gauge flelds, whereas what is desired is an integra-

tion over physically inequivalent gauge fields, that is, those that are not related by a gauge

transformation. This is achieved by the process of gauge fixing, which will not be discussed

here. Suffice it to say, after fixing the gauge det D-
copies).

11
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that perturbation theory is formulated in terms of bare parameters, and the
(renormalised) physical theory is not plagued with these infinities. In order to
perform a calculation using perturbation theory, one must regularise the the-

ory in some fashion. There are many choices of regulator, two examples being

a simple momentum cutoff and dimensional regularisation. When regulating a
theory, often one cannot maintain all the symmetries of the theory, for example

introducing a momentum cutoff violates translational invariance'

We have seen that in order to provide a definition of what we mean by
functional integration, we discretised space-time into a lattice and considered

the limit of a standard multi-dimensional integral. This procedure is suggestive

of an alternative means of providing a regulator. We will see in the next chapter

that the introduction of a minimum distance scale, the lattice spacing a, has

the effect of introducing a maximum available momentum, P : Lo' Thus, the

loop integrals formulated on the lattice are convergent, and one could then take

a --+ 0 to recover the desired result.
If one only considers doing perturbation theory, then one may consider dis-

cretising all of space-time to evaluate a loop integral somewhat drastic when

there are simpler alternatives available. However, the strength of the lattice
formulation does not lie in perturbation theory. The strength of the lattice for-

malism lies in the fact that it is not simply a mathematical nicety that defines

the functional integral formalism. Rather, the power of the lattice regularisation
is such that it renders the desired functional integrals directly calculable. That
is, we can formulate our QFT on a finite lattice, calculate the desired observable

defined by equation (1.18) using numerical techniques, and then derive the phys-

ical result by taking the infinite-volume and continuum (ø ---+ 0) Iimits. This is

the underlying principle behind Lattice QCD'
Furthermore, as rù/e are directly calculating expectation values rather than

truncating a perturbative expansion, it is possible to use Lattice QCD to explore

the low-energy content of QCD, where the coupling constant I is large and

perturbation theory fails. Thus in QCD r'¡/e are in the desirable position of

having two complementary powerful tools at our disposal. At high energies

where Lattice QCD is least effective the coupling constant is small and the

theory is tractable using perturbation theory. In the low to moderate energy

region g is large and QCD no longer yields to the perturbative method, but it is
in this region that Lattice QCD enters into its own, allowing non-perturbative

calculations based solely on first principles. This makes Lattice QCD an exciting

field as it is in this region that we live in, this region where the physics of QCD

is richest and hence this region that many physicists are most interested in.

1-.3.5 Lattice Field TheorY

We have seen that the functional integral formulation of QCD gives us a non-

perturbative tool to analyse our theory, through the lattice regularisation. By

L2



formulating QCD on the lattice and calculating the physical content of the lattice

field theory we are then able to deduce content of the theory in the real world

by taking the continuum limit'
What we will see in the chapters to come is that the process of formulating

eCD on the lattice is not a trivial one. In particular, as in other regularisation

,åh"*"r, diffi.culties arise when we try to maintain all the symmetries that QCD
possesses in the continuum. Chiral symmetry in particular will prove extremely

problematic to maintain. Furthermore, we will also see that performing "i<leal"

numerical simulations within Lattice QCD is well beyond current computational

pov/er, and in particular increase exponentially when one wishes to simulate at

Iight quark masses and small lattice spacings.

To date, various approximations h e been made to reduce the numerical cost

of Lattice QCD, but these approximations ali have the effect of removing the

Iattice formuiation of QCD further and further from its continuum counterpart.

This in turn reduces the amount of QCD that we can explore through the lattice.

It is the purpose of this thesis to try and overcome these analytic and numerical

obstructions by improving the formulation of Lattice QCD in such a way as to

bring it as close to the continuum formulation as possible and yet at the same

time allow simulations to be performed using current computing power.

13



Chapter 2

Lattice QCD

In the previous chapter rûre saw that via the functional integral formalism one

could non-perturbatively regularise QCD by introducing a space-time lattice.
The lattice rü/as constructed through the introduction of a minimum distance

scale, the lattice spacing a. Our task then is to formulate QCD on the lattice
such that when we take a ---+ 0 rù/e recover standard QCD.As a starting point, we

will restrict continuum QCD to the lattice in a straightforward fashion. Almost
immediately we will see that this naive approach is affiicted with severe problems.

Successive improvements will one by one ameliorate these problems, until we

arrive at an essentially ideal formulation of lattice QCD, which will bear little
resemblance to our initial guess.

2.L Lattice Fundamentals

Given a lattice spacing a, define the set of available space-time points to be

restricted to the hybercubic lattice,

n c aZa : {rlr\ - atuF,n e Z4}. (2.1)

If we have a finite lattice we usually introduce periodic boundary conditions,

which corresponds to formulating our theory on the 4-torus.

It is not possible to consider infinitesimal distances on the lattice. This

means that when restricting our continuum theory to the lattice we must replace

derivatives by finite difference operators, and integrals with sums. As might be

expected when we introduce a minimum distance a, the corresponding generator

of translations, momentum is also affected. Each component of 4-momentum is

now restricted to the Brillouin zone, pr e (-i,i).
Example 2.1.L. Show this.

Proof. \Me consider the momentum space representation of f (r),r e\.,

f @) : [ ¿n, ,-n''" f (r) = on}"_d"n'n f (an).\¡-l 
J
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Then componentwise (no sum over ¡l), we have

"-la(n¡"+!)n' 
: e-ioQrnu 

"-2tinþ 
: ¿-iaprnu .

clearly /(p) i. a periodic function in p, with period 2t f a, and hence without

loss of generality v/e can restrict Pt" € ?i, ä], ut required' n

The final point we consider before we provide the details of formulating QCD

on the lattice is that we are restricted in the choice of operators that we can use.

In order for an operator to be valid, its action on a function evaluated at at a

lattice point must only depend upon the function values at lattice points. Later

we will- see that this also limits the available symmetry groups on the lattice,

but at this point iet us commence our construction of Lattice QCD.

2.2 Fermion Fields

We begin by considering free fermions on the lattice. This is done in a straight-

forwará manner) by simply considering the fermionic fields ,þ("),þ(r) as before,

but now with the understanding that the space-time points z are restricted to

lattice sites, r € lL. Let us define the transport operat ors T¡,,7) that take us

from site r to the site one step forward or backward in the ¡,r, direction, r I ae¡",

by" 
(rrrþ)(") : rþ(r t aer), glrÐ@) :'þ('- o"r)' Q'2)

Now, define the central finite difference operator as

17 1

"r-fi,Tp-rÐ Q'3)

This operator is obviously anti-Hermitian, and in the continuum limit corre-

sponds to the partial derivative operator, ô, (provided it is acting on continu-

ously differentiable functions)'

Example 2.2.L. VerifY thi's.

Proof.

1

)g¿(v,ú)(r) 
: r"nn(Q,,Ð@) - Q)''Þ)("))

L: :yr^(rþ(* + o"t) - þ(r - aer))

-. I ,ú(r * ae) - lþ(*) , ,þ(r) - ''þ(" - aep') t: r¡jlr -r - ---i-,a-02\ a

: tu{urrttøl 
+ orþ(r)) : ot"rþ(r)' n
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Now we can write down the Lagrangian density for free, massless fermions

on the lattice (noting that the Dirac matrices 'yp, þ : L . .4 are unchanged from
the continuum, that is they are Hermitian, unitary and anti-commute),

Lr*(*) : rþ@)Vrþ@). (2.4)

Having written down .4¡."u, w€ have already come across our first difficulty in
formulating QCD on the lattice. A quick glance at Example 2.2 should convince
you that V, only couples sites that are separated by 2¿. This has a very serious

consequence, the infamous ferm'ion doubli,ng problem.

2.2.I Fermion doublers

In one dimension, coupling sites spacedby 2a means that even sites are coupled

only to even sites, and odd to odd. This is equivalent to having two lattice
fermion fields rþ.u"n and þo¿¿. Unfortunately, this situation is not ameliorated
by taking the continuum limit, and we find that while we discretised a theory
with only one fermion species, when we extrapolate back to the continuum
our results are contaminated by the additional fermions. This unwanted extra
species is known as a fermion doubler, because the situation only arises when

discretising a first-order derivative (and therefore is not a problem with bosons,

as they obey the Klein-Gordon equation).
In d dimensions, we find that sites z and g/ are coupled only if

rr-Yr:0 mod2Yp:7,2,'..d- (25)

This yietds 2d fermion species, that is 2d -7 doublers. To provide some physical

insight into this problem, and its eventual solution, we consider the problem in
momentum Space. The momentum space representation of 0, is i,p, and this
function has only one zero, at Pp :0. However, in momentum space the lattice
finite difference V¡, - isin(apr).
Example 2.2.2. Verify thi's.

tîãt¡fp¡: I dar e-i'"çv rr¡'¡çr¡
J

:*, I
:L^l
:*l
:*, I

¿4* 
"-in't 

(rþ(" + aer) - ,þ(r - aep))

¿a* 
"-i'n'nr¡(r 

-l aer) - * I 
¿a* 

"-t'n'tr¡,(r - 
aer)

¿4* 
"-in'@-".,) '¡t(r) - * I 

¿a * 
"-in.@+^",) 

rþ(r)

d,a r (ein.""u _ e-ip' o" r) e-'iP'r r¡; (r)

d4r e-ip''1þ(r)
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?,

: _SIN
a

("pr)rþ(p) n

Now sin(apr) also has a zero at Pp : 0, but. it has additional zeros in the

Brillouin ton",' âft."n of them in fact' aI Pp: I(n,g,0,0), !(n,n,¡,0) and so

on. These extra zeros give rise to the unwanted doublers'

1.0

0.5

0.0

-0.5

- 1.0
t 2 3

ap

Figure 2.1: The structure of V in (1D) momentum space

2.2.2 'Wilson Fermions

Fortunatel¡ Wilson[2] saw a solution to this. When writing down our formu-

Iation of lattice QCD, we can modify it to our liking, so long as we recover

the correct theory when taking the continuum limit. In particular this means

that we are allowed to add irrelevant dimension five and higher operators to the

Lagrangian as they will disappear as a ---+ 0. Now, define the lattice Laplacian

operator as

A.
Þ

-3-2-70

^__ # .Ð_,
Tp (2.6)

It is a simple exercise to see that limo-o A : ô'ô, but more importantly, v/e can

see that A couples sites that are only one lattice spacing apart. Alternatively,

in momentum space A --+ !Ðr{t -cos(apr)), which clearly only has azero

at pt":0 (see Fig. 2.2). Sð we?"n t"-o'ø" the fermion doublers by including

u tLi- in the Lagrangian proportional to A, and we refer to this term as the

wilson term. we can also incorporate a mass term rn to arrive at the wilson

77



action,

f,wir,o,,(r) : ú(")(Y * i o + m)þ(r)

The Wilson coefficient r is canonically set to unity.

(2.7)

c\l

A.

1.0

0.5

0.0

-0.5

- 1.0
-3 -2-10 1 2 3

ap

Figure 2.2: The structure of |A in (1D) momentum space.

2.3 Gauge Fields

Tþanscribing gauge fields to the lattice is not quite as straightforward as it
was with fermion fields. Recall that in the continuum, the introduction of the

gauge freld A, was necessary to satisfy local gauge invariance. This was done

by modifying0, to include the gauge field and become the covariant derivative

Dp: 0r + igAr. Now, observe that (in the continuum) we can write

Tp : eoÔ', T): e-"4'. (2'S)

Example 2.3.L. Veri'fy this.

Qr'þ)(") A€1"

+ *rl@ + ae,) - rll airÞ(r)

l*"w''r'øt
e"arrþ(r) n

,þ(" + )
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Let us redefrne the continuum version of the transport operators by perform-

ing the same modification to the partial derivative,

Tr:- goDu, TÌ": e-oDt'. (2 9)

Now totter's formula states that for operators A, B we have that

"a(AtB) 
: )y*("ro"*u)' (2'10)

Noting that for a pointwise operator A(r) wehave that A(r+aer) : e"Ô'A(r)"-oô' ,

r¡/e can now see that 1

QrrÐ@) : e""',þ(r) - ea(ðP+isA'{"))4t@)

: )!*("iu, "ït'seu@Lþ(r)
: 1i¡¡¡ si.a, ¿*isAr(r) 

"-ftÔ, 
s".ð, (eiõ, eftigAr(r)¡n-'rþ(")

liy¡¡ ¿#i s A u @ + ft e p) 

"ft 
ô ¡' (e#. 

ô, 
s#.i's 

t, (") ¡- 1 

4; @)

r¿+oo

r¿+oo

fL+æ
lim ei.igA,@+fter) "f 

ô, 

"ituAu@) "-Ta, 
e'#a, (e*Ô, ¿it'sAr(")¡--24;(r)

Iim ei.i s A t" @ + ft e r) 
"ft 

t s A ¡" (r * ! e ¡") 

"T 
õ * 

çe* 
õ, eft i ø A, (n) 

¡n 
-',,þ (")

: igg t }lei"øe'{"+#"'))@#õ')'tþ(r)
j:7

: peis ïi+"", a*rAr(ùú(n * aer). (2.1L)

So we have shown that by replacinE0r,by Drinthe definition of {, is equivalent

to setting Tr(*) : Ut (r)eãð', where Ur@) : Peis ff""u dx'A'(") is the path-

ordered exponential of the integral of the gauge field from r to r I aep' But

this is just the Wilson line from r to r ! o,e¡-tt which means that T, is simply the

(gauge) parallel transporter of the fermion field in the forward p direction'- A; the Ar(r) fietd is Hermitian and the sum of generators of ^9u(3), we

can see that the matrices Ur(r) € SU(3). Thus in order to put our gauge

fields on the lattice, without any reference to integrals, we can simply define our

transporters to be the unitary operators

(TrrÐ@) = Ur(r){(r t aer), (Tl1þ)(r) = U[(r - aer)rþ(r - oer), (2'72)

where we consider the set of special unitary matrices Ur(*) to be bi-local objects,

or links, which connect the sites r and rl aer. rffhere it is necessary to consider

a lattice gauge freId. ALr directly, rather than through the links, we can let

ur@) - exp tsaALr(r) (2.13)

be generated by an "average" gauge field that is naturally associated with the

mid-points of the links on the lattice, with limo-s Af;@) : Ap(r)'

lThis derivation is essentially one given by Neuberger13]

fL+æ
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2.3.L Gauge action
Recall that in the continuum the gauge fields were given a dynamic by adding

the following term to the Lagrangian density,

?1trs],,o.' a\ Fr"(r)F'" (*). (2'14)

In order to construct the lattice equivalent, we first consider a simple discretisa-

tion ofthe field strength tensor. For arbitrary tþ(r) the continuum field strength
tensor satisfies

lD, D"]rþ(n) : i,gF,",(r)rþ("). (2.L5)

as D, is anti-Hermitian, we then have that lD, D,lI : -lDp, Drl and hence

lD t", D,lt lD þ D,]rþ(r) : 92 Fr,(r) Fr"(r)tþ(r). (2.16)

We then by analogy consider the equation

lVÍ,vtltlv|,vJ'l,þ@)=s'rþ@)rþ@)rþ("), (2.17)

where

vÍ: |t ,- rl (2.18)

is the forward covariant finite difference operator, and we wish to solve for the

right hand side. Define o,p : aep to be the vector of length ø pointing in the

direction of er. Then clearly [Vt, Vt] : lTp,T,], ar'd as 7, is a unitary operator
we then have

(TrT, - T,Tt)(TJr) - r)rj)rþ(") : (2 - pr, - pl)ú@), (2.1e)

where
(2.20)

is also unitary. Furthermore,

er,rÞ(r) : ur,(r)rÞ(r), (2.2L)

where tlr,(r) is the elementary plaquette in the ¡-r,-u plarrc at the point z. That

ís, Ur,(r) is the product of the links starting at the point r and going flrst in
the ¡t, and then z directions around a 1 x 1 square on the lattice (see Fig. 2'3),

ur,(r) : ut"(r)u,(r + ar)u[(r + a")ui(r). (2'22)

So, we can now see that the solution to Eq' (2.17) is

s'zF-t (r)Fþ(*) : jf, - u[,(r))(7 - ur,(r)). (2.23)

Pt", : TþTrT|TJ,
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u

r

l.L

Figure 2.3: The product of links that form the plaquette Ur"(r) on the lattice.

Hence, define the action due to the lattice gauge field to be

,9g.,,g" : onDT* rr-"O¡rþ@),

in order to obtain

,egauge : pDIr, - IoVr,@¡ + u[,(r)))

(2.24)

(2.25)
n€n'

where to obtain the correct continuum limit we set

6
(2.26)p

92

We can then write the action in a simpler fashion, as the sum on the action of
all the unique plaquettes on the lattice,

,ggauge : pDIf t - ln. l\ur,@)). (2.27)
ren' ¡L'1v

The fact that we constructed the gauge action using plaquettes is quite intu-

itive, as \¡r/e saw in the previous chapter that the field strength tensor is related

to the Wilson line for a closed loop, and in particular for a square loop with
sides of length ¿ we have that

! - [Ia(r,r) : | - 'p"t's InF'ds - i'gFr'(r)apa' + O(aa)' (2'28)

The analogous result on the lattice is[4]

t - (Ir,@) : ¿go'Fr!,(r) + O(as), (2'29)

using Eq. (2.13) and the Baker-Campbell-Haussdorf formula, where we have set

rþ@) : v[Af;(r) - vX Ai(r) + tsf'4f;(r), Af;(r)]' (2'30)
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The plaquette gauge action proposed above is the simplest such action that is

also gauge invariant, and is known as the Wilson gauge action. Thus, we can

now at this point write down the gauge invariant Lagrangian density for Lattice

QCD with Wilson fermions and the \il/ilson gauge action,

Lwco(r) : tþ(r)D*(^)rþ(*) - Itr - * *" T(Jr,(r)), (2.3t)L¿\ 3
l-L<v

where

D*(*):V +|x** (2.32)

2.3.2 Lattice Field Strength Tensor

The simple discretisation {,+, proposed above, while valid, does not share the
property of Hermiticity that the continuum field strength tensor possesses. Hence,

although it served well as an auxiliary for constructing the gauge action, when

we need to refer to the field strength tensor directly we desire a discretisation
that bears more resemblance to its continuum counterpart. As the central co-

variant finite difference operator V* is anti-hermitian, it is then trivial to see if
we consider the following equation

ly þV,lrþ(r) : i,sF;,:,(")rþ(") + O(a2), (2.33)

then the solution F;i@ will be more "continuum-like". We first show the left
hand side is free of O(a) errors. Consider

v t": *rr, -TÐ: |1""o' - e-oD'): Dt"+!æn"r+o(a4). (2.34)

Then clearly

lV,V,)rþ(r) : lD¡,, D"lrþ(") + O(a2) : i,gFr,(r)rþ(") + O(a2). (2.35)

Now, expanding the left hand side of Eq. (2.33) we see that

lY ,,Y,lrþ(ù : h({ur{*)u,(r -+ ar) - (J,(r)tJr@ + a,)){(r t ar ¡ av)

+ (Ur(r)U)(n t ar - a,) - UJ@ - a,)tlr(r - ""))rþ(" 
t a, - a,)

+ (u[(r - ar)u,(r - ar) - u"(r)u[(* - o, + a"))þ(r - ar t a,)

+ (u[(r - or)ui(* - o, - o,) - uJ@ - a,)u[(r - ap - a,))'þ(* - o, - o))'
(2.36)

By the unitarity of the links we have that

(Jr@)u,(n t or) - (J,(r)(Jr@-t a,) :|l{r*tr) - l)u,(r)Ur(r * a,) +

(t - u[,(r))ur(r)u"(r + ar)f , (2.37)
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Figure 2.4: The four terms that make up Cr"(r)

and similar equations also hold for the other terms in Eq'

we expand the exponential in Eq. (2.13) to obtain

Ur("): 1 * O(o)''

and perform the Taylor exPansion

tþ("+or):þ(r)+O(a)
in order to show

[v þv,]rþ(ù : #(vr,{*) - u[,(r))ú(r) + (u-,r(*) - uL,t"@))rþ(r)

r ((J,-r(r) - ui-r(r))rþ(") + (u-t"-,(fl - u\r-,(*))rþ@)) + o@2) (2'40)

We have made use of Eq. (2.35) to see that the leading O(a) error terms must

cancel. Hence, if we set

c r,(n) : f,{ur,{r) + u-,r(r) + u,-r(r) + (J-r-,(r)), (2.41)

then in order to satisfy Eq. (2.33) we define the lattice field strength tensor to

be1
F;i,@): #(cr,@) - 

c["(r)). (2'42)

This is known as the clover discretisation of Frr, d:ue to the shape of Cw re-

sembling (with only a little imagination) that of a four-leaf clover (see Fig' 2.4).

The field strength tensor defined in this way has reduced discretisation errors,

rfil@) -- Fr,(r) + o(a2).

2.4 Quenched QCD
In terms of the gauge links t/ and the fermion fields r¡.,,tp tne expectation value

of an observable in the functional integral formalism is

(o):| [ouorloú olu,rl,,,¡1"-tt'"t"'t'], (2'43)
zJ ,l

(2.36). Noting this,

(2.38)

(2.3e)
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where the action is the sum of the gauge action ,S* and the fermion action ,S¡,

SïU,rþ,rþl: S"IU] + Sr[U, ,þ,rþ], (2.44)

where the fermion action depends on the fermion Dirac matrix D¡,

SIr : dar$(r)D¡lulrþ@) (2.45)

As the fermionic fields are Grassmannian, v,/e can make use of the fact that

det D¡ : DrþDrþ 
"- 

I da'd'@)DrtÞ(r)

to integrate out the fermionic degrees of freedom and obtain

(2.46)

(2.47)(o): L 1", o.nfrlle-s"ntu),

where

o DrþDrþ OlU, rþ, tþle- s rlu 
"t"'t'l, (2.48)

and the effective action becomes

S"n[U] : ,9e[t/] - lndet Dtlul. Q.49)

As we shall see later, it is computationally expensive to include the fermionic
determinant in lattice simulations, and for this reason lattice QCD has made ex-

tensive use of Lhe quenched approri,mat'ion, where detD¡[U] is set to unity. This
is equivalent to neglecting the contribution of fermionic vacuum fluctuations.
The effects of this approximation can be quite severe and will be discussed fur-
ther on, but nonetheless quenched QCD shares many qualitative features with
full (unquenched) QCD, and over the last two decades has provided valuable

insight into the properties of non-Abelian gauge field theories.

eff

2.4.L Functional Integrals on the Lattice

After applying the lattice regularisation, the path integral above (in quenched

QCD) becomes

(o):t If"frd,u,(r)oftrle-stur. (250)

To calculate this, we must evaluate a multi dimensional integral, where for each

point r we have to integrate over the available degrees of freedom' The gauge

fietd lies in ^9U(3) and hence has eight degrees of freedom per link, and four links

per site. Thus, for a lattice with ,La sites our integration space has a dimension
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d, : J2La. If we sample .lú points per dimension to evaluate the integral, then

the complexity of the functional integral is O(l[d), thq,t is, if we double lt/ the

time taken to calculate (O) increases by a factor of Zd[S]. Even with the most

powerful modern computers a calculation of such magnitude is impossible.

As we have formulated our theory in Euclidean space, the generating func-

tional plays an identical role to that of the partition function in statistical me-

chanics. This similarity between lattice QCD and statistical mechanics allows

us to apply powerful statistical methods to the problem of simulating QCD'
One such technique is importance sampling. The weighting of e-slul in the in-

tegrand above means we are only interested in a small portion of the available

configuration space (that with small action), as the contribution of the remain-

der to the integral is exponentially suppressed. Importance sampling is a Monte

Carlo technique which makes use of the fact that given a set of r¿ represen-

tative bosonic field configurations t4 distributed according to exp(-S[U]), the

functional integral

(o):L 1", olule-stul (2.51)

will be approximated bv 
1 n

(o) =; r oluol, Q'52)
i:t

with statistical errors that d,ecrease as ll"t/n' Thus, in practice when we cal-

culate observables on the lattice, we do so by generating a set of gauge field

configurations randomly chosen with probability e-s, and then evaluating the

desired quantity on each of these configurations and calculating the ensemble

average. The details of how appropriate configurations are chosen is covered in

chapter 6, but we will note at this point that there are algorithms which only

have a complexity of O(aLa) for generating background gauge fields (where o

depends on the desired physical properties of the gauge fields)'

2.5 Systematic ImProvements

\Me have constructed a basic formulation of QCD on the lattice, which is minimal

in the sense that we started with the standard formulation of continuum QCD

and performed only the necessary modifications required to restrict it to the

lattice. tWhile it is true that if we take o --+ 0 $/e recover the desired limit, at finite

lattice spacing the physical properties of our theory may differ markedly from

the contìnuum. This poses some difficulties, not the least of which is that the

dependence of an observable on û, may be non-trivial, and hence extrapolating

from a large finite a to the continuum may not be done reliably. In order to

avoid this quandary, it is desirable to work in the scaling region, that is, at

sufficiently small ,rulrr., of ¿ such that the predicted physics does not vary with

ø, and hence may be considered to be continuum like and trivially extrapolated.
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Unfortunately, the computational power required for a lattice simulation
generally increases as some inverse power of ø, and as such the scaling region

may not be numerically accessible to lattice actions with large discretisation
errors, such as the simple formulation we have constructed so far. However,

so long as r,¡/e obtain the correct continuum limit, we are free to modify our
lattice formulation as we see fit. This is the essential spirit behind the process of
improving lattice QCD, that is removing lattice artifacts from the theory so that
the scaling region is extended to larger a and hence reducing the computational
pov/er required to conduct lattice simulations.
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Chapter 3

Improved Lattice Actions

One of the key features of lattice field theory is that there are many formulations

of QCD on the lattice which will reproduce the desired theory in the continuum

Iimit. This enables us to perform many modifications to the discretised theory,

and in particular one câ,n choose to systematically eliminate the discretisation

errors of a particular order in ¿. This is done by adding additional higher order

terms to the basic formulation of the theory. However, there are also other less

obvious improvements that can be applied that improve the properties of a given

lattice action, ranging from filtering out ultraviolet lattice artifacts to restoring a

symmetry that evaded the lattice community for two decades, chiral symmetry.

3.1 Mean Field Improvement

When one wishes to compare lattice quantities with those in the continuum, one

frequently performs expansions in powers of 4,, such as expanding Eq.(2.13)

ur(r): 1* i'gaA*(r) -lro"otl'r(') + o(ot)' (3 1)

The diffi.cutty in such expansions comes from the higher order or tadpole terms,

as A2r looks like a gluonic loop propagator,

A'r(r) - d4q
¡t2

(3.2)t)

which goes like the cutoff. This means that the expansion is really only in polvers

of g, and in the region we are interested in g is not smali. Thus the higher

order terms may contribute significantly, causing lattice perturbation theory to

fail. However, Lepage and Mackenzie[6] proposed the use of a standard tool

from statistical mechanics, mean field improvement, in order to divide out the

contribution from the so-called "tadpole" terms. The mean link trs can be defined

t,
--q'-q'
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in several ways, and in this work we choose to define it as the fourth root of the

average plaquette' 
.ro : qlR" "I\ur,(r))j,r.,. (B 3)

ó

The process of mean field improvement then, simply consists of performing the

replacement

ur@) -,ur(*) (3.4)
Ug

in the lattice action and the desired lattice operators. This process has the effect

of compensating for much of the renormalisation of the bare lattice parameters

that occurs in the presence of gauge field interactions'

3.2 Improving the Gauge Action
The wilson (plaquette) gauge action was constructed by considering

,sgu,g" : onDTo'r'"n¡rþ@)' (3 5)

t€n'

Through Eq. (2.28) we may see that expanding the plaquette wilson loop

f rr,t - [rz(r,r))(1 - uL@,n)) : "^tto 
Fr,@)Fr,(n) + o(a6), (3.6)

and hence the plaquette gauge action differs from the continuum gauge action

af 0(a2). If instead, one chooses to use the clover discretisation of the field

strength tensor,

s!.,,*" : onDTr'r;!,n)rfil@), (3 7)

ren'

and then expands the right hand side as we did before, one obtains contributions

not only from the plaquette loops Ur,(r), but also horizontal rectangle Rf,'¡tl,

vertical rectangle nf¡'l and "figure of eight" RluJ toopt (see Fig' 3.1)' One can

incorporate these "higher" Ioops into the definition of the gauge action in order

to construct an improved action. For computational efficiency one generally only

considers the horizontal and vertical rectangles, and defines the plaquette plus

rectangle gauge action to be

sí"1fr : p[,t 
å 

Rerlfcp(l -ur,(r))rc6(1 -Rf:Ð(ø))+cn(l -nlr¡zt ("))],
n€n' ,<v 

(3'8)

where cp a\d cp ãÍe coefficients that determine the relative contribution of the

plaquette and rectangle terms'
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nf,r;tt nf,;,t RÍ:)

Figure 3.1: The horizontal rectangle, vertical rectangle and "frgure of eight"

terms that arise in the expansion of ffi!@)ff,!,(r)

One can derive a perturbatively improved action by expanding the Wilson

loop defined by Eq. (1.15) corresponding to the plaquette and rectangle loops.

One finds that the leading term of the different loops all agree with the con-

tinuum gauge action, and the sub-leadinS O(o') error term is also the same for

each, but the coefficients for each of the terms differs between the loops. If one

then makes the choice
5

cp: ô,ù

1cR: -ø, (3 e)

one obtains an action that (at tree-level) has only O(on) errors. To compensate

for the effects of non-trivial gauge flelds, one introduces a relative factor of zs

into the coefficients, with a po\Mer determined according to the difference in the

number of links that make up each loop. Thus we arrive at the tadpole-improved

Lüscher-Weisz action[7],

såT,l," : f;ot t Re rr[(l-tl, ,(,))-&(t-pa'tt oD-&6-nfì') (n)))'

" -uu7., 
2wuo 

(3.10)

Alternatively, one may use Monte-Carlo Renormalisation Group (MCRG) flow

techniques in order to derive a non-perturbatively improved gauge action. One

such action is the doubly-blocked Wilson 2 action, which is derived by creating

Iarge lattices with \ù/ilson glue at a small a, and then performing two steps of

nlocking (averaging) the links to produce a smoother lattice which has a lattice

,pu"irrg oi - 4a, but has a quarter the number of points on each side. One then

attempts to recreate the properties of this smoothed lattice by exploring the

2-parameter space ("r,"o) of gauge frelds which have the same (lattice) size, in
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order to obtain the DBW2 action[8, 9, 10, 11],

3.3 Improving the Fermion Action
If one considers the action of the central covariant finite difference operator, Vp,

on þ(r) and performs a Taylor expansion, it is straightforward to show that

V:p+O(a2). (3.12)

However, the addition of the Wilson term !A to form the Wilson-Dirac operator

D*, introduces (?(a) errors,

D*=V*io:P+o("). (3.13)

We calculate the leading discretisation error in D* by writing it in terms of the

7,,

D* :i í, - *ti, - -yòr,+ (1 + -tòrÌ"1. (3.14)
a 

-r_r 
z

Then we use Tr: saDu to see that

D*:l
a É t -'UUt -'v*)(r t aD, + 

|æ 
n', + o(a.))

¡.r--1

+ (1 + 'yr)(l - aDr t a2nl+ o("'))1. (3.15)

4

D* :f tro, - "t1o', 
+ o(a2) (3.16)

1

2

Thus,

It is simple to show that

and hence that

þ, : D.D +|wr,1,llD¡,,D,),

1

-a- 2
(P' - s;, F) + o(a2),

otr : lrllr,lrl

lt:l

(3.17)

(3.18)

(3.1e)
where we have set

D*: þ
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Now, any field which satisfies the Dirac equation,

þrþ("): -mtþ(n), (3'20)

will also satisfy

þ'rþ(r) : rrù2ú@). (3.21)

Admitting a redefinition of the bare lattice mass rr¿' : rrL I frn2 then gives

D*tm' : þtmtIon".F +O(o'). (3.22)

Hence if we subtract the so-called clover term (taking its name from the presence

of the lattice field strength tensor) from the Wilson fermion action we obtain

the Sheikholeslami-Wohlert action[12],

s"* : ,þ(*)D*rþ(") -I¿"srþ(r)o'r"t@)4t(r). (3.23)

At tree-level this lattice action differs from the continuum fermion action at

O(",). In the presence of a non-trivial gauge background the coefficient of the

clover term c"* gets renormalised away from unity, and so our clover improved

discretisation of the Dirac operator becomes

Dct:V +|tn-T""*o.r't). (3.24)

A mean field estimate of the clover coefficient yields

1
usw 

- ?t
uó

calculated by counting the difference in the number of link products between

-t'"1 and /. Alternatively, one may estimate the coeffi.cient non-perturbatively

using numerical techniques[13]. The non-perturbativeiy improved clover action

has been shown to have leading O("') discretisation errors, whereas the mean

field improved clover action still possesses some residual O(a) errots[14]' In this

work we (by convention) set csw : 1 and absorb the mean field improvement

into the definition of F¡r,.

(3.25)

9.4 Improving the Field Strength Tensor

The clover discretisation of the freld strength tensor was defined as

,1
ri!,@) : fi *{c,,(*) - c[,(r)), (3.26)
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where Cr,(r) was the sum of four plaquette terms shown in Fig. 2.4. Making

use of the expansion of the Wilson line corresponding to the plaquette,

t -ur,@) : i,ga2Fp,(r) + o(aa), (3.27)

one can show that
F;i@ : Fp,(r) + O(a2). (3'28)

In the same way that the addition of higher loops to the gauge action allowed us

to reduce the discretisation errors, we can add additional higher "clover" loops

to Ffi!, to produce an improved fietd strength tensor[15]. In general, define the

improved field strength tensor to be

r'fre (r) : ktFl,lt +k,Fii'++@lit +rli\++@i;t +r)î3)+kuFl:3 , (3'2e)

where
1

rfi""(r) : futty"(r) - cþ""(r)), (3.30)

and, Cffì"(ø) corresponds to the sum of the fottr m x n loops ai; the poini; r in
the clover formation.

Demanding that rfrp@) be free of o(a2) and o(aa) errors gives an under-

constrained set of linear equations for the coefficients k¿,, in which k5 can be

considered a free parameter. Different choices of k5 give different versions of

F'fie that contain three (ltr: lc¿:0), four (one lc¿:0,i, e {1,2,5}) or five (all

k; + q different loop terms (see Fig. 3.2). For computational efficiency, in this

work we make use of the 3-loop improved field strength tensor with mean field

improved coefficients,

¡BLr-r 3 z.txt - 3=F1lr*J-pÍît (3.31)i"\1;): ,4"r" - 2ç¡rrs''u, - g0-4,

3.5 Smeared Link Actions

For typical gauge field configurations the mean link us = 0'9, which means

uf x 0.6T and u[2 x 0.28. This implies that the perturbative corrections based

upon -"ur, field improvement are large, and therefore are unlikely to provide an

accurate estimate of the real value of the coefficients needed for highly improved

objects such as Fþv in the presence of fluctuating gauge backgrounds. The

d",oiation of zs fróm one is largely due to the ultra-violet, short distance fluc-

tuations that mask the infrared, long distance structures present in equilibrium

gauge field configurations.
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L

L

Figure 3.2: The additional loops that are make W Fì#p, Along the top are the

1x 2 and 2 x l rectangles andthe 3x l ladder. Alongthebottom arethe2x2
window, 1 x 3 ladder and the 3 x 3 picture window.

3.5.1 Cooling and Smearing

It is possible to filter out the short distance fluctuations present in the gauge field

by various smoothing processes. Cooling 116, 17,18, 19, 20] is one method where

the long distance topological structure of the underlying gauge freld is revealed

by iteratively updating each link on the lattice in such a IMay as to remove local

fluctuations in the action. APE-smearing[21, 22,23,24] is a process where each

link is smoothed or "fattened" through a gauge covariant averaging process

with the neighbouring links. Specifically, in a single sv/eep of APE-smearing

the "staples" which are the next shortest path between the link's endpoints are

combined with the original "thin" Iink to produce the smeared links,

uf (r) (r - a)u r(ù * i D u,(*)u r(r + a,)uJr, + rr¡)
*r*p /

a1

: ,(

: ,( (3.32)

Here P denotes projection of the RHS of Eq. (3.32) back to the SU(3) gauge

group, which is necessary as the group is not closed under addition. The means

by which one projects back to SU(3) is not unique, but one should choose a

method which is gauge covariant. The specifics of SIl(3) projection are discussed

elsewhere in section 6.3.

a
I-,6) D,f1 * I_J)
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The APE smearing process may be applied multiple times, producing a set

of smeared or "fat" Iinks which depend upon the smearing fraction o and the

number of sweeps nuo". Although there are two parameters available, it has

been shown that the resultant smeared links effectively only depend upon the

product an^o"125). Thus, unless otherwise stated we choose a :0.7 in this work,

which is close to the maximal valid choice (t:0.75, and only vary the number

of sweeps rzuo".

3.5.2 Fat Link lrrelevant Operator Actions

Both smearing and cooling smooth out the gauge field such that the mean link

becomes very close to unity. The major advantage of APE-smearing compared

to cooling is that the former can be represented in the form of higher-dimension

operators applied to the gauge field, which disappear in the continuum limit.
One can then formulate one's fermion action of choice in terms of APE smeared

links[26, 27), and, the coefficients for the irrelevant operators (such as c"*) will
be wôll-estimated in terms of the (smoothed) mean link, u$. Such actions will
possess the correct continuum limit, and avoid the need for non-perturbative

tuning of action coefficients. However, the process of APE-smearing removes

short-distance physics, and therefore such actions will not be able to reproduce

correctly quantities which are sensitive to such physics. An alternative is to

divide the fermionic action into two parts, the first consisting of the naive lattice

Dirac operator, and the second consisting of the remaining higher-dimensional

irrelevant operators, such as the Wilson term and the clover term[3, 2B]' These

Fat Link Irrelevant (FLI) actions wilt still have knowledge of all the pertinent

short-distance physics and at the same time will only need perturbative estimates

for the coefficients of the irrelevant terms.

One such action which we will focus on in this work is the Fat Link Irrelevant

Clover (FLIC) action[28],

1
Dfli.: V-n -1- (^10 o.F[)+m,1

2
(3.33)

2

where the Wilson and clover terms are constructed of fat links, and all links

have been mean field improved, that is

u,(*)--ry,u1@)-ry (3.34)

In the absence of a clover term, we refer to the action as the Fat Link Irrelevant

Wilson (FLIW) action.
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3.6 Lattice Symmetries

It was mentioned in section 1.3.4 that when regularising loop integrals in per-

turbation theory one often violates one symmetry or another of the theory in
question, most often translational invariance. Similarly, on the lattice it is diffi-
cult to maintain all of the symmetries of continuum QCD. As stated in section

2.L, the available operators on the lattice are those whose action on a function
evaluated on the lattice depends only upon the value of the function at lattice
points. So, for example, in the continuum the available translation operatots e''ð

are parameterised by r € IRa, and subsequently continuum QCD possesses an

IRa translation symmetry group. On the (infinite or periodic) lattice, however,

the available translation operat ots eon'Ô are parameterised by n € Za and so

lattice QCD only possesses a discrete Za translational symmetry group? which
is a subgroup of JRa.

If we consider a field Ó(onr) evaluated on the lattice, and then apply an

arbitrary translation on the x-axis say, e'Ô*, then the resultant field Ó(orr*rer)
will not in general lie on the lattice. However, setting vn : lr la] rü¡e can perform

a Taylor expansion, ó(onr I re,) : Ó(anp t ma,) -l (ma - r)ð"þ((an, i ma,) +
O(ma - r), to see that the continuous symmetry is only violated at O(a) and

hence will be restored in the continuum limit. Similarly the,SO( ) Lorcntz group

reduces to the discrete subgroup of rotationt by i, but is also restored in the

continuum limit.

3.6.1 Chiral Symmetry
In the case of massless quarks, the fermionic part of the QCD Lagrangian density

in the continuum is 
L^:o: rþprþ. (3.35)

This Lagrangian is invariant under axial rotations,

,þ(*) - "'o'urþ(*), 
,þ(") -,Þ(r¡"0''". (3.36)

Example 3.6.1. Veri,fy thi's.

Proof. For infinitesimal o, we have up to O(a2) that

,þ - ,þ': (1 + io,'ys)rþ, ,þ - ,þ' : rþG I i'czY),

and hence

L'^:o : ú0 + i,o.y)P(7-t i'a ,5)þ

: ,pþrtt + i,o(rþxþrþ + úþxtþ) + o(a2)
: L^:o,

as {1¡",7s} :0. tr
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This symmetry of the massless Lagrangian is called chiral symmetry, which is

one of the most important symmetries of QCD, as it is the spontaneous breaking

of chiral symmetry which is thought to be responsible for the dynamical gener-

ation of nearly all of mass of the nucleon. From the previous example we can

see that chiral symmetry is signified by the relation

þtu + 1sþ : o' (3'37)

On the lattice, it is immediately obvious that the naive Dirac operator is chirally

symmetric,
V'ru+'YsY:o. (3'38)

Thus it is possible to deflne the left and right handed chiral projectors

f; 1

-n2' 'Ys ) fl (3.3e)

in order to decompose the fermion fields in terms of their helicity 1þ : tþwrllþrisht,

út"n : llú, {t,isnt : l{1þ,

úrcrt: úW, tþ,ien¡:1þl{ (3.40)

and hence provide a corresponding decomposition of the massless Lagrangian

into chiral sectors (using "yrl]u : ff,, and f*fÍ :0),

L: ú,ientVúrctt I tþbftVtþ,iem. (3'41)

However, the lattice Laplacian A does not anti-commute with 75, and hence

when we introduce the Wilson term to eliminate the fermion doublers we explic-

itly break chiral symmetry even in the massless case'

D*1s l'ysD* : a'ys\. (3.42)

This leads us to the (somewhat notorious) problem of finding a lattice fermion

action which is both chirally symmetric and free of fermion doublers. The cliffi-

culty in solving this problem rvas made concrete by a no-go theorem derived by

Nielsen and Ninomiyal2},30, 31],

The Nielsen-Ninomiya No-Go Theorem. It i,s not possible to find a latti'ce

Di,rac operator Do that si,multaneously satisfi,es the followi,ng four condi,tions:

-1. Correct continuum limit. In the li,mi't a - 0, Do - þ,, where Dr is

the couari,ant d,eriuati,ue i,n the continuum, g'iu'ing rise to a single fermion
species of zero or fi,ni,te rnass.

2. No Doublers. AU other mod,es or D" are of orderlf a, that'is, all other

Jerm,ion speci,es d,ecouple i,n the cont'inuum li'mi't (grow i,nfi'ni,tely heauy).
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3. Locality. Do 'is erponent'ially local, that i,s, the norm of the matri'r
elements oÍ D, decays erponenti,ally as l" - Al grows large.

l. Chirality. Do does not erpli,ci,tlg break ch'iral symmetry, that i's, Do'Ys I
TsDo:0'

The importance of the first two conditions is clear, and the third condition is

also important for several reasons, not the least of which is that the less local an

operator is the more computationally expensive it is to evaluate. Presented with
such a situation, chiral symmetry was deemed the condition that was the least

unpalatable to sacrifice, arguing that although it was explicitly broken, this was

done at O(a) and hence should be restored when one takes the continuum limit.
Unfortunately, this choice was not without its drawbacks. Violating chiral

symmetry at the massless level removes the protection of the lattice fermion
action against additive quark mass renormalisation. This has several conse-

quences, such as the introduction of exceptional gauge field configurations, and

a loss of the connection between exact fermionic zero modes and topology (see

$4.3.1). Furthermore, the absence of chiral symmetry at finite lattice spacing

restricted the phenomenology that could be explored on the lattice, excluding
the possibility of calculating chirally sensitive physical quantities.

3.6.2 Ginsparg-'Wilson Relation

A means of circumventing the powerful no-go theorem was identified early on

by Ginsparg and Wilson[32]. They saw that if instead of demanding chiral
symmetry as it was defined in the continuum, one instead required a lattice
deformed version of chiral symmetr¡

Do'Ys -f lsDo : 2aD o15D o, (3.43)

then the no-go theorem would not present an obstruction to finding such a Do,

with the advantage that continuum chiral symmetry is only "softly" broken.

This definition of lattice chiral symmetry is known as the Ginsparg-Wilson rela-

tion, and is equivalent to allowing the fermion and anti-fermion fields to trans-

form differently under deformed axial rotations. To highlight this deformed

symmetry' define 
rys: rys(l -2aDo), Q.44)

then
D"1s -f'ysDo: 0

It is immediate then that the Lagrangian

L": tþD"þ

(3.45)

(3.46)
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is invariant under lattice deformed axial rotations,

,þ(r) - "n"urþ(r), ú(") -,Þ(*¡"n't'.

Hence, defining the corresponding deformed chiral projectors

^ 1 7.it : 
U{t - *), fJ : ;(1 + %),

if we decompose the fermion fields according to

úrcn : ll ú, ú,ie¡t : l[ 1þ,

,þ*rr: rþil, ú.,rn, : úiJ,

(3.47)

(3.48)

Lhen Lo decomposes into chiral sectors as desired,

Lo : 1þ,iehtDorþrc¡, -f lþu.ttDolþrienr (3.4e)

The formulation of chiral symmetry on the lattice via the Ginsparg-Wilson

relation is enough to eliminate additive mass renormalisation, and other such

undesired conseq¿ences of breaking chiral symmetry. Unfortunately, an explicit

solution to this relation evaded the lattice community for well over a decade,

until recently when a solution was developed by Neuberger and Naryanan, that

of the overlap formalism.
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Chapter 4

Overlap Fermions

The long standing problem of constructing a satisfactory lattice regularisation of
chiral gauge theories was solved by extensive work conducted during the nineties.

Sparked by the domain wall formulation[33] and earlier work[34, 35], Neuberger

and Naryanan developed the overlap formalism[36,37,38, 39] and subsequently

the overlap Dirac operator[40, 41] as a realisation of chiral fermions on the
Iattice. Not only did this open the way for exploring the effects of dynamical
chiral symmetry breaking within QCD, it also allowed for the formulation of
massless fermions on the lattice, such as the neutrino sector of the Standard
Model. The obstructions to a formulation of lattice chiral fermions are subtle,

and construction of the overlap is correspondingly subtle. It is not possible to
do futl justice to the overlap formalism within the scope of this work, but rather

we will endeavour to represent here some of the key points in its formulation,
directing the reader elsewhere for a detailed review[42].

4.L The chiral determinant
Recall from $2.4 that the fermionic degrees of freedom can be integrated out of

the QCD path integral, to give the determinant of the Dirac operator (or its
discretisation). \Me wish to write down an effective Lagrangian L.fr which, when

placed in a path integral, will give a fermionic determinant that corresponds to

a single species of massless fermions (of definite chirality).
Henceforth, we will work in lattice units (ø : 1), except where explicit a

dependence is necessary or instructive. Dimensional considerations can always

be used to restore the a dependence. In the previous chapter, we showed that
the naive massless fermionic Lagrangian could be chirally decomposed,

L : dt(J.-ll"V + llV)'þ : 1þ,ientVúrc¡r l tþrcnV1þrieh* (4 1)

Now, let M be a matrix in flavour space, and consider the following,

L:,þvrþ+,þ(r[M+t5MI)ú. (4.2)
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If the above expression were in the continuum, then it would represent z¿t"rt left-

handed and n"ig¡1 right-handed massless fermions, where rz1"¡1 iS the number of

zero eigenmode"s of M and n.ir¡¡ is the number of. zero eigenmodes of MI ' If
.Al is finite dimensional then we must have that ILu"lï : rù'i.¡1 and hence it is not

possible to represent a single fermion species of a given chirality. However, if we

make M infinite dimensional then \Me can avoid this and have Inl"¡ - ?'¿.ientl : 1,

and in particular rLu.nt:1, n.i*¡1 : 0.

This can be accomplished by choosin g M to be an operator on a (continuous)

one-dimensional flavour space, which we parameterise by s (with ô" : *),
M : -A" - m¡ï(s)-l m-ï(-s), (4'3)

where rr''¡ ãre, constants with the dimensions of mass, interpreted as regulators,

and á(s) is the Heaviside function. Then what we have constructed so far can be

interpreted as a one-parameter family of (naive) fermion species on the lattice,

where the mass is subject to a discontinuity at s : 0, but otherwise is indepen-

dent of s on either side of this defect. We have started from a naive fermion

discretisation, and M as given does nothing to remove the fermion doublers.

We can avoid this problem in the usual way, through the addition of a \Milson

term,
1

I_'2L.n :,þ(V A + f*^l +ry M\1þ

If we interpret s as an "evolution" parameter, we can define Hamiltonians on

either side of the defect,
'11+: ãl H¡ô" (4 5)

where
(4.6)

and. ã!,o,o,ã,r,o,o àte single-particle creation and annihilation operators (one for

each siié, colour and spin index value) obeying canonical anti-commutation re-

Iations. Then the corresponding "evolution" operators are,

î*: e-H+, (47)

and we denote the ground states of 
"+ 

by l+). Our effective Lagrangian describes

two five-dimensional many body systems' The effect of the path integral,

H+ : ts(V +To* ^*),

DrþDrþ e-s'u,

(4.4)

(4 8)

where 
s"n: I orD,L.s(r,s), (4 g)

J 
"eu

is simply to evolve each system on either side of the defect to infrnite "time" s :
+oo, ihat is, project out the ground states of each system. After an appropriate
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regularisation, the chiral determinant is given by the overlap of the two ground

states of. T¡,
(+l-) (4.10)

Now, the overlap is insensitive to the overall rescaling of the Hamiltonians, so

rù/e can redefine
H+: €(ËI*(+rn+)), (4'11)

where e is the matrix sign function,

(4.12)

and we have identifred

H*(m) : x(V +|n + *¡ (4.13)

as the Hermitian version of the Wilson-Dirac operator, with a negative mass

for I/+ (i.e. s > 0) and a positive mass for fI- (i.e. s < 0). An analysis of
the free-field spectrum of H. shows[3] that it is doubler free for m > -2, with
doublers appearing aI m - -2,-4,-6,-8. This means that we require that
0 1 m+ < 2, and Tn- > 0. To simplify the situation somewhat, we can take

Trù- --+ oo, and hence H- --+ 75. The same is not possible for f1-,., instead we

define fs :.(I/+).

4.2 The overlap-Dirac operator

The overlap formula for the chiral determinant leads to the following expression

for the vector-like (Dirac) fermionic determinant[37, 40],

l(+l-)1'?:det(](1 +rs7s)) . (4.14)

This then gives us an explicit formula for the overlap-Dirac operator (restoring

ø here),
n1lJo - 

^l 
+Usî¡). (4.15)

One arrives at the above formula through the structure of the ground states lt).
For simplicity, we do not reproduce this derivation here, but instead motivate

Do as a lattice Dirac operator with the chiral symmetry we need by showing

that it is a solution to the Ginsparg-Wilson relation[43],

D¡1s l'YsDt:2D¡r1sD* (4'16)

We wish to frnd the class of solutions Dn, where Â is a matrix that parameterises

the solutions. Define 
rì _ I ,, ¡ \L)^: itt + rys^), (4.17)

Then if Dl satisfies the Ginsparg-Wilson relation we must have that Ì\2 : L.

e H)
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Example 4.2.L. Veri'fg thi's

¡2 : y(2D¡ - \)XQD¡' - 1)

: y(4D¡1sD¡ - 2D¡'ys - 21sDt + ?5)

:'Ê:L. !

Furthermore, if we require that Dl satisfi.es 75-Hermiticit¡ Dl : 15D¡15', then

A must be Hermitian. So, then our solution space to the Ginsparg-Wilson

relation requires Â. to be unitary and Hermitian' Immediately we note that i'u :
,(H+) satisfies these conditions, and thus Do is a Ginsparg-Wilson operator'

Furthermore, using H+ : H*(-^+) : .lsD* it is easily shown that Do is a

valid discretisation of the continuum Dirac operator'

Example 4.2.2. Proue thi,s.

First, we define rr.,w : arn¡ to be a dimensionless parameter' Then,

H?,(**) : D!.n* : eV *io -fflw *io -ff:
: $rr- *w - iolt' + *(v -i"¡¡
: úrt + O(a2)¡.

o?\

Now, (1 + $-ä - 1 - f,r + O(r2),so

Do *ft * ye(H*(-m¡)))

(4.18)

H*(-*+)I

^\t 
+ ts

H3 -lTù¡
7

^lI 
+ ts

#H*(-**)
h4,e**)

7 ,. 1- *(v + ia),
2a' ,fi + O(or) /

: *rt - t+ ftrv +|t¡çt - o("')))
1: ñY +o(a)

--+ L D.as ¿ ---+ 0. n
2n'L*' '

)

(4.1e)
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This simple derivation does not really give the full picture. All possible O(ø)

error terms violate chiral symmetry, so Do only has O("') errors. In the next
section we will see that the lattice formulation based on the overlap construction
(which we simply refer to as the overlap) reproduces all the desired continuum
physics, and is thus essentially an ideal lattice regularisation of Dirac fermions.

While there are other choices for Â that also satisfy hermiticity and unitarity,
we strongly stress that D, is the only known explicit solution which correctly
reproduces the desired physics.

4.3 Properties of the overlap

It was mentioned earlier that the obstructions to a satisfactory lattice regularisa-

tion were subtle. This is because the physics of chiral symmetry in the continuum
is non-trivial, and reproducing this physics on the lattice is difficult. The tri-
umph of the overlap is that it gives us a non-perturbative (lattice) regularisation

of chirai physics that does not sacrifice any of these physical non-trivialities.

4.3.L Exceptional Configurations and Topology

In the previous chapter we saw that in the massless case, the (vector-like)

fermionic Lagrangian was invariant under the U(1) symmetry group correspond-

ing to axial rotations,
,þ(") - ";axþ(r). 

(4.20)

A famous result in the continuum is that this symmetry is anomalous, that is,

the symmetry satisfied at the classical (Lagrangian) level is broken by quantum

effects. Gauge field topology is connected to the axial anomaly, as Noether's

theorem states the divergence of the axial current should be zero. However,

axial current conservation is broken by the topological charge densit¡

ïrft(r) x 92

32r
et""^' Frr(r) Fxr(r) : Q(r)

The topological charge Ç is obtained by integration,

Q: darQ(r) (4.22)

In the continuum (with appropriate boundary conditions) the topological charge

is an integer valued functional of the gauge field. Furthermore, the fermions are

sensitive to topology in this situation. The zero eigenmodes of the continuum

Dirac operator have a definite chirality, that is they are also eigenmodes of 75.

The connection between fermions and topology is manifested in the Atiyah-

singer index theorem, which equates the gauge field topological charge with the
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chirality of the zero eigenmodes of the Dirac operator,

Q:n--tu+' (4.23)

where n- is the number of zero modes of p with negative (right-handed) chi-

rality, and n-. is the number of eigenmodes with positive (left-handed) chirality.

The space of continuum gauge fields is divided into disconnected components,

and with each component we associate a single (positive or negative) value of

a.
On the lattice however, the space of gauge frelds is connected (that is, any

gauge field can be smoothly deformed into any other). Furthermore, the topo-

I,ogical charge (as defined by the gauge field) is only integer valued for sufficiently

smooth lattice gauge fields. This means that we must rethink what we mean by

topology on the lattice.
Let us consider the rffilson dirac operator D*(-rn) with a negative mass

term. Now, the Wilson fermion action (or anv action which explicitiy breaks

chiral symmetry) suffers from additive mass renormalisation in the presence of
gauge field interactions. This means that D*(0) no longer represents massless

quarks, but rather masslessness occurs at some other value of m, the critical
mass, which we denote m.. Typically we have that 0 I nt. ( 2. Furthermore'

the zero eigenmodes of. H*(-m) are associated with topology. Zero modes, which

must occur at m: 0 if \Me were in the continuum, üây now occur at some other

m, with ffi. 1 m I m* Here, m¿ is the point where doublers begin to appear.

At tree-level, wùd : 2, but in the interacting theory, rnd get's renormalised, and

typically 21m¿ < 4. We refer to the topological low modes in this case as zero

crossings. Modes which cross zero with positive (negative) slope are associated

with positive (negative) chirality, and the net number of crossings between rn"

and. m¿give the topological charge of the gange field (as defined by the fermions).

This definition of the topological charge is somewhat imprecise, as one could

equally choose to stop counting crossings at some m 1 rn¿. Furthermore, the

occurence of many crossings close together can make counting difficult.
Recall from the first chapter that the quark propagator is the Green's func-

tion of the Dirac equation. The quark propagator is a key quantity on the

lattice, and may be calculated non perturbatively by inverting the lattice Dirac

operator. Additive mass renormalisation in this situation has an extremely un-

desirable effect, as the value of m. may vary somewhat between different gauge

field configurations in the same ensemble. This means that on some configura-

tions D," (or any non-chiral fermion operator) may have azero eigenvalue even at

positive quark mass. Such configurations are called "exceptional". Attempts to

invert D* on such configurations encounter singular behaviour. The exceptional

configuration problem (at least in the quenched approximation) is worsened as

one attempts to go to lighter quark masses as the fermion determininant which

suppresses such singularities is absent. The numerical cost of inverting D* in-

creases with its condition number, which is the ratio of its largest eigenvalue to
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it smallest,

o: l,ì-*i . (4.24)
lÀ-i"l 

'

Light quark mass simulations with non-chiral fermions are further impeded by
the critical slowing down of this inversion procedure. The slowing down is caused

by the occurrence of very small eigenvalues of D*, even at positive quark mass.

In the continuum p is protected from this behaviour. Any Dirac operator
which obeys 75-hermiticity and exact (continuum) chiral symmetry must be

skew-Hermitian, which is enough to give a gap away from zero'

Example 4.3.L. Show thi,s

Proof. Let D.be such that DI : leD.'Ys, and {D", 'ys} :0' Then it is immediate
that D.- - DI. Hence (D.+*)I(D"1-m): DlD.lm2, and as MrM is non-

negative for any matrix M , we have that l)-i.,(D. + m)l > m. tr

The situation with overlap fermions is far more elegant. The (lattice de-

formed) chiral symmetry that the overlap enjoys is enough to eliminate additive
mass renormalisation. This eliminates the usual exceptional configuration prob-

lem. Instead, a new kind of exceptional configuration arises. As mentioned

above, H*(_m) may have zero eigenvalues for ffi" 1 ïn 1 rn¿. But the regu-

lator parameter rna used in definition of the overlap is within this region. So

for a given m+, H+: H*(-m*) -uy have zero modes in certain gauge_back-

grorrnã.. On these new exceptional configurations then, .(I1+) : H+IJHT is

undefined. However, the set of configurations for which the overlap is undefined

is of measure zero and is not encountered in numerical simulations.

Furthermore, the overlap's exceptional configurations are intricately con-

nected to topology. The zero crossings of I/* in the region ff;. 1 m I m¿

are associated with localised topological objects, with the size of the topological

object decreasing as the crossing value increases[44]. Given a configuralion U

and a particular choice of m¡, as we change the configuration's topology by

(smoothly) creating or destroying an instanton, say, then the crossing must at

some stage go through our chosen value of. m¡. Therefore this deformation must

necessarily pass though a point where the fermionic action is undefined. In this

way the space of lattice gauge flelds are partitioned according to topological

sectors.

As is the case with p, the zero eigenmodes of Do are associated with topology,

and have a definite chirality[45, 46].

Example 4.3.2. Show thi's
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Proof. Ler þ e Ker(D"), that is the kernel (nullspace) , Do'þ: 0' Then

|rt*xis)ú:o
+ (rys + is)tþ : o

+ ^t51þ : -isú. (4.25)

Multiply by ?u to obtain

-1þ :'ysistþ

Then ,r/ is an eigenvector of 75i5 with eigenvalue -1. Multiply (4.25) by 75 to

obtain
islstþ : -1þ '

Thus,
islstþ : 'lris'þ'

Hence [fu,.yu] :0 on the nullspace of Do, and we can construct a basis for the

nullspaãe in terms of their mutual eigenvectors. The same is also true of the

subspace spanned by vectors wilh y15tþ : tþ, that is D"þ : 'rl. Both 75 ancl

15 are hermitian and unitary, and thus they have eigenvalues :E1' Let u¿,¡ be an

a mutual eigenvector of 15,75 with respective eigenvalue of sign i,i e {+' -}.
Construct four subspaces V1,a, V-,+,V+,- andV_ ,- spanned by the correspond-

ing eigenvectors. Clearly all ua,a and o-,- are eigenvectors of D" with eigenvalue

1. It is also clear that Ker(Do):V-,+Ø I{,-, and all'u-,"'' u¡,- ãre zeromodes

of. Do with definite chirality. Furthermore, it is straightforward to see that for

every zero mode of a given chirality there is a corresponding eigenmode with

eigenvalue unity of opposite chirality. ¡

Thus overlap fermions leads us to associate with each topological sector an

integer
Qp : tu- - tu+, (4.26)

where rz- is the number of zero modes of the overlap-Dirac operator with negative

(right-handed) chirality, and n..,. is the number of eigenmodes with positive (left-

ùu"a"a¡ chiraiity. In practice, we find that only one of n1 is non-2ercf46, 471' In

f.act, n¡ counts the net number of. zero crossings of H¡ between m" and rn1 with

chirality t1, and so 8r is a natural definition of topological charge on the lattice

(as defined by the fermions). In rough gauge backrounds, Qp can depend upon

the regulator mass m+.Qp may not always agree with the topogical charge as

defined by the gauge freld, Qç : D"er 8(u) (which is not in general an integer)'

However, highly improved definitions of Qc closely approach integer values on

smooth configurations.
The massive overlap-Dirac operator D"(p) is given in terms of the massless

one Do: r.(0) by[a8]' 
D"(p) : (1 - tùD"+ tt. (4'27)
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The mass parameter ¡; satisfies lpl < 1 and represents a mass of h. A major
advantage of overlap fermions is that they do not suffer from critical slowing
down as one attempts to invert D"(tt) at light quark masses. This is because

the exact (lattice) chiral symmetry the overlap possesses is enough to provide a

gap away from zero for any positive quark mass[49].

Example 4.3.3. Show thi,s

Proof. The Ginsparg-Wilson relation implies

nI + o" :2DID"' (4'28)

Then consider

o10ùn"0,): (1 _ t)'(DI+ h)@"+ r\)
:(1 - Iò'(DID"+h@i+D") .{¡,
:(1 - t),((L+f\lnir.+ {¡,
: (1 - p\DID"+ tt'. (4.29)

As DjD. > 0 is non negative then we have that for p, > 0 that lÀ-i"(D"(p))l >
p.n

4.3.2 Locality
A lattice operator Do is said to be ultra-local if

lr 2 0 such that lD"(*,a)l:0 Vlz - Al > r. (4'30)

It is easily seen that the Wilson-Dirac operator is ultra-local. The overlap-Dirac

operator is not ultra-local. For a lattice operator to be local in the continuum

Iimit, it is sufficient for it to satisfy exponential locality. We say that Do is
(exponentially) local, if

1r,c, A ) 0 such that lD"(r,ùl < Ae-" Vlt - Al > r. (4.31)

It is not immediately obvious that Do is local, as the inverse square root present

in the sign function could be a potential source of non-locality. However, if the

spectrum of. Hl(-m) is bounded and the lower bound is well separated from

zero, with the exception of isolated low-lying modes, then it can be shown that
the overlap Dirac operator is local[50]. It is therefore natural to be interested in
finding bounds on f/*, and both upper and lower bounds have been derived[5O,

3]. As all lattice operators are bounded from above, it is the lower bound which
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is of chief interest. The lower bounds on ,I/* were derived in the presence of a

plaquette smoothness condition,

ll7 - Ur,@)ll < ,r, V r. (4'32)

It is not unreasonable to expect such a condition to hold near the continuum

Iimit. In particular, the lower bounds derived in [50, 3] state that for small

enough e the spectrum of. H*(-rn) has a gap away from zero' near rn : 7'

We witl be interested in constructing similar bounds for a more complicated

operator than fI* ì.ater, so it will be instructive to first review the derivation for

the simpler case. The bounds in [3] allow for larger €, so u/e will represent the

derivation given there.

Example 4.3.4. Assumi,ng lll - ur,(r)ll < . v r, lt,u, deriue a lower boun,d on

the spectrum of H*(-m).

Proof. First we need some identities'

V' : 1¡"Y'Y ¡"Y '
- - v, + 1I(Lr, ,^t,l + {tr.,t,})(v' v,l + {vp, v,})_ vp,þ, 47r,rr,*,,",

1-v.v*a lt,tl'[v' v]

Define Lp:2-Tr-Tl, thus A:ÐrAr. Then

L2 : Ðf, - Tt" - r))Q - T, - TJ)

þ'v

: y 
t"V t" + 

IUDW 
r, 

.y,ll7 t,,V,] (u, {.y, l,} : o)

t*,

: DQ - Tt, - rl) Q - rr, - r]) + Dr, - Tt" - T)) (2 - T, - rJ)

-V, +Io' : o *Dr*,LrL, - 
lnlt,tl

(4.33)

(4.34)

p

p

t"*,

:I(n -4rr-4r1,+rl+rÌ"'+2) +t LrL,
t"#,

: D(r - 47, - 4rÌ" + (7, - rl"Y¡+ t LrL,
p*,

:4L,+4V'V+Dnr¡,
t"*,

So,
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Then, choosing rn:7,

HieÐ: Dl(-1)r*(-1) : (-v
^-1)(y+]a-r¡

1+t
- r -v" +)* - n -|[y, a]

: 1 -r I ¡r¡, - lrr,yl 
. [V, V - T[y, 

a]
t"*,

Now, define VÍ : Tr - 7 and V; - -Vtt. Then

LrL, : (2 - rp - TÐ(2 - r" - TJ)

: (1 - Tr)(1 - rÐG - T")(7 - ri¡
: |rr¡riv|v; + v;vtv Iv;)
: W¡"'¡ X¡"',

(4.36)

(4.37)

where

W,,
1

2
((v;v') (v;vt)r + (v;vj)(v;vi)T) (4.38)

is non-negative and

(vIIv;,vlv;l + vt[vj, viv;])

(tr - ròlrl,,T, +r|l+ (1 - Tl)lrp,r" +Til)

Let X : *Ðr+, X*,, th:us

x : ] Drrr, + Tl", r, + ril - TrlTl,r, + Til - Tllrt,, r, + rJl

: -: Lrrlrl",r, + rJ) + r)lTu,T, + ril (by antisymmetrv)
ó-p7v

Now, set y : ll|,Al. Then

v : -tultrlr, - rl,T, + TJ)

t"t,

: -å Ð,*,r^rr - r),7, + TJI-r tulT, - T),rr + Tj)

: -å Drr,or - 'Y,)(lTwT,l + lrJ,r!')) + or-r tò(lTwr|l + ÍT''rll)'

(4.4t)

1X,"r: i
1

2
(4.3e)

(4.40)
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Finally, letting Z : -ï11,7] ' [V, V], we have

1 '- lurr, - rl,r, - T)l) (4'42)z:-gLrrr"\

So X, Y, Z havebeen written in terms of commutators between parallel transport

operators. Now,

lTþT,llTþT,lI : (Tt"T, - T,Tp) (Tif) - f)fi¡
- .) - TI'T'TITJ - T"TPT)TI

:í;- Pp,)(L - Pl",),

where Pr,ú@) : Ur,(r){(r) is the sitewise plaquette operator

assumption of
llt - Ur"(r)ll < . V r, ¡t', u

(4.43)

Under our

(4.44)

we then have

lllT,T,lll <.. (4'45)

The same inequality holds if one or both of. T¡,,fl, is replaced by their hermitian

conjugate. As W¡", is positive semi-definite, eq. (4.36) implies

À-*(fr3(-r)) >r-llxll-llvll-llzll. Ø.46)

Noting that for p I u,l\r + l,ll : t/2, and that Tr is unitary we obtain

llxll < 6e, llvll < 6t/2e, llzll<ae. (4'47)

Thus,
À-,"(H3(-1)) > r-6(2+t/i)e. (4.48)

This bound is only meaningful when , a urrfu. Now, we have lhat ffi : ry
which gives us the flow inequality for the eigenvalues of f/*,

u^|.r, (4.4s)l-a*'-

and thus

À-m(l¡/,,"(-n )) > 7-6(2+t/z)e-lt-*1. (4.50)
n

This completes our review of the background material necessary for the marn

body of this work. Although the overlap has ameliorated the numerical cost of

going to light quark masses, a ne,,¡/ computational bottleneck appears' In the

next chapter we will see that in numerical simulations the evaluation of the

matrix sign function incurs significant computational expense. It will be the

focus of our first investigation to reduce the computational cost of the sign

function, thereby speeding up the evaluation of the overlap Dirac operator'
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Chapter 5

Accelerated Overlap Fermions

In the last chapter we saw that the massless overlap-Dirac operator was given

bY1
Do : ,(t + xr@)) (b 1)

The argument H to the sign function e(fI) is referred to as the overlap kernel

and is usually taken to the be the hermitian Wilson-Dirac operator, H*. How-

ever, any valid discretisation of the Dirac operator that represents a fermion of
negative mass and is doubler free could equally well be used. In this chapter we

turn to the question of practical implementations of the overlap, and investigate

whether alternative choices for H can reduce the numerical cost of simulating
overlap fermions.

5.1 Implementation
The matrix sign function is defined through the spectrum of its argument,

e(H): I lr).{r){rl, (5.2)

À

where e (À) : 
^l 

JP.For small to moderate size matrices, this suggests a means

to implement the sign function, by diagonalisin1 H, calculating the above and

then returning to the original basis via a unitary transformation. Unfortunatel¡
for lattice QCD in four dimensions, matrices such as H* are too large for this

to be feasible.
Instead, one can use approximations to the (matrix) sign function. In lattice

simulations we only need the action of the Dirac operator on a vector. This

allows us to take advantage of the fact that f/* is a sparse matrix, so we do

not need to store it in its entirety. For this reason we prefer approximations

that also only need the action of. H* on a vector. Both polynomial and rational
polynomial approximations satisfy this criterion. Due to the discontinuity at

52



the origin, polynomial approximations to the sign function are not particularly

efficient. Studies indicate that rational polynomial approximations are the best

choice[46].
The choice of rational polynomial is not unique. The first choice that was

studied in the context of the overlap was the so-called polar decomposition[51],

e(r) x.S{r) : *D
12 + q"'

b¡
n

where the coefficients for order n a're

1

ncos2(ft(k - å))'
,r: tun'(h(k

be the condition number of I/. Then for a given accuracy

l.(À) -.${r)l

k:r
(5.3)

(5.5)

1

bn:
2

As the sign function is scale-invariant, we can rescale H by a factor 4 to get the

best approximation. The approximation is good over a finite range of. r,lrl e

[r-,r,, n-*] We want the spectrum of I/ to lie within this range' Í*in ( 4l(H) <
2,,,u,.. Let ll(11)l be bounded by À-i,',À-u*'For the polar decomposition the

optimal choice is 4: 5fr;. l,et

)) (5,4)

ð- max
À€[À*¡.,)*r*]

À-u*
).,,"K

" 
:'UrtAr"ff;

(5.6)

the required approximation order is

(5 7)

That is, as the condition number of 11 increases, the order of our approximation

must increase to maintain a fixed accuracy.

The second rational approximation that has been used is the Zolotarev or

optimal rational polynomiallS2, 461. It has the form

e(r) = uY)@): d,or(rz +c2òä*, (5'8)

where the coefficents are given in [52] and depend upon the condition number rc

and the order of the polynomial. The advantage of the zolotatev approximation

is that it is optimal in the minimax (Chebyshev) sense, that is, for a given

n and rc it gives the minimal ô. Furthermore, the approximation is uniformly

good over the applicable range x)rnin: 7,r^ *: n, with 2n'12 points at which
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the approximation is exact and the maximum deviations between these points
oscillating in sign and equal in magnitude. Naturally we can rescale f/ in this
case also, with r7: 1/À,,'i,'.

As matrix functions, both approximations are implemented in the same fash-

ion. The action of the sign function on a vector

x: ,(H)rþ (5.9)

is evaluated by first using an iterative conjugate gradient (CG) solver for the r¿

linear systems
(H' + cùÓt: tþ, (5'10)

which gives us

(5.1 1)

As the systems are related by a simple linear shift, one can use a multi-shift CG

solver[53] which simultaneously solves all the systems for basically the cost of
solving the hardest system (the smallest shift). The weighted sum over poles

ó : Ðrb¿þ¿ can either be taken afterwards or simultaneously with the CG solve.

Evaluating y and subsequently D"rþ is then straightforward. As each iteration
of the CG solver requires evaluating the action of H2 on a vector, it is by far

the major overhead in evaluating the sign function and hence the overlap. We

therefore seek ways to reduce the cost of this step'
As with all conjugate gradient routines, the number of iterations required

to reach a solution for a given precision depends upon the condition number

rc of the matrix being inverted. Considering for the moment I/*(-rn) with
0 < m '-2, in typical equilibrium background gauge field configurations. Using

the bounds from [3], the upper bound l-u,* ( 8 - m is typically saturated,

and the lower bound is zero. White the set of expectional configurations for

the overlap )-ir, : 0 is of measure zero, and is not encountered in simulations,

practical experience suggets )-¡, is often as small as 10-8. This results in an

unacceptably large value for the condition number K(H). There is a way to get

around this problem though [5a]. The typical spectrum of H* is characterised

by a handful of isolated low-lying eigenmodes, so one can project these out and

deal with them explicitly. The condition number for the remaining part of the

spectrum is then small enough that evaluating the sign function approximation

becomes feasible. In practical simulations, after projecting out the isolated low-

Iying modes, e(')(H*) takes roughly speaking O(100-300)iterations to converge,

meaning that overlap fermions with the standard fI* are about 0(200 - 600)

times more expensive than standard Wilson fermionsl.

lThis does not take into account any savings at light quark masses due to the absence of

the critical slowing down problem. However, Iight quark masses require large volumes, and the

number of CG iterations required also increases with lattice volume, so overlap simulations

are still relatively expensive regardless'
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Obviously it is desirable to improve upon this situation in order to make

simulations with overlap fermions more feasible. The overlap approach does not

specifically require the use of I1*. Rather any lattice Dirac fermion operator

with a large negative mass that is free of doublers can be used. Therefore we

investigate ways to speed up the overlap by modifying the overlap kernel so that
its spectral properties are improved. The improvements we seek are twofold: (i)
An upward shift in the magnitude of the low-lying eigenvalues of I/* so as to
decrease the condition number, and (ii) a reduction in lhe densi,ty of low-lying

eigenvalues, so as to make the projection method of Ref. [54] more efficient.

Furthermore, our aim is to produce an implementation of the overlap formal-

ism that will perform efficiently on large-scale parallel computing architectures'

On such architectures, the cost of internode communication is typically high

compared to the cost of intranode computation. We therefore demand that our

candidate I/ be no less sparse than the Hermitian Wilson-Dirac operator. That
is, it possesses nearest neighbour couplings at most'

5.2 Fermion actions

Recall from the previous chapter the form of the lower bound we derived,

lløi(-1)ll > 1- ]t[o,y]l - ]tnr,?l 
.[v,v]ll- lll (5.12)

Noting the presence of the commutator term [4, y] we seek to improve our lower

bound by replacing the Wilson term with something that commutes with V.If
we consider

H"*(-^):x(V -tV'-m), (5.13)

then f/fu(-rn) has a qualitative lower bound of

llnS*@)ll ll^, - (r - ^)V" +r.V^ll

Ãt m: 1 this is bounded from below by 1, which is clearly better than 11.2*(-1).

As the spectral flow depends smoothly on m, by the flow inequality (l#l < tl
*" .*p"ãt that H.*(m) will possess a better low-lying spectrum than H*(-m)
for values of rn around 1. However, .11"*(-rn) possesses doublers' so we modify

it. Noting once again that

V, :v . v +1Ullr,.y\lv,y,), (b.16)

and limo-o V . V : limo*g -4, we make the replacement

-'2v' -'å(o -Ir',,?l '[v,v]), (5 17)
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which eliminates the doublers due to the presence of the Wilson term. To main-
tain the sparsity of our operator we must still make a further modification as

[v, v,] has diagonal couplings. Recall from $2.3.2 that (in lattice units)

lv p,v,l1þ(r) : iF*!,(r)ú(r) + o(a2), (5.1s)

and hence l
jn,rl'lv,vþþ(r) : i" ' F;i@,þ(r) + o(a2)' (5'1e)

Thus we have essentially "derived" the clover term (with tree-level coefficient

csw : 1) in an effort to improve our low-lying spectrum. The use of a clover-

improved fermion action (with either tree-level or perturbatively (mean field)
improved coefficient) therefore seems like a sensible alternative for the overlap

kernel.
The quantitative bounds in Eq. (4.48) imply that the smoother the gauge

field, the better the lower bound. This then suggests the use of APE-smeared

links is likely to improve the low-lying spectrum, although as discussed in $3.5.1
we prefer to do this only in the irrelevant operators of the fermion action, in
order to preserve short distance physics[3, 28].

Motivated by the preceding discussion, we wish to compare the low-lying
spectra of the Hermitian Wilson-Dirac operator (with negative mass),

H* : x(V * To - m), (b.20)

with the following variants. First, the standard (one loop) clover-improved

fermion action, both with and without mean freld improvement,

Hct : x(V + ]tl -;" . F) - ^),
Hmnct: ?u(v-o + ]{l-o - t" 'F-n) - m)-

Secondly, we have the Wilson-Dirac operator, with fat link irrelevant terms,

Hn* : x(V * 1o' - m). (5.23)

Finally, we have the clover-improved fermion actions, with fat link irrelevant

terms, both with and without mean field improvement,

Hn.t : x(V + ]tnt - t" 
. Po) - *), (5-24)

Hni" : .ys(V 
^n+ ]f 4, - 

t 
". råo) - m). (5.25)

The clover action with both fat links and mean freld improvement is what we

defined in $3.5.2 as the FLIC action. If followed by a number (e.g. FLICi2) this

denotes the number of APE-smearing srü¡eeps (at a:0'7) used in the action'

(5.21)

(5.22)
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We note that in the case of. H* and I{s*, mean-field improvement has little
effect, entering in only as a single power in both cases. For these actions, mean

field improvement only changes the effective value of rn (for -tI¡* the effective

value of the \il/ilson parameter r is also changed slightly), so we do not consider

these variants.
Before proceeding to the numerical results it is worth pointing out that the

previous analytical results on the locality [50] and continuum limit of the axial

anomaly [55, 56, 57, 58] and index [59] of the overlap Dirac operator continue to

hold when fI* is replaced by any of the variants given above in the overlap for-

mula. In the case of the axial anomaly and index, this is essentially because the

Ieading order term in the expansion of commutators of the covariant finite clif-

ference operators in powers of the lattice spacing is unchanged, and the variants

of H* all coincide with 1/* in the free field case.

We also mention that more general variants of the overlap Dirac operator
have been considered where one starts with an approximate solution to the

Ginsparg-Wilson relation and then gets an exact solution by substituting into
the overlap formula [60, 61, 62,63,64]. While these variants can have improved

properties, such as locality, they generally have hypercubic rather than nearest

neighbour couplings and are therefore not considered here.

5.3 Spectral Flow Comparison

In order to test the merits of each of our proposed actions, we first calculate the

spectral flow of each of them to see if our reasoning regarding their low-lying

spectra is valid. From the quadratic form of the lower bounds as a function of

m, and. based upon results given in Ref. [65], we expect there to be some peak

value of mfor which the gap around zero is the largest. We calculated the flow

of the lowest 15 eigenvalues as a function of. m f.or an ensemble of 10 mean-field

improved Symanzik configurations at 13 : 4.38 and size 83 x 16. In particular' we

use a 2-loop tadpole-improved Luscher-Wiesz action. The following flow graphs

allow us to see the m value for the biggest gap, and also allow us to compare the

difierent actions. As we are interested in the magnitude of the low-lying values

rather than their sign, we plot lÀl vs rn.

We begin by examining the flow of the Wilson and clover action in Figure

5.1. \Me see the \ffilson spectrum is very poor, with a high density of very small

eigenmodes and no gap away from zero. The addition of the clover term (at

csw : 1) provides some improvement, shifting the flow upwards and moving the

peak values towards m: L as expected. The presence of many small eigenmodes

persists however, although their density is clearly reduced.

In Figure 5.2 we examine the MFI clover and fat link Wilson actions. Mean

field improvement assists the basic clover action somewhat, spreading the spec-

trum upwards, although the lowest modes are not raised significantly. The mass
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Figure 5.1: Spectral flow of the Wilson action (left) and the clover action (right)
at B:4.39.
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Figure 5.2: Spectral flow of the MFI clover action (left) and the fat link Wilson

action (right) at B : 4.39.

value at which the low-lying density is minimised has moved significantly away

from m : 7.2 to around m : 0.6. As mentioned earlier, essentially all MFI

does in this case is to change the value of c,* to7.\fuf,, pushing it towards its

non-perturbative value. Modifying the'Wilson action by smearing the irrelevant

op"rutorc provides a considerable improvement. While there are still some small

modes present, their density has been greatly reduced, and the spectral flow now

has a clear division between the isolated low-lying modes and the modes where

the spectral density becomes high which are well separated from zero. Smearing

was performed with a:0.7 and 2'o" : 12 smearing sweeps'

Results for the fat link clover and FLIC12 actions are shown in Figure 5.3'

The spectral flow of the fat link clover action clearly demonstrates the superiority
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Figure 5.3: Spectral flow of the fat link clover action (left) and FLIC12 action

(right) atB:4.39.
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Figure 5.4: Spectral flow of the Wilson action (left) and FLIC4 action (right) at

þ :4'60.

of clover-improved actions. The gap around zero is enhanced again over the fat

link Wilson action, and the number of isolated low-lying modes is significantly

reduced. As the fat links are already close to unity, the addition of mean field

improvement only affects the fat link clover flow slightly, raising the gap around

zero à little and spreading the eigenvalues upwards slightly also. The low-lying

density is again very good in this case and far superior to that of the Wilson

action.
To confirm our results we choose the Wilson action as a "baseline" and

compare it against the FLIC action (the best of the alternative actions) on a

Iargãr, finer lattice, I23 x 24 at 0 : 4'60' This time we only use 4 smearing

,**p, in the FLIC action since FLIC4 has less fattening and is the choice used
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Figure 5.5: Dependence of the FLIC spectrum at P:4.60,m:1.35 (left) and

þ : 4.38,m:7.45 (right) on the number of APE smearing sweeps.

in actual simulationsf2S]. We see that the Wilson action benefits significantly
from the smaller lattice spacing, as there is now a visible separation from zero

before the modes become dense. The FLIC action has the same characteristics

as on the coarser lattice, but it now has a peak separation of the dense modes

from zero of around 0.45!

Additionally, we tested the dependence of the FLIC action upon the amount
of smearing done. As stated in [23], we only effectively need to vary the product
efrup., so we fix o at 0.7 and vary ??ape between 0 and 12. We observe that
the initial 4-6 sweeps have a significant effect, but past 6 sweeps the effect

is marginal, with the low lying density remaining roughly constant and the
eigenvalues being compressed very slightly downwards.

5.4 Condition Number Analysis

Having obtained some understanding of the low-lying spectra of the various

actions via the flow diagrams, we now turn to quantitative comparisons. Firstly
we examine the condition number, rc, of the different actions as a function of
n-1. We show below the condition numbers having projected out the lowest 5

eigenmodes and the lowest 15 eigenmodes on the 2 lattices that we used. The

points are the meân condition numbers across the ensembles, and the error bars

indicate the minimum and maximum condition numbers, giving an idea of the

variation in rc. The smeared irrelevant-term actions here used 12 APE sweeps

a,t e:0.7 for the coarse lattice and 4 sv/eeps for the fine lattice. Some points

are offset horizontally for clarity.
Two things are immediately noticeable. Firstly, the smeared irrelevant-term

actions are much better conditioned than the unsmeared actions, and secondly,
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Figure 5.6: Condition numbers of the various actions. (Top-left) Results for
p - 4.38 with 5 projected modes. (Bottom-left) Results fot B:4.38 with 15

projected modes. (Top-right) Results fot B : 4.60 with 5 projected modes.

(Bottom-right) Results for P -- 4.60 with 15 projected modes'

the variation of rc between configurations is less. It should be noted that the

variation (error bars) are displayed for all actions, but are smaller than the

plot symbol at some points of the fat clover and FLIC lines. Projecting out an

additional 10 eigenvalues has a significant effect on the unsmeared actions, but

relatively little effect on the smeared actions due to reduction in the number of

isolated low-lying values. In terms of condition number, the fat clover and FLIC

actions are clearly and significantly superior to the other actions, with the FLIC

action possessing a (slight) edge over the fat clover which arises from the mean

field improvement.
As the clover term is quite fast to evaluate, we discard the fat Wilson as a
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candidate action at this point as it is the least well-conditioned of the smeared

actions. Given the similarity between the clover-improved actions with and

without mean-field improvement, we focus on the MFI clover and FLIC actions.

We now compare in detail the performance for three actions: the Wilson, MFI
clover and FLIC. To see how improving the condition number translates into
a saving in CG iterations, we calculated the number of Multi-CG iterations
required to evaluate Do once across the ensemble for each of these actions, using

some typical simulation parameters. The number of modes rù/e project out is
determined by the spectral density at the highest mode. The spectral flow
results show that in each of the actions tested, past a certain point the spectral

density becomes very high and there is no computational benefit in projecting

modes past this point. Therefore, we choose to stop projecting out modes when

only a marginal improvement in the condition number is gained by projecting

out more eigenmodes.

Action P Projections Mean Min Max
Wilson 188

190

T7B

89

86
106

MFI clover
FLIC12
FLIC6
FLIC4

4.38
4.60
4.38
4.38
4.38
4.60

15

15

15

10

10

15

279
202
200
92
90
109

253
2r2
240
100

101

712

Table 5.1: Conjugate Gradient (CG) Iterations needed for a single evaluation of
.r(r) using actual simulation parameters.

The Wilson and MFI clover are tested using the 14th order optimal rational
polynomial (ORP) approximation[54]. FLIC resuits use the 12th order polar

ãecomposition, chosen to give a maximum deviation from e(r) of less than 10-6.

Low-lying modes are projected out where necessary. The sign function solution

is calculated to a precision of 10-6 across the fine ensemble and the coarse

ensemble used above. The value of rn is chosen differently for each of the actions

to optimise rc. Given the relative lack of improvement in using the MFI clover

action compared to the Wilson, we discard it at this point and concentrate on

comparing the Wilson and FLIC actions. As the results in Table 5.1 show,

the FLIC action is by far the best in terms of convergence with a reduction in

iterations compared to the Wilson action of a factor of between 1'9 and 2.4.

What is not clear from this is how the saving in iterations translates into the

most important quantity, a saving in compute time.

Shifting from a standard Wilson action to a partially smeared action means

that we now have two sets of gauge fields, the standard and smeared links. This

doubles the number of vector-multiplications needed, and the standard spin-

projection trick[66] is no longer applicable, potentially causing an additional
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factor of two in both the multiplications needed and the communications needed.

We show that this is not the case.

5.5 Spin Projection

To begin, we review the spin-projection trick for the Wilson action, which utilises

projection operators in spinor space to reduce the computation required to eval-

uate the Wilson action. \il/e then generalise this trick to the broader class of

split-link actions. Finally, we examine the FLIC action specifically, and discuss

a similar trick for reducing the cost of evaluating the clover term.

5.5.1 Standard Spin-Projection Trick

The Wilson-Dirac operator can be written as

(D*,þ),: (4 + rn)1þ,- 
å t,t - tr)Ur(*)1þ*+t"

l.L

+ (1 + 1r)u[(r))rl'"-,
: (4 + rn)ú, - t ur@)t rú*+u

' *u[(r)t[ú,-u, Ø'6)

where we have defined the spin projectors

rÍ: rr{t+n) (5.27)

If we now examine, for example, ff we see that

.-(fi) : (
,þt

,þ'
+ 1þ4

r rþt (5.28)
þþ' + rþt

+rþ' + rþn

Similar expressions for ¡l : 1,3,4 allow us to deduce that we only need to

evaluate the action of the links on the upper half (in spinor space) of lf,tþ,*r, as

the lower components are equal to the upper components multiplied by *1 or

Li,. Indoing so v¡e can halve the number of floating point multiplications needed

in the evaluation of D*, and also reduce intermediate memory usage' This trick

can be applied in any of the standard representations for the 7 matrices'
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5.6.2 Generalised Spin-Projection Tbick

We now consider the case where there are two sets of links, Ur(*) for the naive
Dirac operator / and U'r(r) for the irrelevant Wilson term (denoted by A' to
indicate that it contains only the links U'). In the case of the FLIC action
the irrelevant links are APE-smeared, but what follows is perfectly general and

does not depend upon any particular relationship between U and U'. Now our

"split-link" operator is

(D"ptitlþ)*: ((V *To' + IrL)ú)-

: (4 + rn)ú, -;D @Løl - trur(*))r1,,*, + (u'Ir@) + 1ru[(r))rþ,-r.

' 
çu.rn¡

We can observe that our projectors do not present themselves immediately as

they did before. At this point, compared to the standard Wilson action, we must

perform four times as many floating point multiplications, two for the split links,

and two for the loss of the spin projectors. However, we have

1 : ft t f, and 1, : ll - l;, (5.30)

which implies

(D 
"ptilþ), 

: (4+ m) þ - -.T>, @ L@) - u t @)) t [ 4t - + t"+ (u L@) +u, (fl) r ; ú, * t"t
It

(u'Ir(r) + utr@))t|rþ,-, + (u'Ir(") - uÌ"(.))tiú,-p. (5.31)

It is now clear that by defining symmetrised and anti-symmetrised links,

L , 1.
uf(r) : ,{uLøl +ur(n)) and, u, (r) : ;(uL@ - ur@)) (5'32)

we can write

(D 
"pt tú), : (4 + rn)rþ, - t u ; (r)f[ 4) rr ¡.c t u [ (r)l r 4;.+ ø

p

+ uft (n)rtrrþ,-, + urI (r)rirþ,-r. (5'33)

Immediately we see that the Wilson spin projection trick is simply a special

case of the split link trick where (J : (J'. The same saving in multiplications

that we received in the Wilson case applies here, so rwe have in principle a factor

of two compared to the Wilson action because U- is not zero. In actualit¡
effi.cient cache usage will reduce this to less than a factor of two.
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5.5.3 Clover Tþick

The FLIC action is a split-link action with clover term, so for completeness

we review a (well-known) similar trick for the clover term that exploits the

structure of opr. In the evaluation of the clover term, we note that in the chiral

representation of 7 matrices,

lo 1\ lt o\t:(Ï ä) t':(ô :t) , (534)

the matrix o* satisfres the foliowing (in 2 x 2 block notation),

""(y) : o34(Ð, ars(y): "^(!.) ' o,4(y) : ""(l)
(5.35)

So we have, for example,

F,zo,z(i) . Fssos+(y) : (lË; ;?,:\:::!,) (b 36)

This means that if we store the combinations Fp L Fs+, Fß L Fz+, Fu t Fzs we

can halve the number of floating point multiplications needed in the evaluation

of the clover term, further improving the computational efficiency of the FLIC
action. Moreover, the formulation of the split link action in (5.33) allows groups

who have efficient code for the Wilson action to simply implement efficient code

for the FLIC action.

5.6 Computational AnalYsis

The results of the previous section reduce the cost of evaluating the FLIC action

to approximately twice that of the standard Wilson action. We have verified

using our implementation that the cost of FLIC is (slightly less than) twice

that of the Wilson, including the cost of the clover term. On the other hand,

evaluating the action of e(n) (z) on a vector costs O(21/) vector multiplications

in addition to the two evaluations of the kernel, f/. It quickly becomes clear

that the only real way to see how much of an improvement we have made is to

do an actual calculation and compare the compute time needed.

To test the actual speedup, we choose to calculate the low-lying eigenmodes

of H2": DlD" for the two different kernels, Wilson and FLIC. This calculation

allor¡is us tã verify that both kernels give the appropriate spectral properties[46],

and also allows us to calculate directly the relative compute time needed to eval-

uate Do in each case. For the Wilson action we used the 14th order Rational

Polynomial Approximation, with mass parameter m : 1.65 and projected out
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15 eigenvalues. For the FLIC action, use the polar decomposition at 12th order,

without any loss in accuracy for the sign function approximation. This saves us

a (smalt) amount of computation. To optimise the condition number we choose

to perform only 6 APE sweeps with the mass parameter set to m: 7.45 and
projecting out 10 eigenvalues. To minimise the computation needed, we imple-

ment individual pole convergence testing in our Multi-CG routine. The first
pole is considered converged in the n¿h iteration according to the usual criterion
based on the residue, ll""ll < ô, where we chose ô: 10-8. The convergence

criterion for the other poles is easily deduced by noting the shifted polynomial

structure of the residual, rL: P,(H2 + oçl¡¡ro: eiP"(H')ro : (flr.. Then the
'ith pole is considered converged if

þÀlei@ < 0.1 x ô, (5.37)

where (í(') ir defined as in Eq. (2.44) of Ref. [53]. We have tested this convergence

criterion by calculating individual residues and found it to be numericaliy very

safe, and also to save significant amounts of computation. We consider the

ten 83 x 16, þ : 4.38lattices. Computations are performed on 4 nodes of the

Orion supercomputer, a Sun E420R cluster comprised of 40 nodes, with each

node possessing 4 GB of RAM, 16 MB of. L2-cache, and 4 UItTaSPARC II 450

MHz processors and with nodes connected by Myrinet networking. The lowest 6

eigenmodes of //j are calculated on each configuration using the Ritz functional

method [67]. We measure the compute time spent in each of the different parts

of the "inner-CG" calculation, with the following resuits.

Code portion úwibo'

1 Kernel-vector evaluation 0.59
0.864
r.t27
1.867

1 Multi-shift CG iteration (including H)
1 Multi-shift CG iteration (excluding H)
1 overlap-vector evaluation

Tabte 5.2: Ratio of actual compute time spent in the various parts of the algo-

rithm.

The results show that using the FLIC action as the kernel in the overlap

formalism provides a saving of a factor of 1.9 in actual compute-time spent

in evaluating the overlap action. This is easily understood by first observing

that the time spent in the fermion matrix multiplication constitutes less than

half of the compute time spent in the inner CG inversion. Additionally, as the

improved condition number of the FLIC kernel allows us to use the 12th order

polu, decomposition, we expend less effort per iteration in the CG component of

ihe sign function evaluation. This is because the number of unconverged poles

per iteration is reduced, as demonstrated in Table 5'3'
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Table 5.3: Breakdown of the mean convergence for each of the poles. Shown

are the mean number of iterations, and the maximum and minimum number of

iterations indicated by their difference with the mean.

These facts mean that the overall compute time per inner CG iteration in-

creases by only 15% when moving to the FLIC kernel, and hence the saving of

55% in the total number of inner CG iterations needed translates into a saving

in compute time. Thus we have shown that the FLIC action is numerically su-

perior to the Wilson action as an overlap kernel. What has not been answered is

what, if any, are the difierences in physical properties of Do using the different

kernels. For example, overlap fermions are free oT O(a) errors irrespective of the

choice of kernel, but in general may have different O("') errors.

5.7 Further Improvements

The use of non-perturbatively improved renormalisation group gauge actions

such as Iwasaki or DBW2 has been shown to improve the low-lying spectrum

of the Wilson operatorf68, 69], with DBW2 giving the best improvement. Our

analysis so far has been based on tadpole improved glue, but we expect that

the improvements that we have gained thus far to be above and beyond any

improvLments from gauge action. To verify this, we conduct a comparison of

the low lying spectrum of the Wilson and FLIC actions on DBW2 glue' Calcu-

lations are performed on three lattices, two 83 x 16 lattices at B : 9.836(ø :
0.Ig4 tm), t-0.+f3(a : 0.165 fm) and one 123 x 24lattice, al B : 11.783(ø :
0.125 fm). naaitionall¡ we test whether the inclusion of a three-loop improved

F* in the FLIC action (denoted FLIC-3L) gives any improvement over the

standard one-loop clover term. The lowest ten eigenvalues are calculated as a

function of. m for an ensemble of 10 configurations at each B '

Figure 5.7 demonstrates the flow across the fine 0 : II'783 ensemble' We can

see that the Wilson action has enjoyed a considerable reduction in the number

of isolated low-lying modes compared to the tadpole improved glue case, and

also a slight increasã in the gap away from zero of the dense spectral region. The
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Figure 5.7: Spectral flow of Ë/* (top), fft¡" (bottom teft) and Hfl" (bottom right)
at B :11.783 (right).

FLIC action displays similar benefits, but once again the gap from zero is much

better than the Wilson action. The FLIC-3L action is equally good, displaying

a slightly larger gap than for its one loop counterpart'

The results from the two 83 x 16 lattices are shown in Fig. 5.8' The improve-

ment in comparison to the Luscher-Weisz glue is seen once again, both in the

isolated low modes and the gap of the dense region, for all previously tested ac-

tions. Again, the FLIC spectrum is significantly better than that of the Wilson

action. The same slight increase in the gap from zero of the FLIC-3L spectrum

compared to FLIC is also observed. So we have confirmed that as expected the

improved spectral properties of the FLIC action compared to the Wilson are in

addition to any improvements from the gluonic action'

Finally, in Fig. 5.9 we study the effects of different numbers of smearing

srpeeps on thu low lying spectrum of FLIC and FLIC-3L' The qualitative be-

haviour across all three lattices is similar, with the initial sweeps bringing signif-
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icant improvement, and then at some point additional smearing has little effect.

Both FLIC and FLIC-3L display nearly identical behaviour'

To reinforce the results of the spectral flow comparison, the condition num-

bers of the three actions are displayed in Fig. 5.10. Error bars again indicate the

maximum and minimum K across the ensemble, with the lines giving the mean

condition number, as a function of m, after projecting out the lowest 5 eigen-

modes. The FLIC and FLIC-3L lines are well below the \Milson lines, giving

a clear indication of the improvement in condition number. F\rrthermore, the

two FLIC actions display behaviour that is nearly independent of. B, while we

see that the Wilson action performs increasingly poorly on the coarser lattices'

This is a significant advantage for FLIC, as it allows one to go to larger lattice

spacings (and hence larger physical volumes) at an (approximately) fixed cost

for Do.
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Figure 5.10: Condition number of the Wilson, FLIC and FLIC-3L actions as a

function of. m, fot the three different DBw2 lattices at p :9'836, 10'413, 11'783'

Note that the FLIC results are approximately independent of B.

5.8 Analytic Bounds

The locality of the overlap-Dirac operator with a FLIC kernel, or simply the

FLIC Overlap, would follow from the proof in the case of the standard overlap,
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provided the spectrum of I/61" has a gap away from zero. We proceed to derive

both upper and lower bounds.

Lemma 5.8.1-. Upper bound. Hni. i's bounded from aboue, by

llnn"ll < 3 + a,/, + la - *1.

Proof. Let Ttr be the parallel transport operator using smeared links. Define

: |rrlrr,)ri (5.38)

Then by Eq. (5.33) we have

H ni. : (a - *)- t ( (f iä + f , ï i 
) + (r ;r[ +r[r;t ) ) - t rro,, F,, (5.3e)

l.L
v>l-L

Now, consider

Q[,r;t + rtä)(rir, +\r;I) : r[r;tr; +r;r;r;t . (5.40)

It is clear that
lltirlril ll < 1, (5.41)

(with any combination of different t) and hence

llflqli ++rlll < Jr. þ 42)

Furthermore, as F* is constructed from plaquettes,llUr"(r)ll < 1, then it is

also straightforward that
llFþ,ll < 1, (5.43)

and we also know llor"ll ( 1. Then by triangle inequalites, we have that

ll¡ro.ll < 14 -rnl+Ðr/r+t t,:z+8\/,+la-ml. (5.44)
p u>l'L

We do not frnd that this bound is saturated in practice. Typically, we find

À*,,*(I/ni") x 4.2 + l4 - ml, (5.45)

that is the upper bound derived for I/* in [3] is only exceeded marginally' tr

Lower bounds on I1* were derived in the presence of a plaquette smoothness

condition on the gauge field. As the FLIC operator contains two sets of links,

we will need to make some additionai assumptions. It seems reasonable to

assume that the smeared links satisfy their own plaquette smoothness condition.

Furthermore, we also need to consider "mixed" plaquettes, where some of the
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Iinks are thin (unsmeared) and some are smeared. It does not seem unreasonable

to assume a third smoothness condition for these mixed plaquettes. We note

that the mixed plaquettes include degenerate or "collapsed" plaquettes, where

the two forward and two backward links that make up the plaquette trace the

same path but in opposite directions (the closed curve forms a line rather than a

Ioop). If constructed using a single set of links, the degenerate plaquette would

normally be unity, but because in the mixed case the forward and backward

paths can use different links, this no ionger holds.

Lemma 5.8.2. Lower bound. Let [Ir@) denote the standard gauge fi'eld, and

Ur:,,(ù d,enote aquette fi'eld,

iï::::,*:;: ;, 'Le '[he 
m*ed

ll:--Up,ll (., ll-uL"lllr', ll-Uhll1r",
for e,€',€" ) 0, Hni"(-m) i,s bounded from below by

À-i,,(I/ni"(-rn)) > _ 48et _ 45eil _ lL-*l
Proof. First recall that

V' :v.v + jh,7l . [v,v], (5.46)

L2:4L+4V.V+t L*L,. (5.47)

t"*u

Lel Y'r,A! denote the usual operators, but constructed using smeared links

U'r@).Define {, such that

1: 
ror,

1-

4l^lu,''1"lFi, F;:, (5.48)

then

nf,"?^): eV *To'- å'r, 1l'F' -n )(V *To' - å't, 'vl'F'-m), (5'4e)

and thus

Hk eÐ- 1 - V'*io, * (åtr, '|' F')' - a'+ )W,rl' r'

-ïrr,a'l + ]tv, tr, ^A'F')- åro', lt,À'F'.| (b.b')

Then using the identities (5.46) and (5.47) it is straightforward that

Hã,.(-Ð: l - v, +v,, - ïr.r,7l 
.[v,,v,] + Drr,o'ro',* (åtr, -yl.F')'

+ jlt,'t)' F' -Trr,a'l + |tv, tr, 'lrl' F'l- åto', lt,À' F'\ (5'51)
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From our assumptions, we have that

lllTþT,lll 1., lllrþri.,lll 1." lllri,T'"lll(.", (5.52)

and similarly so if we replace any T, or Tt, with its conjugate. Then recalling

our steps in the derivation at the end of the previous chapter, we have

1

ll¿ tr, 7l ' [v', v']ll < D/ , (5'53)
u>lr

and L'rL'r: Wp, ¡ X¡"r, where Wr, ) 0 and

ilxll: (5.54)

The familiar looking term Y : _l[V, L'] is now a mixed commutator, and so

some symmetries that we used previously are spoiled. Now we have

llr,ll: ]f f I ^tt"lrt"- rl,ri+r:tlll rf .'. (5.55)

þ,v þ,u

z :In,t).r'- fitn',|t,'yl. F'} (5.56)

A straightforward consequence of our assumptions is that llFill 1 ," , and so

1

8 Dr'rlr'rr,T', + TlIl + rl"I ITL,TJ + Titll I . I ."
l"*, u)þ

(w,nlr;" - iDt, - r\ - r\I ,l'vr,'v,lFL,\)ll
À

Let

|zll: 1

4 ilt
t"*,

r(
p*u

FL"
3.
4l'Y 

u,'Y" . 11 \-.,,
2 ¿-/

u>11å I ^tt'Y,{T'x + TlI, FL,}) (5.57)

Now consider C : å[y, ll,l]'F']' Then C : A* B where

I lal I : irÐ'Y,lY t", FL,lll t rÐ

llgll : lll I utrt,lv^,FL,lll t; tÌ p#u*^ t"*"*^

(5.58)

€. (5.5e)

Finally we examine D : V'' - V'' So,

D :141tû,(rl - rlt)gi' - riI) - (rr - rl)Q, - rÐ)
l-L,v
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Now we consider

glri, - TrT,)rþ(r) : (U'r(r)U'"(" i "r) - U r(r)u"(r + e ))tþ(r t er ¡ e,)

: (1 - ui"@)uL(r)u'"(r 1- er)þ(r t er* e,). (5.61)

where Ui, : Ur@)U,(r + er)UtI(r + er)U'rI(r) is the degenerate plaquette at

z along th. ,, r I e p,r I er l er line. But by our assumptions we then have

llflfi - TrT,ll 1 e' V¡1",u, (5.62)

and it is clear that the same bound holds true if we replace T,TL and/or T,,T!,

with their conjugates. Then

D : iÐ(r L' + r LI\ - (r; + rll -'uD "v ri, (r Lr',t + r',t r ¡¡ - g rr) + r t"I r,),
p*u

(5.63)

and hence 
1

llrll < ;De'+ Ie'. (5.64)
p u>lr

Therefore, ignoring non-negative operators and combining our bounds we obtain

H'o?r) > 1- 48€t -45€tt, (5.65)

and the flow inequality can then be used to obtain the required result. 
n

Remarkably, the bound does not depend upon €, and hence the smoothness

of the background field only enters in weakly via et. This gives us an immediate

explanation of why the condition number oT Hni. is nearly independent of B' The

bound is only meaningful in the area defined by 48e' * 45ett < 1. This means

that we need (at least) lhat et< fr and ," 1*, which is more stringent than

the requirements placed upon € in ihe >ounds on f1*. However, aS €' , e" depend

upon the smeared links, we expect that they will satisfy these requirements more

readily than e.

While we have seen the numerical superiority of the FLIC Overlap, we have

not yet addressed the question of physical properties. We are interested in

doing this in both quenched and unquenched QCD, which leads us to the issue

of conducting dynamical simulations with actions that contain smeared links,

the subject of our next investigation.
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Chapter 6

Dynamical FLIC Fermions

Recent progress in the field has shown that the behaviour of quenched QCD
can differ from the true theory both qualitatively and quantitatively in the chi-

ral regime. As it is in the chiral regime where the difference from the valence

approximation will be highlighted, we would like to go to light quark masses

in dynamical QCD. This is an extremely computationally expensive endeavour.

Ideally, this would be done using overlap fermions, although large scale dynam-
ical overlap simulations would push the limits of current computing power, to
say the least. Alternatively, one could go to the so-called partially quenched

approximation to explore some of the effects of fermionic vacuum fluctuations.

6.1 Partial Quenching
The term partially quenched has come to have two meanings. The first is an

approximation to QCD in which the dynamical sea quark mass differs from the

valence quark mass. The second meaning refers to the possibility of simulating

QCD using different lattice fermion actions in the sea and valence sectors. As in

the continuum limit both discretisations must give the continuum fermion action,

on the surface the approximation does not seem too unreasonable (although the

approximation does have some more subtle theoretical implications which we

choose to ignore for pragmatic reasons).

The partially quenched approximation allows us to take advantage of the

good properties of the overlap in the valence sector, while \ /e can use a less com-

putationally intensive, non-chiral action in the sea quark sector. In example 4'2

we derived the continuum limit of the (standard) overlap. From the derivation,

we can see that in a sense the overlap can be viewed as a mechanism to turn

a non-chiral action (the kernel) into a chiral one. Therefore, the overlap kernel

seems like a natural choice for the sea quark action (we refer to this choice as

the dynamical kernel approximation). So, for the FLIC overlap, FLIC fermions

would be chosen for the dynamical fermion sector.
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6.2 Hybrid Monte Carlo

The standard technique for simulating dynamical fermions has for some time

now been Hybrid Monte Carlo (HMC) [70]. It is exact, ergodic and (using the

standard leapfrog integration) is O(Vå), that is, it scales almost linearly with the

lattice volume I/. We briefly review the HMC algorithm for generating dynamical

gauge field configurations.- 
Ãr we saw in $2.4, the fermionic degrees of freedom can be integrated out of

the functional integral to yield a functional integral soley over gauge field space,

weighted with an effective action

S"n[¿/] : S*[t/] - lndet DilUl, (6.1)

where the fermionic vacuum fluctuations are encoded in the fermionic determi-

nant. The functional integral on the lattice is evaluated through the technique

of importance sampling, where an independent ensemble {U¿} of representative

gauge frelds distributed according to the probability distribution

p(uo) : e-s"ølu¡|, (6.2)

is sampled and the desired observable is approximated by the ensemble avera,ge

1n
(o) =;Dolu,)- (6'3)

i:l

What is needed to do this is an efficient update algorithm to generate con-

figurations with the desired probability distribution. In the Metropolis al-

gãrithm, the updat e II -+ [// is proposed entirely randomly, one link at a

iime, and the change is accepted with probability p((l -' U') : "-ot , 
where

A,S: SIU')- ^9[U]. In more efficient update algorithms the change is based

rlpor ffi, the variation of the action with respect lo U'- 
Orgäai"ity, the property that starting from a given gauge field our update

algorithm has a finite probability of generating any other, is usually incorporated

into update algorithms through the introduction of a random number field into

the updating process. Exactness, the property that the gauge fields generated

have lhe desired probability distribution, free from systematic errors, is usually

implemented through the use of a Metropolis style accept/reject step, where the

function p(U -- U'j : e-as is evaluated to determine the probability that the

update U -- U' is accePted.

There are a variety of techniques for generating statistically independent

ensembles of complex fields with a given distribution, but they do not apply to

Grassmannian (fermionic) fields. Therefore, in order to deal with the fermionic

determinant, we make use of the fact that

detM - # : l'f''Ó e-l¿n' Ót@)M-'Ö(r)) (6'4)
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and introduce an auxiliary pseudo-fermion field /, so called because it is a com-

plex (bosonic) field rather than Grassmannian. For the integral to be convergent,

we require that M is positive definite, so noting that det D¡ is real and positive

we set M : D[D1, * det M : detD¡2, representing two degenerate flavours of
sea quarks (it ii then possible to use dett/M if a single flavour is desired[71]).

White the use of pseudo-fermions solves one problem, they introduce another.

Quenched gauge fields are easy to generate because the gauge action is local,

hence A,Ss[¿/] is local, and therefore one can make use of efficient local updating
algorithms, such as the pseudo-heatbath, which effectively updates one link at a
time. However the (expensive) evaluation of. D¡r depends on the whole lattice,

and so in the pseudo-fermionic case A,S"¡[U] is non-local, precluding the efficient

use of local updating algorithmsl.
The Hybrid Molecular Dynamics (HMD) algorithm allows one to update the

entire gauge field simultaneously, but suffers from systematic (finite step size)

errors. Hybrid Monte Carlo (HMC) is a global updating algorithm which is a
combination of HMD and the Metropolis algorithm, removing the systematic

errors through the introduction of a global accept/reject step. An outline of the

HMC algorithm as applied to pseudo-fermions is as follows (see also for example

t5]) A detailed description of the HMC implementation is given in $4.7.
The four-dimensional lattice theory is made frve-dimensional through the

introduction of a fictitious (simulation) time, or evolution parameter r. The
gâuge field U is associated with its (fictitious) conjugate momenta P, and the

five-dimensional system is described by the Hamiltonian,

illu, Pl: t f,n erç*¡2 + s.¡l(J). (6 5)

Írþ

For Gaussian distributed P the expectation value of an observable is unaffected

by the 5D kinetic energy,

(o) : ) | oeouolule-Htu'Pt, z : I orr¿¡"-?ttu'Pt. (6 6)

Given U, the update U --, U' consists of

(l) Reþeshment: Sample P from a Gaussian ensemble, p(P) x e-å te'. 
"""-erate a pseudo-fermionic background field / accordin g to p(Ó) o 

"-Ó1rw-rÓ 
'

(ä) Molecular Dynamics Trajectory: Integrate Hamilton's equations of motion

to deterministically evolve (U, P) along a phase space trajectory to (U' , P')'

(ilt) Metropoli,s step: Accept or reject the new configuration (P', U/) with prob-

ability p(U -- U') : min(1, 
"-^'1), 

LJl :171U'l - Tflul

1A local alternative to HMC, the Local Bosonic Algorithm (LBA) [72] does exist, although

was developed much later than HMC. While LBA is competitive with HMC, HMC remains

the preferred algorithm.
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The discretised equations of motion are derived by requiring that the Hamil-

tonian be conserved along the trajectory' #:0' The following discretisecl

equations of motion then approximately conserve 'l1f.or small step sizes, Ar,

Ur(*,r * Ar) : Ur(',r) exP (lL'rer@,r)), (6 7)

ôS"n
Pr(*,r * Ar) : Pr(',r) - Ur(r,òffiÃ (6 8)

Previously, it has not been clear how to perform HMC with fermion actions

that make use of the APE blocking technique in combination with a projection

of the blocked links back into the special unitary group. This reunitarisation is

often performed using an iterative maximisation of a gauge invariant measure,

and this choice of reuniterisation is the source of the difficulty. The problem is

that the iterative technique is not differentiable with respect to the gauge field

and thus it is not possible to calculate ffi, which is necessary for the equations of

motion above. In the next section we consider an alternative technique and show

that is does not suffer from this problem, allowing the simulation of dynamical

fat link fermions with standard HMC (and its variants).

6.3 SU(3) Projection

Recall from $3.5.1 that the APE smeared links t/,F)(r) present in the FLIC
fermion action were constructed from Ur(r) by performing n smearing sweeps'

where in each sweep we first perform an APE blocking step,

v/Ð(r)lu{i-tt1:(1 -o)*+if Ï-J* I r, (6.e)
" ,*tr l-J

fo[owed by a projection back into ,SU(3) ,uf) @) : P(V;i)(r)). Frequently, the

projection- i, pe.ior-ed using an algorithm which updates UU) i¡sr^¡ively in

order to maximise the following gauge invariant measure'

uf) (r)lu{i-tt1: 
u,Ë"?lrr 

ReTr(u'r@)v;i)I @D (6'10)

We refer to this projection technique as MaxReTl projection. As we mentioned

earlier, it is not differentiable with respect fo tJr(r) and hence not suitable for

use in HMC.
Now, given any matrix X, then XI X is hermitian and may be diagonalised'

Then it is possible (for det X I 0) to define a matrix

1W:X---:.
\/XIX

(6.11)

whose spectrum lies on the complex unit circle and is hence unitary (t(') :
zf z*z is the complex version of the sign function). Furthermote, W possesses

the same gauge transformation properties as X'
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Example 6.3.1. Show thi,s.

Proof. Let Xr(r) transform as

Xr(") ---+ G(r)Xr(r)Gt (r * "r), (6.12)

then
xtr@ -- G(r + er)x[(r)GI ("), (6.13)

and hence
x[(r)xø(r) - G(n +er¡x[(r)xø(r)Gt@*"r). (6.14)

Now, [X,f (r)Xr(r))-å hur the same transformation properties as X[(r)Xu@)
and it is then straight forward to see that

Wr(r) ---+ G(r)Wr(r)GI (r t "r), (6.15)

as required. n

Given the unitary matrix W, we can construct another matrix,

w':=L-w (6.16)
i/ detW

which is special unitary[73]'. Ar there are three different complex roots, we have

aZs ambiguity which we break by choosing the principal value of the cube root3.

The principal value is chosen as the projected matrices lie closest to those given

by the MaxReT! method, and are hence smoother (in the sense of the mean

plaquette being close to unity). We refer to this technique for projecting Xr(r)
into the special unitary group as unit circle projection.

The two methods produce smeared links that are different but numerically

close (according to the usual matrix norm, llÁll : À-u* A)). Using the

mean link as a measure of the smoothness of the smeared gauge field, Table 6'1

indicates that the two methods presented here produce equally smooth gauge

fields. We examine the mathematicat (in-)equivalence of the two methods in

$6.6.
While numerically the two methods may be nearly equivalent, unit circle

projection possesses a significant advantage over MaxReTh projection. R.ecall

from the previous chapter that the matrix inverse square root function can be

approximÀted by a rational polynomial (whose poles lie on the imaginary axis),

k

wlxl x w¡,lxl = dnx (XI x + czn)D T*! . ". 
(6.17)

I:t
2This reference incorrectly omits the cube root.
3For complex z,the principal value of the cube root satisfies -ä < .tg lZ < i- For purely

reo"l z, we choose {2 to be real.
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Sweep Unit Circle MaxReT!
0

1

2

3

4

5

6

I

8

0.86613830t2r43t4
0.960313394813806
0.9807350008381 19

0.988384926461589
0.992103013943516
0.994182852413813
0.995457365275018
0.996293668622924
0.996878305318083

0.86613830L2L43t4
0.960348747275940
0.980751346847750
0.988393707639555
0.992107844842705
0.994185532052757
0.995458835653863
0.996294454083006
0.996878710433084

Tabie 6.1: The mean link u6 for a single conflguration as a function of number of

APE smearing sweeps, for the two different projection methods. The boldface

indicates significant digits which match. The confrguration is a dynamical gauge

field with DBW2 glue and FLIC sea fermions, at É : 8.0, rc:0.L28.

This approximation is difierentiable in a matrix sense for all X f.or which the

inverse square root can be defined. This means that we can construct ffi for
fermion actions which involve unit circle projection, and hence it is a reuniteri-
sation method which is compatible with HMC.

6.4 Equations of Motion

Having now written down the APE smearing prescription (with projection) in a
differentiable closed form, we proceed to derive the equations of motion necessary

for the use of the HMC algorithm with FLIC fermions.

6.4.L Mathematical Preliminaries

The equations of motion are derived using multi-variate calculus. To make the

derivation simple and provide an understanding of how best to implement the

equations efficiently, we develop some appropriate mathematical tools. Using

index notation, we define a (minimal) set of tensor operations (including differ-

entiation) such that we can perform the derivation in an index free language.

The derivative of a real-valued function /[A] with respect to the matrix A is

a rank 2 type (1,1) tensor (distinguishing contravariant and covariant indices),

t9l=ln, : o ,t ot (6.18)LAAJi- 64.Lr t'

The derivative of a matrix-valued function MIA] with respect to the matrix A
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is a rank 4 type (2,2) tensor,

roM¡t ^t AA) i I: ù;MlAl'r (6'1e)

The set of type (*,n) tensors Tff forms a vector space. We define the outer
product Ø : T! x Tl -- T| as

Ql,ø a)i,kt: Ai jBkt (6.20)

Noting carefully the index ordering, defrne the "direct" product Ø : Tl x T! --
Tl as

(Ae A)itkt: Ak jBit (6.21)

Given a scalar function f lBl and a matrix function B[A] the (scalar-matrix)
chain rule states

ar :ar aB
aA h*fr., (6'22)

where we define the contraction induced by the chain rule as the (rank 2) star
product, * : T! x Tf -- 71, with

(AxT)'¿ : 
'4.t nTi jk¿. (6.23)

Given two matrix functions MlBl and B[,4], the (matrix-matrix) chain rule
states AM ÔM OB

--l-
aA- aB^aA'

(6.24)

where we define the contraction induced by this chain rule as the (rank 4) star
product, x : Tf x Tl -. Tl, with

(s xT)¿¡kt: si*nrT* jkn. (6.25)

It is interesting to note that the star product induces an algebra structure on

the vector spâce of type (2,2) tensors, that is, (T|,+, *) is an algebra with
multiplicative identity I ø L

Now, define juxtaposition for A e T!,7 e TZ by the contractions

(AT)¿ ¡h t : Ai ^T* jk t, (6.26)

(TA)i¡kt:Ti jk,nA*t. $.27)

\Me note that juxtaposition commutes through star products. If A,B,C eT!,
and ,9, T e T/ then

TxAS:TAxS, T*SA: ATxS, A*BSC:CABxS' (6'28)
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Furthermore, the star product respects the outer and direct products,

(AsB)*(Cø D):ACØDB,
(A@ B)* (C e D) : -h(AD)C e 8,,

but it prefers the direct Product,

(A s B)* (C o D) : ACB Ø D,

(,4er)*(C8 D):AeCBD.

AM";": Aøc'

An immediate consequence of this is that

AM

-AM:/8/.
The (scalar-matrix) product rule is

fiu*t:HØM+r#
The (matrix-matrix) product rule is

fitr"t:x[*#r,
which is easily shown to imply the identity

(6.2e)

(6.30)

AII our derivatives will be derived from the basic matrix differentiation rule.

Given matrices M,A, B,C then fot M : ABC we have

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

AX-T X ,ax-Ì x-r (6.37)
AA AA

Of particular numerical importance is the identity

Ax(B 8C) : CAB*18 I:CAB, (6'38)

which has two major benefits. It allows us to evaluate two matrix multiplica-

tions instead of an outer product (computational saving), hence enabling us to

implement the equations of motion without having to store any tensor fields

(memory saving). For the implementation details, see $A'7'
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6.4.2 Standard Derivatives

The equations of motion for FLIC fermions are derived starting from the equa-

tions for the standard clover fermion action. \Me divide the effective action into
its gauge part and pseudo-fermionic part,

,S"n : S, *,Spr. (6.39)

We reformulate some standard results in terms of the mathematics of the pre-

vious section. We will adopt a more convenient notation for quantities with a

Iattice site index r, using a subscript U¡",, rather lhanUr(r). The matrix prod-
ucts of link variables are often denoted diagrammatically. For a plaquette plus

rectangle improved gauge action,

s* : I ReTt [dt"r(l - ur,(r)) i- 0z*{7 - R?r:t(")) + 7uz(l - nlri'@))) ,

t'þ1v 
(6.40)

we have

ffi : ->*o'"' (fi* Lì 
. P"' (1. t-l)
/ rl*il)' (641)_rþz,t 
\¡l* f l** )

where the filled circles indicate the point r.
The pseudo-fermionic action is ,Spr : _Dró!rrt* where q : (DID)-IÓ,

hence by equations (6.36) and (6.37) we have

ffi:6rçorn)-'(nt32- 
* #r) otnr't. rc.42)

Setting X: D\,, we obtain

ô,9pr

aUp,,

, AD .ADT: x' aurrq + q' aur*x
(6.43)

Now, recall

(Dnrc,þ),: -;+* -%+),þæ+¡L* (W *r,ft)+,-*

+ (4 + * - h"r,Ffif,,,)rlt, 
(6.44)

contains three terms, the Dirac term (constructed with standard links), the

wilson term and the clover term (using fat links). Hence we may decompose
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the pseudofermionic derivative into three terms also. The first comes from the

Dirac term,

ôs3, 1_ tt
ú: ùT}'pi'(?i 

Ø'Yt'X'+t"+ xl I lprl'+p)' (6'45)

while the Wilson and clover terms only explicit dependence is on the smeared

links,

ASJt 1
1}"oi"(T} Ø Xn+tt + x!, Ø rt,+p)

6
ull

(6.46)

(6.4e)

(6.50)

0u1,, 2"8

ffi: -hn"p¡'(ntro'^ffi" + xLo'^ffino¡' $'47)

where the vector outer product defines a matrix (r'lØXl)ii: nixi' For conve-

nience, we choose to absorb a factor of. -i, from Ffi!, into the definition of o¡",,

such that ap, : l\,lÀ.The contribution to the derivative due to the clover

term is then

t1
L]

õiL a 9rr-\

f+--1 a

J-l Iø t diy"*, +l Ø I 6i|+p+^ -

where we note that the derivative is zero unless either u : p or À : ¡"1 and as

u + 
^ 

we have without loss of generality chosen LL : I/ to be the horizontal

direction and À to be the transverse (vertical) direction'

6.4.3 Smeared Link Derivatives

Now, having constructed the explicit derivatives of ,Spr with respect to the thin

and fat links, the total derivative with respect to the thin links is

0F,x,a

ðul*
: å(ts[J õïfr+l øl 6i,',*^-/a

d,spr

du¡",,

dt4,s

du¡",,
+

ô,spr

ðU¡",,

ô,spr

0ul,a
*

If we have performed n sweeps of APE smearing to form the fat links, then the

right hand term is constructed through n applications of the chain rule

ds OU[:)I

ouf ;t)'
as aulï as: 

atn. auffi * ory 
*

¿uf;'
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until we arrive at +. For the sake of both computational efficiency and simplic-
du;,",1

ity, this chain rule is itself composed of several chain rules, and hence evaluated
in several steps. Each step corresponds to a step in the APE smearing process,

but we go through them in reverse order.
The final step in the APE smearing process (with unit circle projection) is

ut):*h.w[:) (6b1)

Therefore the first chain rule corresponds to this step,

as as aut)
aw*: au$* ôwr*

: ffi* (-å detw,,ÊW @ wp,** det w;,È r* t), (6 52)

where 
det A : eiik Ar ¿A2 ¡Aí (6.53)

and hence denoting the permutations r¿: (i, mod 3) -f l,nl :'ttr¡.,
0 det' A

æ: 
ej¿*AnotA?^. (6.b4)

There are several chain rules that correspond to

wl":):vlIçvjfltvj:)fi (6 55)

For the first, we define Htr,,: V!,,rVu,r. Then

as jl *%2 (6 b6)aHr-: awr** aH^"'

Using

we have

W:d,sv¡,,,

h.

W¡r,* = d,sVp,r(H t",, f c6) ,, ,: * 
"r,I:l F'-

('.å #*-(H,,,*.)åu,ffiø

(6.57)

(6.58)

We can then construct

as as õwu." as
L----------:-LJ-+

avpp ow¡",, ' Ôv¡,,, oH¡,,,

-1 AS
(I Ø H;,å) * ar;* (v),,ø I),

aHp,,
oV¡,,,

- 
_L

AS (6.5e)
0w¡",,
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and also

as as aw[, as õH¡",,:-avi* awl', ôvi* oH¡",, ÔvJ*

: 
#x@¡,,È81) 

+ #x(I Øv¡",,)

Last, we make use of the chain rule

(6.60)

AS OS
- 

_+
ðVu,y

ow,u as }vJ,o

auF - M* uuy;*-u'
(6.61)

ouf;'
where

a
_-L _,6:(1 -a)

Q,+oa1

¡¡tgIds
ffi

and hence the necessary equations of motion, (6'7) and (6'8)

W,O IT-1 *, rÀ#, u
If-l*, 1\*, L_J

(6.62)

vj,o

It is then straightforward to show that

a õlL*^

(6.63)

(6.66)

#:(1 -a)/ø,*guDI 6li"-^+ It T

+/a1ryi*

and ovJ,a::)]/sl-dltr-,+ ,o/6l,;*^. (6.64)
auY;u e 

^?*, 
-- 

--l
Hence,

AS ôS 0¡- AS +^l A'9 . Õ

ffi: (1 - o) avr** uh av""-,* J I i + |vt",,+,* l' I

as , ^ -l as .* ôf *røf- + :g_* ,8/.+u^xIø I+avr*+t"-,* l_t'- avj,,,_,^'-' *ñE;* 
Jåuu,

Having constructed the total derivative of the action with respecl' to U¡",*,

'ü/e can calculate the variation of S with respect to the gauge field,

Ø I õlI+^-,

t
ô,s _ ds rrl
õu- du-"

d,S

dU
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6.5 Simulation Results

The implementation of HMC as applied to FLIC fermions is given in Appendix
A. \Me have implemented a modified version of the Ritz algorithm to diagonalise
arrays of 3 x 3 matrices in parallel. This routine is used in the SU(3) projection
step, and is also used to calculate the matrix exponentials that are needed in
other parts of the algorithm, avoiding the need to use polynomial approximations
to the exponential. In particular, this means that the accuracy of the exponential
in Eq. (6.7) no longer depends upon the step size Ar. We have implemented
a standard two-flavour HMC, with multiple time scales. Expensive pseudo-

fermion momenta updates are performed at a larger step size Lr : Arol and

the cheaper gauge momenta updates are performed more often, At, : jAror, for
some integer n. Molecular dynamics trajectories are of unit length, n^¿Lr : l.

An eighth order Zololarev approximation to the inverse square root is used

to approximate Wr,, in unit circle projection. We find that the spectral range

at this order is ample. In smooth gauge backgrounds it is easily shown that unit
circle projection is well defined, that is detVJ,,,Vu," ) 0.

Lemma 6.5.1. G'iuen lll - Up,,*ll I . Vr, p,u, LUe haue a lower bound

V]r,*Vr,, > 1 - 2ae - a2e2'

Proof . First we note that APE blocking may be written in terms of the plaquette
field,

vt",,:ur,,(t-* t G-utr,,)). (6.67)
" +r+t,

Define Z : D+,+rG - U1",,,), th"n

- '+ - - ?tz + ZI\ + {z¡ Z. (6.68)V),*Vu,,- I - u\z + L' ) + J6o',

As llzll < 6., we then have

À^L(v],,v¡",") > 1 -2ae -e2r', (6.69)

as required. n

While the smeared link equations of motions are complex, our implementa-

tion evaluates them efÊciently due to the optimisations that can be performed

through the calculus we constructed earlier. At large sea quark masses the code

already spends over 90% of its time in the CG inversion required to calculate

q : (DI D)-1l, and as the quark mass decreases this fraction increases. So as

is standard, the generation of dynamical gauge fields is dominated by the CG

inversion. Simulation results are presented in Table 6'2.
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13 K rSgauge Lr Arpr
Pac" ug o, n'Lil

3.6
qnJ,r
3.8
3.9
3.9
4.0
4.0
4.1
4.7
4.2
4.2
4.3
4.4
4.5

4.6

7.0

7.0
7.5
8.0

8.5
9.0

9.0
9.5
10.0

10.5

11.0

0.7347
0.1340
0.1332
0.1310
0.1325
0.1301
0,1318
0.1283
0.1305
0.1246
0.7266
0.1253
0.1255
0.1253

0.1254
0.1315
0.1345
0.1310
0.1305

0.1300
0.7224
0.L296
0.t228
0.1234
0.7236
0.1239

IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP
IMP

DBW2
DBW2
DBW2
DBW2
DB\A/2
DBW2
DBW2
DBW2
DB\A/2
DBW2
DBW2

0.0143
0.0147
0.0151
0.0200
0.0156
0.0200
0.0161
0.0200
0.0166
0.0200
0.0200
0.0200
0.0200
0.0200

0.0200
0.0152

0.0156
0.0156
0.0161

0.0166
0.0200
0.0200
0.0200
0.0200

0.0200
0.0200

2 0.55

2 0.64
2 0.65
2 0.66
2 0.55

2 0.66

2 0.64

2 0.75

2 0.70
2 0.86
2 0.80
2 0.83

2 0.88
2 0.83

2 0.84
2 0.74

2 0.68
2 0.79
2 0.73

3 0.71
2 0.79
2 0.78
2 0.82
2 0.83

2 0.79
2 0.81

0.8226
0.8338
0.8443
0.8534
0.8540
0.8614
0.8625
0.8680
0.8685
0.8736
0.8738

0.8788
0.8836
0.8878
0.8916
0.8344
0.8352
0.8516
0.8663
0.8774
0.8858
0.8865
0.8934
0.9000
0.9056
0.9110

0.247 e) 0.702
0.680
0.738
0.834
0.702
0.906
0.799
1.088

0.668
7.496
r.346
r.574
7.4I7
L.657

L.6t7
0.780
0.673
0.779
0.764
0.782
7.412
0.753
r.576
L.502
L.567
r.473

0.218(4)
0.180(2)
0.153(2)
0.746(2)
0.132(2)
0.127(2)
0.114(1)
0.104(1)
0.107(1)
0.0e7(1)
0.0e1(1)
0.086(1)
0.075(1)
0.072(1)
0.252(6)
0.233(8)
0.206(3)
0.168(2)
0.134(1)
0.137(3)
0.115(1)
o.1oe(2)
o.Oee(2)

o.oeS(1)
0.086(1)

Table 6.2: Simulation parameters and results for various dynamical simulations.

The parameters are the gauge coupling, hopping parameter, gauge action, step

size, ànd psuedofermion to gauge step size ratio. The results given are the mean

link, lattice spacing (in fm) and pion mass (in GeV). Two degenerate flavours

of FLIC sea [uarks are used, with either Lüscher-Weisz (IMP) glue or DBW2

glue. These results are obtained from 20 123 x 24 confr'gurations' Simulations

are done using multiple time step HMC with trajectories of unit length' The

lattice spacing is set by 
"o 

via the static quark potential' Although an exact

comparison is difficult, for a given step size and quark mass the acceptance rates

obtained compare well with standard simulations (see for exampte Ref' [7a])'
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It is straightforward to apply our results to generate gauge fields with dynam-
ical FLIC Overlap quarks, although this would be extremely computationally
intensive. The availability of HMC as a simulation algorithm for dynamical
FLIC fermions is significant, as it scales almost linearly with the lattice volume
I/, whereas previously there were only O(V') alternatives [75]. Furthermore,
the method we have described is general and can be applied to any fermion
action with reuniterisation, including overlap fermions with a fat link kernel

[76,77,78,79], or other types of fat link actions [80] that may involve alterna-
tive smearing techniques [81]. Additionally, any of the variants of HMC can also

be used, in particular Polynomiat HMC[82] or Rational HMC[83] which allow
for the simulation of odd numbers of sea quark flavours.

6.6 Projection Analysis

In this section we conduct a comparison of three different SU(3) projection
techniques. Given a matrix X, the three different SU(3) matrices U¡,Us,Us
are defined by

(A) u,o € {u' € ,s¿l(3)l ReTt(t/'xt) : ,åffir) ReTt(t/xl)}

(B) Uu: (det W")-iWs,WB : XIXI Xl-å e y(S)

(C) Uc: (det W")-iW",Wc : lx xt1-t y € y(3)

Once again, the principal value of the cube root is chosen. The gauge co-

variance of (B) and (C) is easily verifred, as we have seen. While the measure

in (A) is gauge invariant, the gauge covariance of (A) is only assured if there is
a unique matrix in SU(3) that gives the maximum trace. This is easily under-

stood: suppose the set defined in (A) contains more than one element. Given

X, suppose we choose an element I/ of the set using some method (such as

iterative SU(2) trace maximisation). Then there is no ¿ pri,ori, way of guaran-

teeing that if we start instead from X' : G(r)XG(" + tt) that we will choose

V' : G(r)VG(r + p,). Thus we regard this as something to be tested and if
possible, proven.

A numerical comparison is straightforwardly done by calculating the differ-
ence between the matrices produced by the different methods using a simple

measure,

llu -vll: lUo¡ - V¡l'
trJ

Our results indicate that llUo-U"ll = llu¡-Ucll = 10-3, while lluu -Ucll : 0

to within rounding errors. The gauge covariance of (A) was tested and was

found to be satisfied to a precision that increased exponentially as the number

of iterations of SU(2) maximisation was increased' That is, if we perform 8

(6.70)
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sv/eeps of 3 SU(2) maximisations, we have gauge covariance to 8 signifrcant

figurãs, and so on. This is the first possible indication that method (A) selects a

,riiqrr" matrix. Furthermore, two different starting points for method (A) were

found to converge to the same matrix. This is the second possible indication

that the method selects a unique matrix.
An interesting point is that if we were in U(3), then the three methods are

related.

Lemma 6.6.1. The matricesWn and,Wç sati'sfy

Ws € {V e U(N)lReTr(Vr X) : 
uä,îrb 

Rerr(Utx)},

Wc e {V e U (N)l Re Tr(VXt) : 
uË,î,1) 

Re Tr(UXt)}

Proof. Let X be an arbitrary matrix of dimension N, detx l0' Then xXI is

Hermitian and can be diagonalised into an orthonormal basis. Let the basis of

eigenvectors of XXÌ be u¿, each having eigenvalue À¿'

Consider ReTr(t/XI),U e U(¡ú). The trace of a matrix is basis invariant,

so let us choose to work in the basis u¿. In this basis,

Re Tr(t/Xl) : R" llU Xt)un: Re Ð(oo,U Xr u¿)' (6'73)

Define g¿: (u¿,UXIu¿)so that O"OtU"', : O., opi' TheCauchy-Sc hwarz

inequality for two vectors ¿ and b says l(o,b)l < llollllbll' Thus

l(ua, U XI u¿) I < I lr, I lllu XI u,ll : (u u¿,UXtu¡)

(u¿,XUIUXIu¿): (u¡, XXtu¿) : Jñ, gl4)

(6.71)

(6.72)

where we have used the orthonormality of 'u¿. Then we have

Rerr(uxt) < I rÌ(uxt)l < t lç,1 <U,th (6.75)

Thus we have an upper bound for ReT1(UXI). In fact this is a least upper

bound, which we show by constructing a matrix that saturates the bound. We

make use of our choice of basis to obtain

rreT\(W6Xt) : R. Tl(fxxtl- i xxI)

-D: ',e(f 4l : t,1/t, (6.76)'f r/Àt' 7
thus proving

Wc € {V e U(N)lReTr(Vxt) : up,i(î,)Rerr(uxr)}' 
(6'77)
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The proof of

Wa € {V e u (tv) | Re r}(Vt X) : 
ur.nfö 

Re rY(t/tx)}

follows by exact analogy.

(6.78)

Now in fact these two sets are equal, as Re 1\ At : Re Tr A + Re T! IJI X :
ReT[ XIU : ReT! UXI. So if the sets defined above contain only one element,

we have that Ua - Uc. Another sufficient condition for these two matrices to
be equivalent is that [X, XT] : 0.

The case of SU(N) is different because while the upper bound still holds, it
may not be a least upper bound. Wç is unitary, so let detWc : eiÓ. Then
(Jc : e-¿Ó/NWc is special unitary. In this case,

ReTr(Usxt) :I cos(-SlN)J\, $.7e)

which may not be the maximal trace in Sy(¡Ö. In fact our numerical results

indicate that it is not, as method (A) selects an SU(3) matrix with a greater

trace. This would explain why (A) is not equivalent to either (B) or (C).

Having seen that the first method is not equivalent to the other two, the
question of the gauge covariance of (A) remains. We have numerically verified
that we can get this to within roundoff if we perform enough SU(2) maximisa-

tions, but the covariance is only proven if we can show that the matrix U¿ is
unique. We proceed to do this.

Lemma 6.6.2. The set defined i'n (A) contains eractly one element.

Proof. Consider method (C) and the basis of eigenvectors of XXI ' Suppose

we have ordered the eigenvectors so that À¿ ) Àj,i < i. Now in SU(3) if we

have some element I/ then r,Ã/e can always get to another element V' by choosing

a suitable su(3) matrix u such lhat vt : v(J. Now let v : uc and let I/'
be in the set defined in (A). Then we are trying to prove the uniqueness of

maxReT[(y/Xl) : maxRe TÍ((IUcXt). In our chosen basis ucxl is diagonal,

rlen\(UuçXt) : Re Tr(Ue-iÓ/t¿iuel/ 
^r, 

J h,./ltlI
: Re T\(e-iÓ/3çt¡rtJi + U22Jh+ ¿/,,/À3)). (6's0)

It is simple to see that the off-diagonal elements of [/ will not contribute. As

U e SU(3), its rows and columns form normalised vectors,

D)uÀ' : rvi : r,2,3' (6'81)
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Lel U¿¿ : riei,n. Then the above equation implies r¿ 1 L. The function we are

trying to maximise is

f ?0,0n): 
Ðcos(á¿ 

- þl\r¿JÀ¿. (6.82)

suppose we have a solution, rò: ai'|¿-- a¿, with 0 1a¿ ¿-1. For each positive

cosine, Iet atn: ai* ô, and for each negative cosine, Iel' a| - a¡- ð', for some

small ô. As / is independent of the off diagonal elements, IMe can correspondingly

adjust them to remain within sy(3). But then r(o'n,00) > r(oo,á¿) so we cannot

have a maximum. Hence we require for our solution r¿ € {0,1}. Suppose 1'¡/e

have one non-zero r¿, for i' : i.Then the maximum is unique, ei : Ó13'

Due to the normalisation condition (6.31) we cannot have two of the ?"¿ ron-
zero and one zero, as the matrix would then leave Stl(3). So all that remains

is for all three r¿ : !. In this case [/ is diagonal (in this basis) and we can

parameterise it as t/: diag[ei0r,ei0r,e-i(e*02)1. \Me need to show that in this
case max f (0¿) is unique, that is, the following function has a unique maximum,

l@u) :cos(g1 - ó13)JÑ+cos(á2 - ó13)J n +cos(á1 -t 0z -r ÓlÐ\/Ñ. (6.83)

The global maximum of this function is either at a turning point or at a
boundary, but as the function is periodic it must be at a turning point. Defining

0'¿: 0n - Ó13 and differentiating,

ð{, : o, (6.s4)
a0'o

implies that at the turning points the parameters satisfy

sin(di) JÑ : sin(T') J À2,

sin(d!) + sin(di + oi + Ol lfE^ 
: o

The first equation has two solutions 0'r: €,T-€,where €: arcsin(sin(ái) ,þul,
providing € I tor. Only the solution which has a positive cosine will give a global

maximum, ,o *Jhu'r" determined ál uniquely in terms of 0'r.In the case t : ti,
there is only one solution.

The second equationwill determine0'r' As )s 1\2, atÉ/tr: rf 2the LHS > 0

and at 0L : -n 12 lhe LH S ( 0 so by continuity there must exist at least

one zero-in l-rf2,rl2l, (that is where cos0'2 is positive). Equation (6.86) is

equivalent to a 6th order polynomial in sin 0'r, easily seen through the use of the

trigonometric expansion for sin(gi + 0L + /) and squaring twice, once for cos?'t

and once for cos 0'r. The polynomial is

(ø3 sins 0z I azsin2 02 ¡ ao)2 - (b2sin2 0z I hsin 92)2(1 - b¡ sin2 0z) :0, (6's7)

(6.85)

(6.86)
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where

øo : -Às sin2d, (6.88)

az: \z+ Àe - f "os 
zd, u, : Àr\Æ sin2Q, (6'89)

as : -2)zrf i" ¿, bz: -2t/-\s\zcos /' (6'90)

This means that there are at most 6 solutions for sin 9!. However we have squared

the original equation twice before arriving at this polynomial, so not all of our

roots will be solutions to eq. (6.86). Denote eq. (6.36) as g(s1, s2,cr,cz):0,
where s¿ : sin 0'¿, c¿ : cos 0'0, and s1, c1, c2 àtê all determined by sz. By squaring

twice rü¡e are now solving g'(st,sz,c?,c?):0. So for every distinct solution
(rr,"r, ct,cz) of. g :0 we have 3 additional solutions of g' :0, (sr, s2,cL,-cz),
(tr,tr,-cr,c2), ("r,"r, -ct,-c2), unless either ct :0 ot c2:0 in which case we

have only one additional solution. We have established there is at least one real

solution to g, and as there are at most 6 real solutions to g/ this means that the

distinct non-trivial (one of c¿ * 0) solutions to g must number at most three'
In fact, to obtain a global maximum we must have both c¿ * 0.This is

straightforwardly seen. Suppos€ c1 : 0, that is }tt: *f . Then set

f, : f @', -. *;, 0'r) : cosT'rJ n + cos(T', + ó +i¡ JÑ
: cos oL/k¡sin(g'r+ ÐJk. (6.91)

Now, we define

fr: f @,r-- -.01- ó +i,t,r¡ : cos(-01- ó +i¡JU* cos 0L\/^,

: +sin(gl + ÐJ-\* cos oL$r. (6.e2)

Then as À1 ) À3, w€ can choose the appropriate sign of +[ such that rs 2 h.
In the non-degenerate case, Àr ) À3, w€ must have h > h, and hence that
cr : 0 cannot give a global maximum. The argument lot c2: 0, Àz > À3 follows

similarly. Hence, excluding the degenerate cases, the global maximum must

satisfy both c¿ I 0 and there is at most one such solution. As we have an upper

bound we know a global maximum exists and thus there is exactly one.

Finatty, we consider the two possible degenerate cases. As the l¿ are ordered,

if À1 : Àe the Àz : Àr also, and maximum of / is unique, 0'r:0L: _t' In the

second case we consider À1 ) À2, Àz : )s' It is clear that c1 : 0 will not give a

global maximum. So we need to maximise

f @'u):cos9" JÑ+ (cosl'r+cos(gi +0L+Ð)tt^,
: cos u'rJñr 2 cos |ft; * 20i +/) cos |ft; * ó)J ^, 

(6'e3)

. ),2oo:,
Àl
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Clearly, the maximum will be obtained when 0i: -+(01+ þ).If c2 l0 then

this maximum is uniqu e' If- c2: 0 then 0'r+ Ó : ltr toá h"ttce cos f,(ï't+ d) : 0,

giving
f @i): -cos ót/Ñ. (6.e4)

one can easily obtain a value of / greater than this, simply choose 0'r:0,0L:0
to get f : 

^/Ñ,*2(cost)rr/E, 
thus cz:0 cannot give a global maximum.

Hence for a global maximum cz / 0, and again there is at most one such solution.

Having exhausted all the possibilities' v'/e nor'¡¡ conclude that the global maximum

is unique, as required. Furthermore, we have shown that dividing bV i/detW
as in methods (B) and (C) is not sufficiently general to find the maximum, and

to relate these to method (A) we need three parameters,01,02, and /. n
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Chapter 7

FLIC Overlap Properties

In this chapter we investigate the physical properties of FLIC overlap fermions.

The structure of the quark propagator in momentum space is studied, and a com-

parison against previous studies of the Wilson overlap propagator in quenched

QCD is performed. A brief investigation into topology is undertaken, examining
the Atiyah-Singer index theorem on the lattice, and once again comparing with
previous Wilson overlap results.

7.L Quark Propagator in Momentum Space

The quark propagator in momentum space is a fundamental quantity in QCD.
Its infrared structure gives us insight into the dynamical generation of mass

due to the spontaneous breaking of chiral symmetry within QCD. Its ultraviolet
behaviour allows us to obtain the running quark mass[84, 85]. Lattice QCD
allows a direct probe of the non-perturbative quark propagator. The momentum

space quark propagator has been studied previously using different gauge fixing

and fermion actions[86,87,88, 89], including studies of the (standard) Wilson

overlap in Landau gauge[9O, 91]. We will be interested in comparing the rffilson

overlap and FLIC overlap in quenched QCD, as well as studying the effects of

(partiatly quenched) dynamical fermions on the structure of the propagator.

Recall from $1'3'2 that the tree-level (Ar@): 0) quark propagator is iden-

tified with the (Euclidean space) fermionic Greens function,

(Ø + mo)tr(*,Y) : õa(r - a), (7 1)

where rno is the bare quark mass. In momentum space this equation is straigh-

forwardly solved,
(7.2)

Denote S(0)(p) = Ãr(p) to be the tree-level propagator in momentum space.

Then in the presence of gauge field interactions, defrne Su"*(p) to be the (fourier
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transform) of the (interacting) fermionic Green's function,

(P+mo¡t|"'"(r, ù: õ4(r -a). (7'3)

We defrne the mass function U(p) and the bare renormalisation function Z(p)

such that the bare quark propagator has the form

su*"(p) :,tV),. (7.4)- i,ú + tw(p)'

Then for the renormalisation point (, the renormalised quark propagator is given

by
ñ , \ Zc(P)
scþ) : ñ#@: zz(c'¿)su*"(P)' (7 5)

where z<(p) is the ((-dependent) renormalisation function, and z2((,4) is the

wave function renormalisation constant, which depends on ( and the regulator
parameter ø. The a-dependence of ,S5"." is implicit. Zr(e ,o) is chosen such that

zeK) : t. (7 6)

As Sç(p) is multiplicatively renormalisable, all of the (-dependence is contained

within Z<(p), that is, the mass function is (-independent.

7.L.L The Overlap Propagator

In the continuum, it is easily seen that the massless quark propagator anti-

commutes with 75,

hu, ,Sf",."(P)l-o:oÌ : o' (7'7)

A straightforward consequence of the Ginsparg-Wilson relation is the inverse of

the overlap Dirac operator satisfies

{lr, D;t} :2'',s. (7'8)

Recalling from eq. 4.19 that limo*s Do: *P, where rn* is the dimensionless

overlap regulator parameter, it is then naturäl to define the (external) massless

bare overlap propagator on the lattice as[39, 92]

^9¡-"(p)l-o:o = 
j1a;t - t¡, (7 9)
¿rnw

as rù/e then have that

as in the continuum case

defined as[92]

h¡, S¡,,"(p)l-o:o) : o, (7'10)

The massive (external) bare overlap propagator is

1
(7.11)

2m*(7 - p,)
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and with the identiflcation 
n¿op: 

zrn*

satisfies
s#"(p) : ,s;t"(p) l,,o:o r mo .

Example 7.L.L. Show this.

Proof. Recall that the massive overlap Dirac operator is given by

D"(p): (1 - fr)D" + tt.

Define D.(tt) such that

(7.r2)

(7.13)

(7.14)

(7.15)
1D.t(t) (D;'(p) - t)r - ¡-r'

Then it is simply shown that

and hence ' ft--Ð!i4=!]-t gLT)D;'-7: r_ uò-"t(tl)
Thus,

D;'(o)- D;'-@) . (7.18)
L - pD;t(tt)'

which implies
D"(P): D.(o) * tt' (7'19)

Simply noting that D" : Zm*Slj,"(p) ir then suffrcent to give the required

result. !

In order to construct M(p) and z(7t) on the lattice, we first define B(p),Cr(p)

such that
,su'""(p) : -¿9@) + ß(P). (7 '20)

Then

(7.16)

cr(P)
't, _

[ryrso-"þ)], (7.21)
TtrsTLc

1 (7.22)ß(p) TÌ[,S0"'"(p)],
TLsTLc

where the trace is over colour and spinor indices only, and fr.,tuc specify the

dimension of the spinor and colour vector spaces. Now, define the functions
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B(p),Cr(p) such that the inverse of the bare (lattice) quark propagator has the

form
s;J"þ) : ¿Q(ù + B(p). (7 '23)

Then it is easily seen that

z(p):h,

cp - C2 +ß2'
(7.24)

where as per usual C2 : C 'C.
The kinematical lattice momentum q, is defined such that at tree-level

(S{ol¡-t,p, : i,ú t mo, (7.25)

that is q,,(p) : CP@),IrLo : g(0)(p).We note that the simple form of these

relations is one of the advantages of the overlap, as the absence of additive

mass renormalisation prevents the need for having to perform any tree-level

correctionf9O] (necessary for other fermions actions[86, 87, 88]), outside of iden-

tifying the correct momentum variable q. Now, we define A(p) such that

s;'."(p) : iúA(p) + B(p). (7.26)

The mass function M (p) and renormalisation function Z (p) may then be straight-
forwardly constructed,

M(p): "8 (7.27)

7.L.2 Simulation Details

While FLIC overlap and Wilson overlap are both free of O(a) enors, the actions

may in general differ at O(a2), and as such there may be some difference in their
properties at finite ø. We conduct a comparison between the two actions by

calculating the FLIC overlap propagator on the same set of quenched lattices as

in the Wilson overlap studies[90, 91]. Furthermore' the FLIC overlap propagator

with a dynamical kernel is calculated on two lattices to perform an exploratory

study of the dynamical sector. All the lattices have approximately the same

volume, and the partially quenched lattice spacings approximately match the

quenched spacings. The details of all five lattices are given in Table 7'1'

Landau gauge is chosen for the gauge fixing. An improved gauge fixing

scheme[g3] is used, and a Conjugate Gradient Fourier Acceleration [94] algorithm

is chosén to perform the gauge fixing. We use periodic boundary conditions in

the spatial directions and anti-periodic in the time direction. With this choice

of boundary conditions, for a lattice with dimensions of extent fl,¡",|tr: t,g, z,t,
the available moment a p, has components

or:+2#- H, k eZ,-ry .k <ry,kt:7lf ¡t:ú,0 otherwise. (7.28)
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Volume p Ksea 0, fm ffi""u us Phys. Vol. fma
1.55 x 3.104

1.53 x 3.00
1.63 x 3.20

1.6563 x 3.312
1.4883 x 2.976

723 x24
163 x 32

83x16
723 x24

x16 4.286
4.60

4.80

3.70
4.00

0.0000
0.0000
0.0000
0.1340
0.1318

0.194
0.t25
0,100
0.207
0.124

oo

oo
oo

r20
762

0.872r
0.8888
0.8966
0.8625

0.8338

Table 7.1: Parameters for the five different lattices. All use a tadpole improved

Luscher Weisz gluon action. Lattice spacings are set by the string tension.

Shown is the lattice volume, gauge coupling B, sea quark hopping parameter

rc"",, Iattice spacing, sea quark mass (in MeV), the mean link and the physical

volume.

At tree level the FLIC overlap and V/ilson overlap have identical behaviour
(although the choice of m* : 7.4 for the FLIC overlap was slightly different
from that chosen for the Wilson overlap). The tree level propagator is calculated

directly by setting the links and the mean link to unity. The kinematical lattice
momentum q is obtained numerically from the tree level propagator, although
it could equally well have been obtained from the analytic form for q derived in

Ie0]
Each lattice ensemble consists of 50 configurations. The lattice Green's func-

tion is obtained by inverting the FLIC overlap Dirac operator on each config-

uration using a multi-mass CG inverter[95]. The Fourier transform is taken to
move to momentum space, and the bare quark propagator is obtained from the

ensemble average. The quark propagator is calculated for 15 different masses.

The details of the FLIC overlap parameters used are presented in Table 7.2.

7.L.3 Results

\Me now turn to the results of our investigation. The mass functíon M(p) and the

renormalisation function ZC(ù are calculated on each of the lattices. A cylinder

cut[90] was applied to all the data, to reduce the effects of rotational symmetry

violration. The cylinder cut selects momenta with Ap 1 b, where n¿ is the

spatial extent of the lattice, and Ap : lplsinÉo is a measure of the distance

from the hypercubic diagonal ñ : L(1,1,1,1). The angle 0o is determined by

lpl cos 0 : p.ñ.. The figures displaying the full results for each of the lattices are

displayed at the end of this section. The renormalisation point ( was chosen to

be approximately p :3 GeV for ZC@) and q : 5.5 GeV when shown against q.

While the quark masses obtained from the FLIC overlap and Wilson over-

Iap calculations are similar, they are not matched. In particular, the lightest

five FLIC overlap masses are significantly lighter than the corresponding Wilson

overlap masses. In order to compare the two actions, we have selected the heav-

iest nine masses, and divided them into sets of three. A quadratic interpolation
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4.286 4.60 4.80 3.70 4.00 rno

n'Lu

fuup.

Tllow

ltt
l-¿z

lts
lt¿,

l-ts

lta
ltz
lta
lts
þto
lttt
þtz
Pß
lttt
þts

Talle 7.2: FLIC overlap parameters. For each B, displayed is the regulator

parameter m*, the number of APE smearing srù/eeps used in the FLIC kernel,

at a smearing fraction of 0.7, the number of low eigenmodes projected out, and

the 15 lattice masses ¡.1. The final column shows the bare quark mass in MeV,

which is approximately the same for each lattice (see Eq. (7.12)).

of each set of three masses to a common running quark mass is then performed.

The interpolations are performed to give common running quark mass values

of 600, 300 and 200 MeV. The same interpolations are performed for both the

mass function and the renormalisation function. Results are shown in Figure

7.r.
First we examine the mass function. Both actions show the same asymp-

totic behaviour (as expected) and agree in the high momentum regime' The

dynamical generation of mass appears to start at a higher momenta for FLIC

overlap than for \ffilson overlap, and as such there is a slight difference in the

intermediate momentum regime. While the qualitative behaviour is similar in

the low momentum regime, the FLIC overlap visibly displays enhanced mass

generation for low momenta compared to the Wilson overlap' The difference

ápp.urc to be more pronounced for heavier masses. The source of this difference

is likely to be difierent discretisation errors between the two actions'

The comparison of the renormalisation function results between the two ac-

tions leads to similar conclusions. The actions once again agree asymptotically,

and as one moves to lower momentum they begin to differ. Interestingly, the level

t.4
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0.01866
0.02488
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0.04354
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been offset vertically for clarity, the actual asymptotic values are the same'

of disagreement in the low momentum regime for Zç(p) seems to be consistent

for each of the interpolated masses. What we can conclude from this study is

that as expected, there is some difference in the physical properties of the FLIC
overlap and Wilson overlap, primarily in the infrared, and more pronounced at

larger masses. It is conceivable that as the Wilson overlap contains no smearing,

its low momentum behaviour might retain some sensitivity to ultraviolet lattice

artifacts.

Using the same interpolating technique, we can test the scaling of the mass

function and renormalisation function. The results for both the Wilson over-

Iap and FLIC overlap for the three quenched lattices, interpolated to common

-àrr"r, are displayed in Fig. 7.2. We see good agreement for M(qt) at the two

finer lattice spacings, suggesting that we are close to the continuum limit there,

but the coarser lattice shows some scaling violations, more so at the heavier
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asymptotic values are the same.

quark masses. Once again this is likely to be due to the discretisation errors,

as the shorter Compton wavelength of the heavy quarks can "fall through" the

lattice spacing. The difference between the three lattices is more visible for

Ze@), and the level of disagreement is consistent for the three different masses.

So Zq(p) seems to be further from the continuum limit than tW(p). The scaling

propérties of both actions are quite similar. Observing the behaviour on the

coarse lattice, rü¡e can see that at the largest lattice spacing the dynamical mass

generation is suppressed in the infrared, and that the dynamical mass genera-

tion is sensitive to the physics at the cutoff scale at the heavier masses. This

then suggests that, as the mass generation of the Wilson overlap at moderate

to heavy masses is suppressed compared to FLIC overlap, perhaps the coupling

between the infrared and ultraviolet physics for the FLIC overlap is reduced.
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The results comparing the quenched and partially quenched results on the

two (approximately) matched iattices are displayed in Fig. 7.3. Four interpo-

lated masses at 100, 200, 300 and 600 MeV were compared on the 83 x 16 and

the 123 x 24 lattices. The partially quenched lattices have a sea quark mass

of roughly the strange quark ma,ss. We see that there is little difference be-

tween the quenched and dynamical results for both the mass function and the

renormalisation function. The lightest mass on the 83 x 16 lattice shows some

difference in the low momentum regime, but this is a lattice spacing artifact
(the quenched resuits show some "bumpiness", see Fig' 7.10) as the finer lat-

tice shows little difference. From other studies comparing the quenched and

unquenched hadron spectrum at heavy quark masses, which show little differ-

ence, our result is somewhat unsurprising. We conclude that in order to see a

significant difference between quenched and dynamical results, we need to go to
lighter sea quark masses, and hence larger volumes.

Finally, we consider the possibility of extrapolating our results to the chiral

limit. In Figure 7.4we have plotted the dependence of M(p) on the bare mass,

at fixed momenta. The lowest ten momenta are shown for the 163 x 32 quenched

lattice, and the I23 x 24 dynamical lattice. We see that at heavy quark masses

the behaviour is linear, while at moderate to light quark masses there is an

increasing amount of curvature present. This is consistent with the behaviour of

the hadron spectrum predicted by chiral perturbation theory. However, chiral
perturbation theory does not give us a prediction of QCD type quantities such as

M(p). Using a reliable formula for the extrapolation of tW(p) and Zç(p) requires

further study, as we must disentangle the effects of finite volume, quenched chiral

logs and genuine curvature.
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7.2 Topology
Our last investigation is into topology, and the Atiyah-Singer index theorem. In
the continuum, we have that the gluonic topological charge Q is equal to the
difference between n-, the number of left handed zero modes of. p, and n-., the
number of right handed modes,

/-\ _u¿ - n- - n¡. (7.29)

As we have seen, the overlap has robust zero modes in the topologically non

trivial gauge backgrounds. A study of the index theorem via the Wilson overlap

has been performed elsewhere[96]. We wish to conduct a similar study with the
FLIC overlap and compare. We defined the fermionic topological charges

Qni": n- - n+, Q* : n- - Tr+ (7'30)

via the zero modes of the FLIC overlap and Wilson overlap respectively, as in the
continuum index theorem. In this study the FLIC action uses a 3-loop improved

clover term. The gluonic topological charge Q"oor is defined via the 5-loop Fp,,

1

Qcoot: ,J^rD€¡",pÀF¡",F¡,, (7'31)

after perfbrming 9 sweeps of 3-loop orrJ ,-O.orr"d cooling[15]. The number of
sweeps was chosen as the minimum necessary so that the topological charge for
each configuration examined was within 0.25 of an integer (although typically
it was within 0.05 of an integer by this stage). For the sake of interest, we

also defined an additional gluonic charge Qu.p" which was calculated via a 3-loop

improved field strength tensor on configurations that had been subjected to
the same number of APE smearing sweeps that was used in the FLIC kernel for

that lattice. The zero modes of the overlap were calculated using the accelerated

conjugate gradient Ritz algorithm[67].

¿fm rn*(FLI 7ÍLwp
4.60
4.38

11.783

10.413
9.836

Volume
1 x24
83x16
723 x24
83x16
83x16

IMP
IMP

DBW2
DBW2
DBW2

0.L25
0.165
0.t25
0.165
0.195

4

6

3

3

4

7.37
r.37
7.24
L.29

7.29

1.37

1.37

Table 7.3: Lattice specifications and simulation parameters for the five quenched

Iattice studies. Shown is the coupling B, lattice volume, gluonic action (either

Luscher Weisz(IMP) or DBW2), Iattice spacing, number of smearing sweeps

used for FLIC and for Q,p", and the FLIC and Wilson overlap regulator mass.
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Table 7.4: Topological charge for the Luscher weisz lattices at f3 :4.60,a:
0.125 fm (left), and B : 4.38, ø : 0.165 fm (right). Shown is the various

topological charges for each configuration, and the bottom row shows AQ.

We consider five different quenched lattices, with parameters a,s given in

Table 7.3. First, we examine the two lattices used in Ref. [96]' The results

are shown in Table 7.4. To compare the different charges, we choose Q"ool

as a baseline and sum the difference between it and the other three charges

Qup.,Qfli.,Q* across the twenty configurations studied for each lattice,

20

LQ:IlQ'n'-OÍ?"'l ' U'32)
i:L

This gave us a measure AQ of the amount by which the different topological

chargãs disagreed, and hence a measure of the amount by which the index the-

orem is violated. As expected, on the finer lattice we observe that the level of

disagreement between the different topological charges is smaller than on the

.ourr", lattice. Qrp" does not appear to be a particularly robust defrnition of

topology, disagreeing significantly with Qqeol and Qn,". As seen by the lower aQ

"ut""r, 
ift" index theorem is satisfied more often for the FLIC Overlap than the

Wilson overlap.
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Table 7.5: Topological charge for the DBW2 lattices at P :11.783, a:0.125 fm
(left), 0: L0.4L3,a:0.165 fm (middle), and þ:9'836,4: 0.195 fm (right).
Shown is the various topological charges for each configuration, and the bottom
row shows AQ.

The results for the DBW2 lattices are shown in Table 7.5. Remarkably, the

index theorem is perfectly satisfied on the fine lattice, and all three different

topological charges studied are in agreement. Even at a -- 0'165 fm we have

AOni" : 1, so we can see that at a fixed lattice spacing the DBW2 gluonic action

seems to give better topological results than for Luscher-Weisz glue. The results

for the coarsest DBW2 lattice at o, :0.195 fm are still quite impressive when

compared to the perturbatively improved lattice at p :4.38 with ø : 0.165 fm.

We should remark that in order to get an integer gluonic topological charge,

some smoothing must be done so any definition of Q we make will be somewhat

artificial. The reason for this is that lattice gauge fields at typical couplings are

much rougher than continuum ones. Studies of the localisation of the low lying

eigenmodes of the Hermitian Wilson[65] and the FLIC[44] operators indicates

that the fermionic actions can "see" through the ultraviolet noise that hides the

topology on equilibrium gauge field configurations. The low modes which cross

zeto are connected to the exact zero modes of the corresponding overlap Dirac

00 41 26
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operator[46].
The presence of topological lattice artifacts can cause crossings to occur

across the valid range of the overlap regulator mass rnw. This introduces an am-

biguity in to the definition of topology via the overlap, as Qnl" and Q* count the

nnmber of crossing between the critical value nt. and m*, ald hence become rn*

dependent. In particular, lattice deformed topological objects can cause "double

crássings" where the corresponding low-lying mode crosses zero at' two different

places. These lattice artifacts would be one potential source of violations of

the index theorem. We have examined the configurations for which the inrlex

theorem is not satisfied, and confirmed that on many of them there are double

crossings (see Fig. 7.15). For sufficiently smooth gauge fields, all topological

objects would be well formed and their crossings would occur Íreal n'¿c1and the

fermion topological charge would be robust. On such smooth configurations, it
is highty tikely that the index theorem would be perfectly satisfied.

We conclude with some remarks on the dynamical sector. For fixed ø, dy-

namical configurations are much rougher than quenched confrgurations, so it is
likely that the index theorem will be (statistically) Iess valid. In fact, when at-

tempting to use the FLIC Overlap on dynamical L23 x 2|lattices at o > 0'135,

we seem to encounter the Aoki phase[97, 98, 99] where the physical properties

of the overlap change, and it is no longer local. The Aoki phase is characterised

by the îear zero modes of the overlap kernel no longer being isolated, but rather

the dense spectrum has no significant separation from zero. We have observed

the typical eigenvalues for the dense spectrum of fIni" being an order of magni-

tude smaller in the Aoki phase than in the usual phase. At larger volumes, it is
possible that the Aoki phase may set in at smaller a. This means that dynamical

óverlap simulations on larger volumes are likely to only lie in the valid phase for

a x 0.I - 0.125 fm.
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Figure 7.15: The spectral flow of. H{*(-m), on two configurations for which

the index theorem is not satisfied. The teft graph is of configuration 14 for the

0:4.60lattice, and the right graph is of configuration 15 for the 0: 10'473

lattice. The smallest 4 eigenvalues are shown. Levels crossing zero more than

once within the doubler free region can be clearly identified.
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Chapter 8

Conclusron

Lattice Quantum Chromodynamics is the only known way to study non-per-

turbative QCD directly from first principles. A suitable formulation of chiral

symmetry within lattice QCD has been a long sought after goal, which was

realised with the advent of overlap fermions. Overlap fermions are a lattice dis-

cretisation of the Dirac operator which essentially has all the desired behaviour

of the continuum Dirac operator. Overlap fermions remove the light quark com-

putational bottleneck, replacing it with a new one. The new bottleneck is in the

evaluation of the matrix sign function acting on the overlap kernel.

Practical implementations of the overlap-Dirac operator use a sum over poles

to approximate the matrix sign function. These approximations are evaluated

using an iterative conjugate gradient routine. As each iteration requires about

twice as much computational effort to evaluate as a single evaluation of the

Hermitian Wilson-Dirac operator H*, reducing the number of iterations needed

is the most direct way of reducing the expense of the overlap formalism. To

succeed in this, we select an overlap kernel with an improved condition number

motivated by analytic arguments. From the six candidate actions tested, the

FLIC action has the best convergence properties, requiring less low-lying pro-

jections than the Wilson action and providing a saving in iterations by about a

factor of 2. This saving in iterations translates almost directly into a saving in

computation time. The FLIC action is a clover-improved fermion action where

the irrelevant operators incorporate APE smeared links.

As the FLIC action has only nearest neighbour couplings, it is well suited to

calculations on highly parallel machines. Simple identities in spinor space that

are well-known for the Wilson fermion action can be applied easily to the FLIC

action. This gives a saving of a factor of two in the computational effort required

to evaluate the action of the FLIC operator on a vector. While there may be

some implementation dependence in our compute-time results, we believe that

this dependence will be sufficiently small that all groups who wish to perform

overlap calculations will benefit in moving from the Wilson to the FLIC kernel.

In order to perform dynamical HMC simulations with FLIC fermions, or any
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fat-link fermion action, it is necessary to use a smearing function which can

be differentiated with respect to the gauge field. The use of reuniterisation in

the APE smearing process is the only place where this may not hold. By a
suitable choice of projection method, we can maintain the desired differentia-

bility. Unit circle projection can be written in closed form and represented by

a rational polynomial approximation. The matrix rational polynomiai is dif-

ferentiable with respect to the gauge field and thus enables one to derive the

equations of motions necessary for the use of HMC with FLIC fermions. This

provides a significant advantage over the MaxReTr method, where the absence

of a differentiable form precludes the use of HMC and hence the availability of

a simulation algorithm that scales linearly with the lattice volume V, although

there are O(V2) alternatives [75]. This means that we now have an O(V) aI-

gorithm available for the dynamical simulation of FLIC fermions. Furthermore,

the method is general and can be applied to any fermion action with reuniteri-

sation, including overlap fermions with a fat link kernel 176, 77 , 78, 79], or other

types of fat link actions [80] that may involve alternative smearing techniques

[81]
We have calculated the quark propagator in momentum space using the FLIC

overlap fermion actions in both quenched and partially quenched QCD. A com-

parison with a previous study in quenched QCD using the Wilson overlap[90]

indicates that both the mass function U(p) and the renormalisation function
Ze(ù agree well in the high momentum regime. The comparison was performed

using an interpolation technique to match the running quark masses. The dy-

namical generation of mass appears at larger momenta for the FLIC overlap,

with some disagreement beginning for M(p) in the intermediate momentum

regime, and a more pronounced difference in the infrared. The fact that this

difference is larger at heavier quark masses suggests that it is due to the differ-

ent O(a2) discretisation errors of the two actions. The difference was seen for

the three different quenched lattice studies. The renormalisation function Ze(p)

displays similar differences, although the difference is less dependent on the run-

ning quark mass. From the study we find some indication that the coupling of

ultraviolet and infrared physics for the FLIC overlap is reduced compared to the
rffilson overlap.

The scaling of the Wilson overlap and FLIC overlap results were also studied'

The results for M(p) showed good scaling across the two finer lattices at ø : 0.1

and ø : 0.125. The results at ¿ : 0.195 showed some difference between the

two finer lattices. The scaling was poorer at heavier quarks, which is expected

due to the increased sensitivity of heavy quarks to the lattice spacing, due to

their shorter Compton wavelength. The renormalisation funclíon Zç(p) showed

slightly poorer scaling than the mass function. A comparison between the two

coarser quenched lattices and two approximately matched partially quenched

lattices show that at the sea quark mass of around 150 MeV and the moderate to

heavy valence quark masses studied the effects of fermionic vacuum fluctuations

t2r



are extremely small. This confirms the view that in order to see the effects of
dynamical fermions we must go to lighter quark masses.

Topology and the Atiyah-Singer index theorem on the lattice was studied on
quenched lattices. The results using perturbatively improved Luscher-Vy'eisz glue

showed that the fermionic topological charge defined by the FLIC Overlap was in
better agreement with the gluonic topological charge than for the Wilson overlap.

The results for the non-perturbatively improved DBW2 glue show that there is

a reduced level of topological lattice artifacts and hence the index theorem is

better satisfied. Exploratory studies indicate that the Aoki phase in dynamical

QCD (for the FLIC overlap at least) occurs at much smaller lattice spacings

than in quenched QCD. At moderate to large lattice volumes dynamical FLIC
overlap simulations will likely only lie in the usual phase for ø i 0.125 fm.

We have shown that FLIC overlap fermions are computationally faster than
standard Wilson overlap fermions. The equations of motion for creating dy-

namical FLIC gauge fields have been presented, and may be easily extended to
generate dynamical FLIC overlap configurations, although at current compute

porù/er only small to moderate lattice sizes would be feasible. With the ability
to construct chiral fermions on the lattice, the chiral regime of quenched QCD
is well within reach. Furthermore, \rye have gained the ability to explore physics

that is sensitive to chiral symmetry. However, our studies indicate that explor-

ing the chiral regime of dynamical QCD is still some v¡ay into the future, and

at the least requires a sigtnificant increase in compute po\Mer. Any algorithmic
developments to reduce the computational cost would bring this date forward,

and further increase the region of QCD that can be explored from first principles

on the lattice.
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Appendix A

Implementation

The computational power required to perform dynamical lattice QCD simula-

tions at the physical quark mass is still some way away. Any algorithmic im-
provements to reduce the cost of lattice simulations allow us to push the current
boundary of the field. However, any algorithm is only as good as its implemen-

tation. A well thought out implementation can achieve sustained rates many

times that of a naive one. When designing an implementation, one must keep

in mind both the algorithm and the architecture of the target hardware.

The typical architecture of the computers which perform lattice simulations
have changed markedly since the inception of the field. Not so long ago, genuine

massively parallel supercomputers were leading the field of high-performance

computing. The natural geometric parallelism of the lattice was highly suited

to these architectures, characterised by a low cost of communication between

processing elements compared to the cost of computation. Achieving good sus-

tained floating point performance on such an architecture is relatively easy, as

the sub-lattice on each processing element can be made small.

By contrast, computing clusters are now the mainstream solution for high-
performance computing. The reason for this is rather pragmatic. The cost per

Mflop (million floating point operations per second) of a cluster constructed from

mass produced components is comparable or better than that of a proprietary

supercomputer. However, while the cost of high speed internode networking

may constitute a significant portion of the cost of a cluster, the time scale of

even the high end interconnect hardware is orders of magnitude larger than

typical compute scales. Compute clusters are characterised by a large cost of

communication between processing elements, compared to computation costs.

This requires a shift in paradigm, where distributing the problem over a large

number of processors may invoke unacceptable high communication overhead'

The game then becomes to use a large sub-lattice per processor (preferably

without exceeding cache), and minimise the communication cost where ever

possible. For fieids which are updated infrequently, the use of shadowing can

significantly reduce communication. For each shadowed dimension of the sub-
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Iattice, the processor stores (one or more) of the neighbouring slices' Then

communication only needs to be performed when the field is updated. This is

useful for the gauge field. However, the main cost of lattice simulations is in

evaluating the action of the Dirac operator on the fermion field, which requires

communication for each evaluation, ancl therefore shadowing the fermion field

offers no advantage.

Once the optimal patterns of communication have been established, the task

then is to write scalar code which achieves a high sustained performance. The de-

velopment of good lattice QCD code involves significant time and effort. There-

fore, it is highly desirable to have portable code that performs well on more than

one computer architecture. While the use of assembly code can give high sus-

tained computational performance) it is by nature not portable. Modern (scalar

code) compilers can also give good sustained performance, if fed well designed

code. Typically, C and Fortran compilers are available on most clusters' How-

ever, C is not well suited towards medium to large scale software development,

while Fortran 95 is a modern language that has a good lexical structure and is

naturally oriented toward parallelism. Therefore, Fortran 95 is a natural choice

for (scalar) lattice code development.

High Performance Fortran (HPF) can give parallelism to scalar code with
Iittle effort, but the paradigm is oriented towards the overall program function-

ality, rather than a per processor view. This means that the programmer loses

a large portion of control over the communication patterns, and other optimi
sation techniques. MPI (Message Passing Interface) is a portable binding to

communication hardware which allows for tight control of communication pat-

terns. Therefore, we have chosen to implement our lattice code in Fortran 95

+ MPI. The paradigm is modern, with information hiding to an extent, and a

focus on taking advantage of data locality. Fundamental "low level" subroutines

are optimised, with the program flow emphasised in the "high level" routines.

Readabilit¡ reusability and rapidity are the three "R's" of modern program-

ming.
The code is presented here. For the sake of space, Ioops which are manually

unrolled in the actual code are given in "rolled up" index form here (and marked

with a comment). Also, some higher level communication routines which are re-

peated for different rank arrays have only been shown in skeleton format, with

comments to indicate the purpose of the routine. Apart from these two con-

cessions to brevity, the code is complete. On the three different architectures

available to the author (SUN, Alpha, x86) the code has been tested and key

computations such as matrix vector multiplications have shown excellent sus-

tained floating point rates across the board, typically falling between 50To and

B0% of the theoretical per processor peak (in the absence of communication).

Even with overlapping communication and computation however, current net-

work hardware is not fast enough to hide the cost of communication, and the

sustained rate for multi-processor code, including communication, Iies between
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25To and 40% of. the theoretical peak.

,A'.1 F\rndamental Modules

Kinds: Defines the floating point precision of the fundamental types used, and

some useful constants.

module Kinds

implicit none

¡nteget , parameter
integer , parameter
integer , parameter
integer , parameter

:: SP : kind
:: DP = kind
:: SC = kind
:: DC = kind 0D0,1 0D0))

)
D0)
o,1o))

(1 0
(1.0
((1
((1

real(dp)
real(dp)

¡nteget
integer
¡nteger

paaameter
parameter
parameter

parãmeter
parameter

complex(dc), parameter :: I : ( 0 0d0, 1.0d0 )

end module Kinds

LatticeSize: Defines various parameters relating to the lattice size and field
degrees of freedom per site, along with the level of shadowing and padding

desired for each dimension.
module Latt¡ceSize

implicit none

¡nteger, parameter " nlx:16, nly=16, nlz=16 nlt:32 / Latt¡ce geometry

integer, Parametel :: nProcx:1, nprocy=1' nprocz:8, nproct:16 ! Processor topology
¡nteger , parameter :: nproc : nprocx*nprocy*nprocz*nproct

integer, parameter :: nx=nlx/nprocx, ny:nly/nprocy, nz:nlz/nprocz, nt=nlt/nproct ! 9ub-lattice geometry

shdwx = 0, shdwy:9, shdwz=2, shdwt:2 ! Shadow¡ng
nxs :nx+ shdwx, nys =ny+ shdwy , nzs :nz+ shdwz, nts =nt+ shdwt
nxss=nx*2*shdwx, nyss=ny+2*shdwy, nzss:nz+2*shdwz, ntss=nt+2*shdwt

padx : 0, pady:0, padz=1, padt=1 ,l Dimension paddíng for cachíng
nxp:nx+padx, nyp=ny+pady, nzp=nz+pedz,ntP=nt+pedt

Síngle
Double

ns=4, nsp = 2, nc=3, nd:4 f # Spìnor, half-spinor, colour and spece-time d.o
nplaq : 6 !ff of unique plaquettes Per s¡te: nd*(nd-1)/2

nlett¡ce : nfx*nly+nlz* nlt ! lattice s¡ze
nsubl¿ttice: nx+ny*nz*nt ! lattice size per processor
nsublãtt¡ce-s: nxs*nys*nzs+nts ! shadowed latt¡ce sîze Per Processor
nsublattice-ss = nxss*nyss+nzssxntss / shadowed lattíce sìze per Processor

¡nteger :: mapx(-1:nx*2), mapy(-1:nyt2), mapz(-1:nz+2), mept(-1:nt+2) ! shadow mappÍng

end module LatticeSize

ColourTypes: Defines colour vector and matrix types, used to take advantage

of data locality, and provides extensions to the intrinsic random-number.

module ColourTypes

use Kinds
use Latt¡ceSize
¡mpl¡c¡t none

! Cl :) Colour

type re a l-ve cto r
sequence
real(dp), dlmension(nc) :: Cl

end type real-vector

type colou r-vectoi
sequ€nce

: pi =3 141592653589793238462643383279502884797 -dp
: two-p¡ = 6 283185307179586476925286766559005768394-dp

sh adow
shadow

integer , parameter ::
¡nteger , parameter ::

integer , parameter ::
¡nteger , parameter ::

¡nteger , parameter
intege¡ , parametel
integer , parametef
¡nteger , parameter
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complex(dc), dímension(nc) :: Cl
end tyPe colour-vector

type colour-matr¡x
aequence
complex(dc) , dimension (nc, nc) :: Cl

end type coiour-matrix

ty pe
lype

co
co

co

our-vector)
our-matrix)

pafameter
parameter

:: zeto-vector : colour-vectol
:: zero-metr¡x : colour-matrix

((/ o,o,o/))
( rislape ( (/ 0,0,0,0,0,0,0,0,0 /)

type
l3
our
/3

,3 /) ) )
-."i'rii¡, p"r"."t., :: unit-matrix = colour-matrix( reshape( (/ 1'0'O'0'1'0'0'0'1 /)
,3 /) ) )

contains

subrout¡ne random-complex(z)

complex(dc) , ¡ntent(out) ::
real(dp) '.: zr, zi

call random-number(zr)
call random-number( zi )

z = cmplx(zr, zi ,dc)

end subrout¡ne random-comPlex

subroutine rendom-vector(z)

type
real

(.. )
(.i)

zYoCl = cmplx(zr, zi , dc)

end subroutine random-vecior

subroutine random-matrix(z)

type( colour-matr¡x ), ¡ntent(out)
real (dp) :: zr(nc, nc) , zi (nc, nc)

(.r)
(.i)

colour-vector), ¡ntent(out)
dp) :r zr(nc), zi(nc)

call random-number
call random-number

call ¡andom-number
call random-number

z\ocl : .mplx(zr , zi , dc )

end subroutine random-matlix

end module ColourTYPes

VectorAlgebra: Provides fundamental routines for manipulating colour vec-

tors.
module VectorAlsebra

use ColourTypes
¡mplicit none

contains

pure subroutine normalise-vector(v)

type(colour-vector), ¡trtent(inout) :: v

real (dp) :: norm

norm : sq rt (sum ( rea I (v%Cl ) +*2 1 aimag ( r//oCI ) **2) )
f/oCl = f/oCl/norm

end subroutine normalise-vector

pure function vector-inner-product(v,w) result (vdotw)

type(colour-vector), ¡nt€nt(in) :: v, w

complex(dc) :: vdotw

vdotw = sum(conjg(v%Cl )*nPloCl)

end function vector-inner-product

pure funct¡on reãl-vector-¡nner-Product(v,w) result (vdotw)

type(colour-vector), ¡ntent(in) :: v' w
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real (dp) :: vdotw

vdotw : sum ( re a I ( r//oC I ) * re a I (seloc I ) + ai ma g ( f/oC I ) *ai mag (wiloC I ) )

end function real-vector-¡nner-product

pure function vector-norm (v) result (norm)

type(colour-vector), intent(in) :: v
real (dp) :: norm

norm = sqrt(sum(real(v%Cl)+*2 I aimag(v%Cl)x*2))

end function vector-norm

pure funct¡on vector-normsq(v) result (normsq)

type(colour-vector), íntent(in) :: v
real(dp) :: normsq

normsq = sum( real (vvoCl)**2 * aimag(v%Cl)x*2)

end functíon vector-normsq

pure subrout¡ne orthogonalise-vectors(w,v)

type ( co
type ( co
complex

lour-vector
lour-vector

), intent(inout)
), intent(in) ::

type
type

colour-vector
colour-vector

¡ntent
intent

(dc) :: vdotw

vdotw = sum ( conjg (v%Cl )*ufloCl )

vf/oCl = vf/oCl - v%Cl*vdotw

end subrout¡ne orthogonalise-vectors

pure subroutine vector-Prod uct (x, v,w)

out) : r

in ) r:
integer :: ic,jc,kc

do ¡c=1,nc
jc : modulo( ic ,3)*1
kc : modulo(ic ,3)*1

>f/oC I ( i c ) = c o ni s ( t'/oC I ( j c ) *u//o€ I ( kc ) - t'/oC I ( kc ) *u//oC I ( j c ) )
end do

end subroutine vector-product

subrout¡ne MultiplyMatClrVec(times, left, r¡ght)

type( colour-vector )
type( colour-matrix )
type(colour-vector)

type
ty Pe
type

colour-vector
colour-vector
colour-matrix

¡ntent
¡ntent
¡ntent

intent

:: t¡mes
:: left

:: right

:: times
:: left

:: right

:: times
left

:: right

out )
in)
in )

out )

times%Cl(ic) = 5stlleft%Cl(ic,:)+right%Cl(:)) / * unroll over ic+

end subroutine MultiplyMatClrVec

subrout¡ne MultiplyMatDagClrvec(t¡mes, left, right)

type( colour-vector )
type( colour-matrix )
type( colour-vector )

times%Cl( ic ) = sum(conjg( left%Cl (:'

end subrout¡ne MultiplylilatDagClrVec

subroutine MultiplyClrVecDagMãt(times

ic))*right%Cl (:) ) I * unroll over ic*

left , rìght)

¡ntênt :: t¡mes
I left
:: right

intent
intent
¡ntent

n
n

, ¡nt€nt

t¡mes%cl( ic) = 5s-1...¡g( left%cl (:) )*right%cl (: ' ic)) / * unroll ovet ic*

end subroutine MultiplyClrVecDagMat

subroutine Mult¡plyClrvecDagMatDag (times , left , right )

type(colour-vector
type( colour-vector
type( colour-matrix

) , intent

times%Cl( ic ) : 5st1..t.jg( Ieft%Cl (: ) * right%Cl ( ic' : ) ) ) I * u n rol I over ¡c*

out )
in )
in )

intent
¡ntent

o
I

I
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end subrout¡ne MultiPIyClrVecDagMatDåg

pure subroutine VecDag(dag, left )

type(colour-vector)
type(colour-vector)
integer :: ¡s

do ¡s=1.ns
dag( is)%Cl = conjg( left (is)%Cl)

end do

end subroutine VecDag

subroutine MultiplyMatvec(times, left, right)

, d¡mens¡on
. dimension

ns
n5

out ) dag
left

out) :: times
in) :: left

intent
¡ntent in)

dimension(ns), intent(out) :: t¡mes
¡ntent(¡n) :: left
dimension(ns) , intent(in) :: r¡ght

¡nteger :: i

do is=1,ns
times( is )%cl( ic) = sum( left%cl(ic, :)*right( is )%cl (:) ) ! + unroll over íc*

end do

end subroutine MultiplyMatVec

subrout¡ne Mult¡plyMãtDâgVec (times , left , r¡ght )

ns), ¡ntent(out) :: times
:: left

ns), intent(in) :: right

typ
typ
typ

colour-vector
colour-matrix
colour-vector

type
ty pe
ty Pe

colour-vector
colour-matrÌx
colour-vector

colour-vector
colour-vector
colour-metrix

integer :: ¡s

do is:1,ns
t¡mes(¡s)%cl(ic): sum(conjg(left%cl(r,ic))*right(is)%cl(:)) ! +unroll over ic*

end do

end subrout¡ne MultiplyMatDagVec

subroutine MultiplyVecDagMat(t¡mes, left, right)

, dimension
, intent ( in

dimension

), dimension(ns), ¡ntent(
), dimension(ns), intent(
), ¡rtent(¡n) :: r¡ght

pe
ty pe

ty Pe

integer :: is

do is:1,ns
t¡mes(¡s)%Cl(ic) = s¡m(conjg(left(¡s)%Cl(:))*r¡ght%Cl(:'ic)) / +unroll over ic*

end do

end subrout¡ne MultiplyVecDaglrlat

subrout¡ne MultiplyVecDagliletDag(times , left , r¡ght )

out )
in)

type( colour-vector), d¡mens¡on(
type( colour-vector), dimension(
type( colour-matrix ), intent( ¡n )

, intent
, intent
: right

ns
ns

: t¡mes
left

do is =1, ns
times(¡s)%cl(ic) = sum(conjg(left(is)%Cl(:)*right%Cl(ic,:) )) I * unroll over íc*

end do

end sub¡outine MultiplyVecDaglrlatDag

end module VectorAlgebra

MatrixAlgebra: Provides fundamental routines for manipulating colour ma-

trices.
module Metr¡xAlgebra

use ColourTypes
implicit none

pr¡vate :: real-times-matrix

¡nterface operato.(*)
module procedure real-times-metr¡x

integer
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conta¡ns

elemental funct¡on real-times-matrix(left , r¡ght) result (times)

real(dp), intent(in) :: left
type(colour-matr¡x), irtent(in) :: right
type( colour-matr¡x ) :: times

times%Cl : left*R¡ght%Cl

end function real-times-matrix

elemental funct¡on real-trace ( right ) result (Tr)

real (dp) :: Tr
type(colour-matr¡x), intent(in) :: right

J¡: real(right%cl(1,1) * right%cl(2,2) + right%cl(3,3))

end funct¡on real-trace

€lemental functíon trace ( r¡ght ) result (Tr)

complex(dc) :: Tr
type( colour-met¡ix ) , intent ( ¡n ) :: right

Tr: right%ct(1,1) + tis,hr%cl(2,2) + right%cl(3,3)

end functíon trace

elemenlal furction matrix-normsq ( right) result (norm)

¡eal
ty Pe

(dp) :: norm
(colour-matrix), intent(in) :: right

norm : sum( real (conjg( right%Cl )x ri ght%Cl) )

end function mãtrix-normsq

elemental subroutine GetldentityMatrix ( l-x )

type(colour-matrix), ¡ntent(out) :: l-x

l-x%Cl = 0.0d0

I -x%oCl
l -x%oCl
I -xo/oCl

ty pe
ty pe

colour-matr¡x
colour-mãtrix

¡ntent
¡ntent

(1 r) : 1 s¿s
(2 2) = 1 0d0
(3a)=1q¿e

end sub¡outine GetldentityMatrix

elemental subroutine MatDag(dag, I eft )

in )
out )

:: left
:: dag

dag%Cl(ic ,jc) = conjg( left%Cl(ic ,ic)) ! * unroll*

end subroutine MetDag

elemental subroutlne MultiplyMetMat (MM, left , right)

type( colouÌ-metrix )
type( colour-matr¡x )
type( colour-matrix )

¡ntent
intent
¡ntent

tn
tn

: left
: right
:: lvM

type( colour-mãtrix)
type( colour-matríx )
type( colour-matrix )

¡ntent
¡ntent
intent

out )

iIvToCl(ic ,jc) = sum( left%Cl(ic

end sub¡ortine MultiPlYMatMat

)*r¡ght%Cl(:, jc)) I * unroll*

elemental subroutine Mult¡plyMatMatdag(MM,left, right)

type(colour-matrix), intent(in) :: Ieft
type(colour-matrix), ¡ntent(¡n) :: right
type(colou¡-matr¡x), ¡ntent(out) :: N[vl

l,rÎvToCl(ic,ic) = sum( left%Cl(¡c,:)*conjg(r¡ght%CI(jc'') ))

end subrout¡ne Mult¡plyMatMetdag

elemental subroutine MultiplyMatdagMat(MM, left, r¡ght)

in) :: left
in) :: right
out) : : Ivlr4

tvfvToCl ( ic, jc ) = sum( conjg( left%Cl (:, ic ) )* right%cl ( :' ic )) ! * u n rol I +
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end subrout¡ne Mult¡plyMatdagMat

elem€ntal eubroutine MultiplyMatdagMatdag (MM, left , r¡ght )

type(colour-metrix)
type( colour-matrix )
type(colour-matrix)

type
type
real

left
r¡ght
[^4

ic)*right%Cl(jc,:))) ! * unroll+

left
right
i4

type
ty pe
type

(colour-måtrix), intent(
(colour-vector), intent(
(colour-matrix), intent(

¡n )
in)
out )

ItrtvToCl(ic, jc) : left%Cl(ic,ic)*right%Cl(ic) I * unroll*

end subrout¡ne Mult¡PlyMetD¡agMat

elemental subroutine MultiplyMatRealD¡agMat(MM, left , r¡ght )

type(colour-matrix), intent(in) :: left
type(reel-vector), intent(in) :: right
type(colour-matrix) , intent(out) :: lvM

Ii/1vyoCl(ic, jc) : left%cl(ic 'ic)*right%cl(ic) / *unroll*

end subroutine MultiplyMetRealDiagMat

elemental subroutine M¡tPlusMatTimesMat(MM, left, r¡ght)

colour-matrix
colour-matrix
colour-matrix

¡ntent
intent
¡ntent

:: lef t
:: r¡ght

intent
intent
i¡tent

n
n

out )

tritvToCl(ic , jc) = sum(conjg( left%Cl(

end subroutine MultiplyMatdagMatdag

elemental subroutine RealTraceMultMatMat(TiMM, left, right)

colour-matr¡x
colour-matrix

:: left
:; right

dp) , intent (out)

intent(in)
¡ntent(in)
:: TrMM

TrMM : real (sum( left%Cl (:,:)*transpose( r¡ght%Cl (',') ) ) ) ! * unroll*

end subrout¡ne ReålTraceMultMâtMat

elemental ¡ubroutine MultiplyMatDiagMat(MM, left, right)

inout ) :: Mrl

IrrNt/oCl(ic,jc)=I/fv?/oCl(ic,jc)+sum(left%Cl(ic,r)*r¡ght%Cl(:,jc)) l*unroll*

end subroutine MatPlusMatTimesMat

elemental subrout¡ne MatPlusMatTimesMatdag(Ml/, left, right)

type
type
ty pe

ty pe
ty p€
ty pe

( colour-matrix ) , intent (
(colour-matr¡x), ¡ntent(
(colour-matr¡x), intent(

n
n
n

colour-matrix
colour-metrix
colour-matr¡x

) :: left
) :: right
out) :: fvlr4

left
right
r : Iv14

intent
¡ntent
¡ntent

in ) ::
in ) ::
¡nout )

¡ntent
¡ntent
intent

n
n

IvlvToCl(ic,jc):lvftt/oCl(¡c,jc) + sum(left%Cl(ic,:)*conjg(risht%Cl(jc ':))) ! *unroll*

end subrout¡ne MatPlusMatTimesMatdâg

elemental subroutine MatPlusMâtdagTimeslVlat([vÎvl, left , right )

ty pe
type
type

ItnrToCl(ic, jc) : tvfvToCl(¡c'ic) + sum(conjg( left%Cl (:'

end sub¡outine MatPlusMatdagTimesMat

êlemental subroutine MatPlusMatdagTimesMatdag(MM, left

ic))+right%Cl(:, jc)) / * unroll*

, right)

¡nout )

left
r¡ght
:: l,rM

tvftt/ocl(ic, jc) =lriÎvî/oCl(ic,jc) + sum(conjs(left%€l(:,ic)*r¡ght%cl(jc,:))) I +unroll+

end subroutine MatPlusMatdagTimesMatdag

end module Matr¡xAlgebra

type
type
type

colour-matt¡x
colour-matrix
colour-matrix

131



A.2 Communication Modules

MPllnterface: Provides a higher level interface to MPI
module MPllnterface

use ColourTypes
¡mpl¡c¡t none

ínclude " mpif. h"

integer , parameter :: mp¡-comm : MPI-COMM-WORLD, mpi-root-rank = 0
¡nteger :: mp¡-size , mpi-rank
¡nteger , dímension(nd) :: mpi-coords
¡nteger :: i-nx, j-nx, ¡-ny, j-ny, i-nt, j-nt, i-nz, j-nz !sublattíce boundaries
logical :: ¡-am-root

¡ntege¡ , parameter
integer , parameter
¡nteEer , parameter

mpi-dp : MPI-DOUBLE-PRECISION, mpi-dc = MPI-DOUBLE-COMPLEX
nmpi-status = MPI-STATUS-SIZE
nmpi -header = MPI-BSEND-OVERHEAD

#define mpiprint if ( i-am-root) print

contains

funct¡on coords-to-rank(coords) result (rank)

integer, dimension(nd) :: coords(nd)
¡nteger :: rãnk

rank = coords (4) + nproct+coords (3) * nproct*nprocz*coords (2)

end function coords-to-rank

function rank-to-coords ( rank ) result ( coords )

¡nteger
¡nteger

: renk
dimension(nd) :: coords(nd)

coords
coords
coords
coords

4
3
2
1

: mod( rank , nproct )
= mod(rank/nproct , nprocz)
= rank /( nproct*nprocz )
:0

end function rank-to-coords

subroutine GetSubLattice(irank , ix,jx, iy,jy, iz,jz, it,jt)

¡rteger :: irank , ix ,jx , iy ,jy , iz ,

¡nteger, dimension(nd) :: coords

coords = rank-to-coords (irank )

jz, it, jt
(nd)

ix : nx*coo¡ds (1)* I
jx=nx*(coords(1)+r)

iy = ny*coords(2)* 1

jy=ny+(coords(2)+1)

z = nz*coords(3
z = nz *( coords (

nt*coords
nt*(coord

end subrout¡ne CetsubLettice

funct¡on site-is-mine(ix,iy, iz, it)

integer:: ix,iy,iz,it
logical :: site-is-mine

site-is-mi ne = ( i-nx 4= ix ) . and . ( ix 4= j-nx )
& (i-nz(=iz) .and. (iz<=j-nz)

end funct¡on site-is-mine

subroutine Lått¡ceToSubLätt¡ce(ix , iy , iz , it ,jx ,jy

¡nteger :: ix,jx,iY ,iY,iz,jz, it,jt

)+13)+1)
(4)+ 1

s(a) + r)
t

It

Jx
JY
Jz
Jt

. and
and ,

jz, jt)

( i-ny ¡= iy ) . and. (
( i-nt ç= it) .and (

iy <: j-ny
¡t <= j _nt

and. &

x - ¡-nx + 1

y-i-ny+1
z-i-nz+L
t - i-nt + 1
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end subroutine LetticeToSubLettice

subrout¡ne lnitial¡seMPl

integet :: mP¡error

integer :: ¡x , iy , iz , it , is , id

call MPI-lnit(mpierror)
call MPI-ErrorCheck( mPierror)

call MPI-Comm-size(mpi-comm, mpi-size, mpierror)
call MPI-ErrorCheck( mPierror)

call [¡lPl-Comm-rank(mpi-comm, mp¡-rank, mpierror)
call MPI-ErrorCheck( mPierror)

¡-am-root = ( mpi-rank :: mP¡-root-rank )
mpi-coords = rank-to-coords (mpì-rank )

call GetSubLattice (mpi-rank, i-nx, j-nx, i-ny' j-ny, i-nz, j-nz, i-nt

mepx(-1): nx-1
maPx(O) = ¡x
do ix=1,nx

mapx(ix) = ix
end do
mapx(nx+l) : 1

mapx(nx+2) = 2

do iY =1, ¡Y
mapy(iy) = iY

€nd do

if ( nProcY == 1 ) then
mapy(-1) = ny-t
mapy(0) = nY

nãpy(nY+1) = 1

mapy(ny+2) = 2
else

mapy(-1) = nY+4
mapy(0) = nY*2
mapy(nY+1) = nY+1
mãpy(nY+2) = nY+3

end if

do iz:l,nz
maPz(iz) : i7

end do

if ( nprocz==1) then
maPz(-1) = nz-1
mapz(0) = ¡¿
mapz(nz+1) = 1

malz(nz+2) = 2
else

mapz(-1) = nz*4
mapz(0) : nz+2
mapz(nz+l) = nz+1
marz(nz+2) = nz+3

end íf

mapt(-1) = nt+4
mâPt(0): nt+2
do ¡t=1,nt+1

mapt(¡t) = it
end do
mapt(nt+2) = nt+3

end subroutine ln¡tialiseMPl

subroutine AbortMPl ( error )

character (len=x) :: error
inleger :: ierrol

pr¡nt *, " User abort: " , error
ca I I M Pl-Abort ( mpi-comm, MPI-ERR-OTHER, i e r ro r )

end subrout¡ne AbortMPl

subroutine BroadcastLogical(1, root-rank)

logical :; I

¡nteger :: root-rank
integet :: mpierror

call MPI-BCast(l ,1, mp¡-log¡cal , root-rank ,mpi-comm, mpierror)

j-nt)
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call MPI-ErrorCheck( mpierror)

end subroutine BroadcastLogical

subrout¡ne Broadcastlnteger(n, root-rank)

integer :: n, root-rank
¡nteger :: mpieÌror

call MPI-BCast(n,1, mpi-integer , root-rank , mp¡-comm, mpierror)
call MPI-ErrorCheck( mpierror)

end subroutine Broadcastlnteger

subrout¡ne B¡oadcastReal (x, root-rank )

real(DP) :: x
ínteger :: mpierror , root-rank

call MPI-BCast(x,1 , mp¡-dp , root-rank , mPi-comm, mpierror)
call MPI-ErrorCheck( mpierror)

end sub¡outine BroadCastReal

subroutine BroadcastComplex(z , root-rank )

complex(DC) :: z
integer :: mpierror, root-rank

call MPI-BCast(2,1, mpi-dc, root-rank,mpi-comm, mpierror)
call MPI-ErrorCheck( mpierror)

end subroutine BroadCestComPlex

subroutine BroedcâstString(s , root-rank )

character ( len:*) :: s

integer :: mpierror , root-renk

call MPI-BCâst(s, len(s), mpi-character, root-rank,mp¡-comm
call MPI-ErrorCheck( mpierror)

end subroutine BroadcastStr¡ng

subroutine Allsumlnteger(summand, sum)

real(DP) :: summend, sum
integer :: mpierror

mpierror)

(summand , sum,1 , m p¡-¡ntege r ,IilPl5UM, mPi-comm , m pie rror )
k( mpierror)

call MPI-AllReduce
call MPI-ErrorChec

end subrout¡ne AllSumlnteger

subroutine AllsumReal(summand, sum)

real (DP) :: summand, sum
integer :: mpierror

call MPI-AllReduce
call MPI-ErrorChec

end subrout¡ne AllSumReal

subrout¡ne AllSumComplex(summand,

complex(DC) :: summand, sum
intege¡ :: mpierror

ca I I M Pl-AllReduce(summand,sum,
call MPI-ErrorCheck( mPierror)

end subroutine AllSumComPlex

subrout¡ne Wait( mpi-request )

¡nteger :: mpi-request
¡nteger, dimension(nmP¡-st¿tus)
¡nteger :: mpierror

summand , sum ,1 , mp¡-dp , MPlSUM, mpi-comm , m pie rror)
( mpierror)

mpi-status

call MPI-Wait( mpi-request , mPi-status , mpierror)
call MPI-ErrorCheck( mPierror)

end subrout¡ne Wait

subroutine Start( mPi-request )

integer :: mpi-request

sum )

1 , mpi-dc , MPI-SUM, mpi-comm, mpierror)
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integer, dimension(nmpì-status) ;: mpi-status
integer :: mpierror

call MPI-Stãrt( mpi-request , mpierror)
call MPI-ErrorCheck(mPierror)

end subrout¡ne Start

subroutine MPlBarrier

¡nteger :: mPierror

call MPI-Barrier(mpi-comm, mpierror)
call MPI-ErrorCheck( mPierror)

end subroutine MPlBarrier

subroutine FinaliseMPl

¡nteger :: mpierror

ca ll M P l-F inalize ( m Pie rror )
call MPI-ErrorCheck( mPierror)

end subroutine FinaliseMPl

sub¡outine lrlPl-ErrorCheck(mpierror)

¡nteger :: mpierror
integer :: er¡orcode , errorclass
character (len=MPI-MAX-ERROR-STRING) : : errorstring
integer :: length , ierror

end if

end subrout¡ne MPI-ErrorCheck

end module MPllnterface

RealFieldMPlComms: Provides high level communication routines for com-

plex fields. The communication details should be optimised for the underlying

hardware. For this reason, onlV subprogram outlines have been given here'

module RealFieldM PlComms

use MPllnterface
implicit none

end interface

interface S

module p

module p
module p

module p

module p

module p

module p

module p

interface
module
module
module
module
module
module
module
module

endRealField
rocedure SendRealField-0
rocedure SendRealField-1
rocedure SendRealF¡eld-2
rocedure SendRealField-3
rocedure SendRealField-4
rocedure SendRealField-5
rocedure SendReelField-6
rocedure SendRealField-7

RecvRealField
procedure RecvRealField-0
procedure RecvRealField-1
procedure RecvRealField-2
procedure RecvRealField-3
procedure RecvRealField-4
procedure RecvRealField-5
procedure RecvRealField-6
procedure RecvRealField-7

end ínterface

contains

Eubroutine SendRe¿lField-*(phi , dest-rank )

real (dp) , dimension ( rank=*) :: Phi
integer :: dest-rank
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!This procedure is an abstr¿ction of MP|-Send

end subroutine SendRealField-x

subrout¡n€ RecvRealField-*(phi, src-rank)

real(dp), dimension(:) :: phi
¡trteger :: src-renk

!This procedure is ¡n ebstract¡on of MPI-Recv

end subroutine RecvRealField-*

end module RealFieldMPlComms

ComplexFieldMPlComms: Provides high level communication routines for
complex fields. The communication details should be optimised for the underly-
ing hardware. For this reason, only subprogram outlines have been given here.

module ComplexFieldMPlComms

use MPllnterface
implicit none

¡nterface SendComplexField
module procedure SendComplexField-1
module procedure Send€omplexField-2
module procedure SendComplexField-3
module procedure SendComplexField-4
module procedure SendComplexField-5
module procedure SendComplexField-6
module procedure SendComplexField-7

end ínterface

¡nterface RecvComplexField
module procedure RecvComplexField-1
module procedure RecvComplexField-2
module procedure RecvComplexField-3
module procedure RecvComplexField-4
module procedure RecvComplexField-5
module procedure RecvComplexField-6
module procedure RecvComplexField-7

end ¡nterface

contains

subrout¡ne SendComplexField -*(phi , dest-rank )

complex(dc), dimension(rank=*) :: phi
integer :: dest-rank

!Thîs procedure ìs an ebstractíon of MPI-'end.

end subroutine SendComplexField-x

subrout¡ne RecvComplexField-i (phi, src-rank)

complex(dc), dimension(¡¿¡[=*) :: phi
integer :: src-rank

!Thîs procedure ¡s an abstrâction of MPI-Recv

end sub¡outine RecvComplexField-*

end module ComplexFieldMPlComms

GaugeFieldMPlComms: Provides high level communication routines for gauge

fields. The communication details should be optimised for the underlying hard-

ware. For this reason, only subprogram outlines have been given here.

module GaugeFieldMPlComms

use MPllnterface
use ColourTypes
implícit none

interface S
module p
module p
module p

module p

endMatrixField
rocedure SendMãtrixField -1
rocedure SendMetrixField -2
rocedure SendMatr¡xField -3
rocedure SendMatrixField-4
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module procedure SendMãtr¡xField-5
module procedure SendMatrixField-6
module procedure SendMâtrìxF¡eld-7

end inte.fac€

inlerface RecvMatrixField
module procedure RecvMetr¡xField-1
module procedure RecvMatrixField-2
module procedure RecvMatrixField-3
module procedure RecvMatrixField-4
module procedure RecvMatr¡xField-5
module procedure RecvMatr¡xField-6
module procedure RecvMãtr¡xF¡eld-7

end interface

¡nterface SendRecvMatrixField
module
module
module
module
module
module
module

procedure
procedure
procedure
procedure
procedure
procedure
procedure

SendRecvMatrixField -1
SendRecvMatrixField -2
Send Recv M at rix F ield -3
S e n d R ecv M at rix F ie ld -4
SendRecvMatrixField -5
Send Recv M ãtrixF ¡eld -6
SendRecvMetrixField -7

end inte¡face

contains

subroutine lnitShadowGaugeField

integer :: ishdw , src-rank , dest-renk , ¡y , iz , it

! Perform eny ¡n¡tial¡setion necessary for ShadowGaugeField

end eubroutine lnitShadowGaugeField

subrout¡ne ShadowGaugeField ( U-xd , ishdw )

type(colour-matrix), dimension(:,:,r,:,:) :: U-xd
integer :: ¡shdw

! This procedure perfotms communicat¡on dependent upon the und.erly.í.ng processot toPology '
! lts p'urpose is to "sh¿dow" the per.processor sub-latt¡ce w¡th slíces from the neighbourìng
! proc'ess'ors, to minim¡se commun¡cat¡on costs. The slices which are shadowed ate determíned by ¡shdw'

end eubroutine ShadowGaugeField

subroutine SendMatrixField-*(phi, dest-rank)

type(colour,matrix), dimension(rank=*) :: phi
integer :: dest-rãnk
integer :: mp¡error, tag
tag = s¡ze(Phi)

! This procedure is an abstrection of MPI-Send

end subroutine SendMatrixField-*

subrout¡ne RecvMatr¡xField-*(phi, src-rank)

type(colour-matrix), dímension(rank=*) :: phi
ínteger :: src-rãnk

! This procedure is an abstrect¡on of MPI-Recv'

end subroutine RecvMatrixField-*

subrout¡ne SendRecvMetrixField-*(phi-send , dest-rank , phi-recv ' src-rank )

type(colour-mãtrix), d¡mens¡on(rank:*) :: phÌ-send, phi-recv
integer :: dest-rank , src-rank

! Thìs procedure ¡s an ebstract¡on of MPI-SendRecv

end subroutine 5endRecvMatrixField-+
\

end module GaugeFieldMPlComms

FermionFieldMPlComms: Provides high level communication routines for

fermion fields. The communication details should be optimised for the underly-

ing hardware. For this reason, only subprogram outlines have been given here'

module FermionFieldMPlComms

use MPllnterface
use ColourTypes

737



use Timer
implicit none

¡nterface SendFermionField
module procedure SendFerm¡onF¡eld-l
module procedure SendFermionField-2
module procedure SendFerm¡onField-3
module procedure SendFermionField-4
module procedure SendFermionField-5
module procedure SendFermionField-6
module procedure SendFermionField-7

end ¡nterface

interface RecvFermionField
module procedure RecvFermionField-1
module procedure RecvFermionField-2
module procedure RecvFerm¡onField-3
module procedure RecvFermionField-4
module procedure RecvFermionField-5
module procedure RecvFermionField-6
module procedure RecvFermionField-7

end interface

conta¡ns

subroutine lnitShadowFermionField

¡nteger :: ishdw , src-rank , dest-rank , iy , iz , it

! Perform any inÍtialisation necessary for ShadowFermionFíeld.

end subroutine lnitShadowFermionField

subrout¡ne ShedowFermionField (phi , ishdw)

type(colour-vector), d¡mension(nxs,nys,nzs,nts,ns) :: phi
integer :: ¡shdw

! This procedure performs communication dependent upon the underlyíng processot toPology '
! lts purpose ís to "shadow" the per processor sub-latt¡ce with slíces from the neighbouríng
! processors, to m¡nimîse commun¡cation costs, The slices which are shadowed dre determ¡ned

end subroutine ShadowFermionField

subrout¡ne SendFermionField-*(phi, dest-rank)

type(colour-vector), dimension(rank=*) :: phr
integer :: dest-rank

! This procedure ¡s an abstractìon of MPl-Send'

end subroutine SendFermionField-*

subrout¡ne RecvFermionField-*(phi, src-rank)

type( colour-vector
¡nteger :: src-ran

dimension (¡¡¡l¡:*) :: phi

by ishdw

! This procedure is an abstractíon of MPl-Recv

end sub.outine RecvFermionField-+

subrout¡ne SendRecvFermionField-+(phi-send, dest-rank,

type(colour-vector), dimension(:,:,:,:) :: phi-send,
¡nteger :: dest-rank , src-rank

! fhis procedure is an absttact¡on of MPI-SendRecv.

end subrout¡ne SendRecvFermìonField-*

end module FermionFieldMPlComms

module MPlRandomSeed

use Kinds
use MPllnterface
¡mpl¡cit non€

conta¡ns

subroutine mpi-random-seed ( iseed )

implicit none
¡ntegel :: ¡seed

phi-recv

phi-recv

src-rank)

MPlRandomSeed: Provides a parallel random number seeder.
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seeder-array

! Adapted to MPI ftoñ the HPF routine by Paul Coddìngton'
! Fínd out the s¡ze of the seed array used ¡n the Fortfen 90 rendom number generatot
call random-seed( size={tl)

allocate ( seeder-arraY(N) )

!Thís code executes ¡dent¡celly in each process,
!so we must ínclude a rank dependent seed to m¿ke sure that
!we get diffetent random numbets on each Ptocess

call bitrand-seeder ( iseed*mpi-rank,N, seeder-array )

call random-seed ( put=seeder-array (1:N) )

deallocate ( seeder-arraY )

end subroutine mpi-random-seed

subrout¡ne bìtrand-seeder(seed,N,seed-array)

¡nteget :r seed,N
integer :: seed-arraY(N)

! tnitîalize each bit of the 32-b¡t ¡nteget seed attay us¡ng a simple linear congruential genetator
! or some other pottable random number genetator, see for example Numerical Recipes,

end subloutine bitrand-seeder

end module MPlRandomSeed

Timer: Provides support for execution time statistics.
module Time¡

use Kinds
use MPllnterfece

logical, parameter :: tim¡ng = true

real (dp) :: clockres
real :: lr4flops

conta¡nE

subroutine lnitTimer

clock¡es: mpi-wticko

end subrout¡ne lnitT¡mer

subroutine TimingUpdate(ncells,outt¡me,intime,mintime,maxt¡me,meantime)

integer
real (DP)

ncalls
int¡me , outtime , maxt¡me, mintime, meantime

¡nteger
integer ,

: ¡,N
dimens¡on (:) , allocatable

ncalls = ncalls * I
if ( ncalls:= 1) mintime = outtime - intime
if ( outtime - ¡ntime < mintime ) m¡ntime = outtime - int¡me
if ( outtime - ¡ntime > maxt¡me ) maxt¡me = outtime - intime
meait¡me: (ncalls - 1)*meantime/ncalls * (outt¡me - intime)/ncalls

end subrout¡ne TimingUPdate

end module Timer

4.3 Common Modules

GaugeField: Provide the fundamental routines relating to gauge fields, includ-

ing input and output.
module GaugeField

use GaugeFieldMPlComms
use VectorAlgebra
u6e Matr¡xAlgebra
impl¡c¡t none
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type(colou¡-matrix), dimension(nxs,nys,nzs,nts,nd) :: U-xd

real (DP) :: beta , lastPlaq , plaqbarAvg , uzero , u0-bar : 1.0d0

conta¡ns

subroutine ReadGaugeField (filename , U-xd)

character(len=*) :: filename
type( colour-mat;ix ), dimens¡on(nxs, nys, nzs, nts,nd), ¡ntent(out)

(:,:,:,:,:,:,:), allocatable
irank
iy, jy, iz, jz, it, jt

U-xd

d i mensio n
: rc, Jc,
: rx, JX,

type( colour-matrix ), dimension (nx, ny, nz, nt, nd)
integet :: nconfig , nxdim, nydim, nzdim, ntdim

if ( i-am-¡oot ) then

allocate (ReU( nlx , nly , nlz , nlt , nd, nc, nc) )
allocate (lmU( nlx , nly , nlz , nlt , nd , nc, nc) )

¡ead
¡ead

end do

(101) ReU(:,:,:,:,:,ic,:)
(101) lmU (: ,: ,: ,: ,: , ic , :)

real (DP)
¡nteger
integer

integef :: ¡c ,

integer :: ix,

ReU, lmU

:: V-xd

ReU
lmU

0d0
0d0

0
0

open(101, file:filename , form='unformatted ' , status='old ' , action='read')

read (101) nconfig , beta , nxdim, nydim, nzdim, ntdim

íf ( (nxdim /: nlx) .or. (nydim l= nly).or. (nzdim ¡: n)z\.or' (ntdim /= nl¡)
¿ail AbortMPl(" ReadGaugeField : Lattice size mismatch" )

end lf

do ic = 1, nc-l

) then

read (101) lastPlaq , plaqbarAvg , uzero
close (101)

do ¡rank =0,nproc-1
call GetSubLatt¡ce(¡rank,¡x,jx,iy,jy,iz,jz'it,jt)
do jc:1,nc; do ic=1,nc

V-"4(r'n",1:ny,1rnz,1:nt,:)%Cl(ic, jc) = cmplx(ReU(ix:jx,iytiv,iztiz,¡t:jt':'ic,jc),&
& lmU( ix: jx , ¡y:jy ,iz:iz,it: jt ,: ' ic , jc) 'dc)

end doì end do
if ( irank /= mPi-root-rank ) then

call SendMatrixField(V-xd, irank)
el¡e

U-xd ( 1: nx , 1: ny ,1: nz ,1: nt , :) = V-xd
end if

end do

deallocate
deallocate

(ReU)
(lmu)

else
call RecvMatrixField (V-xd , mpi-root-rãnk )
U-xd ( 1: nx ,1: nY , 1: nz ,1: nt , : ) : V-xd

end ¡f

call BroadcastReal(beta, mpi-root-rank)
call BroadcastReal(lastPlaq, mpi-root-rank)
call BroadcastReal(plaqbarAvg, mpi-root-rank)
call BroadcastReal(uzero, mpi-root-rank)

call FixSU3(U-xd)

call ShadowGaugeField (U-xd,1)

end subroutine ReadGaugeField

Bubroutine WriteGaugeF¡eld ( filename U-xd, icfg)

nys,nzs,nts,nd) U-xd

:: ReU, lmU

: V-xd

character (len:*) :: filename
type(colour-matrix), dimension(nxs
Integer :: ¡cfg

Jc
Jx

i¡ank
ry jy,i.,jz,¡t,jt

,:,: r:,:,:), allocatablereal(DP) , dimension (: ,

type( colour-matrix ) , dimension (nx, ny, nz , nt , nd)

if ( i-am-root ) then
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allocate
allocate

(ReU( nlx , nly , nlz , nlt , nd, nc, nc) )
(lmU( nlx , nly , nlz , nlt , nd , nc , nc) )

do irank=0,nproc-1
if ( irank /= mpi-root-rank ) then

call RecvMatrìxField (V-xd , irank )
e lse

V-xd = U-xd (1:nx, 1: ny,1: nz,1: nt, :

end if
call GetSubLâttice(irank, ix,jx, iy,jy
do jc=1,nc; do ic=1,nc

ReU( ix:jx , iy:jy , iz:jz , it:jt ,: , ic ,

lmU(ix:jx,iy :iy,iz:jz, ¡t :jt,:, ic,
end do; end do

end do

)

, iz , jz , it , jt )

j.) = real (V-xd (1:nx, 1: ny,1: nz,1: nt, :)%Cl(ic' jc))
l.i = a¡m"s(V-xd (1: nx, 1: ny, I : nz, 1 : nt, :)%Cl ( ic' jc ) )

open(101, file=filename , form:'unformatted ' , status:'new' , action='write ')

write (101) icfg , beta , nlx , nly , nlz , nlt

do ic = I
wr¡te
write

end do

nc-1
101) ReU (
101) lmU (

wr¡te (101) l¿stPlaq , plaqbarAvg, uzero
close (101)

deallocate
deâllocat€

(ReU)
(lmu)

else
V-xd = U-xd(1:nx,1:ny,1: nz,1: nt,:)
call SendMatrixField (V-xd, mp¡-root-rank)

end if

end subroutine WriteGaugeField

subroutine FixSU3 ( U-xd )

ty pe
type
¡nteger :: ix , iy , iz , it
¡nteger :: sx, syr sz, st
¡nteger :: ¡d

do id=1,nd
do it:1,nt ; do iz:7,n2; do iy=1,ny; do ix=1,nx

vl%Cl(:) = U-xd(¡x,iy,¡z,it'id)%Cl(r,:)

call normalise-vector (v1 )

v2%Ct(:) = U-xd(ix,iy,iz,it, id)%Cl(2,:)

call orthogonalise-vectors (v2, v1 )

call normalise-vector (v2)

call vector-product (v3,v1,v2)

U-xd(ix,iy,iz,it,id)%Cl(1,:) = v1%Cl(:)
U-xd(ix, iy, ¡2, ¡t ,idl%Cl(2,:) = v2%Ct(:)
U-xd(ix,iy,iz,it,¡d)%Cl(3,:) = v3%Cl(:)

end do; end do; end do; end do
end do

end sub¡outine FixSU3

subroutine GetUZero ( U-xd , uzero )

type( colour-matrix ) , dimension (: ,: ,: ': ,: ) : : U-xd
real (dp) :: uzero

integer:: mu, nu
real(dp) :: plaqbar, plaqbarPP

plaqbarPP = 0 0d0

do mu:1,nd
do nuilu+l, nd

call AddPlaqBar-munu(plaqbarpp,U-xd,mu,nu)

end do

colour-matrix
colour-vector

), dlmension(:,:,:,:,:), intent(ìnout)
) :: v1,v2,v3

U-xd
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end do

call AllSumReel(plaqbarpp, plaqbar)
tu-0 : (Mean (1/3)ReTr U-nunu)^(1/4)
uzero = ( plaqbar /( n lettice*nplaq *nc)) **0 25d0

end subroutine GetUZero

function GetPlaqBar(U-xd) result(plaqbar)

type(colour-matrix), dimension(:,;,;,:,:) :: U-xd
real (dp) :: uzero

¡nteger:: mur nu
real (dp) :: plaqbar , plaqbarpp

PlaqbarPP = 0 0d0

do mu=1,nd
do nuf,u+l , nd

call AddPlaqBar-munu(plaqbarpp, U-xd,mu,nu)

call AllSumReal(plaqbarpp, plaqbar)

end funct¡on GetPlaqBar

subrout¡ne SetBoundaryConditions(U-xd,

type(colou¡-matr¡x) , d¡mens¡on (: ,: ,:
real (dp) :: bcx, bcy , bcz , bct

end do
end do

bcx , bcy , bcz , bct )

:,:), intent(out) :: U-xd

¡f
¡f
¡f
if

( j-n
( i -n
( j -n
( i-n

U

U

U

1

2
3
4

U

1)
2)
3)
4)

-xd
-xd
-xd
-xd

= bcx*U-xd
= bcy*U-xd
: bcz*U-xd
: bct*U-xd

end subrout¡ne SetBoundaryCond¡t¡ons

subrout¡ne AddPlaqBar-munu ( plaqbar , U-xd ,mu, nu)

real (dp) :: plaqbar
type( colour-matrix ) , dimension (
¡nteger :: mu, nu

:) :: U-xd

type
¡eal

lrteger, dimension(nd) :: dmu, dnu
integer :: ix , ¡y , iz , ¡t
integer :: jx ,jy ,jz ,jt
integer :: kx,ky,kz,kt

#define U-mux U-xd( ix , ¡y , iz , ¡t ,mu)
fdefine U-nux U-xd(ix,¡y,iz,it,nu)

fdefine U-muxpmu U-xd(jx,jy,jz, jt,mu)
fdefine U-nuxpmu U-xd(jx, jy,jz, jt,nu)

fdefine U-muxpnu U-xd(kx, ky, kz, kt,mu)
fdefine U-nuxpnu U-xd(kx,ky,kz, kt,nu)

dmu=0
dnu : 0

:1, nt
= mapt( it + dmu(4))
= maPt( i t + dnu (a) )
iz=7,n2
jz=mapz(iz+dmu(3))
¡2: mapz(iz + dnu(3))
do iY:1,nY

jy=mapy(iv+dmu(2))
ky: mapy(iy + dnu(2))
do ix:1,nx

( colour-matrix ) :: UmuUnu, UmudagUnudag
(dp) :; plaq-x

1

1

mu)
nu )

dmu
dnu

do ¡t
jt
kt
do

jx:mapx(ix+dmu(l))
kx = mapx( ix * dnu (1) )

call MultiplyMãtMat (Umuunu, U-mux, U-nuxpmu)
call Mult¡pltMatDagMatDâg (UmudagUnudag,U-muxPnu, U-nux)
ca I I RealTraceM ultMãtMat( pl aq-x, UmuUnu, UmudagUnudag )
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plaqber = plaqber + Plaq-x

end do
doend

end do
end do

end subroutine AddPlaqBar-munu

end module GaugeF¡eld

FermionField: Provide the fundamental routines relating to fermion fields,

including input and outPut.

use ColourTypes
use FermionFieldMPlComms
use GaugeField
use RealFÌeldMPlComms
use ComplexFieldMPlComms
implic¡t none

conta¡ns

subrout¡ne random-fermion-field ( psi )

type(colour-vector), d¡mension(:,:,:,:,:) :: psi
integer :: ix, iy , ¡z , it , ¡s , ns

ns = size ( psi ,5)

do is=1,ns; do it=1,nt ; ðo iz--l,nz; do iy=1,¡y; do ix=1,nx
call random-vector( psi ( ix , iy , iz ' it ' is ) )

end do; end do; end do; end do; end do

end subroutine random-fermion-field

funct¡on ¡nner-product ( psi , phi ) result ( Ps¡dotphi )

type(colour-vector), dimension(:,:,:':,:) :: psi,phi

complex(dc) :: psidotPh¡ , psidotphipp
¡nteger ;: ix, iy , iz , ¡t , is , ns

ns = size ( psi ,5)

psidotphiPP = 0 0d0
do ¡s=1,ns; do it=1,nt; do iz=!,nz;

psidotphipp = psidotPhiPP + sum(
end do; end do; end do; end do; end

ix =1, nx
¡z , ¡t , ¡s )%cl)* phi( ix ¡y , iz , ¡t , is )%Cl)

is )%Cl) * phi ( ix , iy , iz , ¡t , is )%Cl) )

do ¡Y=1,nY do
conjg(psi(ix,iy

do

call AllsumComplex( psídotphipp , psidotphi )

end function inner-Product

funct¡on real-inner-product(psi,phi) result (psidotphi)

type( colour-vector ) , d¡mens¡on (: ,: ,: ,: ,: ) : : psi , phi
real (dp) :: psidotPhi
real (dp) :: psidotPhiPP
¡nteger :: ix , iy , ¡z , it , ¡s , ns

ns = size(psi,5)

psidotPhiPP = 0.0d0
¿6 ¡5=1,ns; do it:1,nt i do iz:l,nz i do ¡y:1,ny; do ix:1,nx

ps¡dotphipp = psidotphipp + sum(.eal(conjg(psi(ix,iv, iz' it
end do; end do; end do; end do; end do

call AllsumReal(ps¡dotphiPp , psidotPh¡ )

end function real-¡nner-Product

funct¡or fermion-norm(psi) result (norm-psi)

colour-vector), dimension ( PsrtyPe
real
rea I

dp
dp

:: norm-psr
:: norm-PslPp

inleger :: ix , iy , iz , it , is , ns

ns = size ( psi ,5)

norm-psipp = 0.0d0
do is=1,ns; do it=1,nt i do iz=7,n2; do iy=1,nyi do ¡x:1,nx

norm-ps¡pp = nor._pr¡pif -'.ll""it.'"njg(p.¡(¡",iy,iz,it,is)%ct)*psi(ix,iy,iz,it,is)%cl))
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end do; end do; end do i end do; end do

call AllSumReal
norm-ps¡ = sqrt

( norm-psipp , norm-psi)
( norm-psi)

end funct¡on fermion-norm

function fermion-normsq ( psi ) result ( normsq-psi )

colour-vector), dimension (type
real
real
¡nteger ::

ns : size ( psi ,5)

normsq-psipp = 0.0d0
do

end

ty Pe
type

colout-vector
colour-vector

normsq-psr
normsq-Psrp

ix , iy , iz , it ,

p

¡s n5

¡s:1,ns; do it=1,nt; do iz=1,n2; do iy=1,¡y; do ix:1,nx
normsq-psipp : normsq-ps¡pp f sum(real(conjg(psi(ix
do; end do; end do; end do; end do

iz, it, is)%cl)*psi (ix,iy,iz, ¡t, is)%cl))

call AllSumReal(normsq-psipp, normsq-psi)

end funct¡on fermion-normsq

subrout¡ne normalise(phi, norm-phi)

type(colour-vector) , d¡mens¡on (: ,: ,: ,: ,;
real(dp) :: norm-phi

integer :: ix,iy,¡z,it,is,ns

ns = size(phi ,5)

do is=1,ns; do it=1,nt ; do iz=1,n2; do iy=1,ny; do ix=1,nx
phi(ix,iy,iz,¡t, is)%Cl : ph¡(ix,iy,iz,it, ¡s)%Cl/norm-phi

end do; end do; end do; end do; end do

end subroutine no¡malise

subroutine ProjectVector(v-lambda , phi )

type(colour-vector), dimension(:,:,:,:,:) :: v-lambda,phi
complex(dc) :: v-lambdadotphi
¡ntege. :: ix , iy , iz , it , ¡s , ns

ns : size ( phi ,5)

v-lambd¡dotphi = inner-product (v-lambda , phi )
do is=1,ns; do it=1,nt i do iz=1,n2 i do iy=1,¡y; do ix=1,nx

phi(ix,iy,¡z,it,¡s)%Cl =phi(ix,iy,iz,it,¡s)%Cl -v-lambda(ix,¡v,¡z,it,is)%Cl*v-lambdãdotPhi
end do; end do; end do; end do; end do

end subroutine ProjectVector

subroutine orthogonal¡se(phi, psi, psidotphi)

type( colour-vector ) , dimension (: ,: ,: ,: ,: ) : : phi , psi
complex(dc) :: psidotphi
integer :: ix , iy , iz , it , is , ns

ns = size ( phi ,5 )

do is=1,ns; do ¡t=1,nt; do iz:1,n2; do iy:1,¡y; do ix=1,nx
phi(ix,iy,¡z,it,is)%Cl = phi(ix,iy,iz,it,¡s)%Cl - psi(ix,¡v,¡2,¡t,is)%Clxpsidotphi

end do; end do; end do; end do; end do

end subroutine orthogonal¡se

subroutine ProjectvectorSpace (n-lambda , v-i , phi )

¡nteger, ¡ntent(in n-lambda

type(colour-vector), dimens¡on (:,:,:,:
¡nteger :: i-lambda

do i-lambda : 1, n-lambda
v-lambda =) v-i (: ,: ,: ,: ,: , i-lambda )
call ProjectVector(v-lambda , phi )

end do

end subrout¡ne ProjectVectorSPace

subroutine WriteFermionField (phi, OutFileld)

type( colour-vector ) , dimension (: ,: ,: ,: ,: ) : : phi

, dimension
, dimension

:) :: phi
: ,; ) , target ::

:), po¡nter :: v-lambda
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¡nteger
type ( co
complex
¡rteger
¡nteger

¡f

:: OutF¡leld
lour-vector), dimension(nx,ny,nz,nt,ns)
(dc), dimension(:,:,:,:,:,:), allocatabl

:: irank, ìs, ic
:: ix, jx, iy, jy , iz, 1z, ¡t, jt

chi
: ch¡-out

if(i-am-root)then
allocate ( chi-out ( nlx, nlY nlz,nlt,ns,nc))

do irank=0,mPi-size-1
if ( irank == mPi-root-rank ) then.

¿hi : ph¡ (1:nx,1:ny,1:n2,1: nt,:)
else

call RecvFermionField(chi , irank )
end if

wr¡te(OutFileld) chi-out (: ,: ,: ,: ,: ,:)

deallocate ( chi-out )
else

chi = phi (1:nx,1:ny,1: nz,1: nt,:)
call SendFermionField(chi, mpi-root-rank)

end if

end subroutine WriteFerm¡onField

subrout¡ne ReadFermionField(phi , lnFileld )

type(colour-vector), dimension(:,:,:,:,:) :: phi
¡nteger r: lnFileld
type(colour-vector), dimension(nx,ny.nz,nt,ns) |

complex(dc). dimension(:,:,:,:,:,:), allocatable
integer :: it , irank , is , ic
¡ntege. i: ¡x, jx, iy, jY , iz, jz ' it ' 

jt

¡f ( i-am-root ) then
allocate (chi-in (nlx , nly , nlz , nlt , ns, nc))

read( lnFileld ) chi-in (: ,: ,: ,: ,: ,:)

call GetSubLattice(irenk , ¡x ,jx ,

do is:1,ns ; do ic=1,nc
ch¡-out( ix : jx, ¡y i iy, iz I iz, it

end do; end do
end do

irank == mpi-root-rank
hi (1:nx,1:ny,1: nz,1:nt,

call SendFermionField(chi, irank)
¡f

iy,jy,iz,jz,¡t,jt)

:jt,¡s,¡c) = chi(:,:,:,:, is)%Cl(ic)

ch n

do irank=0,mpi-size -1call GetSubLattice(irank , ix ,jx , iy 'iy 'iz ,Jz ,it 'it)do ¡s=1,ns; do ic=1,nc
chi(:,:,:,:, is)%Cl(ic) : chi-in(ix:jx, ivtiv,iztjz,ittit

end do; end do
is , ic)

(
p

then
= chi

see

deallocate ( chi-in )

else
call RecvFermionField(chi, mP¡-root-rank)
phi(1:nx,1:nY,1:n2,1:nt,:) : chi

end if

end subroutine ReadFermionField

subroutine WriteÊigenspace ( n-ev , n-dummy, lambda-i , v-i ,

¡nteger , intent(in) :: n-ev, n-dummY
real(dp), dimension(n-ev) :: lambda-i
typeicoiour-u"ctor), dimension(nx,ny,nz,nt,ns, n-ev)
real(dp) :: tolerance, m-f , bct
character(len=+) :: OutPUtF¡le

¡nteger r: ¡t , i-ev , ¡rank

( i-am-root ) then
open (rOO, file=OutputFile
write (100) n-ev, n-dummY,
if

end
end do

i -ev =1, n-ev
if ( i-am-root ) then

write (roo) lambda-i ( i-ev )
end if
call WriteFermìonField (v-i (:

tolerânce, m-f , bct, OutPutFile )

status = "unknown", form = "unformatted
tolerence , m-f, bct

:,r ,r, i-ev),100)

end

do
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end do

¡f ( i-am-root ) then
close ( 100)

end if

call MPlBarrier

end subroutine WriteEigenSpace

subroutine ReadEigenSpace(n-ev,n-dummy,lambda-i,v-¡,tolerance,m-f,bct,lnputFile)

¡nìeger , ¡ntent ( ¡n ) :: n-ev
¡nteger :: n-dummy
real(dp), dimensíon(n-ev) :: lambda-i
type(colour-vector), dimens¡on(nx,ny,nz,nt,ns,n-ev) :: v-i
real(dp) :: tolerance, m-f, bct
character(len:*) :: lnputF¡le

¡nteger :: it , i-ev , irank , m-ev

if ( i-am-root ) then
ópen (100, file=lnputFile, status = "old", form = "unfo.matted" ' âction = "read")
read (100) m-ev , n-dummy, tolerance , m-f, bct

end if

do i-ev:1, n-ev
if ( i-am-root ) then

read (100) lambda-i ( i-ev )
end if
call BroadCastReal (lambda-i( ¡-ev),mpi-root-rank)
call ReadFermionField(v-i (:,:,:,:,:, i-ev),100)

end do

if ( i-am-root ) then
close (100)

end If

call BroadCastlnteger (n-dummy, mp¡-root-ränk )
call BroadCastReal (tolerance, mpi-root-rank)
call BroadCastReal (m-f , mpi-root-rank)
call BroadCastReal (bct , mpi-root-rank)

end subroutine ReadEigenSpace

subrout¡ne ReadFermionField-sc(phi, lnFileld )

complex(dc) , dimension(nx*ny*nz,nt, ns, nc) :: phi
¡nteger :: lnFileld

complex ( dc )
complex ( dc )
integer ::
integer ::
ínteger ::

, dimension
, dimension
irank
ix, jx, iy, iy, i,, jz, it
kx, ky, kz, kt , i-xyz , k-xyz

nx+ny+nz, nt , ns, nc) ::
:,:,:,:) , allocatable chi-in

jt

if(i-am-root)then
allocate ( chi-in ( nlx*nly*nlz , nlt

read(lnFileld) chi-in (:,:,:,:)

ns , nc) )

do irank=0,mpi-size-1
call GetSubLattice(¡rank,ix,jx,iy,jy,iz,jz'it,jt)
do kt:1,nt; do kz=1,n2; do ky=1,¡y; do kx=1,nx

k-xyz : kx * (ky-l)*nx * (kz-l)*nx*nv
i-xyz : (ix+(kx-r)) + (iy-1+(ky-1))*nlx * (iz-14(kz-1))*nlx*nlv
chi(k-xyz,kt,:,:) = chi-in(¡-xyz, ¡t+kt-1,:,:)

end do; end do; end do; end do

íf ( irank =: mP¡-root-rank ) then
phi : chi

e lse
call SendComplexField (chi , irank )

end if
end do

deallocate ( ch i-in )

else
call RecvComplexField(chi, mpi-root-rank)
phi = chi

end if

end subrout¡ne ReadFermionField-sc

subroutíne WriteTimeSlicePropagator(phi, OutFileld)

complex(dc), dimensíon(nx*ny*nz,nt,nc,ns,nc, ns)
¡nteger :: OutF¡leld

ph
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complex
real(dp
integer
integer
¡nteger

(dc), dlmension(nx+ny*nz,nt,nc'ns,nc,ns)
) , dimension (: ,: .: ,: ,: ,: ) , allocatable : :

:: ix, jx, iy, jy , iz, iz, it, jt
: : kx , ky, kz , kt , i-xyz , k-xyz
:: irank

nt; do kz=l,n2; do

= kx * (kY-l)*nx
= (ix1(kx-r)) + (

i-xyz , ¡t+kt -1,:,:
i-xyz , ìt+kt -1,:,:,
end do; end do; end

: chi
ph¡r, ph¡¡

k-xyz, kt,
k-xyz , kt ,

out) :: Gminus-muphi
in) :: phi

if ( i-am-root ) then
àllocate ( phir ( nlx*nly+nlz , nlt , nc, ns , nc, ns) )
allocate ( phii ( nlx*nly*nlz, nlt, nc, ns, nc, ns) )

do irank:0,mpi-size-1
if ( irank == mpi-root-rank ) then

.¡¡ : phi
else

call RecvComplexField(chi, irank)
end ¡f
call GetsubLatt¡ce(¡rank,ix,jx,iy,jy,iz,jz, ¡t'jt)
do kt=1,

k-xyz
r -xyz
phir
phii

end do;

ky=1,ny; do kx=1,nx
* ( kz-1)*nxxnY

iy -1+(ky-1))*nlx + ( Ìz -1+(kz-1))+nlxxnlv
= real
= almag

h
h

))
))

end do

do it:1,nlt
write ( OutFil
writ€ ( OutF¡l

end do

!Apply the spìnor
! Naturally we are

type(colour-vector
type(colour-vector
¡nteger, intent(in

td phir
ph¡i

t
td

deallocate ( phir)
deallocate(phii)

else

"¡1¡ 
: phi

call SendComplexField(chi, mpi-root-rank)
end ¡f

end subrout¡ne Wr¡leTìrreSl¡cePropagator

pure subrout¡ne GammaPlusProject(Gplus-muphi , phi ,mu)

- type(colour-vector)
type(colour-vector)
integer, intent(¡n)

dimension(ns), ¡ntent(out) :: Gplus-muphi
dlmension(ns), intent(¡o) :: phi
:mu

projector Gptus : (1 + gamma-mu) to phi
ín a chiral basis

select case (mu)
case(1)

Gþlís-muphi(r)%ct = phi(1)%cl - cmplx(-aimag(phi(a)7ocl),real(phi(1)I:!!) d')
cptut-rup¡i iziV"ct = þt'i (z)"Zct - cmplx(-aimag ( phi (3)%cl) , re-al ( phi (3)7lg] )-:9')
cprur-rup¡¡isibct = èmpìx(-aimag(Gplus-muphi(2)%ct)'real(Gplus-mupl i(?)Il9!),d")
Cplut-rrp¡¡ i+inCl: cmplx(-aimai(Gplus-muphi(1)%Cl)'real(Gplus-muphi(l)%Cl)'dc)

case(2)
Gplus-muphi (L)%Ct = phi (r)%Cl - phi (a)%Ct
Gplus-muphi (2)%Ct = phi (2)o/"Cl + Ph¡ (3)%Cl
Gplus-muphi (3)%Cl = Gplus-muphi (2)%Cl
Gplus-muphi (4)%Cl = - Gplus-muphi ( 1)%Cl

)
ís-muphi(L)%ct=phi(r)%cl-cmplx(-aimag(phi(3)7ocl),real(phi(3)Il!l),9')
ur-ruphiiziy"ct=phii2)%ct +cmplx(-aimag(phi(a)%cl),real(phi(a)1Ç!)-rd-:) ..
ur_ruphiiS,)nCl = impìx(-aimag(Gptus-muphi(1)%Cl),real(Gplus-muphi(r)7oCl),dc)
,.-ruph¡ i ¿iNCl = cmplx ( aimag( èpi us-muphi (2)%Cl l,- r e al ( Gplus-muphi (2)%Cl l, dc)

)
us-muphi(1)%Cl = phi(r)%Cl + Ph¡(3)%Cl
us-muphi (2\%Cl = phi (2)%Ct + Phi (4)%Cl
us-muphi (3)%Cl = Gplus-muphi (1)%Cl
us-muph¡ (4)%Cl = Gplus-muphi (2)%Cl

case ( 3
Gpl
Gpl
Gpl
Gpl

case ( 4
Gpl
Gpl
Gpl
Gpl

end select

end subrout¡ne GammaPlusProject

pure subroutlne Gamma[¡linusProject (Gminus-muphi , phi ,mu)

, dimension
, dimension
:: ñU

(nr)
( nr )

, intent
, ¡ntent

lAppty the sp¡nor Proiectot (1 - gamma-mu) to phì
! Naturally we are ìn a chîral basis.

select case (mu)
case(1)' 

GLiîu,-mupti(I)%ct = phi(r)%cl * cmplx(-aimag(phi(a)7ocl),real(phi(1)I:!ll'dt)
Gminus-mupni(ziv"ct:pniizjNct+cmplx(-aimag(ph.i(3)%cl),real(.phi(3)%cl),dc)
ó.inur-rup¡¡iai"¿cl : i.pì"("imag(Gmìnus-muptrl(z¡%ct¡,-real(Gminus-muphi(2)%cl),dc)
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Gminus-muphi(4)%Cl = cmplx(aimag(Gminus-muphi(r)%CI),-real(Gminus-muphi(1)%Cl),dc)
case (2)

Gminus-muphi(1)%Cl : phi (l)%Cl + phi (+)%Cl
Gminus-muphi(2)%Cl : phi (2)%Cl - phi (s)%Cl
Gminus-muphi (3)%Cl : -Gminus-muphi (2)%Cl
Gm¡nus-muph¡ (4)%Cl : Gminus-muphi (1)%Cl

case (3)
Gminus-muphi(1)%Cl = phi(1)%Cl + cmplx(-aimag(Phi(3)%Cl),real(phi(3)7oCl) 'dc)
Gminus-muphi(2)%Cl=phi(z)%Cl-cmplx(-aimag(phi(+)%Cl),real(phi(a)%Cl)'dc)
Gminus-muphi(g)XCt = cmplx(aimag(Gm¡nus-muphi(1)%Cl),-real(Gminus-muphi(r)7oCl),dc)
Gminus-muphi (4)%Cl = cmplx(-aimag( Gm¡nus-muPh¡ (2)%Cll' , real( Gminus-muphi(z)%Cl) 'dc)

case (4)
Gm¡nus-muphi(1)%Cl : phi(1)%Cl - phi(3)%Cl
Gminus-muphi (2)%Ct = phi (2)%Ct - phi (a)%Cl
Gminus-muphi (3)%Cl = -Gminus-muphi (1)%Cl
Gminus-muphi (4)%Cl = -Gminus-muphi (2)%Cl

€nd select

end subroutine GammaMinusProject

subroutine GammaPhi(gamma-muphi , phi ,mu)

type(colour-vector), dimens¡on(ns) :: gamma-muphi
type( colour-vector) , dimension(ns) :: phi
¡nteger :: mu

! Naturally we are ¡n a chiral basis

select case(mu)
case(1)

gamma-muphi ( 1)%Cl = - cmplx(-aimas ( ph i (4)%Cl'), rea I ( phi (l)7oCl ), dc )

tamma-muphi ( z)%Cl = - cmplx(-aimag ( ph¡ (3)%Cl ), rea I ( phi (3)7oCl )' dc )

!amma-mupni ( s)%Cl : cmplx(-aimag ( phi (2)VoCl), rea I ( phi (2)7oCl ), dc )

lamm"--upt'i (+)%Cl : cmplx(-aimag ( ph i (7)%Cl), rea I ( phi ( 1)%CI ), dc )
case (2)

gamma-muphi ( 1)%Cl = - phi (4)%Cl
gamma-muphi(2)%Cl = phi (3)%Cl
gamma-muphi (3)%Cl : phi (2)%Cl
gamma-muphi(4)lsÇl : -phi (7)%Cl

case(3)
gâmma-muphi ( 1)%Cl : - cmPIx(-aimag ( phi (3)%Cl ), rea I ( phi (3)7oCl ), dc )

!amma-muphi (z)%Cl : cmplx(-aimag ( ph i (4)%Cl), rea I ( phì (a)7oCl )' dc )

!amma-muphi (s)%Cl : cmplx(-aimag ( phi ( 1)%Cl ), real ( phi ( 1)7oCl )' dc)
ãamma-muph¡ (¿)%Cl : -cmplx(-aimag ( phi (2)%Cl \, real ( ph i (2)%Cl ), dc )

case (4)
gamma-muphi ( 1 )%Cl
gamma-muphi (2)%Cl
gamma-muphi (3)%Cl
gãmma-muphi (4)%Cl

end select

end subrout¡ne CammaPhi

type( colour-v€ctor ), dimens¡on(ns)
type( colour-vector ), d¡mens¡on ( ns)
integer : i mu, nu, iplaq , is

if(mu<nu)then
iplaq = mul-nu-1-1/mu

else
iPlaq : nu+mu-l-l/nu

end if

select case( ¡plaq )
case(1) I mu:7,

sigma-munuph¡
s¡gma-munuph¡
sigma-munuphi

-munuphi

cmplx(-aimag ( phi ( t)%Cl ), real ( phi (r)%Cl ), dc)

-cmplx(-aimag ( phi(2)%Cl) , real( phi (z)o/"Cl) ,dc)
cmplx(-aimag ( phi (3)%Cl ) , real ( phi (s)%Cl ) , dc )

-cmplx(-aimag ( phi (+)%Cl ), real ( phi (a)%Cl ), dc)

- ph¡ (z)%cl
phi (r)%cl

- phi (+)%cl
phi (3)%cl

-cmplx(-aimag ( phi(z)%Cl) , real(ph¡(2)%Cl) ,dc)
-cmplx(-aimas ( ph¡ ( 1)%Cl ), real ( phÌ (1)%Cl )' dc)

cmplx(-aimag ( phi(+)%Cl) , real( phi(a)%Cl) 
' 
dc )

cmplx(-aimag ( phi (3)%Cl) , real( phi (3)%Cl) , dc)

cmplx(-aimag ( phi(2)%Cl) , real( phi(z)%Cl) 
' 
dc )

cmplx(-aimas ( phi (1)%Cl) , real( phi (r)%Cl) , dc )
cmplx(-aimag ( phi (+)%Cl ), real ( phi (a)%Cl ), dc)
cmplx(-aimag( phi (r)%Cl ) , real ( phi (3)%Cl ) ,dc)

)%c
)%c
)%c
)%c

Ph (3
ph (4
ph (1
Ph (2

subroutine S gmãPh (s gma-munuph ph mu nu)

5t
case

gma
(2)

:: sigma-munuphi
:: phi

(1
(2
(3
(4

(r
(2
(3
(4

ir
(2
(3
(4

)%ct
)%ct
)%ct
)%ct

)%ct
)%ct
l%ct
)%ct

)%ct
)%cr
)%ct
)%ct

)%ct
,%ct
)%ct
)%ct

2

4

4

sigma-munuph
sigma-munuph
sigma-munuph
sigma-munuph

case(3) I mu :
sigma-munuph
sigma-munuph
sigma-munuphi
sigma-munuphi

case(4) I mu:2,
sigma-munuphi(1
sigma-munuphi (2
sigma-munuphi (3
sigma-munuphi (4

case(5) I mu:2,
sigma-munuphi (1)%Cl -phi(z)%cl
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sigma-munuphi
sigma-munuPh¡
sigma-munuphi

case(6) lmu:3
sigma-munuphi
s¡gma-munuphi
s¡gma-munuph¡
sigme-munuphi

end select

type
type

integer
¡ntege¡
¡nteger
¡rÈeBei
integer

mu, t Smea r
¡x, iy, iz, it,dmu(nd)
lx,ly,lz
mx, my , mz
m pi-status ( nm pi -status )

:: rho-pr
:: phi

mpierror , mrank, prank , tag

n_smeer U-xd )

mrank, tag,&
prank , tag,&

prank , tag,&
mrank, tag,&

(2)o/oct = phi(r)%cl
(3)%cl = phi(+)%cl
(4)Yoct = -phi(3)%cl

lrlXCt = -cmplx(-aimas ( ph¡ ( 1)%Cl ), real ( phi ( r)%Cl )' dc )
iz\NCt = cmplx(-aimag(phi (2)%Cl), real(phi (z)%Cl),dc)
Ì¡i"¿Ct : cmplxi-aimae(ph¡(3)%Cl),real(phi(3)%Cl),dc)
it\V"Cl = -cmplx(-aimag( phi (+)%Cl ) , real ( phi (a)%Cl ) 'dc)

if(mu)nu)then
do ¡s=1,ns

sigma-munuphi ( is )%Cl : -sigma-munuphi ( is )%Cl
end do

end if

end subroutine SigmaPhi

sübroutine GetSource ( rho, i", iy' ir, jt, js, jc, SmearedSource' alpha -smear

type(colour-vector), dimension(nxp,nyp,nzP,ntp,ns) :: rho
integer :: jx,jy,jz,jt,js,jc
logical :: SmearedSource
real (dp) :: alpha-smear
¡nteger :: n-smear
type( colour-matr¡x ) , d¡mens¡on (: ,: ,: ,: ,:) :: U-xd

! Gauge ¡nvar¡ant ( spatìal ) fermìon source smeeríng
! ref-: NPB(proc. suppl.) 17, i61 (1990), PRD47, 5128 (1993)

( colour-vector ) , dimension (

( colour-vector ) , dimension (
nxs , nys, nzs
nxp ¡ nyp, nzp

type(colour-vector) :: phi-px, phi-mx

Sdefine U-mux
fdefine U-muxmmu

iy , iz , it ,mu)
my,mz, it ,mu)

U-xd ( ix ,

U-xd ( mx,

#d
#d

fdefine phi-x phi(ix,iy,iz)

if ( site-is-mine(jx,jy,jz,jt) ) then
call Latt¡ceTosubLettice(jx 'jy ,jz ,jt , ¡x
rho(ix,iy,¡2, ¡t, js)%cl(jc) = 1 0d0

end if

if ( SmearedSource and ( n-smear ) 0) )

'if ( ( i-nt <= jt) .and (jt <= j-nt) )
it = jt - ¡-nt + 1

rho-pr ( 1: nx ,1: nY ,1: nz ) : rho ( l: nx ,1:

do mu=1,nd-l
dmu=0
dmu(mu) = I

mapz( iz * dmu(3) )
mapz(iz - dmu(3) )
=1, ny

mrank = mpi-coords (4) + nproct*modulo( mpi-coords (

prenk = mpi-coords (4) + nproct*modulo( mpi-coords (
nProcz
n procz

tag : nx*ny

do ismear=1,n-smear

call MPI-SendRecv(rho-pr(1,1,1),nc*nx*ny,mpi-dc
&. rho-pr(1,1,mapz(nz*l))'nc*nx*ny'mpi-dc
& mP¡-comm, mPi-status , mPierror)

call MP|-SendRecv(rho-pr(1,t,nz),nc*nx*ny,mpi-dc
& tho-pr(1,1,mapz(0)) ,nc*nx*ny,mpi-dc
& f.nPi-comm, mp¡-status , mPierror)

phi = zero-vector

rho-pr(ix iy iz)
rho-pr(lx ly lz)
rho-pr(mx my mz)

# efi ne rho-x
efine rho-xpmu
efine rho-xmmu

v z t)

then

then

ny,1:nz,it,js)

3) - I
3)+1

nzdo iz :1,

mz:
do iy

ly
my

: mapy(iy + dmu(2))
= mapy( iy - dmu(2) )
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do ix :1. nx
lx=mapx(ix*dmu(1))
mx=mapx(ix-dmu(1))

call
ca ll

MultiplyMatClrVec (phi-px,U-mux,rho-xpmu)
lvl u lti pl yM at Da gC I rVec ( ph i-mx, U-muxmmu, rho-xmmu )

phi-x%Cl: phi-x%Cl * (phi-px%Cl * phi-mx%Cl)/u0-bar

end do
end do

end do

doend

do

end

end do

iz=l,nzi do iy=1,ny; do ix:1,nx
rho-xVoCl = (1.OdO - alpha-smear)*rho-xo/oCl * (alpha-smear/6 0d0)*phi-x%Cl
do; end do; end do

¡ho(1:nx, l: ny,1: nz, ¡t, js ) : rho-Pr(t:nx,1: ny'1: nz)

end if

end if

end subroutine GetSource

end module FermionField

GLSDiag: Parallel colour matrix diagonalisation routine,
algorithm.
module GL3Diag

use ColourTypes
use VectorAlgebra
implicit none

! Routines for the 3x3 matríces ( General linear group)

contains

subrout¡ne DiagoneliseMat(H-xd, lambda-xd,V-xd)

type(colour-matrix) :: H-xd !Hermitian matrix
type( real-vector) :: lambda-xd ! eigenvalues
type( colour-matrix ) :: Y-xd ! eígenvector matr¡x
¡nteger :: mu

type(colour-vector) :: psi , Dpsi, grad-mu, search, Dsearch
real (dp) :: normsq-grad-mu , normsq-grad-mu-old
real (dp) :: norm-search , norm-Ps¡

logical :: converged , recalc
real(dp) :: tolerence : 10d-r2
¡nteger :: iterations ¡ mycount

complex(dc) :: Psidotseãrch, grad-mudotsearch
real (dp) :: ps¡dotDpsi , searchdotDsearch

real (dp) :: cos-delta , sin-delta , cos-theta , sin-theta
real (dp) :: a2 , a3

real(dp) :: alpha , betã, mu-ps¡ ' mu-phi, mu-chi
complex(dc) :: ph¡dotDch¡ , chidotDphi

type( colour-vector ) :: Phi , chi
#def¡ne Dphi grad-mu
fdefine Dchi search

complex(dc) :: Phidotv-p , chidotv-p , phidotv-m , chidotv-m

real (dp) :: lambda-P , lambda-m
complex(dc) :: nu-P , nu-m

t n t out
xyzl

psio/oCl : 1.0d0/sqrt (3 0d0)

call normalise-vector( Ps¡)

call MultiplyMatClrVec(Dpsi , H-xd, psi )

based on the Ritz

n teger
nteger

150



mu-ps¡ = reãl-vector-¡nner-product(Ps¡,Dps¡)

grad-mu%Cl = Dpsi%Cl - mu-psì* psi%Cl

normsq-grad-mu : vector-normsq (grad-mu)

search = gred-mu
norm-search : vector-norm(search )

call MultiplyMatClrVec(Dseerch,H-xd,search )

converged : false
recalc =.false.
¡terations = 0

ps¡dotsearch = vector-¡nner-product(psi,search )

do
converged = ( sqrt(normsq-grad-mu) < tolerence ) .o. ( norm-search**2 < tolerance*+2 )

if ( converged ) exit
norm-psi = vector-norm
if ( iterations )= 60
if ( ¡terat¡ons )= 60

" Oiag Mãt " , iterations

iterations : iterations + 1

recalc : ( modulo( ¡terations ,3) == 0 )

normsq-grad-mu-old = normsq-grad-mu
psidotDpsi : real-vector-¡nner-product(psi,Dpsi)
iearchdotDsearch = real-vector-inner-product(search,Dsearch)/(norm-search**2)

a2 = 0 5d0*( psidotDpsi - searchdotDsearch )
a3 = normsq-grad-mu/norm-search
alpha = sqrt( a2**2 + ¡3**2)

cos-delta : a2/ alpha
sin-delta = a3/alphe

if ( cos-delta <: o 0d0 ) then
cos-thetâ : sqrt (0 5d0*(1.0d0-cos-delta ) )
s¡n-thete = -0 5d0*sin-delte/cos-theta

else
sin-theta = -sqrt(0 5d0*(1 odo+cos-delta))
cos-thete = -0 5d0xsin-delte/s¡n-thete

end if

psi%Cl = cos-theta*ps¡%Cl + s¡n-theta *(search%Cl/norm-search)

psi)
print
ex¡t

p
(

if ( recalc ) then

call normalise-vector(
call MultiplyMatClrvec

else

si)
Dpsi , H-xd , psi )

Dpsi%Cl = cos-theta +Dpsi%Cl + s¡n -theta *( Dsearch%Cl/ norm-search )

end if

mu-psi : real-vector-¡nner-product(psi,Dpsi)

grad-mu%Cl = Dpsi%Cl - mu-psi*psi%Cl

normsq-grâd-mu : vector-normsq (grad-mu)

converged : ( sqrt (normsq-grad-mu) < tolerance )
if ( converged ) exit

beta = cos-theta +(normsq-grad-mu/normsq-grad-mu-old )

if(recalc)beta=00d0

psidotsearch : vector-¡nner-product(psl,search )
iearch%Cl = grad-mu%Cl + beta*( search%Cl - psidotsearch*psi%Cl )

if(recalc)then
psidotsearch = vector-inner-product(psi,search )

Dsearch%Cl = search%Cl-grad-mu%Cl

grad-mudotsearch = vector-¡nner-product(grad-mu, Dsearch)
grad-mudotsearçþ = grad-mudotsearch/normsq-grad-mu

search%Cl : search%Cl - Psidotsearch +psi%oCl - grad-mudotsearch*grad-mu%Cl
end if

norm-search = vector-norm ( search )
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call Mult¡plyMatClrVec(Dsearch,H-xd, search)

end do

call normalise-vector( psi )

call MultiplyMatClrVec(Dpsi,H-xd, psi )
mu-psi = real-vector-¡nner-product(psi,Dpsi)

ph¡%Cl : 1.0d0/sqrt (3 0d0)

call orthogonal¡se-vectors(phi, psi)
call normalise-vector(phi)

call vector-product (chi , psi , phi )
call normalise-vector ( chi )

call MultiplyMatClrVec(Dphi, H-xd, phi )
call orthogonalise-vectors(Dphi, psi)

call MultiplylilatClrVec(Dchi, H-xd, chi )
call orthogonãlise-vectors(Dchi , psi )

mu-phi = real-vector-inner-product
mu-chi = real-vector-inner-product
phidotDch¡ : vector-inner-product
chidotDphi : vector-inner-product

phi
chi

ph
ch

D
D

ph
ch

Dch
Dph

þs¡¿ : -(mu-phi+mu-chi )
alpha : mu-phi*mu-chi - real(phidotDchi*chidotDphi)

lambda-p = 0 5d0
lambda-m = 0.5d0

sq
sq

-beta bete**2 - 4 0d0*alpha
beta +*2 - 4.0d0+alpha

*(
*( - beta +

))
))

nu-p = -phidotDchi/(mu-phi - lambda-p)

alpha : sqrt(real(nu-p)+*2 { aimag(nu-p)**2 + 1 0d0)
phidotv-p = nu-p/alpha
chidotv-p = 1 0d0/alphã

¡g-5 : -chidotDphi/(mu-chi - lambda-m)

alpha : sqrt(real(nu-m)**2 * aimag(nu-m)**2 * 1.0d0)

phidotv-m :1 0d0/alpha
ch¡dotv-m: nu-m/alphã

!Temporaríly store the e¡genvectors rotated ftom phi and chì
Dphi%Cl = phi%Cl*phidotv-p * chi%Cl*chidotv-p
Dchi%Cl : phi%Cl*phidotv-m + chi%Cl*chidotv-m

phi = Dphi
chi = Dchi

call normal¡se-vector
call normalise-vector

( phi)
(chi)

call MultiplyM
call MultiplyM

tClrVec(
tClrVec(

Dphi,H-xd,phi
Dchi,H-xd,chi

mu-phi = real-vector-inner-Product
mu-chi = real-vector-inner-product

lambda-xd%Cl(1) = mu-Psi
V-xd%Cl (: ,1) = psi%Cl(:)

phi , Dphi
chi , Dchi

lambda -xd%Cl (2 ) : mu-
V-xd%Cl (:,2) : phi%Cl

lambda-xd%Cl(3) = mu-.¡¡
V-xdToCl (: ,3) = ch¡%Cl (:)

fundef Dphi
fundef Dchi

end subrout¡ne Diagonal

end module GL3Diag

Fatlinks: Implementation of APE smearing' with unit circle projection

module FatLinks

use GaugeField
use GL3Diag
¡mplic¡t none

phi
(,)

r52



type(colour-matr¡x), d¡mension(nxs,nys, nzs, nts,nd)

real(DP) :: alphe-smear = 0 7d0 !smearing fract¡on
¡nteger :: ape-sweeps = 4 !smear¡ng sweePs
real (dp) :: u0fl-bar = 1 0d0, uzerofl = 1.0d0

UFL-xd !F¿t lînks

contains

subroutine APESmearLinks(U-xd, UFL-xd, alpha, sweeps)

type(colour-matrix), dimension(:,:,:,:,:) :: U-xd
type(colour-matrix), dimension(:,:,:,:,:) :: UFL-xd

real(dp) :: elpha
int€ger :: sweePs

¡nteger :: isweeps

UFL-xd (1: nxs, 1: nys, 1: nzs, 1: nts, : ) = U-xd (1: nxs, 1: nys

do ¡sweeps =1,sweeps
call APESmear(UFL-xd, alpha )
if ( isweeps == sweeps) call FixSU3(UFL-xd)
call ShadowGaugeField (UFL-xd, 1)

end do

end subroutine APESmearLinks

subroutine APESmear(U-xd, alpha )

type(colour-matrix), dimension(:,:,:,:,:) :: u-xd
real(dp) :: alpha

type(colour-matrix), dimension(nxp,nyp,nzp,ntp,nd) :

integer : : ix , iy , iz , it ,mu, nu, inu

nx, ny
nx,ny

: V-xd lSme¿¡ed links

urPrm, urprm
ur. ut

nzs,1:nts,t)

double precision,d¡mens¡on
double preeision,d¡mensíon

call GetSmearedLinks(V-xd , U-xd, alpha)

U-xd (1: nx,1: ny,1: nz,1: nt,:) : V-xd (1:nx,1:ny,1: nz

call SU3Project(U-xd)

end subrout¡ne APESmear

subrout¡ne GetSmearedLinks(V-xd, U-xd, alpha)

nz nt nd nc nc)
nz nt nd nc nc)

type
tyPe
¡eal

colour-matrix), dimension (:,:
colour-matrix) , dimension (: ,:
dp) :: alpha

V-xd
U-xd

integer :: ix,iy,iz,it,mu,nu,¡nu

do mu=l,nd
do it=1,nt; do iz:1,n2; do iy:1,ny

V-xd( ix , iy , ¡z , it ,mu)%Cl = 0 0d0
end do i end do; end do; end do

end do

do ix=1,nx

do mu=l,nd
nu=mu
do inu =1,nd-1

nu = modulo(nu, nd)*1
call GetAPEBlockedLinks (V-xd , U-xd ,mu, nu)

end do
end do

do mu:l,nd
do ¡t=1,nt; do iz:l,nz

V-xd(ix,iy,iz,it,mu
& ( alpha /6.0d0

end do; end do; end do
end do

i do iy=!,¡Y; do ix=1,nx
)%Cl = (7 0d0 - alpha)*U-xd(ix , iy , iz , it ,mu)%Cl + &
) *V-xd ( ix , iy , iz , it , mu)%Cl
; end do

end subroutine GetSmearedLinks

subrouù¡ne SU3Project ( U-xd )

type(colour-matrix), dimension(:,:,:,:,:) :

type(colour-metrix) :: H-xd, V-xd, W-xd

type(real-vector) :: lambda-xd !eigenvalues

type(colour-vector) :: V1/¡À¡V lcross Ptoduct
complex(dc) :: detW

U-xd
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¡nteger :: ¡x , ¡y , iz , it ,mu, ic ,jc

do mu=l,nd

do ¡t=1,nt; do iz:7,n2; do iy:1,¡y; do ix:1,nx

call MultiplyMatDeeMât(H-xd,U-xd(ix, iy, iz, it,mu),U-xd(ix
call DiagonaliseMat(H-xd , lambda-xd , V-xd)

lambda-xd%Cl = I 0d0/sqrt(lambda-xd%Cl)

c a I I M ult¡ plyMatReal Diaglr,4 at (W-xd, V-xd, lambda -xd )

!lJndiagonalise H-xd back to the U-xd basis
call MultiplyMãtMatdag ( H-xd, W-xd, V-xd )
call MultiplyMãtMat(Wrd,U-xd(ix, iy, ¡2, it,mu),H-xd)

end do; end do; end do; end do

end do

end subrout¡ne SU3Project

subroutine GetAPEBlockedLinks (V-xd , U-xd ,mu, nu)

typ
tvp

colour-matrix
colour-matrix

dimension
dimension

ry lz it,mu))

\ ¡{ t/oC I ( 1 ) = W-xd%C I (2,2) *W '-xd%Cl ( 3, 3) - W:d/oC I ( 2, 3 ) *W:d%C I ( 3' 2)
\ r{ r/oC I ( 2 ) : W-xd%C I ( 2, 3 ) *W-xd%C I ( 3, 1 ) - W:d/oC I ( 2, 1 ) +Wrd%C I ( 3' 3 )
\ r{ t/oC I ( 3 ) = W-xd/oCl ( 2, 1 ) +W-xd%C I ( 3, 2) - W¡d/oC I ( 2, 2 ) *Wrd%C I ( 3' 1 )

detw=w:d%cl(1,1)*\ó{r/ocl(1)+wrd/ocl(1,2)*Mót\Arlocl(2)+wrd%cl(l'3)*tÁ/ÅÀr/ocl(3)

detW = 1.0d0/(detw**(1.0d0/3 0d0))

U-xd(ix , iy , iz , it ,mu)%Cl(: ,1) = detW*W:d/"Cl(: '1)U-xd(ix, iy, iz , it ,mu)%Cl(:,2) = detW+W¡e/oCl(: '2)U-xd(ix, iy, iz, it,mu)%Cl (:,3) = detW*W:d/oCl(:,3)

-xd
-xdU

¡nteger :: mu. nu

type( colour-matr¡x )
integer, dimension(
¡nteger :: ix , iy , iz
integer :: jx ,jy ,jz
intege. :: kx,ky,kz
integer :: lx , ly , lz
integer : : mx, my. mz

fdefine U-nux U-xd(ix
#d ef¡ n e V-munux V-xd (

#define U-nuxpmu U

fdefine U-muxmnu U-xd
#define U-nuxmnupmu U-xd

: : UnuUmu, UnudagUmu , V-nup , V-num
nd) :: dmu, dnu
. ¡t

It
mt

Jt
kt

, ry
ix,
-xd

,iz,it,nu)
iy , iz , it ,mu)
(jx ,jy ,jz ,jt nu
( lx , ly , lz , lt nu
(kx,ky,kz,kt mu
( lx ,ly ,lz , it mu
(mx,my,mz,mt nu

fdef ne U-nuxmnu U-xd
#def ne U-muxpnu U-xd

dmu=0
dnu = 0

dmu(mu) = 1

dnu(nu) : 1

z
z

do it:1,nt
jt = mapt( it
kt : mapt( it
It : mapt( it
mt : mapt( it
do iz =1, nz

jz = mapz(
kz = mâpz(
lz : mapz(
mz = mepz(

+ dmu(a) )
+ dnu (+) )

- dnu (a) )
- dnu(4) 4 dmu(4))

+ dmu(3))

+

I
(3)
(3)
(3)
(3)

dmu
dnu
dnu
dnu

do iy:1, ¡y
jy=mapy(iy+dmu(2))
ky: mapy(iy + dnu(2))
ly : mapy(iY - dnu(2))
my : mapy(iy - dnu(2) + dmu(2))
do ix:1,nx

jx=mapx(¡x+dmu(l))
kx = mepx(¡x + dnu(1))
lx : mapx(ix - dnu(1))
mx = mapx( ix - dnu (1) + dmu(l) )

call MultiplyMatMat (UnuUmu, U-nux , U-muxpnu)
ca I I M ultipltMetMatdeg (V-nup, UnuUmu, U-nuxpmu )
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call
call

MultiplyMatdagMat (Unudagumu, U-nuxmnu' U-muxmnu)
MultipltMatMat (V-num, UnudagUmu, U-nuxmnupmu )

V-munux%Cl = V-munux%Cl + V-nuP%Cl * V-num%Cl

end do
doend

enddo
end do

Sundef
#undef
fundef
fundef
fundef
fundef
fundef

U-nux
V-munux
U-nuxpmu
U-nuxmnu
U -muxpnu
U-muxmnu
U-nuxmnupmu

end subrout¡ne GetAPEBlockedLinks

end module FatLinks

CloverFmunu: Implementation of the one loop clover term.

module CloverFmunu

use MatrixAlgebra
use MPllnterface
¡mpl¡cit none

type( colour-matrix) , dimension(nxp, nyp, nzp, ntp , nplaq ) :: F-munu ! Clover based f¡eld strength tensor

contains

funct¡on GetTopQ(F-munu) result (Q)

( colour-matrix ) , dimension (: ,: ,: ,: ,: ) : I F-munu
(dp) :: Q, Qpp, TrF12F34 , 1rFt3F24, TtFt4F23

integer :: ix, iy, iz , it

Qpp = 0 0d0

ty pe
real

do it:1,nt i do iz=7,n2
call ReelTrace¡/ultM
call RealTracelVlultM
call RealTracelrlultM
Qpp=Qpp180d0+(

end do; end do; end do

i do iy:1,¡Y; do ix=1,nx
atMat(TrF12F34, F-munu(ix, iy, iz
at¡/at(TrF13F24, F-munu ( ix, iy, iz
atlvlat(TrF14F23, F-munu ( ix, iy, iz
r¡Fr2F34 - TrF13F24 + TtFl4F23

end do

, F-munu
, F-munu
, F-munu

ix , iy , ¡z , it ,6
ix , iy , iz , it ,5
ix , iy , ¡z , it ,4

it
it

, it ,3
)

cal¡ AllSumReal(Qpp,Q)

Q: Q/(32.0d0*(pi**2))

end function GetTopQ

subrout¡ne CalculateFmunuClover( F-munu, U-xd )

pe
pe

colour-matrix
colour-metr¡x

¡nteger :: mu, nu, iplaq
¡nteger :: ix , iy , iz , it

do mu=l,nd
do nu{u+1, nd

iplaq : múfnu-1-1/mu

do it=1,nt; do iz=1,n2; do
F-munu(ix, iy, iz, it , ¡Plaq

dimens¡on (: ,: ,: , : ,:
d¡mens¡on (: ,: ,: , : ,:

iy=1,ny
)%ct =

:: F-munu
:: U-xd

;do ix=1,nx
0.0d0

end do; end do; end do; end do

call GetCloverTerm (F-munu,U-xd,mu,nu, iplaq)

do ¡t=1,nt; do iz--7,n2; do iy=1,¡y; do ix=1,nx
F-munu(ix, ¡y,¡2, ¡t, iplaq)%Cl = 0 125do*F-munu(ix

end do; end do; end do; end do
ty ¡t iplaq)%Cl

end do
end do

end subrout¡ne CalculateFmunuClover

subroutine GetCloverTerm (F-munu, U-xd ,mu, nu, iplaq )

type(colour-matrix) , dimension (: ,: ,: ,: ,:) :: F-munu
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type( colour-matrix ) , dimension (
¡nteger :: mu, nu, iplaq

) Uxd

type( colour-matrix ) :: U-munu , UmuUnu, UmudagUnudag, UnuUmudag, UnudagUmu ! Gauge fíeld products

¡nteger , dimension (nd) :: dmu, dnu
¡nteger :: ix , iy , ¡z , ¡t
integer ::
¡nteg€. ::
¡nteger ::
¡nteger ::
integer ::
integer ::
integer ::

jx jy jz jt
kx ky kz kt
ax ay az at
bx by bz bt
cx cy cz ct
dx dy dz dt
ex ey ez et

fdefine
fdefine

fdefine
fdefine

fdefine
fdefine

fdefine
fdefine

U-mux U-xd ( ix , iy , iz , it , mu)
U-nux U-xd(ix, iy, iz,it,nu)

U-nuxpmu U-xd(jx, jy,jz, jt,nu)
U-muxpnu U-xd ( kx , ky , kz , kt , mu)

U-muxmmu U-xd(ax, ay, az, at,mu)
U-nuxmmu U-xd(ax, ay,az, et,nu)

U-muxmnu U-xd(bx, by, bz, bt,mu)
U-nuxmnu U-xd(bx,by, bz, bt,nu)

#def¡ne U-nuxmmumnu U-xd
fdefine U¡uxmmumnu U-xd

fdefine U-nuxmnupmu U-xd
fdefine U-muxpnummu U-xd

$define F:munux F-munu(ix,iy, iz, it, iplaq)

(cx cy cz
(cx cy cz

(dx dy dz
(ex ey ez

ct,nu)
ct , mu)

dt,nu
et,mu

dmu=0
dnu : 0
dmu(mu)
dnu(nu)

=1:1

do it:1,nt
jt = mapt( it + dmu(a))
kt = mapt(it + dnu(a))
at=mapt(it-dmu(a))
þ1: mapt(it - dnu(4))
ç1 = mapt( ¡t - dmu(4) - dnu(a))
dt = mapt( it + dmu(4) - dnu(a))
et = mapt(¡t -dmu(4) + dnu(+))
do iz:1,n2

jz : mapz(¡z * dmu(3))
kz: m¿pz(iz + dnu(3))
az : mepz( iz - dmu(3))
bz = mapz( iz - dnu (3) )
cz : mapz(iz - dmu(3) - dnu(3))
dz: mapz(iz * dmu(3) - dnu(3))
ez : mapz( iz - dmu(3) + dnu(3))
do iy=1,ny

2)
2)
2)
2)
2)
2)
2)

dnu
dmu
dmu
dmu

mepy (
maPy (
maPv (
mapy (
mapy (
maPy (

lv
ky
ay
by
cy
dy
ey
do

: maPy( dmu
dnu

ry
ry
ry
ry
ry
ry
ry

+
+

+
- dnu (2) )
- dnu (2) )
+ dnu (2) )

ix=1

bx=

dx=

x*
x+
x

X

x*
x

))
))
))
))
) - dnu(1))
) - dnu(1))
) + dnu(1))

nx
mapx
mapx
mapx
mâPx
mePx
mapx
mapx

dmu
dnu
dmu
dnu
dmu
dmu
dmu

1

1

!t]+f,u+nu(x)
call MuliiplyMatMat (Umuunu, U-mux 

' 
U-nuxpmu)

call Mult¡;liMatdagtrìatdag (UmudagUnudag, U-muxpnu, U-nux)
ca I I MultiplyMatMãt ( U-munu, UmuUnu, UmudagUnudag )

call AddCloverLeaf (F-munux, U-munu)

!U-nu1ilu( x+a -nu )
call MulìiplyMatdagMat (UnudagUmu, U-nuxmnu , U-muxmnu)

iu f I vuttipf yvatM;dae ( UnuUmudag, U-nuxmnupmu, U-mux)
call MultipliMetMat (U-munu , UnudagUmu, UnuUmudag)

call AddCloverLeaf ( F-munux, U-munu)

! Wnu-mu( x+a-mu )
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ca I I MultiplyMatMetdag ( UnuUmudag, U-nux, U-muxpnummu)
c a I I I¡ ulti plyM etda glvl at ( UnudagUmu, U-nuxmmu, U-muxmmu )
call Multiplyl¡latlVat (U-munu , UnuUmudag, UnudagUmu)

call AddCloverLeaf (F-munux, U-munu)

! lJ-mrnu ( x+a-mula -nu )
ca I I MultiplyMatdegM atdag ( UmudagUnudag, U-mummu
c a I I M ul ti plyMatM at (UmuUnu, U-muxmmumnu, U-nuxmnu
call lrlultiplyMatMat (U-munu, UmudagUnudag,UmuUnu)

call AddCloverLeaf (F-munux, U-munu)

subroutine AddCloverLeaf (F-munux, U-munux)

type(colour-matrix) i: F-munux, U-munux

, U-nuxmmumnu )
)

end do
end do

{u
#u
fiu

fundef U-mux
ndef U-nux
ndef U-nuxpmu
ndef U-muxpnu

enddo
end do

F-munux%Cl
F-munux%Cl
F-munux%Cl
F-munux%Cl
F-munux%Cl
F-munux%CI
F-munux%Cl
F-munux%Cl
F-munux%Cl

type
type

fundef F-munux

conta¡ns

(1 1)
(2 1)
(3 1)
(1 2)
(2 2)
(3 2)
(1 3)
(2 3)
(3 3)

F-munux%Cl
F-munux%C I

F-munux%Cl
F-munux%C I

F-munux%Cl
F-munux%Cl
F-munuxToCI
F-munux%Cl
F-munux%Cl

* U-munux%Cl
* U-munux%Cl
* U-munux%Cl
* U-munux%Cl
* U-munux%Cl
* U-munux%Cl
+ U-munux%Cl
+ U-munux%Cl
* U-munux%Cl

- conJg

- conJg

- conJg

- conJg
- conJ g

- conJg

- conjg
- conJg

- conlg

U-munux%Cl
U-munux%C I

U-munux%C I

U-munux%Cl
U-munux%Cl
U-munux%CI
U-munux%C I

U-munux%C I

U-munux%C I

1

1
1

2
2
2
3
3
3

1

2
3
1

2
3
1

2

1

I
1

2

3
3

(1
(2
(3
(1
(2
(3
(1
(2
(3

,1)
,2)
,3)
,1)
,2)
,3)
,1)
,2)
,3)

end subroutine AddCloverLeaf

end subrout¡ne CetCIoverTerm

end module CloverFmunu

ChiralFllCOperator: Optimised implementation of H¡" in the chiral Tpba-
sis.

module Chiral FLlCOperator

use Timer
use MPllnterface
use FatLinks
use Clove¡Fmunu
use FermionField
implicit none

! shífted gauge fields
(colour-matrix), dimension(
( colour-matrix), dimension(

nxP, nyP, nzp,
nxp, nyp, nzp,

U p-xd
Um¡d

ntp nd
ntp nd

-st
-sz

ph
ph

!MFl Fat Link Clover-Wílson fermions using negetíve mess term, in Sakurai b¿sìs
¡ntege
real (d
real(d
real(d
real(d

: ncalls = 0
i: maxtime = 0. mint¡me
r: meântime=00
:: m-f, bct = 1,0d0, ç-5ry : 1 0d0

, private :: m-r

complex(dc), dimension(nc,nx,ny,nz, ns)
complex(dc), dimension(nc,nx,ny, nt, ns)

conta¡ns

s u b r o u t ¡ n e I n i t i a I i s e F L I C O p e r a t o r ( U -xd

type( colour-matrix ) , dimension (: ,: ,:

phi-rt
phi-rz

real(DP):: mass, c-sw, u0
¡nteger r: ix , ¡y , iz , it ,mu,
real (dp) :: mfic-sw , mfir ,

UFL-xd , u0, uOfl , mass

,:) :: U-xd, UFL-xd

u0fl, bct
ic,ic
mfi¡ -11 ! coeffícents to be absorbed

, Ufl-mu ! temporery stor¿getype(colour-matrix)
type(colour-metrix)

u-mu
dimension(nplaq) :: F-x

r57

c-sw bct )



m-f : mess

U p-xd 1:nx,l:ny,1:nz,
1:nx,1:ny,1:nz,[Jm¡d

end do; end do; end do; end do

1:nt,:) = U-xd(1:nx,1: ny,1: nz,1
1:nt,:) = UFL-xd(1:nx,1: ny,1: nz

nt,:)
1:nt, )

if ( bctl:1.0d0) then
call SetBoundaryConditions(UFL-xd,1 0d0,1 0d0,1 0d0, bct)
call ShadowGaugeField (UFL-xd,1)

end if

call CalculateFmunuClover(F-munu, UFL-xd )

mfic-sw = 0.5d0*c-sw/( u0fl **4)

!code is in the chíral basìs so we only need these sums and differences (halve multÍplíes)

do it=1,nt ì do iz:l,nz; do ìy:1,ny; do ix=1,nx

1

2
3
4
5
6

.X

-x
-x
-x

= F-munu
= F-munu
= F-munu
= F-munu
= F-munu
= F-munu

F-munu(ix , iy , ¡z , it ,l)%Cl : mfic-sw*(F-x(1)%Cl - F-x(6)%Cl)
F-munu(ix, iy, í2, ¡t,2)%Cl : mfic-sw+(F-x(2)%Cl + F-x(5)o/ocl)
F-munu(ix , iy , íz , ¡t ,3)%Cl : mfic-sw*(F-x(3)%Cl - F-x(+)%Cl)
F-munu(ix , iy , iz , ¡t ,4)%Cl : mfic-sw*(F-x(1)%Cl + F-x(6)%Cl)
F-munu(ix, ¡y, iz, it,5)%Cl = mfÌc-sw*(F-x(2)%Cl - F-x(5)7"C1)
F-munu(ix , iy , iz , it ,6)%Cl = mfìc-sw*(F-x(3)%Cl + F-x(4)%Cl)

xyzl
xyzl
xyzt
xyzt
xyzt
xyz¡.

1)
2)
3)
4)
5)
6)

mfir = (0.25d0/u0
mf¡r_ft : (0 25d0

¡f ( bct
call
call

end if

u0fl )

z , it , is
z, jt, js
-x
) :: Gammaphi

)

!Absorb the medn fîeld ¡mprovement ínto the gauge fíelds
!Defíne symmett¡sed and antisymmetr¡sed gauge fields for

do mu:1,nd
do it=1,nt i do iz=l,nz; do iy:1,ny; do ix=1,nx

U-mr-f/oCl : mfir*Up-xd(ix ,iy ,iz, it ,mu)%Cl
Ufl-mu%Cl : mf ir-f l*Um¡d(ix , iy , ¡z , it ,mu)%Cl

Up-xd(ix , ¡y , ¡z , it ,mu)%Cl = U-mlP/oCl * Ufl-mu%Cl

Um:d(ix ,iy,iz,it,mu)%Cl : U-mr-P/oCl - Ufl-mu%Cl

end do; end do; end do

effíciency (halve multiplíes)

end do
end do

/:1.0d0 ) then
SetBoundaryConditions ( Up-xd, 1.0 d0, 1.0d0, 1. 0d0, bct )
SetBoundaryConditions (Um;d, 1. 0d0, 1.0 d0, 1 0d0, bct )

call 5h¿dowGaugeField
call ShadowGaugeField

end subroutine ln¡tialiseFLlCOperator

subrout¡ne FLlCOperate(phi, Dphi)

Up-xd
Um¡d

o)
o)

rype (
tvpe (

colout-vector
colout-vector

d¡men6¡on
d i men sion

nxp r nyp , nzp, ntp , ns
nxp , nyp , nzp, ntp , ns

phi
D phi

i nteger
¡nteger
complex
type ( co

real (dp)
¡nteger

:: ix , ry , i
:: jx , jy , j

(dc) :: psi
lour-vector

:: pm( ns) , ¡nt¡me , outtime

' rr"ìl,piank,.und-r"qz,recv-reqz,send-reqt,recv-reqt,mpi-status(nmpi-status)' mpierror

if (timing) int¡me = mPi-wt¡meo

fdefine
fdefine
fdefi n e

phi-x(is) phi(ix, iy,iz,it, is)
Dphi-x(is) Dphi(ix,iY,iz, it, is)
F-x(ip) F-munu(ix,¡Y, iz, it, ¡P)

m-r=4.0d0-m-f

mrank: mpi-coords(4) + nProct+modulo(mpi-coords(3) - 1, nprocz)

;;;;k : .pi-.oora.(+) { nproct*modulo(mpi-coords(3) + t, nprocz)
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phi-sz
phi-sz
phi-sz

call MPI-l55end
cãll MPI-lRecv

( phi-sz , nc*nx*ny*nt*ns , mPi-dc
( phi-rz,nc*nx*ny*nt+ns, mPi-dc

mrenk, nx*ny*nt , mpi-comm
prank, nx*ny*nt, mpi-comm

send-reqz, mpierror
recv-reqz, mpierror

7

2
3

)%c (1)
)%c (2)
)%c (3)

11nt
I 1 nt
1 1 nt

ph(
Ph(
Ph (

= -1 Odo

= 1.0d0

do is=1,nsp
do ¡t:1,nt; do iz:1,n2; do iY:1,nY; do ix=1,nx

pm( 1)
pm(2)

end do; end do; end do

pm(1) = 1.0d0
pm(2) = -1 0d0

do ¡s:1,nsp
js : 3- ¡s
do it=1,nti do iz:7,n2

! + unroll+

p.¡-" = F-x(1)%Cl(ic,1)*cmplx(-aimae(phi-x(is)%cl(r)),real(phi-x(i')7:91(1ll 'dc) + &
' & r-xiri%cliic,2i*cmptx(-aimag(phi-x(is)%ct(2)),real(phi-x(i')I:!ll?)),dc) +&

a r-" i ri"¿cr Ì ic, a) +cmptx(-aimag ( phi -x ( i s )7ocl (3) ), real ( phi -x ( is )%cl (3) )' dc)
Dphi-x( is )%al ( ic ) = m-r*phi-x ( is )%Cl ( ic ) * pm( is )* psi-x

end do
end do

do iy=1,¡y; do ix=l,nx

ps¡-x = F-x(z)%Cl(ic,1)*phi-x( is )%Cl(r)
Sz F -x(2)%Ct(ic,2)+phi-x( is )%Cl (2)
& F-x(z)%cl(ic,3)xphi-x(is)%Cl(3)

Dphi-x(js )%Cl( ic) : Dphi-x( js )%Cl( ic) +

+&
+&
pm(js)*psi-x

end do; end do; end do; end do
end do

do ¡s:1,nsp
js = 3- is
do ¡t=1,nt; do iz:1,n2 do iy=!,¡y; do ix=1,nx

psi-x = F
&F
8¿F

Dphi-x ( j s

-x(3)%c
-x (3)%c
-x(31%c
)%cl(ic

I ( ic,1)*cmplx(aimag ( phi-x ( is )%Cl (r) ),-real ( phi-x ( is )%Cl (1) )'dc) + &
I i ¡c,zi *cmptx( aimas ( phi-x ( is )%Cl (z) ),- real ( phi-x ( is )YoCl (2) ), dc) + &
t ( ic,s ) *cmptx( aimag ( phi-x ( is )%Cl (3) ),- real ( phi-x ( is )%Cl (3) ), dc)
) = Dphi-x(js)%cl(ic) - Psi-x

end do
end do

end do; end do; end do

mrank: modulo
prank = modulo

mpi-coords
mpi-coords

- 1, nproct
+ 1, nproct

4 ) * nproct*mpi-coords (3)
) + nproct*mp¡-coords (3)

phi-st
phi-st
ph ¡ -st

)%cl(1)
,%ct (2)
)%cl(3)

call MPI-lSSend
call MPI-lRecv

( phi-st , nc*nx*ny*nz*ns , mpi-dc , mrank, nx*ny*nz
( phi-rt , nc*nx*ny*nz*ns , mpi-dc , prank , nx*ny*nz

nz
nz
nz

ph(
Ph (
ph (

I
1

1

mpi-comm, send-reqt , mPierror
mp¡-comm, recv-reqt , mP¡error

pm(3): -1.s¿9
pm(a) : I 0d0

do i s:3, ns
do ¡t=1,nt; do iz=1,n2; do iy:!,¡y; do ix=1,nx

! * unroll*

ic) + pm

end do i end do; end do; end do
end do

pm(3) = 1 0d0
pm(4) = -1.9¿6

do is=3,ns
js:5-is /2
do it:1,nt; do iz=1,n2; do iy=1,ny; do ix=1,nx

! * unroll*

psi-x : F-x(a)%Cl(ic,1)*cmplx(-aimag(
& F-x(a)%Cl(ic,2)*cmPlx(-aimag(
& F-x(¿)%Cl(ic,3)*cmPlx(-aimag(

Dphi-x( is )%Cl( ic) = m-r*phi-x( is )%Cl(

phi-x
phi-x
phi-x

l(r) ), real ( phi-x( is )%Cl(r) ),dc) + &
I (2) ), real ( phi-x( is )o/oct (2)),dc) + &
l(3) ), real (phi-x( is )%cl(3) ),dc)
)*psi-x

t5
ts
ts

)%c
)%c
)%c
( it

F-x(s)%Cl(¡c,1)*phi-x ( is )%Cl(r) + &
F-x(5)%Cl( ic,2)*phi-x( is )%Cl(2) + A
F-x(s)%Cl ( ic,3)*phi-x ( is )%Cl (3)

Psl-x =
&
8¿
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Dphi-x(js)%cl(ic) = Dphi-x(js)%cl(ic) * pm(js)*psi-x

end do; end do; end doi end do
end do

do is=3.ns
js-.5-is /2
do it=1,nt i do iz=1,n2; do iy=!,¡y; do ix=1,nx

(r
X

x

fdef
fdef
fdef

! * unroll*
psi-x : F-x(6)%Cl(ic,1)*cmplx(aimag(phi-x(is)%Cl(r)),-real(phi-x(is)I9Cl(1))'ac) +!' & r-x(o)%Cl(ic,2)+cmplx(aimag(phi-x(isl%Ct(z)),-teal(phi-x(is)7oCl(2)),dc) +&

& F-x(6i%Cl(ic,3)*cmplx(aimag(phi-x(is)%Cl(3)),-real(phi-x(is)%Cl(3))'dc)
Dphi-x(js)%Cl(ic) = Dphi-x(js)%Cl(ic) + Ps¡-x

end do; end do; end do; end do
end do

lmu : I

yzt
y z tl
y z tl

i' )

!G-l^+ lJñ phi-xpmu

do is=1,nsp
js =5-is
do it:1,nt; do iz=1,nzi do iy:1,ny' ix=nx; do jx:1,nx

! + unroll+
Gammaphi%Ct(ic)=phi-xpmu(is)%Cl(ic)-cmplx(-aimag(phi-xpmu(js)%Cl(ic)),real(phi-xpmu(js)%Cl(

ic)),dc)

psi-x : sum(Um-muf/ocl( ic, :)xGammaphi%Cl (: ) )

Dphi-x( is)%Cl(ic) = Dphi-x(is)%Cl(ic) * psi-x
D;hi-xijsiøcti¡"i=Dph¡-x(is)øct(i.¡*cmplx(-aimag(psi-x),real(psi-x),dc)

tx = JX

end do; end do; end do; end do
end do

!G-l^- Up phi-xpmu

do i s:1, nsp
js =5-is
do it=1,nt; do iz=1,n2; do iy=1,ny; ix=nx: do jx:1,nx

! * unroll*
Gammaphi%Ct(ic)=phi-xpmu(is)%Cl(ic)+cmplx(-aimag(phi-xpmu(js)%Cl(ic)),real(phi-xpmu(js)%Cl(

ic)),dc)

psi-x : sum(Up-mux%Cl(ic,:)xGammaphi%Cl (:) )

Dphi-x( is)%Cl(ic) = Dphi-x(is)%Cl(ic) - psi-x
op¡i-"Ìjs)"¿Cli¡"i= optri-x(.¡s)"Zct(i.¡ + cmPlx(-aimas(psÌ-x)'real(psì-x),dc)

¡x = jx

end do; end do; end do; end do
end do

ne phi-xpmu(is) p

n e Um-mux UmJd
ne Up-mux Up-xd

do is:1,nsp

lmu: 2

#def¡ne phi-xpmu( is) ph

fdefine Um-mux Umrd(
fdefine Up-mux UP-xd(

! G-2^+ lrn Ph¡-xPmu

: 1.0d0
= -1 0d0
: 1.0 d0

= -1.0d0

r(rx,jy, z, t, s)
ix,iy,iz rt 2)
ix,iy,iz rt 2)

pm(1
Pm(2
pm( 3
pm(4

: 5- is
it=1,nt; do iz:1,n2; ¡y:nyì do jy:t,¡y; do ix=1,nx

! + unroll+
òammaphi%Cl ( ic ) : phi-xpmu ( i s )%Cl ( ic ) - pm( i s )*phi-xpmu ( js )%Cl ( ic )

psi-x : sum(Um-muf/oCl (ic, : ) *Gammaphi%Cl (:) )

Dphi-x( is)%cl(ic) = Dphi-x(is)%Cl(ic) * psi-x

Js
do
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Dphi-x( js )%Cl ( ic ) = Dph¡-x( js )%Cl ( ic ) 4 pm( js )*psi-x

end do; iy:jy; end do; end do; end do
end do

!G-2^- Up phî-xpmu

do is=1,nsp
js :5-¡s
do it=1,nt; do iz:1,n2; iy=ny; do jy=1,ny; do ix:1,nx

! * unroll*
Gammaphi%CI ( ic ) = phi-xpmu ( is )%Cl ( ic ) + pm( i s )*phi-xpmu ( js )%Cl ( ic )

psi-x : sum( Up-muf/oCl( ic , : ) *Gammaphi%Cl (: ) )

Dphi-x( is)%Cl(ic) = Dphi-x(is)%Cl(ic) - psi-x
Dphi-x(js)%Cl(ic) = Dphi-x(js)%Cl(ic) + Pm(js)*psi-x

end do; iy=jy; end do; end do; end do
end do

call MPI-Wâ¡t( recv-reqz , mp¡-stetus , mpierror)
call MPI-Wait(send-reqz , mp¡-status , mpierror)

phi (:,:, nz+l,1:nt, :)%Cl (r) = phi -rz (1, :,:,:,: )
phi(:,:,nz+1,1:nt,t)%Cl(2) : phi-rz(2,:,:,:,:)
phi(:,:,nz+1,1:nt,:)%Cl(3) = phi-rz(3,:,:,:,:)

lmu : 3

fdefine phi-xpmu(is) phi(ix,iy,jz,it,¡s)
fdefine Um-mux Umrd(ix , iy , iz , it ,3)
fdefine Up-mux Up-xd(ix , iy , iz , it ,3)

! G-i^+ Urn phi-xpmu

do ¡s=1,nsp
js : is*2
do it=1,nt i do iz=l,nzi iz=iz+lt do iy=1,¡y: do ix=1,nx

! * unroll*
Gammaphi%cl(ic): phi-xpmu(is)%cl(ic) -pm(is)*cmplx(-aimag(phi-xpmu(js)%cl(¡c)),real(phi-xpmu(js)%cl(ic)),dc)

psi-x = sum(Um-mutr/oCl(ic ,:)*Gammaphi%Cl (:) )

Dphi-x(is)%Cl(¡c) = Dphi-x(Ìs)%Cl(ic) + ps¡-x
Dphi-x(js)øct(i.)=Dphi-x(js)%cl(ic)+pm(js)*cmplx(-aimag(psi-x),real(psi-x),dc)

end do; end do; end do; end do
end do

!G-3^- Up ph¡-xpmu

do ¡s=l,nsp
js = is*2
do it=1,nt i do iz:7,nzi iz=iz'l7i do iy=1,¡y; do ix=1,nx

Gammaphi%Cl(ic)=phi-xpmu(is)%Cl(ic)+nm(is)+cmplx(-aimag(phi-xpmu(js)%Cl(¡c))
js)%cl(ic)),dc)

psi-x = sum(Up-mu>C/oCl(ic, : ) *Gammaphi%Cl (:) )

real(phi-xpmu(

Dphi-x(is)%Cl(ic) = Dphi-x(is)%Cl(ic) - psr-x
Dphi-xijsiXcl(¡.)=Dph¡-x(js)%cl(ic)+pm(js)*cmplx(-aimag(psi-x),real(psi-x),dc)

end do; end do; end do

mrank: mpi-coords(4) + nproct*modulo(mpi-coords(3) - 1, nprocz) + nproct*nProcz*mpi-coords(2)
prank: mþi-coora.(+) + nproct*modulo(mpi-coords(a) + 1, nprocz) + nproct*nprocz*mpi-coords(2)

phi-sz
phi-sz
phi-sz

1:nt,:
1:nt,:
1:nt,:

r) = 1 0d0
2) = -1 odo
g) = 1 odo
a) : -1 odo

pm(
Pm(
pm(
pm(

end do
end do

%c (r
%c (2
%c (3

nz
iz
nz

) : ph

) : ph

) : ph

call MPI-lSSend
call MPI-lRecv

phi-sz, nc*nx+ny*nt*ns
phi-rz, nc+nx*ny*nt*ns

mpi-dc, prank, nx*ny*nt, mpi-comm,
mpi-dc, mrank, nx*ny*nt, mpi-comm,

send-reqz
recv-reqz

mpterror
mpierror

recv-reqt , mp¡-status, mpierror
send-reqt, mp¡-status, mp¡error

call MPI-Wa¡t
call MPI-Wait
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lmu : 4

fdefine phi-xpmu(is) Phí(ix,¡y,iz,jt,is)
fdef ine Um-mux Um:d( ix , iy , iz , it ,4)
fdef ine Up-mux Up-xd(ix , ¡Y , iz , it ,4)

!G-4^+ Un ph¡-xpmu

do ¡s:1,nsp

end do; end do; end do

end do; end do; end do

:,:,1:nz, nt+1,:)%Cl(f) = p
: ,: ,1: nz, nt+1,:)%Cl(Z) = p
: , : ,1: nz , nt +1, r)%Cl (3) = p

end do
end do

Dphi-x(is)%Cl(ic) : Dphi-x(is)%Cl(ic) + psi-x
Dphi-x(js)%cl(ic) : Dphi-x(js)%cl(ic) + Ps¡-x

ph (

Ph(
ph(

end do
end do

h¡-rt
hi-rt
hi-rt

1

2

ls
do

: is*2
it:1,nt; it=¡t+1; do iz:7,nzt do Ìy=!,¡y'do ix=1,nx

Gammaphi%Cl(ic) : phi-xpmu( ¡s )%Cl(ic) + phi-xpmu(js)%Cl(ic)

psi-x : sum(Um-muP/oCl( ic, : ) *Gammaphi%Cl (:) )

!G-4^- Up phi-xpmu

do ¡s=1,nsp
js = is+2
do it:1,nt; jt=it+1; do iz:1,nzi do iy=1,¡y; do ix:1,nx

! * unroll*
Gammaphi%Cl(ic) : phi-xpmu( is)%Cl(ic) - phi-xpmu(js)%Cl(ic)

psi-x = sum(Up-mut'/oCl( ic ,: ) *Gammaphi%Cl (: ) )

Dphi-x(is)%cl(ic) = Dphi-x(is)%cl(ic) - Psi-x
Dphi-x(js)%Cl(ic) = Dphi-x(js)%Cl(ic) + psi-x

mrank = modulo
prank: modulo

mpi-coords
mpi-coords

hi

(4) - 1 nproct) * nproct*mp-coords(3)
(4) + 1 nproct) + nproct+mp-coords(3)

%c
%c
%c

y z t s)
z t 1)
z tl)

#d
#d
#d

call MPI-lSSend
call MPI-lRecv

nc*nxxny*nz*ns,
nc*nx*ny*nz*ns,

mP
mP

1)
2)
3)

phi-st
phi-st
phi-st

1

2
3

1:nz,nt,:
1:nz,nt,:
1:nz.nt.:

phi-st
phi-rt

-dc, prank
-dc, mrank

nx*ny*nz, mpi-comm, send-reqt
nxxny*nz, mpi-comm, recv-reqt

mprerror
mprerror

lmu : 7

efine phi-xmmu( is ) phi (jx , i
ef ine Um¡qmmu Um:d(jx , iY ,

efine Up-muxmmu Up-xd(jx , iY ,

! G-1^- Un ph¡-xmmu

do i s:L, nsp
js = 5- is
do it=1,nt; do iz=l,nz; do ¡y=1,ny; jx=nx; do ¡x:1,nx

! * unroll*
Gammaphi%Ct(ic): phi-xmmu(is)%Cl(ic) + cmplx(-aimag(phi-xmmu(js)%Cl(ic)),real(ph¡-xmmu(js)%Cl(

ic)),dc)

psi-x = sum(conjg(Umnuxmmr-P/oCl(ic, : ) )*Gammaphi%Cl (:) )

Dphi-x( is)%Cl(ic) = Dphi-x(Ìs)7oCl(ic) * psi-x
ó;t¡:;ij;í;2.ðii¡"i =D;hi-xijsiøcli¡") -cmplx(-aimag(psi-x),real(psi-x)'dc)
jx = ix

end do; end do; end do; end do
end do

!G-1"+ Up phî-xmmu

do ¡s:1,nsp
js:5-is
åo it=l,nt; do ¡z=1,n2; do iy=1,ny; jx=nx; do ix=1,nx

! + unroll*
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Gammaphi%cl(ic): phi-xmmu(is)%cl(ic) - cmplx(-aimag(phi-xmmu(js)%cl(ic)),real(phi-xmmu(js)%cl(
ic)),dc)

psi-x : sum(conjg(Up-muxmmd/ocl(ic' : ) )*Gammaphi%Cl (:) )

Dphi-x(is)%cl(ic) = Dphi-x(is)%cl(ic) - psi-x
oprri-x(.¡' i"zct ( i. ) = Dphi-x (i s )%cl ( i c ) - cmplx(-aimag ( psi-x ), real ( psi-x )' dc)

jx = ix

erd do; end do; end do; end do
end do

!øu: 2

#define phi-xmmu( is ) p

Sdefine Umrummu Umrd
fdefine Up-muxmmu Up-xd

!G-2^- Um phismmu

hi(ix, jy, iz, it, s)
,2)
,2)

(¡", jv
(i" 'jv

zt
zl

do is=1,nsp
js :5- is
do it=1,nt; do iz:1,n2; jy=ny; do iy=1,¡y; do ix:1,nx

! + unroll+
Gammaphi%Cl ( ic ) : phi-xmmu( i s )%Cl ( ic ) + pm( i s )+phi-xmmu( js )%Cl ( ic )

psi-x : sum(conjg(Umnmmr-P/oCl(ic, :) )*Gammaphi%Cl (:) )

Dphi-x(is)%Cl(ic) = Dphi-x(is)%Cl(ic) * psi-x
Dphi-x(js)%cl(ic) = Dph¡-x(js)%Cl(ic) - pm(js)+psi-x

end do; jy=iy; end do; end do: end do
end do

!G-2^+ Up phî-xmmu

do is:1,nsp
js = 5- ¡s
do it:1.nt i do iz=l,nz jy:ny; do iy=1,ny; do ix=1,nx

! + unroll*
Gammaphi%Cl ( ic ) : phi-xmmu( i s )%Cl ( i c ) - pm( i s )*phi-xmmu( js )%Cl ( ic )

psi-x = sum(conjg(Up-muxmmLf/oCl(ic, : ) )*Gammaphi%Cl (:) )

Dphi-x( is)%cl(¡c) = Dphi-x(is)%Cl(ic) - psi-x
Dphi-x ( js )%cl ( ic ) = Dphi-x( j s )%cl (i c ) - pm( j s )* psi-x

end do; jy=iy; end do; end do; end do
end do

call ltilPl-Wait( recv-reqz , mpi-status , mpierror)
call MPI-Wait(send-reqz , mp¡-status , mpierror)

phi (:,:,nz+1,1:nt,:)%Cl(1) = P

phi (: ,: , nz+l,1:nt ,t)%Cl(2) = P

phi (:,: ,nz+1,1:nt,:)%Cl(3) = p

hi-rz
hi-rz
hi -rz

lmu : 3

#def ine phi-xmmu( is ) p

fdefine Um¡uxmmu Um:d
#def¡ne Up-muxmmu Up-xd

! G-3^- Llñ phi-xmmu

hi( ix , iy , jz , it , ¡s )
lx ¡y, jz, it ,3

¡y , jz , it ,3IX

do is=l,nsp
js = is*2
do it=1,nt; jz:nz+1; do iz=7,nzi do iy=!,¡y; do ix=l,nx

Gammaphi%Cl ( ic ) = phi-xmmu( ¡s )%Cl ( ic ) + pm( is )*cmplx(-aimag ( phi-xmmu
js)%O(ic)),dc)

psi-x : sum(conjg(Umnummr.P/oCl(ic, : ) )*Gammaphi%Cl (:) )

Dphi-x(is)%Cl(ic) : Dphi-x(is)%Cl(ic) + ps!-x
Dphi-x ( j s )øct ( ¡. ) : Dphi-x( js )%cl ( ic ) - pm( js )*cmplx(-aimag ( psi-x )

end do; end do; iz=iz; end do; end do
end do

!G-3^+ Up ph¡-xmmu

do ¡s=1,nsp
js = is*2

( js )%Cl ( ic ) ), real (phi-xmmu(
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do it=1.nt', iz=nz+Li do iz:L,nz; do iy=1,ny; do ix=1,nx

! * unroll*
Gammaphi%Ct(ic):phi-xmmu(is)%Cl(ic)-pm(is)*cmplx(-aimag(phi-xmmu(js)%Cl(ic)),real(phi-xmmu(

is)%ct( ic ) ) , dc)

psi-x = sum(conjg(Up-muxmmrf/oCl(ic, : ) )*Gammaphi%Cl (:) )

Dphi-x(is)%cl(ic) = Dphi-x(is)%cl( ic) - psi-x
Dphi-xÌjsjøct(i.) = Dphi-x(js)øct1i.¡ -pm(js)*cmplx(-aimag(psi-x),real(psi-x),dc)

end do: end do; jz=iz; end do; end do
end do

call MPI-Wait( recv-reqt , mpi-status
call MPI-Wait(send-reqt, mp¡-status

phi

h terfor

:) )*Gammaphi%Cl(:) )
* psi-x
- Psr-x

¡nt¡me , mintime, maxtime, meantime)

phi
Dphi

1nz n
1nz n
1nz n

+
+
+

i-rt
¡-rt
i-rt

)%c (r) = ph

)%c (z) = ph

)%c (r) = ph

#define phi-xmmu(is) p

#def¡ne Um¡mmu Um:d
fdefine Up-muxmmu Up-xd

!G-4^- Um phî-xmmu

vx
X

X

jt
,4
4

is )

do is:1,nsp
js = is+2
j t=nt+1
do ¡t=1,nt ; óo iz=7,n2; do Ìy=1,ny; do ix=1,nx

! * unroll*
Gammaphi%Cl( ic) = phi-xmmu( is)%Cl(ic) - phi-xmmu(js)%Cl(ic)

psi-x : sum( conjg (Umnummr-P/oCl ( f ,

Dphi-x( is )%Cl( ic ) : Dphi-x( is )%Cl
Dphi-x( js )%Cl ( ic ) = Dphi-x( js )%Cl

(i.)
(i.)

end do: end do; end do; jt:it
end do

end do

!G-4^+ Up phi-xmmu

do ¡s:1,nsp
js = is*2
j t=nt+1
do ¡t=1,nt; do iz=1,n2; do iy:1,ny; do ix=1,nx

Dphi-x
Dphi-x

! * unroll*
Gammaphi%Cl(ic) = phi-xmmu( is)%Cl(ic) + phi-xmmu(js)%Cl( ¡c)

psi-x = sum(conjg(Up-muxmmrP/oCl (1,:) )*Gammaphi%Cl (:) )

(¡s)%cl(ic) = 9o¡t¡-*1is)%Cl(ic) - psi-x
(js)%cl(¡c) = Dph¡-x(js)%cl(ic) - psi-x

end do; end do; end do; jt:it; end do
end do

I Multìply by gamma-í
do it=1,nt; do iz=1,n2; do

Dph¡-x(3)%Cl : -DPhi-x (3
Dph¡-x (a)%Cl = - DPhi-x (4

end do i end do; end do i end

ry:1 ny do x:l nx

)%ct
)%ct

do

fundef
fundef
fundef
fundef
#undef
fundef

phi -xm m u
phi-xpmu
Um-mux
Um¡uxmmu
Up-mux
Up-muxmmu

if (tim¡ng) then
outtime = mpi-wtime o
call TimingUpdete( ncãlls , outt¡me

end if

end subroutine FLlCOPerate

subrout¡ne SqFLlCOperate ( phi , Ophi )

), dimension(nxp,nYP, nzP,ntP, ns)

), dimension(nxp,nyp, nzp, ntp, ns)
tyPe
type

colour-vector
colour-vector
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type( colou r-vector ) . dimension (nxp, nyp, nzP, ntp, ns)

call FLlCOperate(phi, DPhi)

call FLlCOperate ( Dphi , DsqPhi )

Dphi = Dsqphi

end subrout¡ne SqFLlCOperate

subrout¡ne Dflic(phi, Dphi)

Dsqphi

Phi
Dph

type
tyPe

(colour-vector), dimension(
( colour-vector ) , dimension (

nxp , nyp , nzp, ntp , ns
nxp , nyp , nzp, ntP , ns

ph
Dph

intege. :: ix , ¡y , iz , ¡t

call FLlCOperate(phi , Dphi)

do ¡t:1,nt; do iz=1,n2; do iy=1,ny; do ix = 1,nx
Dphi-x (3)%Cl = - Dphi-x (3)%Cl
Dphi-x (4)%Cl = - Dphi-x (4)%Cl

end do; end do; end do; end do

end subroutine Dflic

6ubroutine Dflicdag(phi, Dphi)

type(colour-vector), d¡mens¡on(nxp,nyp,nzp,ntp, ns)
type(colour-vector), d¡mens¡on(nxp,nyp,nzp,ntp, ns)
ínteger :: ix , ¡y , iz , it

do it:1,nt; do iz=1,n2;
phi-x(3)%Cl = -phi-xphi-x(a)%Cl : -phi-x

end do; end do; end do;

fundef Dphi-x
fundef phi-x

end module ChiralFLlCOperator

use ColourTypes
implícit none

¡nteger :: n-poles

doiy=lny do x=1nx
3\%ct
4)%ct
end do

call FLlCOperate(phi , Dphi)

do ¡t:1,nt i do iz=L,nz i do iy:t,¡y
ph¡-x (3)%Cl = - ptri-x (s)%Cl
phi-x (4)%Cl = - phi-x (a)%Cl

end do; end do; end do; end do

€nd subrout¡ne Dflicdag

do ix = 1.nx

b

A.4 Overlap Code

ZolotarevApprox: Defines the coefficients used in the Zolotarev approxima-
tion to the sign function.
module ZolotarevApprox

real
real
real

dp :: x-mtn , x-max
:; c-2n , d-n
dimens¡on (:), allocatable

dp
dp

¡nteger :: n-lambda !number of eígenvectors to Proiect out

real (dp) , dimension (:) , allocatable :: epsilon-lambda-i ! eigenvalues
type(coiour-vector), dimension(:,:,:,:,:,:) , allocatable ;: v-lambda !e¡genvectors to ptoiect out
rèãt(oe¡ :: delta-lâmbda !the precisìon to wh¡ch the eìgenvalues are known

end module ZolotarevApprox

SignFunction: Implements the multi-shift conjugate gradient solver, as applied

to the Zolotarev sign function approximation.
module SignFunction
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use ColourTypes
use Timer

use ZolotarevApprox
use ConjGradSolvers
use ChiralFLlCOperator
implicit none

logical ,

integer
real(dp)
real(dp)

logícal

real(dp)

conta¡ns

parameter :: debug = fa lse

:: ncallsl:0
:: maxtimel : 0, mint¡me1
:: meantimel :0 0

:: project-eigensPace = true

c1

fdefine
fdefine
fdefine
#define
fdefine
fdefine
fdefine
fdefine

chi-x(
phi-x(
psi-x(
M phi-x
Dphi-x
phi-ix

ch (
ph(
Ps(

ix , iy , iz , it , is
ix , ¡y , iz , ¡t , is
ix , iy , iz , it , is

res¡due-
chi-ix(i

#define xi-x(is) xi(ix,i
fdefine eta-x(¡s) eta(ix

residue ( ix , iy , iz , it , is )

¡x , iy, ìz , it , is
ix , ¡y , iz , it , is
( ix , iy , iz , it , i

(ix,iy,iz,it,is,i-v)
y,iz,it,is)
, iy , iz , ¡t , ¡s )

Mpht(
Dphr (
phi-i

is )
chi

subrout¡ne MâtrixSignFunctionOperate (n-v , psi , chi , tolerance , ¡terat¡ons-i , MatrixOperate
SqMatrixOperate, &
& n-lambda, lambda-i, v-lambda, deltâ-lambda)

!A toutîne to solve the mattix equation (Wsigma )v : ps
!sîgma ñust be ordered such thet sigma(1) contains the
! (i e the system that converges slowest)

i for a system of shîfts sígma
least convergent system

lM -must- be herm¡t¡an end pos¡tive definite
!lmplements the s¡gn function thrcugh the Zolotarev rationel dpptox¡met¡on

¡nteger, intent(¡n) '.: n-v !number of shífts
type(colour-vector), dimension(nxp, nyp, nzp, ntp, ns) ii psi ! source vector
type(colour-vector), dimension(nxp,nyp,nzp,ntp,ns) :: chi !solutìon vector
real(DP):: tolerance !the prec¡s¡on desired for the solut¡on
¡nteger, dimension(n-v) :: iterations-i !convergence infotmet¡on
interface

subrout¡ne MatrixOperate(phi,
use ColourTypes

Dphi )

nxprnyp,nzp,ntp,ns
nxPrnyP,nzp,ntp,ns

Dphi )

) , dímension ( nxp , nyp , nzp , ntp , ns )
) , dimension ( nxp , nyp r nzp , ntp , ns )
trixOperete

type(colour-vector), dimension
type( colour-vector ), dimension

end subrout¡ne MatrixOperate
end interface
interface

subrout¡ne SqMetr¡xOPeråte ( ph¡ ,

use ColourTypes
type( colour-vector
type( colour-vector

end subroutine SqMa
end interface

h¡
phi

p
D

Phi
Dph

integer , ¡ntent(in) :: n-lambda !numbet of e¡genvectots to Proiect out of M
reutlORj, dimens¡o;(n-lambda) :: lambda-i !The sígn function ecting on the eigenvalues.
typeicoiour-u"ctor), dimensión(nx,ny,nz,nt,ns,n-lambda), target :: v-lambda !e¡genvectots to Project

out of M
type(colour-vector), d¡mens¡on(:,:,:,:,:), po¡nler :: v-l
reat(Oe) :: delta-lembda !The ptec¡s¡on to whích the eigenvectors ere correct
logical :: ProjectEV
integer :: ProjectFreq:10, i-lambda

¡nteEef :: itetât¡ons umber of ¡terations required
reatlOe), dimension(n- i ! offset matt¡x shifts
type(coiour-vector), d ,nyp,nzp,ntp,ns) :: residue
type(colour-vector), d ,nyprnzp,ntP,ns) :: phi, Mphi

tyþe(colour-vector), d ,nyp'nzp,ntp,ns,n-v) :: ph.i-i -. ..
r"äliOp) ', 

nor.rq-, beta , Prevbeta, alpha , phidotMphi , offset
normphi

real(DP), dimension(n-v) :: alpha-i , betã-i , prevbeta-i , zete-ì , prevzeta-¡ 
'

losidal, dimension(n-v) :: converged-i, prevconverged-i
real(dp) :: intime, outtime
complex(dc) :: v-ldotPhi
integer :: ix , iy , iz , it , ìs , i-v

ProjectEV : project-eigensPace

if ( ProjectEV ) ProjectFreq : 10 - log10(delta-lambda)

, tau : 1 0d-1, normpsi

nextzeta-i
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qff5s1 = c-l (1
if (offset /:

sigmâ-i : c

else
sigma-i : c

end if

a"r¡¿r" : psi

!ttanslete the s¡gma sh¡fts so thet s¡gña-¡(1):0

0d0) then
- offset

if ( ProjectEV )

do i _v =1, n_v
phi-i (:,:,:,:

end do

call Projectvectorspace(n-lambda,v-lambda, residue)

:, i-v) : residue

)
0

chi: zero-vector

prevbeta : 1 0d0
prevzeta-i:1.0d0
zeta -¡ : 1.0d0
alpha-i = 0

normsq-r = fermion-normsq( residue)
normpsi = sqrt(normsq-r)

if (normsq-r == O.OdO) relurî !source was contained in ptoiected orthogonel sp¿ce

phi : residue

ll SqMatrixOperate(ph¡ca
¡f
¡f

,Mphi)
rojectVectorSpace (n-lâmbda , v-lambda , Mphi))

)
do

CAII P
then

( ProjectEV
( offset /= I
do is=1,ns;

Mphi-x( is )%C
end do; end do;

end ¡f

t=1,nt; do iz:1,nzi do iy:1,¡Y; do ix=1,nx
: Mphi-x( is )%Cl + offset*phi-x( is )%Cl

end do; end do; end do

phidotMphi : reel-¡nner-product(phi,Mphi)
if (pnijotMptri =: O.Od0i rer.!rr !source wes conte¡ned ìn projected orthogonel space

¡terat¡ons = 0
iterat¡ons-¡ = 0
converged-i: false

do
¡f (timing) intime: mPi-wtimeo

! lf the slowest convetgence ¡s exttemely slow compared to the other shífts ' we need to have

! ,'safety net', that pr-events underflow ¡n zeta-¡ for the alreedy converged values.
prevconverged -i : conve¡ged-i
ionu"rg"a-i = (sqrt(normiq-r)xzeta-i/normpsi < tau*tolerance )

do i-v
if
if

end do

Iconverced-iIi-v)) zeta-i(¡-v) = epsilon(1 0d0)
i."""ãri"J-¡ii-uj'"na. .not'prevconverged-¡(¡-v)) ¡terations-i(i-v) = iterãtions

if (sqrt(normsq-r)/normps¡ < tolerance) ¡terations-¡ (1) = iterations
if (sqrt(normsq-r)/normpsi < tolerance) exit

¡terations = ¡terat¡ons + 1

ProjectEV = ( modulo( iteret¡ons ' ProjectFreq):=0 ) and Project-eigensPace

beta = - normsq-r/ phidotMPhi

nextzeta-i : zeta-i*prevzeta-i*prevbeta/( beta*alpha+(prevzeta-i-zeta-i) + &

& prevzeta-i * prevbeta *(1.OdO-si gma-i +beta ) )

beta-i = betã*nextzeta-i f zete-i

do ¡ _v:1, n_v
if (.not. converged-i(i-v)) then

iq ¡5=1,ns; do it=i,nt; do iz=7,rzi do iy=1,¡y; do ix=1,nx
chi-x ( is )%Cl = chi-x ( ls )%Cl - ( b-l ( i-v )* beta-i ( i-v ) )+ ph¡-ìx ( ¡s )%cl

end do; end do; end do; end do; end do

end if
end do
iï (-Þro.¡ecteV ) call ProjectVectorspece (n-lambda 'v-lambda ' chi)

do is=1,ns; do it=1,nt; do iz=1,n2; do ¡y:1,ny; do ix=1,nx---' 
,"tiau"-t( is)%Cl = residue-x(is)%Cl + beta*Mphi-x(is)%Cl

end do; end do; end do; end do; end do

¡ï-( p.oj".teV ) call Projectvectorspace (n-lambda,v-lambda ' residue)

prevnormSq-r = normsq-r
norrtq-. = fermion-normsq( residue)
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alpha = normsq-r/prevnormsq-r
alpha-i = elpha* nextzeta-i + beta-i /( zeta-i *beta )

do i-v=1,n-v
if (. not converged-i ( ¡-v ) ) then

do ¡s:1,ns; do ¡t=1,nt; do iz=1,n2 i do ¡y=1,ny; do ix=1,nx
phi-ix(is)%Cl=nextzeta-i(i-v)*residue-x(is)%Cl+alpha-i(i-v)*phi-ix(is)%Cl

end do; end do; end do; end do; end do
end if

end do

phi = phi-i (:,:,:,:,:,1)
call SqMatr¡xOperate ( phi , Mphi)
if ( offset /= 0) then

do is:1,ns; do it=1,nt; do iz=1,nzi do iy=1,¡y; do ix:1,nx
Mphi-x(is)%Cl = Mphi-x(is)%Cl + offset*phi-x(is)%Cl

end do; end doi end do; end do; end do
end if
¡f ( ProjectEV ) call ProjectVectorSPace (n-lambda , v-lambda , Mphi)
phidotMphi = real-inner-product (phi, Mphi)

prevzeta-¡: zeta-¡
zeta-i = nextzeta-¡

prevbeta : beta

prevbeta-i : beta-i

if (timing) then
outtime : mpi-wtime o
call TimingUpdate( ncallsl , outtime , ¡nt¡me

end if
mint¡me1 , maxtimel , meantimel )

ProjectEV = project-e¡genspace

call SqMatrixOperate ( chi , Mphi)
do ¡s=1,ns; do it=1,nt; do iz:1,n2; do iy=1,¡y; do ix=1,nx

chi-x(is)%Cl : Mphi-x( is)%Cl + c-2n*ch¡-x(¡s)%Cl
end do: end do; end do; end do; end do
if ( ProjectEV ) call ProjectvectorSPace(n-lambda,v-lambda,chi)

end do

call Matr¡xOperate (chi , Mphi)
do is=1,ns i do ¡t=1,nt; do ¡z:1

chi-x( is )%Cl : d-n*MPhi-x( is
end do; end do; end do; end do;

do iy=1,¡y; do ix=1,nx, nz

)%c
end do

if ( ProjectEV ) call ProjectVectorSpace(n-lambda,v-lambda chi)

¡f (
do

ProjectEV ) then
i_lambda : 1, n-lambda
v-l :) v-lambda(:,:,:,: ,:, i-lambda)
v-ldotph¡ = inner-product(v-l , psi)
do ¡s:1,ns; do it=1,nt; do iz:1,n2; do iy=1,ny; do ix=1,nx

chi-x ( i'
&(
endend do;

)%Cl : chi-x(is)%cl +&
iambda-i (i-lambda )*v-ldotphi )xv-lambda(ix , iy , iz , it , is , i-lambda )%Cl
do; end do; end do; end do

end do
end if

normpsi = fermion-norm ( psi )

end subroutine MatrixSignFunctionOperãte

fundef chi-x
fundef phi-x
fundef Mphi-x
fundef phi-ix

end module SignFunction

FLICOverlap: Implements the FLIC Overlap opera,tor' and makes use of the

Ginsparg-Wilson relation to implement its squared version.

module FLlCOverlap

use ColourTypes
use SignFunct¡on
use ChiralFLlCOPerator
use ZolotarevAPProx
implícít none

real(dp) :: epsilon-tol = 1 0d-8 lsign
¡nteger , dimension (:) , allocatable ::

functìon tolerance
epsilon-iter-i !sígn functìon ¡terat¡ons
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integer
real(dp)
real(dp)

cha¡acter(len:256) :: ZoloFile, lnputHiMode, lnputLoMode

contains

subrout¡ne GetEigenSpace(lambda-min, lambda-max)

real (dp) :: lambda-min

integer , dimension (: ) , allocatable :: miniter-i , mexiter-¡
¡eal, dimension(:), allocatable :: meaniter-i

log¡cal , parameter :: VerboseOverlap = true , DebugOverlap :

real(DP) :: lambda-scale

integer :: dummy

false

form = "unformatted", action : "read")
bct

: ncalls2 =0
:: maxt¡me2 = 0, mintime2
:: meantime2 = 0.0

m-ev, m-dummy, i-lambda

type(colour-vector), d¡menslon(nxp,nyp,nzp,ntp,ns) :: psi, Dpsi
¡nteger :: ix,iY,iz,¡t,¡s

m-w , bct ,

, lambda-max

errorreal(dp)
¡nteger

mpiprint
if ( i-am

ope n
read
read
close

end if

*, "Reading Hi Modes"

-root ) then
1OO, f¡le=lnputHiMode, status = "old"
100) m-ev, m-dummy, delta-lambda , m-w,
100) lambda-max
r00)

mpiprint *, " Readin
call ReadEigenspace

call BroadCastReal (lambda-max, mP¡-root-rank)

g Lo Modes"
in-lambda,m-dummy, epsilon-lambda-i ,v-lambda,delta-lambda ,m-w, bct, lnputLoMode)

do i-lambda=1,n-lambda
call BroadCastReal ( epsilon-lambda-i ( i-lambda ), mpi-root-renk )

end do
call BroadCastReal (delta-lambda, mpi-root-renk)

lambda-min : ePsilon-lambda-i(n-lambda)

epsilon-lambda-¡ = siSn (1.0d0, epsilon-lambda-i )

end sub¡outine GetEigenSPace

subrout¡ne ReadZolotarevAPProx

¡nteger : i ¡pole

if ( r-am-roo t hen
e:Zol oFi i e

n-poles
x-mtn , x-max
c-2n , d-n

t
f
)
)
)

open
read
read
røad

end if

110,
110,*
110,*
110,*

status = "old", form = "formatted", action = "read")

call
call
call
call
call

BroadCastlnteger (n-poles, mpi-root-rank)
BroadCastReal (x-min , mpi-root-rank )
BroadCastReal (x-max, mp¡-root-rank )
BroadCastReal
BroadCastReal

c-2n , mp¡-root-renk )
d-n , mpi-root-rank )

do ipole=1,n-poles
if ( i-"m-ioot) read(110,*) b-l(ipole), c-l(ipole)
call BroâdCastReal ( b-l ( ipole ) ' mpi-root-rank)
call BroadCastReal(c-l(ipole),mpi-root-rank)

end do

if ( i-am-root) close(110)

end subroutine ReadZolotarevApprox

subroutine lnitialiseFLlCOverlap (m-w, c-sw , bct , U-xd , UFL-xd)

!Must cell lnít¡al¡se OPetators each tíme the fermÍon mass is changed

!or the gauge fÍeld ís changed

real
type
real

(DP) :: m-w, c-sw, bct !clover-wilson mass, clover coeffìc¡ent, time boundary cond¡tions

icoiour-m"tr¡t), dimension(:,: ':,:,:) :: U-xd, UFL-xd
(DP) :: lambda-min , lambda-max
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real (DP) :: kappe , delta , dx , x, ert , err2
¡nteger :: i-pole

ca ll I nitia I iseF Ll COpe rator ( U-xd, UFL-xd, uO-bar

¡f ( project-eigenspace ) then
call GetEigenSpace(lambda-min, lambdã-max)

else
lambda-max :8 0d0 - m-w
lambda-min = 1.0d0 - abs(m-w - 1.0d0)

end if

ca ll ReadZolotarevApprox

if ( Verbose
mp¡print
mp¡print
mprpr nt
mprpr nt
mprpr nt
mPrpr ht
mprPr nt
mprPr nt

kappa : abs ( lambda-max/lambda-min )
! zolotarev dpprox¡mat¡on is good between [1 0d0, kappa]
lambda-scale = abs(kappe/lambda-max)

do i-pole=1,n-poles
r b-l ( i-Pole ) : b-l ( i-Pole )
c-l (i-pole) : c-l (i-pole)/(lambda-scale**2)

end do
c-2n = c-2n / (lambda -scale *+2)
d-n = lambda-scale*d-n

delta : 2.0d-7

uOfl-bar,m-w,c-sw bct )

Overlap) then
*, "kappa", kappa
*, "lambda-min", lembda-min
*, "scaled-min", lambda-min*lambda-scale
*, "min-error", 1 Od0 - zolotarev(abs(lambda-min))
*, "lambda-max", lambda-max
*, "scaled-max", lambda-max*lambda-scale
*, "max-error", 1 OdO - zolotarev(abs(lambda-max))
*, "lambda-scale", lambda-scale
+, "n-poles", n-polesmprpr

mprpr
nt
nt
bs

*, " polar order needed" , -0.25d0*sqrt(kappa)*log(delta
( lambda-max-lambda-min ) /( n lx+ n I y* nlz* n I t * ns*nc )

/2.odo)
dx : a

err : 0.0d0
err2 = 0.0d0
do x:abs ( lambda-min ), abs ( lambda-max),dx

err: ert + âbs(1.0d0 - zolotarev(x))
er12 : max(err2,abs(zolotarev(x) - 1.0d0))

end do
q¡¡ = err f( nlx*n¡y*nlz*nlt*ns*nc)
mp¡print *, "mean ertot" , eJr , ett2

end if

conta¡ns

fu nct¡on zolota rev (x )
rsal (DP) :: zolota¡ev
real(DP) :: x

zolotarev = d-n*x*(x**2*c-2n ) *(sum( b-l /(x**2+c-l ) ) )

end function zolotarev

end subrout¡ne lnitialiseFLlCOverlap

sub¡outine FinaliseOverlaP

deallocate
deallocate

( b-t)
(.-l )

( epsilon-iter-i)
(miniter-i)
( maxiter-i )
( meaniter-i)

dealloca te ( e psilo n -la m bd a -i )
deallocate(v-lambda)

end subrout¡ne FinaliseOverlaP

, ¡y , iz , ¡t , ¡s
ix , iy , iz , it ,

s) epsilon-H

subrout¡ne OverlapDiracOperate(phi, Dphi)

fdefine phi-x ( is ) Phi ( ix
fdefine Dphi-x( is ) DPhi (

fdefine epsilon-HPhi-x( i

s)
hi(lx, iy

deallocate
deallocate
deallocate
deallocate

z t s)

nzP ntP ns)
nzP ntP ns)
nzp ntp ns )

phi
D phi
epsilon-Hphi

typ€
ty pe
type

colout-vector
colour-vector
colour-vector

dimension
dimension
dimension

nxp , nyp
nxp, nyP
nxp, nyp
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integer :: ¡x , iy , ¡z , it , ¡s
real (dp) :: intime , outtime

¡f (timing) ¡ntime = mP¡-wt¡meo

!Evaluate the s¡gn function
cãlt MatrixSignF-unctionOperate(n-Poles, phi, epsilon-HPh¡ , epsilon-tol. ' eps.ilon-iter-i ' &

& FLICOp-erate, SqFLìCOperàte, n-lambda, epsilon-lambda-i , v-lambda, delta-lambde )

!Multiply by gamma-5
do it=1,nti do iz=1,nzi do iy=1,¡yì do ix:1,nx

epsilon-Hphi-x (3)%Cl = -epsilon-Hphi-x (:)%!!
e ps i I o n - H p h i -x (4)%Cl = - e ps i I o n - H p h i -x (+ )%C I

end do; end do; end do; end do

! Dphì : (1/2) *(1 + gamma-s*eps¡lon (H) )+phi
do is:1,ns; do ¡t=1,nt ; do iz:7,n2 i do iy=!,¡y; do ¡x=1,nx

Dphi-x(is)%Cl = 0.5d0*(ph¡-x(is)%Cl + epsilon-Hphi-x(is)%Cl)
end do; end do; end do; end do; end do

¡f (t¡ming) then
ncalls2 = ncalls2 t 1

-wt¡me ( )
aate( nàãttsZ , outt¡me , int¡me , mint¡me2 , maxtime2, meant¡me2 )
on-¡ter-i == O ) eps¡lon-iter-i = epsilon-¡ter-i(1)
on-¡ter-i < m¡n¡ter-i ) miniter-¡ = ePs¡lon-iter-i
on-iter-i ) maxìter-i ) maxiter-i = ePsilon-¡ter-i
( ncalls2 - 1)*meanitei-i / ncalls2 + eps¡ lon-iter -i / real (ncalls2 )

end it

end subroutine OverlapDiracOperate

subrout¡ne SqOverlepDiracOPerate(phi, Dphi, lambda-pm)

!assumes phi ís chítal , w¡th ch¡ralíty lambda-pm
type(colour-vector), dimension(nxp,nyp,nzp,ntp,ns
type(colour-vector), dimens¡on(nxp,nyp,nzP,ntp, ns

¡nteger :: lambda-pm

type(colour-vector), dimension(nxp,nyp,nzp,ntp,ns)

¡nteger :: ix, iy , iz , ít
real(dp) :i intime, outtime

¡f (timing) ¡nt¡me: mPi-wtimeo
! Evaluate the sign functîon

call MatrixSignFunctionOperate (n-poles , phi , epsilon-Hphi ,

& FLlCOperate , SqFLlCOperate, n-lambda , epsilon-lambd

rDphi:(1/2)*phi+(1/4)*(sanma-5+epsilon(H)*phì+lambda-pm*epsilon(H)xphi)

do ¡t=1,nt
+1 ) then
i z:7,. i2 i

if ( lambda-Pm ==

end do

do iy:1,¡Y do ix=1,nx

phi
Dphi

epsilon-Hphi

epsilon-tol , epsilon-iter-i , &
a-i , v-lambda, deltâ-lambde )

h¡

D phi -x
Dphi-x
D phi -x
Dphi-x

do
)%c
)%c
)%c
)%c

do

it =1, nt , do
Dphi-x (1)%C
Dphi-x(2)%c
Dphr-x (3 )%C
Dphi -x (+)%c

0.5 d0 *
0.5 d0 *
0.0 d0
0,0d0

do iy=1,ny; do ix:1,nx
( phi-x (1)%Cl f epsilon-Hphi-x (r)7oCl )
( phi-x(2)%cl 4 epsilon-Hphi -x(2)%ct )

end
else

do

do: end end do;

= 0.0 d0
= 0.0 d0
:0 5d0x
= 0 5d0*
end do;

z:7 nz

end do

( phi-x (3)%cl - epsilon-H phi-" (s)Z:Ç! )( phi-x(a)%Cl - epsilon-Hphi-x(+)%CI )
end doend do

end if

¡f (timing) then
ncalls2 = ncalls2 * 1

outtime = mpi-wtimeo

""ii 
iit¡ngúp¿at"( nèalt.z , outtime , intime , mint¡me2 , maxt¡me2, meantime2 )

where ( ep-siion-iier-i == O ) epsilon-iter-i = ePs¡lon-¡ter-i (1)
where ( epsilon-iter-¡ < m¡niter-¡ ) miniter-i = epsilon-iter-i
where ( epsilon-iter-¡ > måxiter-¡ ) maxiter--i = epsilon-iter-i
m""n¡t'"r-i=(ncalls2-t)xmeaniter-i/ncalls2+eps¡lon-¡ter-ilreal(ncalls2)

end if

end subrout¡ne SqOverlapDiracOperate

subrout¡ne SqChiralOverlapOperate (phi, Dphi, lambda-pm)

!assumes phi is chiral , wíth ch¡ral¡ty lambda-Pm
type(colour-vector), dimension(nxp,nyp,nzp,ntp' nsp

type(colour-vector), d¡mens¡on(nxp,nyp,nzp,ntP,nsp
¡nt€ger :: lambda-Pm
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type(colour-vector), dimension(nxp,nyp,nzp,ntP,ns) :: Phi-s, eps¡lon-Hph¡

real (dp)
¡nteger i

¡f (timing) intime = mpi-wtimeo
! Evaluate the sign function

intime, outt¡me
ix ,iy ,iz, it , is , js

mbda-pm
mbda-pm

is = 2
js = 2

-ã+a
phi-s
phi-s
phÌ-s
phi-s

end
else

do

end
end if

where
where
w here

+
)

1)

)
1)

ph
ph

call MatrixSignFunct¡onOperate (n-poles , phi-s , e

& FLlCOperate, SqFLlCOperate, n-lambde, eps

¡f (
do

lambda-pm=:1) then

= zero-vector
= zero-vector+

epsilon-iter-i == 0 )

psilon-Hp
ilon-lamb

h
da

epsilon-tol ,

, v-lambda ,

epsilon-iter-i , &
delta-lãmbda )

it=1,nt; do iz=1,n2;
Dphi-x(r)%Cl = 0 5d0*
Dphi-x(2)%Cl = 0.5d0x
do; end do; end do;

do iy=1,¡y i do ix=1,nx
( phi-x (1)%Cl a epsilon-Hphi-x (r)%Cl)
( phi-x (z)%Cl * epsilon-Hphi -x (z)%Cl)
end do

it=t,nt; do iz=7,n2; do ¡y=1,
Dphi-x(1)%Cl = 0 5d0*(phi-x(1
Dphi-x(2)%Cl : 0 5d0*(phi-x(2
do; end do; end do; end do

ny;
)%c
)%c

do ix:1, nx
| - epsi lon -H ph i -x (3)%Cl )
| - e psi lon -H ph i -x (a)%Cl )

¡f (t¡m¡ng) then
ncalls2 : ncalls2 * 1

outtime : mpi-wtime o
call TimingUpdate( ncalls2 outtime , ¡ntime , mint¡me2 , mextime2 , meant¡me2 )

epsilon-íter-i = epsilon-iter-i (l)
ePsr lon-¡ter-i < miniter-¡ ) miniter-i : ePsilon-iter-i

lon-iter-¡ > maxiter-i ) maxiter-i : eps¡lon-iter-i
mean¡ter

end if

ePsl
( ncalls2 - 1)*meaniter-i / ncalls2 + epsi lon-iter-i /real (ncalls2)

end subroutine SqChiralOverlapOperate

subrout¡ne HermitianOverlapOperate(phi, Dphi)

type
type

Dphi-x (3
Dphi-x (4

end do; end

: -DPhi-x
= - DPhi-x

nxp , nyp r nzP, ntp , ns
nxp, nyp, nzp, ntp , ns

nxp, nyp, nzp, ntp , ns
nxp, nyp, nzp, ntP , ns
nxp,nyP.nzp,ntp,ns

do ix =1, nx

colour-vector
colour-vector

dimens¡on
dimension

phi
Dphi

integer :: ix,iy,iz,it,¡s
call OverlapDiracOperate( Ph¡ Dphi )

! Multiply by gamma-5
do it=l,nt; do iz:1,n2; do iy:1,ny; do ix:1,nx

)%ct
)yoct

(3)%ct
(4)%ct

do; end do; end do

end subrout¡ne HermitianOverlapOperate

subrout¡ne SqHermitianOverlapOperate( phi , Dphi )

type
type
type

colour-vector
colour-vectot
colour-vector

d imen sio n
d¡mension
dimension

) :: phi
) :: Dphi
) :: Dsqphi

integer :: ix,iy,iz,it,¡s

call OverlapDiracOperate(phi, Dphi)

!Mult¡ply by gamma-s
do ¡t:1,nt; do iz:1,n2; do ¡Y=1,nY

Dphi-x (3)%Cl : - Dphi-x (3)%Cl
Dphi-x (4)%Cl : - DPhi-x (4)%Cl

end do; end do; end do; end do

call OverlapDiracOperate(Dphi , Dsqphi )

!Multîply by gamma-,
do it:1,nt ; do iz=l,nz; do ¡y:1,ny; do ix=1,nx

Dphi-x (3)%Cl : - DPhi-x (3)%cl
Dphi-x (a)%Cl = - DPhi-x (4)%Cl

end do; end do; end do; end do

Dphi = Dsqphi

end subroutine SqHerm¡tianOverlapOperate

end module FLlCOverlaP
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,A'.5 Quark Propagator Code

ConjGradsolvers: Provides two conjugate gradient inverter routines, standard

CG for Hermitian positive definite matrices, and the more general BiCGStab

routine for other matrices.
module ConjGradSolvers

use FermionField
implicit none

conta¡ns

#d
#d
#d
#d
#d
#d
#d

efi ne
efine
efine
efi ne
efine
efine

ef¡ne residue-x(is) residue(ix,iy,iz,it, ¡s)
psi-x(
phi-x(
M phi -x
chi-x(
xi-x(i
Mxi-x(

psi( ix , iy , ¡z , it , is
phi( ix , iy , ¡z , it , is

) Mphi(ix , iy , iz , it ,

chi( ix , iy , iz , ¡t , ¡s
xi ( ix , iy , iz , it , is )
Mxi( ix , iy , iz , it , is

s)
s)
is
s)
)
s)

¡s)
)

)

sub¡outine CGlnvert ( psi , chi , tolêrance , ¡terãtions , Matrixoperate )

!A routine to solve the matrix equet¡on M chì: ps¡, us¡ng an ín¡tial guess chí
lM -must- be hetmit¡an and positive def¡n¡te

type(colour-vector), dimension(nxp,nyp,nzp,ntp,ns) :. psi !.source vectot
tip"i.olorr-u"ctor), dimension(nxp,nyp,nzp,ntp,ns) :: chi !solut¡on vector and ínitìal guess

real (dp) : : tolerance I the precisíon desired for the solution
integer' l: iterat¡ons !the ¿otal number of ¡teretíons requíred
interface

subroutine Mâtr¡xOperãte(phi , Dphi )
use ColourTypes
type(colour-vector), dimension(nxp,nyp,nzp'ntp,ns) :: phi
tipe(colour-vector), dimenslon(nxp,nyp,nzp,ntp,ns) :: Dphi

end subroutine MatrixOPerate
end ¡ nterface

ty pe
ty pe
real

nxp,nyp,nzp,ntP,ns
nxp , nyp , nzp, ntP , ns

norm-ps¡, omega, thete
¡nleger :: ix,iy,iz,¡t,is

norm-psi = fermion-norm ( Psi )

cãll MatrixOperate (chi , IilPhi)

! tes¡due : psí - Mphî
do ¡s=1,ns; do it=1,nt I do iz--l,nz; do iy=1,¡y; do ix=1,nx

residue-x( is)%Cl : psi-x( is)%Cl - lvlphi-x( is)%Cl
end do: end do; end do; end do; end do

phi : residue

delta : fermion-normsq( residue)

call MatrixOperate (ph¡ ,MPhi)

phidotMphi : real-inner-Product(phi,Mphi)

iterations = 0

do
íf (sqrt(delta)/norm-psi < tolerance) ex¡t

¡terations = ¡terations + 1

omega = delta/phidotMphi

! residue : resídue - omega*MPhi
do is=1,ns; do it=1,nt i do iz=L,nz; do ¡y:l,ny; do ix:1,nx

residue-x(is)%Cl : residue-x( is)o/oCl - omega*Mphl-x( is)%Cl
end do; end do; end do

colour-vector ) , dimension
colour-vector ) , dimens¡on
dp) ;: delta , prevdelta ,

!chì:chí+omega+ph¡
do is=1,ns; do ¡t=1,nt

end do; end do

do iz=7,n2; do iY=1,¡Y; do ix=1,nx
*phi-x(is)%Cl

residue
phi , Mphi
ph¡dotMphi

chi-x(is)%Cl = chi-x(is)%Cl t omega

end do; end do; end do; end do; end do

prevdelta = delta
delta = fermion-normsq( residue )

theta = -delte/ prevdelta
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!phi = residue - theta*ph¡
do is=1,ns; do it=1,nti do iz:1,n2; do iy=1,¡y; do ¡x=1,nx

phi-x(is)%Cl : residue-x(is)%Cl - theta*phi-x(is)%Cl
end do; end do; end doi end do; end do

call MatrixOperate (ph¡, Mphi)

phidotMphi = real-inner-product(phi,Mphi)

end do

end subroutine CGlnvert

subrout¡ne BiCGstablnvert( psi , chi , tolerance , iterations , Metr¡xOperate )

lA routine to solve the matt¡x equatíon M chi : psi, usíng an ¡nit¡al guess ch¡

type( colour-vector), d¡mens
type( colour-vector), d¡mens
real(dp) :: tolerance lfhe
ínteg€r :: iterations lfl,e
interface

¡on(nxp,nyp,nzp,ntp
¡on(nxp,nyp,nzp,ntp
precision desired for the solut¡on
totel number of iteratíons required

n5
n5

psi ! source vector
chi ! solut¡on vector and ¡n¡t¡al guess

subroutine MatrixOperate(phi , Dphi )
use ColourTypes
type( colour-vector), dimension(nxp
type( colour-vector), dimension(nxp

eod subroutine MatrixOperate
end ínterface

epsilon : fermion-normsq( residue)

tchí: ch¡ + omega*xí + theta+Ph¡
do is=1,ns; do it=1,nt: do iz:1,nzi do ¡y=1

chi-x(is)%Cl : chi-x(is)%Cl + omega*xi-x
end do; end do; end do; end do; end do

delta = ¡nner-product(r0, residue)

betã = -delta /( delta-prime*theta )

ph
Dph

,ny; do ¡x=1,nx
(is)%Cl + theta*phi-x( is)%Cl

nyp nzp ntp ns)
nyp nzp ntp ns )

type(colour-vector), dimension(nxp, nyp, nzp, ntp, ns) : : residue, r0
type(colour-vector), dimension(nxp,nyp,nzp,ntp,ns) :: phi, Mphi, xi, Mxi
real(dp) :: epsilon, norm-psi
complex(dc) ;: delta , deltã-prime , omega, beta , theta
¡nteger :: ¡x , iy , iz , it , is

norm-psi = fermion-norm( psi)

call MatrixOperate ( chi , Mphi)

! resìdue : psí - Mphi
do ¡s:1,ns; do ¡t:1,nt i do iz:l,nz: do iy:!,¡y; do ix=1,nx

residue-x(is)%Cl = psi-x( is)%Cl - Mphi-x(is)%Cl
end do; end do; end do; end do; end do

epsilon = fermion-normsq( residue)

r0: residue
delta : inner-product(r0, residue)

xi = residue
call MatrixOperate (xi ,lvlxi)

delta-prime = inner-product (r0 , Mxi)

¡terat¡ons :0

do

íf (sqrt(epsilon)/norm-psi < tolerance) exit

¡terãt¡ons = iterations + 1

omega = deltã /delta-pr¡me

! phi = residue - omega*Mxi
do is=1,ns; do ¡t=1,nt; do iz=7,n2; do ¡y:1,ny; do ix=1,nx

phi-x( is)%Cl = residue-x(is)%Cl - omega*Mxi-x(is)%Cl
end do; end do; end do; end do; end do

call MatrixOperate (phi , MPhi)

theta = ¡nner-product (Mphi , phi )/fermion-normsq(Mphi)

!tesídue : ph¡ - thete
do is=1,ns; do it=1,nt

res¡du€-x( is)%Cl =
end do i end do; end do

*Mphí
;do iz:1,n2; do iY:1,¡Y; do ix:1,nx
phi-x ( is )%Cl - theta *Mphi-x( is )%Cl
: end do: end do
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!xî: residue - bet¿*(xi - thete*Mx¡)
do is=1,ns; do it=1,nt ; do iz:l,nz; do ¡y=1'ny;

xi-x(is)%Cl : residue-x( is)%Cl - betax(xi-x(
end do; end do; end do; end do; end do

call MatrixOPerate (xi , Mxi)

deltâ-prime = inner-product(r0,Mxi)

end do

end subroutine BiCGStâblnvert

end module ConjGradSolvers

type
type

do ix =1, nx
is )%Cl - thete *Mxi-x( is )%Cl)

QuarkPropagator: Uses the BiCGStab algorithm to solve for the FLIC quark

propagator.
module QuarkPropagator

use GaugeField
use FermionField
use ConjGradSolvers
use MPllnterface
use ChiralFLlCOperator
implicit none

real (dp) :: alpha-sm
¡nteger' :: n-smear, js-start=1, js-end=1, jc-start=1, jc-end = nc

logical :: SmearedSource

conta¡ns

subroutine CalculatePropagator(jx ,iy ,i, ,jr, kappa , tolerance , OutputPref¡x , Dfermion , SmearedSource , alpha-sm ,

n-smea r )

¡nteger , ¡ntent(in) :: jx,jy ,1z,jt !source pos¡tion
real(DP), dimension(:) :: kaPPa
real (DP) :: tolerãnce ! the precisíon desÌ¡ed for the solution
character ( len=*) :: OutputPrefix
i nterface

sübrout¡ne Dfermion(Phi , DPhi)
use ColourTypes
type(colour-vector), d¡mension(nxp,nyp,nzp,ntp,ns) ;: phi
tipe(colour-vector), d¡mensíon(nxp,nyp,nzp,ntp,ns) :: Dphi

end subroutitre Dfermion
end inte¡face

logical : : SmearedSource
real (dp) :: alpha-sm
integer :: n-smear , nkappa , ikaPPa

colou r-vector
colour-vector

nxp,nyP,nzp,
nxp , nyp , nzp ,

ntp ns )
ntp ns )

d¡mension Dchi , rho
chi !solut¡on vector, dimension

¡nteger :: js ,jc , iterat¡ons
real :: sterttime , endtime
real(dp) :: error, norm-rho
¡nteger :: ix,iy,iz,it,is,ic

nkappa = size(kappa)

do js:1,ns
do j c:1, nc

chi = zero-vector
rho = zero-vector

call GetSource(rho,jx,jy,jz,jt,js,jc,smearedSource'alphâ-sm,n-smear,U-xd)

norm-rho = fermion-norm (rho)

do ikappã=l,nkappa

m-Í = 4 OdO - 0 5d0/kapPa(ikaPPa)

startt¡me = mpi-wtimeo
call BiCGstabinvert(rhó, ch¡ , tolerance , iterations , Dfermion)
endtime = mpi-wtime o
mp¡print'(A,F2O 5,A)', "lnversion took ", endtime-starttime' " seconds"

call Dfermion(chi, Dchi)
do ¡s=1,ns; do it=1,nt; do iz=L,nz; do iy=1,ny; do ix=1,nx

Dchi(¡x,¡y,¡z,it,is)%cl :Dchi(ix,iv,ìz,it,is)%Cl -rho(ix,iv,iz,¡t,is)%cl
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end do; end do; end do; end do; end do

error = fermion-norm (Dchi)

mpipr¡nt*,"kappa",kappa(ikappa),"iterat¡ons",iterations,"error",error,errorf
norm -rho

call WritePropagatorColumn ( OutputPref¡x , kappa ( ikappa ) , chi )

end do

end do
end do

end subroutine CalculatePropagator

subrout¡ne Wr¡tePropãgatorColumn(OutputPref¡x,kappa, chi)

character ( len=*) :: OutputPref¡x

character (len=273) : : PropagatorF¡le
character ( len=7) :: PropagatorSuffix

real(DP) ;: kappa !querk mass
type(colour-vector), dimens¡on(nxp,nyp,nzp,ntP,ns) :: chi !solutîon vector

if ( i-am-root ) then
wr¡te ( PropagatorSuffix , '(a,F6.a) ') "k" , kappa
PropaiatorÈile = OutputPrefix(1:len-trim(OutputPrefix)) II PropagatorSuffix // " ptpp"
open (100, f¡le=PropagatorF¡le , status = "unknown", form = "unformatted", &

& posit¡on = "apPend" , action : "write")
end if

call WriteFermionField (ch¡ ,100)
if ( i-am-root ) close(100)

end subroutlne Wr¡tePropagatorColumn

end module QuarkPropagator

FLICPTop: Main program for the calculation of the FLIC propagator.

program FLlCPropagator

use QuarkPropagator
implicit none

¡nteger , Pafameter

real (DP) :: tolerance

character ( len=20) ::

call lnitialiseMPl

kappa-i (nkappa), kappa

stãrtDate, startT¡me, endDate, endTime

call lnitShadowGaugeField
call ln¡tShadowFermionField

call lnitT¡mer

mpipr¡nt *, " Enter the gauge configuration file
read(*,'(4256)') lnputConfig
mpiprint'(4256)', lnputConfig

mp¡pr¡nl *, "Enter the output file prefix:"
read(*,'(A256)') OutputPrefix
mp¡print'(A256)', OutPutPrefix

to read from:"

Gharacter ( len =256
character ( len =256
¡nteger :: ix,¡y,

end

:: lnputConfig
:: OutputPrefix

z,it, ic, ikappa
:: nkappa = 3

mP
mp
do

pr¡nt *, "FLlC parameters"
pr¡nt *, "Wilson mass Parameter"
¡kappa=l,nkapPa
read(*,*) kappa
m-f = 4.0d0 - 0.5d0/kappa
mpiprint *, "m-w", m-f ,

kappa-i(ikappa) = kaPPa
do

kappa= " , kappa

mpiprint *, " Clover term c-sw"
read(*,*) c-sw
mpipr¡nt *, "c-sw:" , c-sw

mpiprint *, "Smearing fraction"
read(*,*) alpha-smear
mpipr¡nt *, " alpha-smear:'' , alpha-smear
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mp¡pr¡nt *, "Smearing sweePs"
read (*,*) ape-sweePs
mpiprint +, "aPe-sweePs", ape-sweeps

mp¡pr¡nt *, "Propagetor parameters"
mpiprint *, "Source positÌon (ix,iy,

tx
ry
tz
¡t

mpiprint x, " ix=",ix

z tl

iy:",iy," iz=",iz," ¡t=",¡t

read
read
read
aead

(*'*)
(*'*)
(*,*)
(*'*)

read
read
read

(*,*)
(*,*)
(* '*)

mpiprint +, "Smeared source?"
SmearedSource
al pha -sm
n-smear

mp¡print *, " Source smearing:" , SmearedSource, elphã-sm 
'

mp¡print *, "Boundary Conditions (bct)"
read(*,*) bct
mp¡print *, " bct=" , bct

mp¡pr¡nt *, " Enter the desired solution precision :"
read(*,*) tolerânce
mpiprint *, tolerance

smear

,m-f, c-sw, bct)

OutputPref¡x, Dflic,SmearedSource,alpha-sm, n-smear

mpiprint +, " Start¡ng t¡me"
call date-and-time ( date=startDate

mpipr¡nt *, "Reâding Gauge Field"
call ReadGaugeF¡eld( lnputConf¡g,

if ( uzero /= 1.0d0 ) then
u0-bar = uzero

else
call GetUZero(U-xd, u0-bar)

end if

call APESmearLinks( U-xd, UFL-xd
call GetUZero(UFL-xd, u0fl-bar)

, time=sta rtT¡me )

U-xd )

mprp
call

call

alpha-smear , ape-sweeps )

r¡nt +, uo-bår, uOfl-bar , m-f, c-sw, bct
I n iti a li seFL I CO perator ( U-xd, UFL-xd, uO-bar, uOfl -ba r

CalculatePropagator( ix ,iy ,iz ,it , kappa-i , tolerance
)

Mflops = (745*24* nlattice )*1,0e-6

t +, "FLIC timing", ncalls, meant¡me, m¡ntime, maxt¡me
t *, "FLIC rate", ncalls, lvlflops/meantime, Mflops/mintime, Mflops/mextime

ft
ft

ca I I date-and -time ( date=endDate, time=endTime)
mpiprint *, "Started on " , startDate , " at ", startTime
mpiprint *, "Finished on ", endDate, " at ", endTime

call FinaliseMPl

end program FLlCPropagator

OverlapPropagator: Implements the standard conjugate gradient inversion

algorithm, as applied to overlap fermions.

module OverlapPropagator

use FermionField
use FLlCOverlap
use ConjGradSolvers
impliclt none

real(dp) :: alpha-sm
¡nteger ::
logical ::

n-smear, js-start=1
SmearedSource

contairs

js-end=1, jc-stârt=I, jc-end = nc

chi-x(i
Dchi-x (
chi-ix(
phi-x(i
lvl ph i-x (
phi-ix(
residue
rho-x ( i

chi(
Dchi
chi- (x

s)
rs)
is)
s)
i. )¡')
-x (
s)

x y z t s)
x y z t s)

z t s mu)
phi( ix , iy ,

Mphi( ix , iy
phi-i(ix,i

is) residue
rho(ix,iy,

z , it , is )
iz,it,is)
,¡2,¡t,is,¡-mu
¡x , iy , iz , ¡t , ¡s
z , it , is )

#def¡ne
#define
#define
fdefine
fdefine
fdefine
fdefine
fdefine
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subroutine CalculatePropagator(jx,jy,jz,it,n-mu,mu-¡,tolerance,OutputPrefix,SmearedSource,alpha-sm,
n-smear)

integer , intent(¡n) :: jx,jy,jz,jt,n-mu !source Pos¡t¡on
real (dp) , dimension (n-mu) , intent ( in ) :: mu-i ! quark ma
real (dp) :: tolerance !the precision desíred for the so
character ( len:*) :: OutputPrefix
logical :: SmearedSource
real (dp) :: alpha-sm
¡nleger :: n-smear

number of shÍfts
55 e5
lut¡on

real
type
type
type
type

do js=
if
¡f
do

(dp), dimension
( colour-vector )
( colour-vector )
( colour-vector )
( colour-vector )

(n-mu) :: muprime-i , normchi-i !quark masses
dimension(nxp,nyp, nzp, ntp, nsp) :

dimension(nxp,ñyp, nzp, ntp, ns) ::
dimension ( nx , ny , nz , nt , nsp , n-mu )
dimension(nx,ny,nz,nt,ns,n-mu) :

rho -sp
Dchi rho

! solut¡on vectors

real(dp) ::
¡nteger ::
complex(dc)

norm-chi , norm-rho
lambda-pm
:: lâmbde-test

s-start,js-end
> js-start )
) js-start )

jc-start = 1
jc-end = nc

7:2)

3:4)

character(len:273) :: OutputFile, ProPagatorFile
chatacter ( len=6) :: OutputSuffix , PropagatorSuffix

integer :: js , jc
¡nteg€r :: ¡x, iy, ¡2, ¡t, ¡s,ic,i-mu, iterations
integer , dímension(n-mu) :: iterâtions-¡
real (dp) :: starttime , endtime

c=jc-start,jc-end

rho : zero-vector

call GetSource(rho,jx,jy,jz,jt,js,jc,smearedSource,alpha-sm,n-smear,U-xd)

chi: zero-vector
norm-rho = fermion-norm ( rho )

call normalise(rho, norm-rho)

mp¡print *, "Source " , js , jc, " L2 Source norm" , norm-rho

select case(js)
case (1:2)

lambda-pm:1
rho-sp: rho(:

case (3:4)
lambda-pm = -1
rho-sp : ¡ho(;

end select

muprime-i : mu-i**2/(1 0dO-mu-i**2)

starttime : mpi-wtime o
call OverlapMultiMasslnvert (n-mu, muprime-i , rho-sp , lembda-pm, phi-i 

'
endtime : mpi-wtime o

mpipr¡nt '(A,F2O.2,4,F15.5,4)', " lnversion took " , endtime-starttime,
starttime )/3600.0," hours "

tolerence, ¡te¡ations-i )

seconds = ",(endtime-

selec ca5e
case

c
c

case
c

h
4

ch

)
(
(

)
(
(

: phi_i
: zero-vector

zero-vector
phi-i

end select

mpiprint *, " fMu ", " Mass ", "
do i-mu=1,n-mu

mpiprint *, i-mu, mu-i (i-mu) ,

end do

72 ) =34 ):

Convergence "

iterations-i (i-mu)

lCheck Solution
do i-mu :1,n-mu

do is=1,ns ì do ¡t=1,nt; do iz:1,n2; do
chi-ix ( is )%Cl = chi-ìx ( ¡s )%Cll(1 0d0

end do; end do; end do; end do; end do

iy=1,ny; do ¡x=1,nx
- mu-i ( i-mu ) **2)

end do

!Multíply solution by D^\dagger to get ínverse of D
do i_mu :1,n_mu
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chi(1:nx,l:ny,1:n2,1:nt,:) = chi-i (:,:,
call OverlapDiracOperate(chi, Dchi )
if (js < 3) then

!+ve chíralîty , mult¡Ply by +Eamm¿-5
do ¡t:1,nt; do iz=l,nz; do iY=1,nY'

Dchi-x(3)%Cl = -Dchi-x(3)%Cl
Dchi-x(a)%Cl = -Dch¡-x(4)%Cl

end do; end do; end do; end do
else

!-ve chîrality , multíPly by -gamma-,
do it=1,nt : do iz=7,n2 i do iY=1,¡Y; ¿6

Dchi-x(1)%Cl : -Dchi-x(1)%Cl
Dchi-x (2)%Cl = -Dchi-x (2)%Cl

end do; end do; end do; end do
end if

i-mu )

do ix:1,nx

ix=1,nx

do iy=1,¡y; do ix:1,nxdo is=l,ns;
chi-ix(is

end do; end

nt; do iz:1,n2;
1.0 dO-mu-i ( i-mu )
do: end do; end

do it
)%ct
do;

=(
end

)+Dchi-x( is )%Cl + mu-i (i-mu )*chi-ix ( is )%Cl
do

end do

mpipr¡nt *, " ProPagator solut¡on quality"
mpipr¡nt *, "fMu ", " Error "

do i-mu=1,n-mu
chi (1:nx,1:ny,1:n2,1: nt,:) : chi-¡ (:,:,:,:,:, i-mu)
call OverlapDiracOperate(chì, Dchi)
do is=1,ns; do it=1,nt; do iz=1,n2; do iy=t,¡y; do ix=1,nx

Dchi-x(is)%ct = (1.odo-mu-i (i-mu))*oitri-x(is)%Cl * mu-i (i-mu)*chi-ix(is)%cl - rho-x(is)%Cl
end do; end do; end do; end do; end do

norm-chi : fermion-norm(Dchi)
mpiprint +, i-mu , norm-chì , norm-chi/norm-rho

end do

call WritePropagatorColumn(OutputPref¡x,n-mu,mu-i, chi-i )

end do
end do

end subroutine CalculatePropagator

subroutine WritePropagatorColumn ( OutPUtPrefix, n-mu, mu-i, c h i -i )

character ( len=*) :: OutPutPref¡x

character (len=273) : : Propagato¡F¡le
character(len:6) r: PropagatorSuffix

integer , ¡ntent(¡n) :: n-mu !source positîon , number of sh¡fts
real(dp), dimension(n-mu), intent(in) :" mu-i !quark masses
type(colour-vector), d¡mens¡on(nx,ny,nz,nt,ns'n-mu) :: chi-i !solution vectors

integer :: i-mu

do i-mu=1,n-mu
¡f ( i-am-root ) then

write( Propjgatorsuffix,'(a,14 4)') "mu", int(1OOO0*mu-i(i-I"))
propaiatorFite = OutputPreiix(1:ten-trim(OutputPrefix)) ll PropaeatorSuffix // ".ptpp"
op"n liOO+i-.u, file:ProPagatorFile , status = "unknown" , fo¡m = "unformatted", &

& position = "append", action : "write")
end if
call Wr¡teFermionField(chi-i (:,:,i,:,i,i-mu),100*i-mu)
if ( i-am-root ) close(100+i-mu)

end do

end subroutine Wr¡teProPagatorColumn

subrout¡ne OverPropToTimeSlice(n-mu, mu-i , OutputPrefix , TimeSlicePrefix )

integer, intent(in) :: n-mu !source posítion, number of shifts
real(DP), dimension(n-mu) :: mu-i !quark masses
character(len=256) :: OutputPrefix, TimeSlicePrefix

character ( len =273)
character(len:6) :

:: fimeSliceFile, ProPagatorFile
P ropãgåtorSuffix

complex
complex

d i mension
dimension

nx*ny*nz, nt , ns

nx+ny*nz, nt , nc
nc) :: chidc

real(dp) , dimension
real(dp) , d¡mens¡on
¡nteger :: ix, jx,
integer :: ¡rank

do ¡_mu : 1,n_mu

nlt ) :: PionCorr , EffMass
nt) :: PionCorr-zt, PionCorr-in
iy, jy, iz, jz, it, jt

¡nteger :: i-mu,is,ic,js,jc
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write( P¡opagatorSuff¡x,'(a,l4.a)') "mu", int(10000*mu-i(
PropagatorFile = OutputPref¡x(1: len-trim(OutputPrefix)) //

i-mu ) )
PropagãtorSuffix // " ptpp"

íf ( i-am-root
open (100,

end if

do is=l,ns
do ¡c=1,nc

)
f¡

then
le=PropagatorFile, status : "old" form: "unformatted", act¡on = "read")

call ReadFermionField-sc(chi,100)

do js:1,ns; do jc:1,nc
eta(:,:,jc,js,ic, is) : chi(:,:,js

end do; end do

end do
end do

¡f ( ¡-ãm-root ) close(r00)

call MPIB¡rrier

¡f (
do

site-is-mine (1,1 ,1,1) ) then
i5=1,ns
do ic=1,nc

xi (:,:,:,1,:,:) : (1.0d0/sqrt(2.0d0))*(eta(:':
xi (:,:,:,2,:,:) : (1.0d0/sqrt(2.0d0))*(eta(:,:
xi(:,:,:,3,:,:) : (1.0d0/sqrt(2.0d0))+(eta(:,:
xi (:,:,:,4,:,:) = (1.0d0/sqrt(2.0d0))+(eta(:,:

+ eta
+ eta

- eta

- eta

eta (: ,: ,: ,: ,: ,1) = (1.0d0/sqrt(2.0d0))*(xi (

eta (: ,: ,: ,:,:,2) = (1.0d0/sqrt(2.0d0))*(xi (

eta(:,:,:,:,:,3) = (1.0d0/sqrt(2.0d0))*(xi (

eta(:,:,:,:,:,4) : (1.0d0/sqrt(2.0d0))x(xi (

j.)

3
4
1
2

eta(1,1,ic,is,ic, is) = eta(1'f ic'
end do

end do
end if

eta = eta/(1.0d0 - mu-i(ì-mu))

do jt=1,nt
Þ¡onCorr-zt(jt) = 0 5d0*sum(abs(eta(:,jt ) ) **z)

Pion Correlator Effective l¡1ass :mu: ", mu-i(i-mu)

Ers 7)', jt, PionCorr(jt), EffMãss(jt)

is,ic,is) - 1.0d0

end

if

do

i-am-root ) then
¡onCorr = 0.0d0

do irank=0,nproc-1
call GetSubLatt¡ce(irank,ix,jx,iy,jy'iz'jz'it,jt)
if ( irank /= mPi-root-rank ) then

call RecvRealField ( PionCorr-in ' irank )
else

PionCorr-in = PionCorr-zt
etrd if

PionCorr(it:jt) = PionCorr(it:jt) + PionCorr-in(1:nt)
end do

else
call SendRealField ( PionCorr-zt , mpi-root-renk)

end if

¡f ( i-am-root ) then

EffMass(1) :0.0d0
do jt = 2, nlt

Ërftur"ti1.¡t) : log(abs( PionCorr(jt -1)/PionCorr(jt) ))
end do

(
P

mpipr¡nt +, "TimeSlice
do jt :1,nlt

mpipr¡nt '( l9 , E15 7
end do

end if

TimeSliceFile = TimeSlicePrefÌx(1:len-trim(TimeSlicePrefix)) // PropagatorSuffix ll " t"p"

if ( i-am-root ) then" 
àpà" izoO, file=TimeSliceFile, status : "unknown", form = "unformatted", act¡on : "write" ' &' I! Position : "aPPend" )

end if

call Wr¡teT¡meSl¡cePropeSâtor(etã,200)

if ( i-am-root ) close(200)
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end do

end subroutine OverPropToTimeSlice

subroutine overlapMultiMasslnvert(n-mu, mu-a, psi , lambda-pm, chi-i , tolerance , iterations-i)

!A routine to solve the matr¡x equetion (M¡øu)v: psi for a system of shifts mu

!mu must be ordered such thet mu(1) contains the least convergent system
! (í,e the system that convetges slowest)

lM -must- be hetm¡tian and positive defíníte

! Assumes a chiral source Ps¡ , chirality lambda-pm

!Assumed: toletance S: epsilon (1 0d0)

¡nteger, ¡ntent(in) ti i-mu !numbet of shífts
reatldp), dimension(n-mu), intent(in) '.: nu-a !quatk masses
type(coiour-vector), dimens¡on(nxp,nyp,nzp,ntp,nsP) :', psi !source vector
integer :: lambda-pm !the ch¡ral¡ty of ps¡
type( colour-vector), dimension(nx,ny, nz, nt, nsp'n-mu) : : chi-i lsolut¡on vectors
.eil (¿p) :: tolerence ! the precìsion desì¡ed for the solut¡on
integer , dimension(n-mu) :: iterations-i

inteEer
real
type
type
real
¡eal
logical
integer :: ix,iy,iz,it,
real (dp) :: tau : 1.0d0

! tr¿nslate the mu sh¡fts so that mu-i(7)=0
offset = mu-a(1)
if (offset /:0) then

:: ¡terations !the total number of ite¡ations tequited
). dimension(n-mu) :: mu-i !offset metrìx sh¡fts
iour-vector), dimension(nxp,nyp,nzP,ntP,nsp) :: residue ' phi ' Mphi

lour-vector), dimension(nx,ny,nz,nt,nsp,n-mu) :: phi-i
):: normsq-r, prevnormsq-r, beta, prevbete, ãlpha, PhidotMph¡, offset, normpsi
f, dimension(n-mu) :: beta-i , prevbeta-i , zeta-¡ , prevzeta-i , alpha-i , nextzetá-i
, dimension(n-mu) :: converged-i , converged-j

dp
co
co
dp
dp

ts , t-mu
ltau : 7 0d-7

chi-i: zero-vectol
.".¡¿¡s = psi

do i_m u:1, n_mu
phi-i (:,:,:,:,:, i-mu) : residue (1:nx,1:ny,l:n2,1: nt,:)

end do

prevbeta = 1.0d0
prevzete-¡ = 1 0d0
2¿1¿_i = 1 0d0
alpha-i = 0
betâ-¡ : betã

normsq-r = fe¡m¡on-normsq( resìdue)
normpsi : sqrt(normsq-r)

phi (1: nx,1: ny,1: nz,1: nt ,:) = Phi-i (: ,: ,: ,: ,: ,1).
cali SqChiralOverlapOperate (phi,Mphi, lambda-pm)
if ( offset /: 0) then

ào is=1,nsp; do it=1,nt ; do iz=l,nz; do iy=t,¡y do ix=1,nx
Mphi-x( is)%Cl = Mphi-x( is)%Cl * offset*phi-x( is)%Cl

end do; end do: end do; end do; end do
end if
phidotMphi = real-inner-product (phi , Mphi)

¡teretions = 0
¡terations-i = 0

converged-i = . false
converged-j = false

do
iteratiôns = lterat¡ons + 1

else
mu-l = mu-a

end if

if (sqrt(normsq-r)/normpsi < tolerance)
mpi'print *, iteret¡ons , sqrt(normsq-r)/
! mpiptint *, itet¿tions, sqrt(normsq-t)

/normpsi < tolerance ) .and. &
terations-¡ (i-mu) = ¡teret¡ons

do i-mu=1,n-mu
íf ( ( sqrt(normsq-r)*zeta-i(i-mu)

&.not. converged-j(i-mu) ) i

end do
ex¡t

normps¡ , converged-j , epsilon-iter-i (1)
, alpha , beta , ph¡dotMPhi

I lf the slowest convergence is extfemely slow compared to the other shìfts , we need to have a "

safety net"
! that prevents underflow ¡n zeta-í for the alteady converged values
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converged-i :
converged-j :
do i-mu=1,n-mu

if (converged-i(i-mu)) zeta-i(i-mu) : epsilon (1.0d0)
end do

bete = -normsq-r/ph¡dotMphi

nextzeta-i = zeta-irprevzeta-i+prevbeta /( beta*alpha+(Prevzeta-i-zeta-i )+prevzeta-i*prevbeta *(1 0d0

-mu-i*beta))beta-i = betã*nextzeta-i f zeta-i

do i-mu:1,n-mu
¡f (.not. converged-i(¡-mu)) then

do is=1,nsp; do it=1,nt; do iz=1,n2; do ¡y=1,ny; do ix=1,nx
chi-ix(is)%Cl = chi-ix(is)%Cl - beta-¡(i-mu)*phi-ix(is)%Cl

end do; end do; end do; end do; end do
end if

end do

do ¡s=1,nsp; do ¡t=1,nt; do iz:1,n2; do iy:1,ny; do ix:1,nx
residue-x( is)%Cl : resìdue-x(is)%Cl + beta*l\r1phi-x(is)%Cl

end do; end do; end do; end do I end do

prevnormsq-r = normsq-r
normsq-r : fermion-normsq( residue)

alpha : normsq-r/prevnormsq-r
alpha-i : alpha*nextzeta-i* beta-¡ /( zeta-i *beta )

do i-mu=l,n-mu
if (.not converge

do
d-i (¡-mu) ) then
it=1,nt; do iz=L,nz; do iy:1,¡

I = nextzeta-i(i-mu)*residue-x(
end do; end do; end do

)%c
do:

end
end do

ph¡ (I:nx,1:ny,1: nz,1:nt,:) : Phi-i (:,:,:,:,:,1)
cal i SqChirãlOverlapOperate ( phi, lt/phi, lambda-pm)
i f ( offset /: 0) tten

do is=1,nsp; do it=1,nt; do iz=1,n2; do iy=t,¡y; do ix:1,nx
Mphi-x( is )%Cl = Mphi-x( is)%Cl I offset*phi-x( is)%Cl

end do; end do; end do; end do; end do
end if

phidotMphi : real-Ìnner-product(phi,Mphi)

prevzeta-i = zeta-i
zeta-i = nextzeta-i

prevbeta: beta

prevbeta-i = beta-i

sq rt normSq -r
normSq -rq

xzeta-i/normpsi ( epsilon (1 0d0) )
xzeta-¡/normpsi ( tolerance )

do is=1,nsp;
phi-ix(is

end do; end
¡f

y; do ix=1,nx
is )%Cl + alpha-i (i-mu)*phi-ix ( is )%Cl

end do

iterations-i(1) : iterat¡ons
where (iteret¡ons-i :=0) iterations-¡ = ¡terations

end subrout¡ne OverlapMultiMasslnvert

fundef
fundef
#undef
fundef
fundef
fundef
fundef

chi-x
Dchi-x
chi-ix
phi-x
M phi-x
res id ue-x
rho-x

end module OverlapPropagator

FLICOverProp: Main program for the calculation of the FLIC overlap prop-

agator.
program FLlCPropagator

use FLlCOverlap
use OverlapPropagetor
implicit none

character
character
¡nteger :

len
len

ix

:256)
:256)
, iy , i

:: lnputConfig
:: OutputPref¡
¡t , n-mu-¡nPut

lnputOverle
TimeSlice

tc

pMode
Prefix

integef , parameter :: n-mu = 14

real (DP) , dimension(n-mu) :: mu-¡

782



real(DP) :: tolerance
¡nteger :: Ì-null , Ì-

mpl

j-ev, m-ev, m-dummy j-iambda , i-muev, j-null

stertDate

, i-lambda

endTi mecharacter ( len:20) :: startT¡me , endDate

call lnitialiseMPl

call lnitShadowGaugeField
call lnitShadowFermionField

call ln¡tTimer

stertDâte = ""
startTime = ""

endDate = ""
endTime = ""

mpiprint *, "Ênter the gauge configuration file to read from:"
read(*,'(4256)') lnputConfig
mpiprint *, lnputConfig

mpipr¡nt *, "Ente¡ the low eigenmode file to reed from:"
read(+,'(4256)') lnputLolrlode
mp¡print *, lnputLoMode

mpipr¡nt *, " Enter the hiEh eigenmode file to reed from:"
read(*,'(A256)') lnputHiMode
mp¡pr¡nt +, lnputHilrlode

mpiprint *, "Enter the output file prefix:"
read(+,'(4256)') OutputPrefix
mpiprint *, OutputP¡efix

mpiprint *, "Enter the t¡mesl¡ce file prefix:"
read (* , '(4256 ) ') TimeSlicePrefix
mpiprint *, TimeSlicePrefix

mpipr¡nt +, "FLIC paråmeters"
mpiprint +, "Wilson mass parameter"
read(*,t) m-f
mpiprint *, "m-w" , m-f

mpiprint *, " Clover term c-sw"
read(*,*) c-sw
m pi pri nt * , " c-sw=" , c-sw

mpip.int *, "Smea¡ing fraction"
read(*,*) alpha-smear
mp¡print *, " alpha-smear=" , ãlpha-smear

mpipr¡nt *, "Smearing sweeps"
read(*,*) ape-sweeps
mpipr¡nt +, "ape-sweeps", ape-sweeps

mPl nt *, "Propagator parameters"
nt *, "Source position (ix,iy

mpipr¡nt *, " ix=",ix," iy:',iY

iz , it )

iz=" , ¡z ," it=" , ¡t

¡ead
read
read
¡ead
read
read

rt
ri

*)
*)
+)
*)
*)
*)

tx
ry
lz
it
js-start, js-end
jc-start, jc-end

mplp
read (
read (
read (

rint *, "Source type
S m ea red Sou rce
al pha -sm
n-smeãr

mpipr¡nt *, "Boundary Conditions (bct)"
read(+,*) bct
mpipr¡nt +, " bct:",bct

mpiprint +, "Number of lo modes to project out:"
rood(+,*) n-lcmbd¡
mp¡pr¡nt +, " n-lambdaJ' , n-lambde

mpipr¡nt x, "Number of Fermion masses"
read(*,*) n-mu-¡nput
if (n-mu-input /= n-mu ) then

mp¡print + , 'Propagator : failed : I/¡smatch ¡n nmu
stop

end if

mp¡print x, " Fermion masses , mu-i"
do i-mu=l,n-mu

read(*,*) nu-i(i-mu)
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end do
mpiprint *, mu-i

mpipr¡nt *, "Enter the desired solut¡on precision:"
read(*,*) tolerance
mp¡print *, tolerance

mpipr¡nt +, "Start¡ng time"
call date-and-time(date=sta.tDete

mpipr¡nt +, " Reading
call ReadGaugeField(

Gauge Field"
lnputConfig,

, t¡me=startT¡me )

U-xd )

if ( uzero /: 1.0d0 ) then
uO-b¡r: uzero

else
call GetUZero(U-xd, u0-bar)

end if

call APESmearLinks(U-xd, UFL-xd, alpha-smear, ape-sweeps)

call GetUZero(UFL-xd, u0fl-bar)

mpiprint *, "uzeto", uO-bãr, uOfl-bar

ZoloFile : "zolotarev dat"

allocate
allocate

( epsilon-lambda-i ( n-lambda ) )
( v-lambda ( nx , ny, nz , nt , ns , n-lambda ) )

¡f ( ¡-am-root ) then
open(110, file:ZoloFile
read(110,*) n-poles
close (110)

end if

ca¡l BroadCastlnteger ( n-Poles , mpi-root-rank)

allocate ( b-l ( n-poles ) )
allocate ( c-l( n-poles ) )

status: "old", form = "formatted", act¡on = "read")

allocate
allocate
allocate
allocate

( epsilon-iter-i (n-poles))
(miniter-i(n-poles))
( maxiter-i( n-poles ) )
( meaniter-¡ ( n-poles ) )

mpiprint *, " Calculating Operators"
call lnitialiseFLlCOverlap(m-f, c-sw, bct, U-xd, UFL-xd)

miniter-i :1000
maxiter-¡ = 0
meaniter-i :0.0

call CalculatePropegator(ix,iy,iz,it,n-mu,mu-i,tolerance,OutputPrefix,SmearedSource,alpha-sm,n-smear)

cal I OverPropToT¡meSlÌce(n-mu, mu-¡, OutPutPrefix, Ti meSliceP refix )

mp¡print *, "Timing Calls"

Mflops = (145+24* nsublattice ) *1.0e-6

mpiprint *, "FLIC timing", ncalls, meant¡me, m¡ntime, mâxtime
mpiprint *, "FLIC .ete", ncalls, Mflops/meantÌme, Mflops/mintime, Mflops/mext¡me

mpiprint *, "Mult¡Cc", ncallsl , meantimel , m¡nt¡mel , maxt¡mel

mp¡print *, " Overlap" , ncalls2 , meãnt¡me2 , mint¡me2 , maxtime2

mpiprint *, "Sign function convergence"
do i -ev =1, n-poles

mp¡print *, i-ev, meaniter-i( i-ev ), m¡n¡ter-i (i-ev), maxiter-i (i-ev)
end do

call date-and-tine(date=endDate, t¡me=endTime)
mpiprint *, "Started on " , stârtDate , " at " , start'l tme
mp¡pr¡nt *, "Finished on ", endDate, " at ", endT¡mê

call FinaliseOverlap

call FinaliseMPl

end program FLlCPropagator

FLICOverTYee: Main program for the calculation of the tree-level FLIC over-

Iap propagator.
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program FLICP¡oPagator

use FLlCOverlaP
use OverlaPProPagator
¡mpl¡cit none

charact€r
character
¡nteger :

( I en =256)
( len =256)
: ix , iy , iz

I nputConfig
OutputPrefi

, n-mu-inPut

n-mu = 15
(n-mu) :: mu-i
ce
i-ev, j-null ,

lnputOverla
TimeSlice

tc

¡nteger , parameter
real(DP), dimension
real (DP) :: toleran
¡nteger :: i-null,

pMode
P refi x

, m-dummy, i-lambda , j-lambda , i-mu

endDate , endTime

j -ev , m-ev

startT¡me,character(len:20) :: startDate,

call lnitialiseMPl

call lnitShadowGaugeField
call lnitShadowFermionField

call lnitTimer

startDate = ""
stertT¡me: ""

mprpr
mPrPr

endDate = ""
endTime = ""

mpip¡¡nt + , " Enter the output fi le prefix :"
read(*,'(A256)') OutPutPref¡x
mpipr¡nt *, OutputPrefix

mpipr¡nt *, " Enter the t¡meslice file prefix
read (+,'(A256)') TimeSlicePrefix
mp¡pr¡nt *, TimeSlicePrefix

mpipr¡nt +, "FLIC Paremeters"
mpipr¡nt *, "Wilson mâss Parameter"
read(*,x) m-f
mpiprint +, "m-e" , m-f

mpiprint *, " Clover term c-sw"
read(*,*) c-sw
m pi pri nt * , " c-sw=" , c-sw

mp¡print *, "Smearing fraction"
reôd(*,*) alpha-smear
mpiprint +, "alpha-smear=", alpha-smear

mpiprint *, "Smearing sweePs"
read(*,*) ape-sweePs
mpipr¡nt *, "ape-sweeps" , ape-sweeps

*, "Propagator Parameters"
* , " Source position ( ix , iy , iz , it )"

tx
ry
tz
it

read
read
fead
read
r€ad
r€ad

pmp

nt
nt
,*)
,*)
,*)
,*)
,x)
,+)
nt

mpiprint *

s-start, js-end
c-start, jc-end
" ix=",ix," iy=",ìy," iz=",i2," ¡t=",it

" Source type"
SmearedSource
al pha-sm
n-smear

" Boundary Conditions ( bct )"
bct
" bct:" , bct

¡ead
read
read

mpiprint *
read(*,*)
mp¡pr¡nt *

mpiprint *, "Number of Fermion masses"

read(+,*) n-mu-inPut
if (n-mu-inPut /= n-mu ) then

ìrpiprint *, 'Propagator: failed: lilismatch in nmu'

stop
end íf

mpipr¡nt *, " Fermion masses, mu-i"
do i-mu:1,n_mu

read(*,*) mu-i (i-mu)
end do
mpiprint *, mu-¡

mpiprint *, "Enter the desired solution precision:"
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read(x,*) tolerance
mp¡print *, tolerance

mpiprint *, "5târting t¡me"
call date-and-time(date:startDâte, t¡me:startTÌme)

mp¡pr¡nt +, " uzero" , uO-bar , uOfl-bar

mpiprint *, "Reading Gauge Field"
U-xd: un¡t-matrix
L.lFL-xd = unit-matr¡x

gQ_þs¡ = 1 0d0
u0fl_bar = 1.0d0

ZoloFile = " zolotarev.dãt"

n-lambda : 0
project-eisensPace : false

allocate
allocate

if ( i-a

( epsilon-lambda-i ( n-lambda ) )
(v-lambda(nx, ny, nz, nt, ns, n-lambda ))

m-root ) then
110, f¡le:ZoloFile , status = " old" ,

110,*) n-poles
form = "formetted", act¡on: "read")open

read
close (110)

end if

call BroadCastlnteger ( n-poles , mpi-root-rank )

allocate ( b-l ( n-poles ))
allocôte ( c-l( n-poles ) )

allocate
allocate
allocate
allocate

( epsilon-iter-i (n-poles))
(miniter-i(n-poles))
( mâx¡ter-¡( n-poles ) )
( meaniter-i ( n-poles ) )

mpiprint *, " Calculating Operators"
call lnitialiseFLlCOverlap (m-f, c-sw , bct , U-xd , UFL-xd)

m¡niter-i :1000
maxiter-i = 0
meaniter-i = 0.0

call CãlculatePropagator(ix,¡y,iz,it,n-mu,mu-i,tolerance,OutputPrefix,SmearedSource,alpha-sm

call OverPropToTimeSlice(n-mu, mu-i, OutputPrefix, Ti meSl icePrefix )

mp¡pr¡nt +, "Timing Cells"

Mflops : (145*24* nsublattice ) +1 0e-6

iprint *, "FLIC timing", ncalls, meantime, minti
iprint +, "FLIC rate", ncalls, Mflops/meantime, Mflops/m¡ntime, Mflops/maxtime

mpiprint *, "MultiCG" , ncallsl , meantimel , mintimel , måxtimel

mpiprint +, "Overlap", ncalls2, meant¡me2, m¡ntime2, maxt¡me2

mp¡pr¡nt *, "Sign function convergence"
do i-ev:1, n-poles

mpipr¡nt *, ¡-ev, meanite.-¡(i-ev),
end do

n-smear)

me, maxt¡memP
mP

m¡n¡ter-i (ì-ev), maxiter-i ( i-ev)

call date-and-time ( dete=endDate , time=endTime)
mpiprint *, "Stãrted on ", steltDate, " at ", startTime
mpipr¡nt +, "Finished on ", endDate, " at ", endTime

call FinaliseOverlap

call FinaliseMPl

end program FLlCPropagator

4.6 Accelerated Ritz Algorithm Code

CmplxJacobiDiag: Implementation of a Jacobi-like routine for the exact di
agonalisation of small Hermitian matrices.
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use Kinds
implicit none

real(DP) :: JâcobiPrec¡sion :0 1d0
!Use.Ja,cobíPrec¡sionastheplec¡síon-factoralgumenttotheroutinesbelow
!Recommended velue renge: not gteater than 7 0d0 end not less than 7 0d-4
!the smaller the value the more Precíse the routíne

module CmplxJacobiDiag

contains

pure subrout¡ne ComplexDiag(ndim, M-ij, V-ij , sweeps, precision-factor)

integer, intent(in) ::
complex(DC) , dimension (
complex(DC), dimension(
¡nteger, intent(out) ::
real(DP), intent(¡n) :

ndim
ndi m
ndim

nd im
nd im

intent
¡ntent

¡nout
inout

!Matrîx dímensions

swee ps
precis¡on-factor

), intent(inout)
), ¡ntent(¡nout)

!Mett¡x to be diagonalÍsed
! Matr¡x of e¡genvectors

M_j
v-j

real (DP) , dimension (ndim ,

real (DP) , dimension ( ndim ,

nd
nd

m
m

ReM, lmM !Matrix to be diagonalísed
ReV, lmV !Matrìx of e¡genvectors

ReM = real(M-ij)
lmM = aimag(M-i)
ReV = real ( V-ii )
lmV= aimag(V- j)

call JacobiDiag(ndim, ReM, lmlrl , ReV, lmV, sweeps, precision-factor)

M-ij: cmplx(ReM, lmM, dc)
V-ij = cmplx(ReV, lmV, dc)

end subroutine ComplexDiag

pure subroutine JacobiDiag(ndim, ReM, lml\/, ReV, lmV sweeps , precision-factor )

¡ntent(¡n)
, d¡mens¡on
, dimension

i', ^dim 
! Mett¡x dímensions

out) ::
in ) ::

integer ,

real (DP)
real (DP)
¡nteger
real (DP)

ReM, lmM !Mattix to be diagonalised
ReV, lmV !Matr¡x of eigenvectors

ndim
ndi m

nd im
nd im

intent
¡ntent

SWeePS
precision-factor

!lJpon exit, ReM and lmM conte¡n the real and imaginary perts of the eigenvalues as

!i'h"i, dÍ"gonal elements, ReV and lmV contain the real and ìmagìnary perts of the
!eìgenvectárs, and sweeps conta¡ns the number of Jacobí sweeps needed

!Reference: Wilkinson & Reinsch, H¿ndbook for Automatic ComPutat¡on
! v 2 Línear Atgebra , ll /17, by P J Eberlein

real (DP)
real (DP)
real (DP)
real (DP)
real (DP)
real (DP)
real (DP)
¡nleger :: i,j,k,m
logical :: mark
logical , dimension (ndim , ndim)

eps : tiny (1.0d0)
mark = . false.

ReD, lmD '
e, nd, root, rootl, root2, eta
cotx, cot2x, sin2a, cos2a, cb' ch, sb, sh

c2¡, s2r, c1i, s1¡ , c2i, s2i
aki, ami, aik, aim, zik, zki, zim, zmi

Of lDiag !sum mask

eps, tau
lmH, ReH , ModH, G

ReB, lmB, ReE , lmE ,

rsw. c, s, d, de, b

sig, sa, ce, sxr cx
htan nc, clr, s1r,
tik, tim, uik, utm,

!set V:ídent¡ty matr¡x, set OffD¡ag mesk
ReV=0 0d0
lmV=0.0d0
OffDiag = true
do i:1,ndim

ReV(i,i) = 1.0d0
OffDiag(i,i) = false.

end do

mårk: true
KLoop : do k=1,ndim-l

MLoop: do Fk+1,ndim

sweePs : 0
do

!calculate teu:norm of off-díagonal elements
i"u = tu.("b.(ReM), mask=offDiag)+sum(abs(lmM), mask=offDiag)

! stopp¡ng cr¡ter¡on
if (tau**2 ( ePs) exit
if (mark) exit

I beg¡n Jecob¡ sweeP
sweeps : sweePs + 1
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ReH=0
lmH=0
ModH : 0
G=0
do i:1,ndim

lf ( (¡/=k) .end (i/4) ) then
ReH = ReH * ReM(k, i)*Relt/l(m, ¡) + lmM(

& - ReM(i,k)xRel,/(i,m) - lmltil(i,k
lmH = lmH + lmM(k, i)*Rel\rl(m, i) - Reltil(

& - ReM(i,k)+lmM(i,m) + lmlvl(¡,k
ModH: ModH - ReM(i,k)**2 - lmM(i,k)

& - ReM(m, i)**2 - lmM(m, i)**2 &
& + ReM(¡,m)**2 + lmM(i,m)*x2 &
& + ReM(k, ¡ )**2 + lmM(k, i )**2

G = G * ReM(i,k)**2 + lmM(i,k)**2 &
& * ReM(m, ¡)**2 + lmM(m, i)**2 &
& + ReM( i ,m) ++2 + lmM( i ,m) ++2 &
& + ReM(k, i)**2 * lmM(k, i)**2

end if
end do
ReB =
lmB :
ReE =
lmE =
ReD =
lmD =
¡f ( (

c=ReB
s=lmE
d=ReD
de = lmD
root2 = sq rt (ReB*x2+lmE+*2{ReD**2)

else
isw = -1.0d0
c: lmB
s = -ReEd:lmD
de : reD
root2 = sq rt (lmB**2+ReE**2+lmD**2)

end ¡f
rootl = sqrt(s**2 { c**2)
s¡g = sisn(1 0d0,d)
sa = 0.0d0

end ¡f
nd=d**2+de**2

else
if (abs(s

ca = c
> eps) then
rootl

c=imH

( eps) then
1.0d0
1.0d0
0 0d0
0 0d0

cb = -c/toot
sb: s/root

k,i)*lmM(m,i) &
)*lmM( i ,m)
k, i )*lmM(m, i) &
)*ReM(i,m)
**2 &.

k)
k)
k)
k)
m)
m)

ca = sign(r.0d0,c)
if (root1 ( eps) then

sx = 0.0d0
sa = 0.0d0
cx = 1.0d0
ca : 1.0d0
if (isw ) 0.0d0) then

s=ReE
b=lmB

else
e=lmE
b = -ReB

ReM( k ,m)
lmM( k ,m)
Relvl( k,m)
lmM( k ,m)
Reltil(k,k)
lmM(k,k)
ReB*+2+lm
=10d0

+

l
ReM (m
lmM(m
ReM (m
lmM(m
ReM(m
lmM(m

E**2+ReD+*2) ;: ( mB**2*ReE*+2+mD**2) ) then

sa = s/root1
end if
cot2x : d/rootl
cotx = cot2x + s¡g*sqrt(1 0d0 + cot2x**2)
sx: sig/sqrt(1 0d0 + cotx**2)
cx: sx*cotx
!fínd totated elements
ç¡¿ = (ReE*Re&llmB*lmE)/rootl
¡! = root2 **2 + ((d+de+ReBxlmB-ReExlmE) / root2)+*2
sin2e :2.0d0*ca*sa
cos2a = ca**2 - sa**2
ReH = ReH*cx**2 - (ReH*cos2a+lmH+sin2a )+sx*x2 - ca*
lmH = lmH*cx**2 + (lmH*cos2e-ReH+sin2a )*sx**2 - sa*
b = isw *( si g*(- rootl *de+d +(ReB+lmB-ReE*lmE) / rootl \ /
e = cã*eta - isw*(sig*(-root1*de+d*(ReB*lmB-ReE*lmE

end if
s=ReH-sig*root2+e

- s¡g*root2+b
sq rt ( c**2+s *+2)

(ModH*
(ModH*
root2 )*ca + eta*sa
) / root 1 ) / root2 ) *sa

cx*sx
cx*sx

root =
rl ( ro

cb
ch
sb
sh

else

ot
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sh = ch*htan
end if
! prepare for transformatíon
clr = cx*ch - sx*sh*(sa*cb-sb*ca
c2r = cx*ch a sxxsh*(sa*cb-sb*ca
cli = -sx+sh *(ca+ch+satsb )
ç2i = cti
s1r = sx*ch*ca - cx*shxsb
s2r = -sx*ch*ca - cx*sh*sb
s1i = sx*chxsa + cx+sh*cb
s2¡ : sx+ch*sa - cx*sh*cb
!decíde whether to make ttensfotmat¡on
ii ( .q.t(trr*+2+s1¡**2) > ePs .or' sqrt(s2r**2+s2i**2) )

mark = false
! transforñetîon on left
do i:1, ndim

aki = ReM(k, i

¡6i = ReM(m, i

zki = lmM(k, i

zmi = lmM(m, i

nc : (cb*b-e*sb)*+2
htan = root /(g+2.0d0*(nc+nd))
ch : 1.0d0/sqrt (1.0d0 - htan**2)

ReM(k,i)
lmM(k,i)
ReM(m, i)
lmM(m, i)

c2r*aik
c2r * zik
-s1r*aik
-s1r*zik

*aki - cli*zki + s1r*ami - s1i+zmi

eps ) then

c1
c1r*zk¡ + c1¡+ek¡ + s1r*zmi + s1i*am¡
s2r*aki - s2i*zki + c2.*ami - c2i*zmi
s2r*zki * s2i +aki + c2r*zmi + c2i *ami

end do
!ttansformatîon on r¡ght
do i=1,ndim

a¡k : ReM(¡,k)
aim : ReM(i,m)
zik : lmM(¡,k)
7i¡ = lmM(i,m)

- c2i+zik - s2r*aim + s2¡*z¡m
+ c2i*aik - s2r*zim - s2¡*a¡m
* slixzik * c1r*aim - c1i*zim
- s1i*¿ik + c1r+zim * c1i*aim

ReV( i , k)
ReV( i ,m)
lmv(i,k)
lmV( i ,m)
k) = c2r*tik - c2i*u¡k - s2r*tim + s2i*u¡m
k): c2r*uik + c2¡*t¡k - s2r*uim - s2i*t¡m
m) =-s1r+tik + slixu¡k + c1r*t¡m - c1¡*u¡m
m) =-s1r*uik - sli*t¡k + c1r*u¡m + c1i+tim

end ¡f
end do MLooP

end do KLooP
end do

end subrout¡ne JacobiDiag

end module CmplxJacobiDiag

AccMinEVCG: Implementation of the accelerated version of the conjugate

gradient eigenvector search algorithm.
module AccMinEVCG

use ColourTypes
use CmplxJacobiDiag
use FermionField
use MPllnterface
implicit none

l) :
k) =
m)=
m)=

ReM( i
lmM( r

ReM( i

lmM( i

tik :
t¡m :
uik :
uim =
ReV( i
lmV( i

ReV( i

lmV( i

end do

!The only procedure needed to be calted is MinEvspectrum ' zfter which lambda-i and v'i

tti, ior.rt n-ev eigenvalues and their correspondÌng eígenvectors ' tespect¡vely'

VerboseAccCGEV = .true !More or less output
CGlter-Max = LOO !Maximum CG lterations per cycle per eigenvalue
StateRenormCount = 0
RecalcDpsiCount = 0

logical ::
integer ::
integer ::
¡nteger ::

wîll conta¡n

contains

subrout¡ne MinEVSpectrum(n-ev, lambda-i , v-¡ , tolerance ' CGlter-i ' Randomlnitialv-i
n-dummY, lambda-scale )

ínteger, ¡ntent(¡n) :: n-ev !number of eígenvectors to celculate
;;;;i;"i";;-;;"ìori, ai."ntion(nx,nv,nz,nt,n''n-ev) ' target :: v-i leisenvectors
t"i¡i¿pl, dimension(n-ev) :: lambda-i !eigenvalues
i;;;;;1'dimension(i-ev) :: CGlter-i !Total eígenvector CG íterdtions
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tolerance ! Desìred Precis¡on of e¡genvectors
Randomlnitialv-i !Use a random guess to statt

¡nterface
subrout¡ne NlatrixOperate(phi, Dphi)

use ColourTypes
type( colour-vector), dimension(
typ€( colour-vector), dimension(

end subrout¡ne ¡/atr¡xOperate
end interface

n5
ns

real(dp)
logical

complex
complex

nxp, nyp, nzp, ntp
nxp, nyp, nzp, ntp

ph¡
Dph

¡nteger l: n-dummy !Do not demand convergence for the last n-dummy e¡genvectots, n-dummy small
real(dp) :; lambda-scale !5cale the operator by lambda-scale dur¡ng M¡nEvspectruñ
!Note: Eîgenvelues returned are unscaled
!lambda-scale : 1 0d0 : unscaled
!lambda-scale : 0 0d0 : find only the zero eigenvalues
!lambda-scale : -1 0d0 : hìghest eigenvalues found
!lambda-scale : 1/llMll : use normalised operator during search
type(colour-vector), d¡mens¡on(nx,ny,nz,nt,ns,n-ev), target ',: Dv-i !operated upon e¡genvectors

real(dp) :: lambda
type( colour-vector ) , d¡mension (nxp , nyp , nzp , ntP , ns)

fdefine v-lambda ps¡
fdefine Dv-lambda Dpsi

¡nteger :: iteretions
real (dp) :: deltaT , norm-grad-mu

integer :: sweeps, k-ev, l-ev , j-ev

type( colour-vector ) , dimens¡on (; ,: ,: ,: ,: ) , pointer

(Dc)
(Dc)

dimension
dimension n-ev. n-ev

Psl

v-k

D psi

Dv-k

grad-mu

Dv-l . v-l

¡nteger :: JacobiSweeps ! DÍagonalisatìon sweeps

integer : I i-ev !number of e¡genvectors celculated so f¿r
integer :: CGCycles !Number of cycles

:: Ii1-kl /Sub-matr¡x to be díagonalised
:: V-kl !Matrix of sub-eîgenvectors

converged-i !e¡genvectors that have convetged
normg-i /llgll < tolerance?
temple-i !temple < tolerence?
deltaC-¡ !deltacycle < toletance?
DeltaCycleExÌt-i !Díd we ìmprove by teu ¡n a CG cycle?

deltãcycle-i ! ritz funct¡onal values
lower -i ! lower bounds
gamma-i ! decteases

UseTemple-i !temple < tolerance?
UseDelteCycle-i ! ls delta-cycle safe?

logical , d¡mension
logical , dimension
logical , dimenslon
logical , dímension
logical , dimension

( n-ev)
( n-ev)
( n-ev )
( n-ev )
( n-ev )

real (dp), dimension(n-ev)
diagonalizat¡ons.

:: mu-i, mul-i, mu2-i ! r¡tz funct¡onal values from 0,7,2 previous

real
real
real

( n-ev )
( n-ev)
( n-ev)

logic
logical ,

real(dp) ::
Diagon

¡nteger :: ¡

, d¡mension
, d¡mension
, d¡mens¡on
dimension (
dimension (

dp
dp
dp
al n-ev )

n-ev)

tau = O ldO !Determines the cr¡ter¡on for stopping the CG sea¡ch and performing an

alisatíon
x , ¡y , iz , ¡t , ¡s

if ( (abs(lambda-scale) /= 1.odo) and (abs(lambda-scale) /= 00d0) ) th€n
ioi"."nce = tolerancexabs( lambda-scale )

end if

VerboseAccCGEV : VerboseAccCGEV and i-am-root

JacobiSweeps = 0
CGCycles:0
i-ev = 0
deltaT = 0 0d0

CGlter-i=0
converged-i = . false
normg-i :,false.
temple-i :.false.
deltaC-i :.false
DeltaCycleExit-¡ : fa lse

mu-i =0 0d0
mu1-i=0 0d0
mu2-i:0 0d0
deltecycle-i =0.0d0
lower-i =0 0d0
UseTemple-i : false
UseDeltãCycle-i = false

¡f ( not Randomlnitialv-i ) then
do k-ev=1,n-ev

psi (1:nx,1:nY,1:n2,1:nt':) = v-i ( k ev )
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cal I Scaled MatrixO Perate ( Ps¡ , DPs¡ )
Dv-i (: ,: ,: ,: ,: , k-ev)=DPsi(1:nx,1:nY,1:n2,1: nt ':)

end do

do k-ev:1,n-ev i do l-ev:1,n-ev
v-k => v-i (: ,: ,: ,: ,: , k-ev )
Dv-l =) Dv-i(:,:,:,:,:, l-ev)
M-kl(k-ev, l-ev) = inner-product(v-k, Dv-l)

end do; end do

if
cal

I VerboseAccCGEV ) pr¡nt *' "DiaSonâl¡sing Ì\4"

ì èãmpr"ro¡ag(n-"ú,'M-tl, V-kl, sweeps, JacobiPrecision)

JacobìSweeps : JacobiSweeps + sweeps
if lVerboseAccCGEV ) print *, " Rotat¡ng Eigenvectors
calì RotateEigenVectors ( n-ev , M-kl , V-kl )

end if

do i-ev=0,n-ev-1
call MinimumEV(lambda , v-lambda , Dv-lambda , tolerãnce ,

lambda-i ( ¡-ev+1) = lambda
v-i ( : . :, ì, :, :, i-ev*1) = v-lambda (1:nx,1: ny,1: nz,1: nt' :)
ov-i(: ,:,:,:,: , i-ev*1) = Dv-lambda(1:nx'I:ny'I:nz'1:nt '
CGlter-i (i-ev+1) = iteret¡ons

if (VerboseAccCGÊV ) print x, " i-ev=" , i-ev+1
if iVerboseAccCGEV ) print x, "lambda=" , lambda
if iVerboseAccCGEV ) print *, " iterat¡ons=" , iterâtions

end do

CGCycles = 1

do
if ( all(converged-i(1:n-ev-n-dummv)) ) exit

¡terations , Randomlnitialv-i )

"mu " , mu-i
"mu1 " , mu1-i
"mu2 " , mu2-i

).and ( DeltaCycleEx¡t-¡ ) and (CGCycles)3)
UseDeltaCycle-i

VerboseAccCGEV
VerboseAccCGEV

" Cycle fi:" , CGCycles
" Calculating M"

print *
print *

! Perform ¡ntetmed¡ate diagonal¡set¡on
do k-ev=1,n-ev; do l-ev=1,n-ev

y-l¡ =; v-i (: ,: ,: ,: ,: , k-ev )
Dv-l :) Dv-i (: ,: ,: ,: ,: , l-ev )
M-kl(k-ev, l-ev) = inner-product(v-k ' Dv-l)

end do; end do

lf (VerboseAccCGEV ) print *, " Diagonalising M"

calì ComplexDiag(n-åv, M-kl, V-kl r sweeps, JacobiPrecision)

JacobiSweeps : JacobiSweeps + sweeps
if (VerboseAccCGEV ) print *, "Rotat¡ng Eigenvectors"
cali RotateEigenVectors (n-ev , M-kl , V-kl )

! update the ritz functional values
do k-ev:1, n-ev

v-k => v-i (: ,; ,: ,: ,: , k-ev )
Dv-k =) Dv-i (: ,: ,: ,: ,: , k-ev )
mu-i ( k-ev ) = real-inner-Product (v-k, Dv-k)

end do

if ( CGCycles == 1) then
mu1-i = lambda-i

end if

mu2_¡ = mu1-i
mul-i = lambda-i

end if

do is:1,ns
grad -m u

do it:1,nt; do iz=1,n2; do i

ix,iy,iz,it,is)%Cl = DPsi (ix'

if (CGCycles > 1) then
!Calcul¿te delta cYcle
if ( ¡ntermediate . and. i-am-root ) print * ,

if ( intermediate .and. ¡-am-root ) Print *,
if i intermediate .and i-am-root ) print +,
delìacycle-i = abs(mu2-i - mu-i)/(1 0dO-tau)
UseDelìaCycle-i = ( mu2-i >= mu-i - tolerânce
if ( intermediate .and. i-am-root ) print *,

end if

! Determine whether the Temple lnequality is safe
do k-ev=1, n-ev

p s i ( 1 : nx , 1 : ny , 1 : nz , 1 : nt , : ) . 
: v - i ( : , : , : , : , : ,

bpri1r,n",1:ny,1:n2,1:nt,:) = Dv-i(:,:':,:,

if (k-ev<n-ev) then
ìower-i (k-áv) = mìnval(mu-i(k-ev+1:n-ev) mask = mu-i(k-ev+1:n-ev) - mu-i(k-ev) > tolerance)

v=1,nv; do ix:1,nx
lv , iz , ¡t , is )%Cl - mu-i ( k-ev )* psi( ix , iv

k-ev )
; , k-ev )
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end do; end do; end do; end do; end do

norm-grad-mu = fermion-norm ( grad-mu)

UseTemple-i ( k-ev) = abs( lower-i ( k-ev)-mu-i ( k-ev ) ) < norm-grad-mu
¡f ( ¡ntermediate .and ¡-am-root ) print *, "Use Temple?" , UseTemple-i(k-ev), &

& any(mu-i(k-ev*1:n-ev) - mu-i(k-ev) > tolerance), (CGCycles > 3 )
UseTemple-i(k-ev): any(mu-i(k-ev*1:n-ev) - mu-i(k-ev) > tolerãnce) and. UseTemple-i(k-ev)

(CGCycles ) 3 )
end do
UseTemple-i(n-ev): false !The temple inequal¡ty is not val¡d for the highest e¡genvalue

do i-ev=0,n-ev-1

and

¡f
cal
lambda-i ( i-ev*1) : lambda
v-i (: ,:,:,: ,: , i-ev*1) = v-lambda(1:nx,1:ny,1:n2,1:nt,:)
Dv-i (:, :, :, :, :, i-ev*l) : Dv-lambda (1:nx,1: ny,1: nz,1: nt, :)
CG lter-i( ¡-ev +1) : CG lter-i ( i-ev+1)+ite rations
if (VerboseAccCGEV ) pr¡nt +, "lambda=" , lambda
if (VerboseAccCGEV ) print *, " iterat¡ons:" , iterations

end do
CGCycles: CGCycles * 1

end do

if ( lambda-scale /= 1 0d0) then
lambda-i = lambda-ì / lambda-scale

end if

do i -ev =1, n-ev
mpiprint *, ''IIgl1", normg-i (i-ev), "temple", temple-i(¡-ev),

end do

do i -ev =1, n-ev

psi (1:nx,1:ny,1:n2,1: nt,:) : v-i (:, :,:,:,:, i-ev)
Dpsi(1:nx,1:ny,1: nz,1: nt,:) = Dv-i (:,:,:,:,:, i-ev)

do is=1,ns; do it=1,nt; do ¡z=1,n2; do iy=!,¡y; do ix=1,nx
grad-mu(ix,iy,¡2,¡t, is)%Cl = Dpsi(ix,iy,¡2,¡t, is)%Cl - &

& (lambda-scale*lambda-i( i-ev ))+psi(ix , iy , iz , ¡t , is )%Cl
end do; end do; end do; end do; end do

norm-grad-mu : fermion-norm ( grad-mu )

mpiprint *, "IIsl1", norm-grad-mu, "delta", deltacycle-i(i-ev)
end do

fundef v-lambda
Sundef Dv-lambda

conta¡ns

subroutine RotateEigenVectors ( n-ev , M-kl , V-kl )

¡mplic¡t none

¡nteger, intent(in) ::
complex (DC) , dimension (
complex(DC), dimension(

VerboseAccCGEV ) print *, "Searching for Eigenvector ", i-ev+1
MinimumEV(lambda, v-lambda, Dv-lambda, tolerence, ¡terãt¡ons , false. )

"delrã", deltac-i(i-ev)

MK

type(colour-vector), dimension(nx,ny,nz,nt,ns,n-ev) :: vprime-i !teñp eígenvectors

real (dp) :: swap , norm-v
real (dp) , dimension( n-ev) :: swap-l
¡nteger :: k-ev , l-ev

! Sott sub-e¡genvectors ínto ¡ncreas¡ng eígenvelue
do k-ev=1, n-ev

do l-ev:k-ev+1,n-ev
if ( real(M-kl(l-ev,l-ev)) < real(M-kl(k-ev

swap = M-kl ( k-ev , k-ev )
swap-l = V-kl (:, k-ev)
M-kl(k-ev, k-ev) = M-kl(l-ev, l-ev )
V-kl (: , k-ev ) = V-kl (: , l -ev )
M-kl(l-ev, l-ev) : swaP
V-kl(:'l-ev): swaP-l

end if
end do

end do

! Norma I ise sub-e i ge n vectors
do I -ev:1, n-ev

V-kl(:, l-ev) : V-kl(:, l-ev)/sqrt(sum(abs(V-kl (

end do

!R+Normalise old eigenvectors
do l-ev:1,n-ev

!Sub-matr¡x to be díagonalìsed
!Matríx of sub-e¡genvectots

order

k-ev)) ) then

l-ev))**2 ))
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v-t => v-i (:,;,:,:,:, l-ev
norm-v = fermion-norm(v-l
call normalise(v-l ,

Dv-l =) Dv-i (: ,: ,: ,

call normalise( Dv-l

n orm -v
,:,1-ev)
norm -v )

end do

! Rotate e¡genvectors
do l_ev=1,n_ev

do ¡s=1,ns; do it:1,nt; do iz:1,n2;
vpr¡me-i (ix , iY , iz , it ' ¡s , l-ev)%Cl

end do; end do; end do; end do; end
end do

do iy=1,ny' do ix=1,nx
=00d0
do

do l-ev:1,n-evi do k-ev=1,n-ev
do is=i,ns; do ¡t=1,nt; do iz=1,n2; do iy=1,ny; do ix

vprime-i(ix,iy,iz,it,is, l-ev)%Cl = vprime.-i(ix^'.iy
' A V-lf1[-ev,l-ev)*v-i(ix,iv,iz,it,is,k-ev)%Cl

end do; end do; end do; end do; end do
end do; end do

=1, nx
,¡2,¡t,is,l-ev)%Cl *&

! update e¡genvectors
v-i = vprime-i

!Rotate eigenvectot detivat¡ves
do l-ev=1,n-ev

do is=1,ns; do ¡t=1,nt; do iz=1,n2;
vprime -i ( ix , iY , iz , it , is , l-ev )%Cl

end do; end do; end do; end do; end
end do

¡y=1,ny; do ix:1,nx
.0d0

do l-ev=1,n-ev; do k-ev=1,n-ev
do is:1,ns; do it=1,nt; do iz=1,n2; do ¡y=1,ny; do ix=1,nx

vprime-i(ix, iy, iz, Ìt, is, l-ev )%Cl : vprime-i (ix,ìv' iz, it, ¡s' l-ev )%Cl + &
' a V-lt1k-ev,l-ev)*Dv-i(ix,iy,iz,it,is,k-ev)%Cl

end do; end do; end do; end do; end do
end do; end do

Dv-i: vprime-¡

end subroutine RotateEigenVectors

subroutine MinimumEV(lambda, v-lambda, Dv-lambda, tolerance , ¡terations , initialise-evectors)

do

do
0

real (dp) :: lambda
type(colour-vector), dimension(nxp,nyp,nzp
tipe(colour-vector), dímension(nxp,nyp,nzp
real (dp) :: tolerance
inteEer :: iterations
logical , ¡ntent(in) :: init¡alise-evectors

ntp ns )
ntp ns )

:: v-lambda
:: Dv-lambda

real (dp) :: mu-psi , mu-min ! the t¡tz functional
real i¿pi :: normsq-grad-mu r normsq-grad-mu-old ,

reat (ap) :: alpha , bete , delta , a7 , a2, a3, pi ,

integer :: j-ev

type(colour-vector), dímension(nxp,nyp,nzp,ntp,ns) :: psi

conplex(DC) :: psidotDpsi, psidotDsearch, searchdotDPsi'
g ra d -m u d ot se a rc h

¡nteger :: t-cYcle
real ldp) :: stoP-cYcle , delta-c
logicai' :: Renormstate , CheckState, ProjectState
inieger ,: CheckFrequency , LastRenorm , ProjectFrequency

normsq-grad-mu-0 , norm-search ,

cos-delta, sin-delta, cos-theta

i -ev *1)

, Dpsi, grad-mu, search, Dsearch

searchdotDsearch, Psidotsearch,

norm-psl
, s¡n-theta

theta-min
real (dp) , parameter :: p i o2 =7 57 O7 9 63267 g 48 96 67s23 t32r69 7 6397 5 7 4 42 09858 -d p

if ( Ìn
do

¡tialise-evectors) then
¡s=1,ns; do it=1,nt i do iz:1,n2 i do iy=1,¡y; do ix=1,nx
or¡fir,iv,¡., ¡t, it)%cl = sqrt(l odo/( nlattÌce*nsxnc))'do: 

end do; end do; end do; end doend
else

psi (1: nx,1l nY,1: nz,1: nt , i

end if

€all ProjectvectorSPace ( i-ev

norm-psi = fermion-norm ( Psi )
call normalise(Psi , norm-Psi)

call
call

ScaledMatrixOPerate(Psi, DPsi)
Projectvectorspace (i-ev, v-i, Dpsi)

mu-Ds¡ = real-inner-product(psi, DPsi)
Jo it=r,nr; do it=t,nt; do iz=l,nz; do iy=1,ny; do ix=1'nx-- gi"¿-'."i¡",¡y,¡z,it, is¡Xct = opti(ix,lv,iz,it, is)%cl - mu-psi*psi(ix 'iv

) =u (

v ps )
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eod do; end do; end do; end do; end do

normsq-grad-mu : fe¡mion-normsq(grad-mu)
normsq-grad-mu-0 : normsq-grad-mu

search: grad_mu
norm-search = fermion-norm (search
call ScaledMatr¡xOperate
ca I I ProjectvectorSpace (

search ,

-ev,v-i,Dsearch

)
Dsea rch

then
< tau*mu-ps¡ ) then
true

lower-i ( i-evfl
ev+1) - mu-ps¡

-mu-psi )0)
( tolerance )

if ( lambda-scale =:0.0d0 )
if ( sqrt(normsq-grad-mu)

converged -i ( ¡ -ev +1) =
end ¡f

end if

if (RenormState)
Renormstâte : f

t-cycle: CGcycles * 1

stop-cycle : abs(lambdâ-scale)*tâu**t-cycle
CheckFrequ"n.y = m¡n(Cslter-Máx/10, CGCycles + 1O*(n-ev-i-ev)/n-ev + max(0, int(-log(normsq-grad-mu))

))
ProjectFrequency : 10
RenormSt¡te = .true
DeltaCycleExit-i ( i-ev*1) = false .

converged-i( i-ev+1) = . false
normg-i(
temple-i
deltac-i

-e v +1)
i-ev +1
¡ -ev +1

false.
false
false

iteråt¡ons :0
do

if ( sqrt(normsq-grad-mu) < tolerance) then
converged-i(i-ev+1) = true
normg-i (i-ev*1) = true

end if

if ( UseTemple-i(i-ev+1) .and. (
if ( normsq-grad-mu/( lower-i (i-

converged-i(i-ev+1) = true
temple-¡(i-ev*1) = .true

end íf
end if

) then
then

if ( (CGCycles ;2) .and. UseDeltaCycle-i(i-eva1) ) then
ìt'1 aétt".ycte-i ( i-ev+r)*(normsq-grad-mu/normsq-grad-mu-0) < tolerance ) then

converged -i ( i -ev +1) = true .

deltaC-i (¡-ev+1) = .true.
DeltaCycleExit-i(i-ev+1) = true

end if
end if

delta-c = del ta cycl e-i ( i -ev *1)*(normsq-grad-mu/normsq-grad-mu-0 )

if ( converged-¡ ( ¡-ev+1)) ex¡t

¡f ( ( iteret¡ons >= CGlter-Max) and ( normsq-grad-mu < normsq-grãd-mu-0) ) exit

if ( iterations >= 3+CGlter-Max/2 ) exit

if ( ( CGCycles <= 3) and sqrt(abs(normsq-grad-mu)) < stop-cycle) exit

lf (CgCycles > 1.and. ¡terãt¡ons > 10 ) then
ìf 1 nor.tq-grad-mu/normsq-grad-mu-0 < tau) then

DeltaCycleEx¡t-i(i-ev{1) = .true
ex¡t

end if
end if

iterations : iterations + 1

CheckState : . false.
if (RenormState) then

CheckState =,true.
LastRenorm : 1

else
LastRenorm = LastRenorm + 1

end lf
íf (LastRenorm )= CheckFrequency) then

CheckState = ,true
LastRenorm = 1

end if

StateRenormCount : StateRenormCount + 1

else

ProjectState = ( modulo( iterations , ProjectFrequency ):=0)

normsq-grad-mu-old : normsq-grad-mu
psidotblsi = reel-inner-product ( psi , Dpsi )
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searchdotDseerc
sea rchdotDsearc

do is:1,ns; do
search(ix,iY

& psi ( i

end do; end do;

=1,ny; do ix:1,nx
(ix,iy,iz,¡t,is)%Cl
ix , iy , iz , it , is )%Cl

h
h

real-inner-product ( search, Dsearch)
searchdotDsearch /( norm-search **2)

a1 = 0.5d0*( psidotDPsi + searchdotDsearch )
a2 : 0.5d0*(psidotDpsi - searchdotDsearch )
a3 = normsq-grad-mu/ norm-search
alpha = sqrt( a2**2 * a3+*2)

cos-delta = a2
ttn-¿"¡1¿ : a3

do is =1
Dps¡

end do
end if

mu-psi = mu-Psi - 2+alpha*(sin-theta *+2)

if (CheckState) then
àall ProjeciVectorsPace ( ì-ev , v-i , psi )

norm-psi = si)
if (abs(no tolerance) then

call no m-Psi )
cal I Sc te ( Psi , DPs¡ )
RecalcDpsiCount = RecalcDPsiCount + 1

Renormstete = true
else

do is=1,ns; do ¡t=1,nt; do iz=1,n2; do iy=1,ny; do ix:1,nx
Dpsi(ix, iy, ¡2, it, is )%Cl = cos-theta*DPs¡(ix, iv, iz, it, i-s )%Cl + &

''A (sin-tfreta/nãrm-search)*Dsearch(ix,iy,iz, ¡t, is)%Cl
end do; end do; end do; end do; end do

end if
call Projectvectorspace(i-ev,v-i,Dpsi)

else
,ns; do it=1,nt; do iz=1,n2; do iy:1,ny; do ix=1,nx
i¡",¡v,¡r,¡t, is)%cl = cos-thetâ*Dpsi(ix,iv,iz,it, is)%cl + a'& ( sin-theta/norm-search)*Dsearch(ix , iy ' iz , ¡t , is )%Cl
end do; end do; end do; end do

+&

iz , it , ¡s )%cl

beta+( ¡e¡rch(ix, iy, iz, iì, is)%Cl - &

a

a
Pha
pha

if I cos-delta (= 0.0d0 ) then
àos-theta = sqrt(0.5*(1.0- cos-delta ))
sin-theta = -0,5xsin-delte/cos-thetã

else
sin-theta = -sqrt(0 5+(1 0+cos-delta))
cos-theta = -0.5+ sin-delta /s¡n-theta

end if

do is=1,ns; do it:1,nt; do iz=1,n2; do iY
psi(ix,iy,¡2,¡t,is)%Cl : cos-theta*ps¡

& ( sin-theta /norm-seârch)xsearch (

end do; end do; end do; end do; end do

if (CheckState) then
àu-min = real-inner-product(psi, Dpsì)
if ( abs(mu-psi - mu-min)/max(1.odo, mu-psi) ) tolerence ) then

mu-psi = mu-min
RenormState = true.

end if
end if

do is=1,ns; do it=1,nti do iz=1,n2; do ¡y=1,ny; do ix=1,nx
grad-mu(ix, iy, iz .it, is)%Cl = Dpsi (ix' iy, ¡z' it, is )%Cl - mu-psi+psi (ix, iv

end do; end do; end do; end do; end do

normsq-grad-mu = fermion-normsq ( grad-mu )

¡f (CheckStete) then
irad-mudotsãarch = inner-product (grad-mu , searc.h )
if ( abs(erad-mudotsearch)/max(norm-search ,1 0d0) > tolerance ) then

ial I' ãrthogonalise ( search, grad-mu, grad-mudotsearch )
RenormState:.true

end if
end if

beta = cos-theta *(normsq-grad-mu/normsq-grad-mu-old )

psidotsearch = inner-Product(psi,search)

; do iz=L,nz; do iY=1,nY; do ix:1,nx
ls )%Cl = grad-rnu (ix , iy , iz , it , is )%Cl *
, it, is )%Cl*psidotsearch )
; end do; end do

t =1
iz,
, ty
end

, nt

íf (beta > 100) then
norm-search : fermion-norm ( search )
call normalise(search, norm-search)
ps¡dotseerch = inner-Product ( psi , search )

! searchdotgrad-mu : inner-product (grad-mu,search-grad-mu )
grad-mudotsearch = inner-product (grad-mu , search )

ãrrã-tu¿oa."".çf¡ = ( grad -m udotsearch - normsq -grad -mu )
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do is=l,ns; do it=1,nt; do iz:7,n2; do ¡y=1,ny; do ix=1,nx
search(ix,iy,iz,it,is)%Cl =search(ix,iy,¡z,it,is)%Cl -Psidotsearch*psi(¡x y z t s)%C

¡y,¡z,it,¡s)%cl

&(
end

!Given a set of eìgenvectors v-i
!on the span of v-¡ , and return

):
n(n

, dimension
, dimension

8¿

grad-mudotsearch/normsq-grad-mu)xgrad-mu(ix, iy, iz, it, is)%Cl
do; end do; end do; end doend do

end if

if (CheckState) then
ps¡dotseerch = inne¡-product ( psi , search )
if laUslpsidotsearch)/max(norm-search,1 0d0) > tolerance) then

call orthogonalise (search , psi , psidotsearch )
RenormStete =,true

end if
end if

norm-search : fermion-norm (search )
if (spacing(norm-search) > tolerance ) then

call normalise(search, norm-search)
psidotsearch : inner-product ( psi , search )
! searchdotgrad-mu : inner-Product (grad-mu , search-grad-mu)
grad-mudotsearch = inner-product (grad-mu , search )
grad-mudotsearçf¡ = (grad-mudotsearch - normsq-grad-mu)

do ¡s:1,ns; do it=1,nt; do iz=1,n2; do iy:1,ny; do ix:1,nx
search(ix,iy,iz,¡t,¡s)%Cl :search(¡x,¡y,iz,it,is)%Cl -psidotsearch*psi(ix

-8¿
& (grad-mudotsearch/normsq-grad-mu)*grad-mu(ix , iy , iz ,ir 'is)VoCl

end do; end do; end do; end do; end do
end if

call 5c¿ledMatrixOperate(search, Dsearch)
íf (CheckState) then

call ProjectvectorSpace (i-ev, v-i, Dsearch)
end ¡f

end do

call SceledMâtrixOperate( psi, Dpsi)

u_¡".6¿¡ = psi
Dv_lãmbda = Dps¡
lambda = mu-psi

return

end subroutíne MinimumEV

subroutine ScaledMatrixOperate ( phi , Dphi )

ty pe
ty pe

colou r-vector
colour-vector

, d¡mension
, dimension

ntP
ntp

h¡
phi

call MatrixOperate ( Phi , DPhi )

if ( ( lambda-scale f= 1.0d0) . and. ( lambda-scale /: 0 0d0) ) then
iq ¡s:1,ns: do it=1,nt; do iz=l,nz ! do iy:1,¡y; do ix=1,nx

Dphi(ix, ¡y, ¡2, it, is )%Cl : lambda-scale * Dphi(ix, iv, ¡2, ¡t, is )%Cl
end do: end do: end do; end do; end do

end if

end subroutine ScaledMatrixOperate

end subrout¡ne MinÊVSPectrum

subrout¡ne DiagonaliseBasis(n-ev, v-¡ , vprime-i , lambdaprime-i , MatrixOperate )

nxp nyp nz
nxp nyp nz

p

D

of one operator (eg H^2), díagonalìse another oPerator (eg' H)
the new e¡genvectors vPtime-í

ínteger, ¡ntent(¡n
real (dp) , dimensio
type( colour-vector
type( colour-vector

type( colour-vector
type( colour-vector

complex (DC)
complex (DC)

i t-ev !number of eigenvectors to calculete
-ev) :: lambda-i , lambdaprime-i ! eigenvalues
dimension(nx,ny,nz,nt,ns,n-ev), target :: v-i !old. e¡genvectors
dimension(nx,ny,nz,nt,ns,n-ev) :: vprime-¡ !new e¡genveclors

(: ,: ,: ,: ,: ) , po¡nter
(nxp,nyp,nzp,ntp,ns)

v k Dv
ph Dph

i nterface
subroutine MatrixOperâte(phi, Dphi)

use ColourTYPes
type(colour-vector), dimension(nxp,nyP,nzP'ntP
type(colour-vector), d¡mens¡on(nxp,nyp,nzp,ntP

end Eubrouline MatrixOPerate
end interface

ns
n5

h¡
phi

p
D

d ime n sion
d¡mension

:: M-kl lSub-matr¡x to be dìagonalised
:: Y-kl !Matríx of sub-eigenvectors

dímension(nx nY nz nt ns n-ev ), target :: Dv-¡type(colour-vector)
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real (dp)
real(dp)

:: swap, norm-v
dimension(n-ev) swap-l

integer :: k-ev, l-ev, sweePs
¡rteger :: ix , iy , iz , ¡t , is

do k-ev=1, n-ev
phi
cal
Dv-

end do

(1:nx,l:ny,1: nz,1:nt,:)
I MatrixOperate ( Phi , DPhi
i(:,:,:,:,:,k-ev) : DPf¡¡

= v-i (:,:,:,: ,: , k-ev)

1:nx,1:ny,1:n2,1: nt,:)

do k-ev=1, n-ev ; do I -ev =1, n-ev
v-k:) v-i (:,:,:,:,:, k-ev)
Dv-l:) Dv-i (:,:,:,:,:, l-ev)
M-kl(k-ev, l-ev) : inner-product(v-k'Dv-l)

end do; end do

call ComplexDiag(n-ev, M-kl, V-kl, sweeps ' JacobiPrecision)

do I -ev:1, n-ev
lambdaprime-i( l-ev) = M-kl(l-ev

end do
l-ev )

if (VerboseAccCGEV) then
mpipr¡nt *, " nu-i" , lambdaPrime-i

end if

! Norm al ise sub-e¡ gen v ectors
do l-ev:1,n-ev

V-kl (:, l-ev) = V-kl(:, l-ev)/sqrt(sum(abs(V-kl(
end do

l-ev))+*2 ))

!Rotete eigenvectors and the¡r derivet¡ves
do l-ev:1,n-ev

do ¡s=1,ns; do ¡t=1,nt; do iz:1,n2; do iy=1,ny
vprime-¡(ix,iy,iz,it,is, l-ev)%Cl = 0 0d0

end do; end do; end do; end do; end do
end do

do I -ev=1, n-ev; do k-ev:1, n-ev
do is=1,ns; do it=1,nt; do iz:1,n2

do ¡x=1.nx

do iy=1,ny; do ¡x:1,nx
vpr¡me-¡(ix, iy,iz, it, is, l-ev)%Cl =

& V-kl(k-ev, l-ev )*v-i (ix , iY , iz
end do; end do; end do; end do; end do

end do; end do

end subrout¡ne DiagonaliseBasis

end module AccMinEVCG

vprime-i(ix, iy, iz, it , is,l-ev)%Cl + &
it,is,k-ev)%Cl

CGEVSpectrum: Main program for the finding of eigenvectors.

program CGEVSpectrum

use GaugeField
use AccMinEVCG
use ChiralFLlCOperator
use Timer
implicit none

!tim¡ng
character ( len=8) :: startDate , endDate
character(len=10) :: startTime, endTime

character ( len:256) :: lnPutConfig , OutputFile , lnputLoMode , OataFile
character(len=3) :; lFig

type(colour-vector), d¡mension(nxp, nyp, nzp, ntp, ns) : : psi, Dpsi, grad-mu

¡nteger :', n-ev !number of eigenvectors to. calculate
typeicolour-vector), dímens¡on(:,,,:,:,:,:) , allocatable :" v-i !eigenvectors

¡eallDP), dimen6¡on(:), allocatable :: lambda-i ' sqrt-lambdã-¡ ' normsqg-¡ !eígenvalues
i"t"d",1 dimensionl,¡ , altocataule :: cGlter_i !Total eìgenvector cc iterations

real (DP) :: tolerance = 1 0d-8, lambda-scale
¡nteger :: i-ev, j-ev, n-dummY = 1, m-ev
real(DP) :: m-temp, delta-lambda , norm-psi ' sum-temp
realiOei :: lambdã-min, lambda-max, sqrt-lambda, m-w, tol-in ' lower ' delta-t
logical :: Randomlnitial
integer :; ix , iy , iz , it , is

¡nteger :: t0 , tl , i0
complex(DC) :; PsidotDPsi

call ln¡t¡ãl¡seMPl
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call
call

lnitShâdowGaugeField
I nitShadowFermionField

call lnitTimer

mp¡pr¡nt *, "Conjugate Grad¡ent eigenvalue
mp¡pr¡nt * , " Enter the gauge conf¡gurat¡on
read(*,'(4256)') lnputConfig
mp¡pr¡nt *, lnputConfig

mpipr¡nt *, "Use a random initial guess:"
read(*,*) Randomlnitial
mp¡print *, Randomlnitial

mpiprint *, " Enter the low eigenmode file
read(*,'(4256)') lnputLoMode
mpipr¡nt *, lnputLoMode

mpiprint *, "Enter the file to wr¡te to:"
read(*,'(4256)') OutputFile
mpip¡int +, OutputFile

routine"
fi I e to read from : "

to read from : "

mp¡pr¡nt *, "Enter the data f¡le to wr¡te to:"
read(*,'(4256)') DataFile
mpiprint +, DetaF¡le

mp¡print *, "Enter the configuration no:"
read(+,'(43)') lFig
mpipr¡ñt *, lFig

mpiprint *, " Enter the desired number of e¡genvectors:"
read(*,x) n-ev
mpiprint *, n-ev

mpiprint *, " Enter the scâle factor (1=low modes,-l=hi modes):"
read (*,*) lambda-scale
mp¡print *, lambde-scale

mpipr¡nt *, "Enter the desired eigenvalue precision:"
read(*,*) tolerance
mpiprint *, tolerance

mpipr¡nt *, " Enter the fermion mass:"
read(*,x) m-f
mpiprint *, m-f

mp¡pr¡nt *, "Enter the smeering fraction:"
read(*,*) alpha-smear
mpiprint *, alpha-smear

mpiprint *, " Enter the numbe¡ of APE sweeps:"
read(*,*) ape-sweeps
m p¡ pri nt * , ape-sweeps

mp¡print *, " Enter the time boundary condition :"
read(*,+) bct
mpipr¡nt * , bct

mp¡pr¡nt *, " Starting t¡me"
call date-and-t¡me(date=startDate, t¡me=startT¡me)

v-i ( nx , ny, nz , nt , ns ,

lambda-i(n-ev))
sqrt-lambda-i(n-ev)
normsqg-i ( n-ev) )
CGlter-i (n-ev))

allocate
allocate
allocate
allocate
allocate

n-ev))

)

mp¡print *, "Reading Gauge Field"
call ReadGaugeField ( lnputConfig , U-xd )

mpiprint *, " Calculating Operãtors"

if ( uzero /= 1 0d0 ) ìhen
u0-ber = uzero

else
call GetUZero(U-xd , u0-bar)

end if

call APESmearLinks(U-xd, UFL-xd, alpha-smear
call GetUZero(UFL-xd, u0fl-bar)

ape-sweeps )

mp
cãl

¡pr¡nt +, uo-bar, uofl-bar , m-f, c-sw, bct
I lnitiãliseFLlCOperator(U-xd,UFL-xd,u0-bar, uOfl-bar

Randomlnitial ) then
dEigenspace ( n-ev , n-dummy, lambda-i , v-i

, c-sw, bct)

m-w, bct, lnputLoMode)

m-f

tolerânce
if ( not.

call Rea
end if
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mp¡print *, " Calculating
call MinEVSpectrum(n-ev,

lambda-scale )

mpipr¡nt *

mpipr¡nt *

end do; end do
normsqg-i ( i-ev

end do

lam da-i
sq rt-la m

normsqg-
CGlter-i

call FinaliseMPl

end program CGEVSpectrum

"# CG lterations" , sum( CGlter-i ) , RecalcDpsiCount

" i-ev "," lambda-i iter norm-g

end do; end do; end do
: fermion-normsq ( grad-mu )

Eigenvalue SPectrum"
lariuda-l , v-í , tolerance , CGlter-i , Randomlnitial , SqFLlCOperate ' n-dummy 

'

do i_ev:1,n_ev
psi (1:nx,1:ny,1:n2,1: nt,:) = v-i (:,:,:,:,:, i-ev)
call SqFLlCOperate ( Ps¡ , DPsi )
sqrt-lãmbda-i ( i-ev j = real-inner-product ( psi, Dpsi )
¿e ¡5=t,ns; do it:1,nt; do iz=1,n2; do iy=1,¡y; do ix=1'nx

grad-mu(ix,iy,iz,¡t,¡tjøCf : Op"¡ (ix,iy,iz,it,is)%Cl - sqrt-lambdâ-i (i-ev)*psi(ix'iv'iz'it'¡s)%Cl

delta-t

Mflops/maxtime

do ¡-ev=1,n-ev
lower = minval(sqrt-lambde-¡(i-ev+1:n-ev), mask: abs(sqrt-lambda-i(i-ev*1:n-ev) _ sqrt-lambda-i(i.ev

)) > tolerance )
if ( i-ev == n-ev) lower
delta-t = normsqg-i(¡-ev
mpipr¡nt'(14,F22 17,18,

)/(
F15

.0d0
lower-sq rt-la m bd a -i ( i-ev ) )
.10,F15.10 )' , i-ev, sqii-lambda-i(i-ev), CGlter-i(i-ev)' &

& sqrt(normsqg-i(i-ev)), delte-t
end do

mp¡print *, " ¡-ev "," sqrt(lambda-i)" , " ¡ter norm-g delta-t

do i -ev =1, n-ev
psi (1:nx,1: ny,1: nz,1: nt,:) = v-i (: ,: ,: ,: ,: , i-ev)
call FLlCOperate ( psi , DPsi )
sqrt-lambda-i ( i-ev ) : real-inner-product ( psi, Dpsi )
do ¡s=1,ns; do it:1,nt; do iz=1,n2; do iy:,ny¡ do ix=1,nx

graa-.u(i*,iy,¡z,it,it¡Xcf = Dpsi(ix'iv,iz'it,is)%Cl - sqrt-lambda-i (i-ev)*psi(ix'iv'iz
end do; end do; end do; end do; end do
normsqg-i( i-ev) = ferm¡on-normsq(grad-mu)

end do

do ¡ -ev =1, n-ev
lãw", - minval(sqrt-lambda-i(i-ev*1:n-ev), mask = abs(sqrt-lambda-i(i-ev+1:n-ev) - sqrt-lambda-i(i-ev

)) > sqrt(tolerance))
if I i-ev == n-ev) lower = 0.0d0
delìa-t = normsqg-i( i-ev)/(lower-sqrt-lambda-i(i-ev))
.jiprlnt '(14,F2, r?,1a,Êiò.r0,F1s.10 )' , i-ev, sqit-lambda-i(i-ev), cGlter-¡ (i-ev)'&

& sqrt(normsqg-i( i-ev)) , delta-t
end do

call WriteE¡genspace(n-ev,n-dummy,sqrt-lambda-¡,v-¡,tolerance,m-f'bct'OutputFile)

¡f(i-am-root)then
òpen (200, fil€=DataFile, etatus : "unknown", form = "formatted", act¡on : "write" ' pos¡tion = "

append" )
write iäoo,'1Á,ra +,srrz.7)') lFig, m-f, sqrt-lambda-i(max(n-ev-2,1):n-ev)
close (200)

end if

Mflops : (L45*24* nsublatt¡ce ) +1 0e-6

it is )%Cl

m
m

f

r
t *, "FLIC timing", ncalls
t *, "FLIC rãte", ncalls,

, meant¡me, m¡ntime, mâxt¡me
Mflops/meantime, MfloPs/mintime

call date-and-time(date=endDate, time=endT¡me)
mpiprint *, "started on ", startDate, " at ", startTihe
.p¡print *, "Finished on ", endDate, " at ", endTime

deallocate
deallocate
deallocate
deallocate
deallocate

)
b )

bda- )
i)
)

^.7 
Hybrid Monte Carlo Code

TensorAlgebra: Provides efficient implementations of inner and outer prod-

ucts.
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module TensorAlgeb¡a

use ColourTypes
impl¡c¡t none

conta¡ns

subrout¡ne StarlnnerProduct( LinnerR , left , r¡ght )

complex(dc) :: LinnerR
type(colour-matrix) :: left, ¡ight

Linne¡R = sum(left%Cl(:,:)*transpose(right%Cl (:,:) ))

end subrout¡ne StarlnnerProduct

subrout¡ne AddVectorOuterProduct( LouterR , left , right )

type
ty pe colour-vector

) :: LouterR
), dimension(ns) :: left, right

LouterR%Cl(ic,jc) = LouterR%Cl(ic,jc) A sum(left (:)%Cl(ic)*right(:)%Cl(jc)) ! *unroll*

end subroutine AddVectorOuterProduct

subroutine SubvectorOuterProduct (LouterR, left

colour-matrix
colgur-vector

:: LouterR
dimension ( ns ) lef t

LouterR%ct(ic,jc) = LouterR%cl(ic,jc) -sum(left(:)%cl(ic)*right(:)%cl(jc)) ! *unroll*

end subrout¡ne SubVectorOuterP¡oduct

end module TensorAlgebra

GaugeAction: Implementation of the gauge field component of the equations

of motion, for both standard and improved gauge actions.

module GaugeAct¡on

use MatrixAlgebra
use MPllnte¡face
use GaugeField
implicit none

type(colour-matrix), dimension(nxss, nyss, nzss, ntss, nd) : : U-xdss

integer :: ActionType

¡nteger, parameter :: wilson-glue : 0, twoloop-8lue = 1, improved-glue = 2, dhw2-glue:42

tyPe
type

conta¡ns

subroutine

real (dp )
real(dp)

beta
beta-eff, c-R

ActionParameters( bete, c-R, beta -eff )

right)

right

nyss,nzss,ntss,nd) :: U-xd

betã-12, beta-21, s-gPP

select case ( actiontype )
case ( wilson-glue)

beta -eff : beta
c-R = 0.0d0

case (twoloop-glue)
betã-eff = (5.0d0/3 0d0)*beta
c-R = -1.0/20 0d0

case ( improved-glue )
beta-eff = (5.0d0/3 0d0)+beta
c-R : -r o/(20.od0*u0-bar**2)

case ( dbw2-glue )
beta_eff = beta
c-R : -1 4O67dO/L2 2536dO

end select

end subroutine Act¡onParameters

funct¡on S-gauge ( U-xd , beta )

type( colour-matrix ), dimension(nxss
real (DP) :: S-gauge , beta

real(dp) :: c-R, beta-eff ' betâ-11 '
integer :: mu, nu

call ActionParameters(beta,c-R, beta-eff)
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bete-11
beta-12
bete-21

= beta -eff /3.0d0
: beta-eff+c-R/3 0d0
= beta-eff*c-R/3.0d0

colour-matrìx
colour-matrix

dimension
dimension

nxp , nyp, nzp, ntp , nd) :: dS-gbYdU
nxss,nyss,nzss,ntss,nd) :: U-xd

beta-12 , beta-21 , betâ -eff

s-gpp: o.o¿o

do mu:l,nd
do nu+u*l, nd

call GetAction(S-gpp,U-xd,mu,nu, bete-11
end do

end do

beta-12 , beta-21)

S-gpp : beta -eff +(l.od0 I 2.0d0*c-R)* nsubl attice *nd *(nd-1)/2 0d0 - S-spP

call AllsumReal(S-SPP, S-gauge)

end funct¡on S-gauge

subroutine GetdS-gbydU (dS-gbvdU , U-xd , beta )

type
type

real(dp) :: beta, c-R,
¡nteger :: mu,nu
integer :: ix , iy , iz , it

beta-I1 ,

call ActionParameters(beta,c-R, beta-eff )

betã-11 : bete-eff/6 0d0
beta-12 = betã -eff*c-R /6 0d0
beta-21 = beta-eff*c-R/6.0d0

¿q ¡s=1,nd
do it=1,ñt; do

dS-gbydU ( ix
end do; end do

end do

iz=L,nzt do iy=1,¡Y do ix=1,nx
iy, iz, it ,mu)%cl : 0 0d0
end do; end do

do mu=l,nd
do nuru+l, nd

call GetStãples (dS-gbydU, U-xd,mu'nu
end do

end do

beta-11 , beta-12 , beta-21 )

end subroutine GetdS-gbYdU

subrout¡ne GetAction (S-g , U-xd ,mu, nu , beta-11 , beta-12 , beta-21 )

type(colour-matrix), d¡mension(nxss,nyss,nzss'ntss,nd) :: U-xd
¡ntegel:: mu, nu
reat(ap) :: 5-g, beta-11 , beta-12 , beta-21 , S-11 ' S-12 , S-21

type ( colou r-mãt rix ) : : U2, UmuUnu, UmudagUnudag, UnuUmudag, T-munu

integer , dimension(nd) :: dmu, dnu
¡nteger ::
¡ntege¡ ::
lnteger ::

ix iy iz
ix jv iz
kx ky kz
lx ly lz
ax ay az
bx by bz

¡nteger
¡nteger
¡nteger

¡t
jt
kt
It
at
bt

gdefine
#def¡ne

#define
fdefine

fdefine
#define

U-mux U-xd(ix , iy , iz , it ,mu)
U-nux U-xd( ix , iy , iz , it , nu)

U-muxpmu U-xd(jx ,jY ,jz ,jt ,mu)
U-nuxpmu U-xd (jx , jY , jz , jt , nu )

U-muxpnu U-xd ( kx , kY , kz , kt , mu)
U-nuxpnu U-xd ( kx , kY , kz , kt 

' 
nu )

#ð
#d

#d
#d

efine U-muxpmupnu U-xd
efine U-nuxpmuPnu U-xd

efine U-nuxp2mu U-xd
efine U-muxp2nu U-xd

dmu=0
dnu = 0

dmu(mu)
dnu(nu)

yztmu
y z t nu

nu )
mu)

lx

(ax ay ¿z at
(bx by bz bt

1

1

do ¡t=1,nt
jt = mapt
kt = måpt
It : mapt

+ dmu
+ dnu
+ dmu

(4
(4
(4 + dnu (a) )
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at:mâpt(it+2*dmu(4))
bt: mapt(it * 2+dnu(4))
do iz=l,nz

jz = napz(
kz = mapz(
lz = mapz(
az = mapz(
bz = mapz(
do iY:1'¡Y

JY
ky
ly
ay
by
do

iz + dmu(3))
iz + dnu (3) )
iz+dmu(3)+dnu(3))
iz f 2*dmu(3) )
iz * 2*dnu(3))

= mapy
= mapy
= mapy
= mapy

y + dmu(2))
y + dnu(2))
y+dmu(2){dnu(2
y + 2*dmu(2))
y + 2*dnu (2) )

dmu
dnu
dmu

= mapy( i
ix=1,nx

dimension ( nd )
:: ix , iy , iz , it
:: jx, jy, jz, jt
:: kx,ky,kz,kt
:: lx ,ly ,lz , lt
:: mx,my,mz.mt

maPX
mapx
mapx
maPx
mapx

1))
1) )

2
2

+
+
+
+
+

1

+ dnu ( 1) )
dmu
dnu

call
call
call

call
call
call
call

call
call
call
call

end do
end do

enddo
end do

M ultiplyMatMat (UmuUnu, U-mux, U-nuxpmu)
Mult¡plyMatDegMatDag ( UmudagUnudag, U-muxpnu, U-nux )
RealTraceM ultM atlvl at( S-11, UmuUnu, UmudagUnudag )

M ult¡plyMatMãt (U2, U-mux, U-muxpmu)
Mult¡plyMatMatDag( UnuUmudag, U-nuxp2mu, U-muxpmupnu )
M ultiplyMetMat (T-munu , U2, UnuUmudag )
RealTraceM ultMatMat( S-21, T-munu, UmudagUnudag )

MultiplyMatMat (U2, U-nux , U-nuxpnu )
MultiplyMatN4atDag( UnuUmudag, U-nuxpmupnu, U-muxp2nu )
Mult¡plyMatMatDag(T-munu, UnuUmudag, U2)
RealTraceM ultMatMat( S-12, UmuUnu, T-munu )

dimension (nxp , nyp , nzp, ntp , nd) :: dS-gbydU
dimension(nxss,nyss rnzss,ntss,nd) :: U-xd

type(colour-matrix)
type(colour-matrix)
¡nteger :: mu, nu
real (dp) :: S-g , beta-11 , beta-12 , betâ-21

type (
type (

5-g: S-e + beta-11+S-11 + beta-21*S-21 + betã-12*S-12

fundef U-mu
fundef U-nu

fiu
$u

ndef U-muxpmu
ndef U-nuxpmu

fundef U-muxpnu
fundef U-nuxpnu

fundef U-nuxpmupnu
fundef U-muxpmupnu

fundef U-nuxp2mu
fundef U-muxp2nu

end subroutine GetAct¡on

subroutine GetStaples (dS-gbydU , U-xd ,mu, nu , beta-11 , beta-12 , beta-21 )

colour-metl¡x
colour-matrix

) : : U2, UmuUnu, UnuUmu, UmudagUnudag, UnuUmudag 
' 
UnudagUmudag, UnudagUmu , UmuUnudag

) :: T-xp, T:m, R-xp, R-xm, V-muxp, V-muxm, V-nuxp, V-nuxm

¡nteger
¡nteger
¡nteger
¡n teger
¡nteger
¡nteger
integer
¡nteger
integef
integer
¡ntêger
¡nteger
integer
integer
¡nteger
ínteger
integer
integer

dmu, dnu

äx,ay,ãz,at
bx,by,bz,bt
cx,cy,cz,ct
dx,dy,dz,dt
ex,ey,ez,et
fx,fy,fz,ft
gx,gy,gz,gt
hx,hy,hz,ht
ox,oy,oz,ot
px,py,pz,pt
qx,qy,qz,qt
fx,fy tfztlt
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ry , iz , it ,mu)
iy,¡z,it,nu)
( ix , iy , rz , it mu)
( ix , ry , iz , it nu)
jv,rz,jt,mu)
jv ,jz , it , nu)
ky, kz, kt,mu)
ky,kz,kt,nu)
ly ,lz ,lt ,mu)
ly,lz,lt,nu)
my,mz,mt,mu)
my, mz, mt, nu )

Jx
Jx
kx
kx
lx
lx
mx
mx

, nu
,mu
, nu
,mu

' 
ñU

,ñU
, nu
,mu
, nu
,mu
, nu
,mu
, nu
,mu
, ñU

,ñu
' 

hU

,mu

,ãy,az,at
,by,bz,bt
,cy,cz,ct
,cy,cz,ct
,dy,dz,dt
,dy,dz,dt
,ey,ez¡et
¡ey,ez,et
,Íy ,fz,lr
,fy ,lz,ft
,gy 'Ez,Et,gy,gz'gt
,hy,hz,ht
,hy,hz,ht
,oy,oz,ot
,py,pz'pt
,qy,qz,qt
,fy ,(z,tt

)
)
)
)
4))
4))
4))
4))
* dnu(
- dnu (
-l dnu (

- dnu (
4) - dn
+ 2rdn
- 2*dn

4)+dn

+ dmu(4
+ dnu (4
- dmu(4
- dnu (4

(3

(3
(3

2* dnu
2*dmu
2* dnu
dmu (
dmu (
dmu (
dmu (

(3
(3
(J
(3

+ dmu(4
+ dmu(4
- dmu(4
- dmu(4
+ 2*dmu

- dmu (4
+ dmu(4

- 2*dmu

dmu
dnu
dmu
dnu

dmu
dmu
dmu
dmu

U-xd ( x
U-xd ( x

fdefine
fdefine
#define
fdefine
#define
#define
fdefine
#define
fdefine

#def¡ne
fdefine
#define
fdefine
ffdefine
ffdefine
#define
fdefine
fdefine
{def

U-mux
U-nux
d S-gbyd U -mux
dS-gbydU-nux
U-muxpmu
U-nuxpmu
U -muxpn u

U-nuxpnu
U-muxmmu

U -nuxp2mu
U -m uxp2nu
U-nuxm2mu
U-muxm2mu
U -nuxm2nu
U-muxm2nu
U-nuxpmupnu
U-muxpmupnu
U-nuxpmumnu
U-muxpmumnu
U-nuxmmupnu
U-muxmmupnu
U-nuxmmumnu
U-muxmmumnu
U-nuxp2mumnu
U-muxmmup2nu
U-nuxm2nupmu
U-muxm2mupnu

d S-gbyd U

U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
LJ -xd

#d
#d
#d

efine U-nuxmmu
efine U-muxmnu
efi ne U-nuxmnu

ax
bx
CX

CX

dx
dx
ex

fx
fx

gx
hx
hx
OX

PX
qx
rx

ry+
iv *
iy -iy -iv+
ry +
ry -iy -ry+
iv+
iy-
iy -ry+

#de
#de
#de
#d.
#de

ne
ne
ne
ne
ne
ne
ne
ne
ne

U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U-xd
U -xd
U-xd
U-xd
U-xd
U-xd

dmu:0
dnu = 0

dmu(mu)
dnu(nu)

do it-l,nt
: mapt
= maPt

jt
kt
It
mt
at
bt
ct
dt
et
ft
gt
ht
ot
pt
qt
rt

+ 2*dmu
+ 2* dnu

- 2*dmu

- 2* dnu

me
ma
ma
ma
ma
ma

pt
pt
pt
pt
pt
pt

)
)
)
)
4)
4)
4)
4)

4
4
4
4

mapt
mept
mapt
maPt
ma Pt
ma Pt
ma pt
ma pt

ay
by
cy
dy
ey
fy
sv
hy
oy

)
)
)
)
3

-f dnu (3

- dnu (3
* dnu (3

- dnu (3
3) - dnu
* 2* dnu

- 2*dnu
3) -l dnu

2*dmu
dmu (3
dmu(3

2*dmu
2*dnu
2*dmu
2* dnu

+

i
+

!
+

1

+

;

do iz=7,n2
Jz = ma9z
kz: mapz
lz -- mapz
mz = mäpz

maPz
mapz
mapz
mepz
mapz
mapz
mepz
mapz
mapz
mapz
maPz
mapz

Az=
bz=
cz=
dz=

lz =
gz=
hz=

pz:
qz =

)
)
)
)
3)
3)
3)
3)

)
)
)
)
2))
2))
2) )
2) )* dnu (2
- dnu (2
* dnu (2

- dnu (2
2) - dnu

dmu(2
dnu(2
dmu(2
dnu (2

do iY=1,¡Y
jy = maPy
ky = mapy
ly = maPY
mY: maPY

2
2
2

= mãpy

= mapy

= måpy

= mapy

2*dmu
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py: mãpy
qy : maPy
rY: mePY

iy - dmu(2
¡y + dmu(2
¡y - 2*dmu

) { 2*dnu (2) )
) - 2*dnu(2))
(2) + dnu (2) )

do ix =1, nx
JX = mapx
kx = mapx
lx = mapx
mx = mãpx
ax: mepx
bx = mapx
cx = mapx
dx = mapx
ex = mapx
fx = mapx
gx = mapx
hx = mapx
ox = maPX
px = mepx
qx = mapx
rx = mapx

ix + dmu

-2+

dmu
dnu
dmu
dnu

dnu
dmu
dnu

dmu
2*d

2
2

i
+

I
)
)
)
)
1)
1)
1)
1)

+

(1
(1
(1
(1

)
)
)
)
1) )
1) )
1) )
1) )
* dnu(1
- dnu(1
f dnu(t
- dnu(1

1) - dnu
+ 2* dnu

- 2* dnu
1) 4 dnu

* dmu(1
* dmu(1
- dmu(1
- dmu(1
* 2*dmu

dmu

mu

ll+[V-ouxp+]:l
l-l t V-nu¡n I : -l

M ult¡plyMatMatDag( UnuUmudag, U-nuxpmu, U-muxpnu )
MultiplyMatDagMatDag ( UnudâgUmudag, U-nuxpmumnu, U-muxmnu )

M ult¡plyMatMatDag(V-muxp, UnuUmudag, U-nux )
lvl ult¡ plyM atM at (V-muxm, UnudagUmudag, U-nuxmnu )

dS-gbyd U-mux%C I : dS-gbyd U-m ux%oCl ! bete -1 1 * (V-muxp%Cl + V-muxm%C I )

!!_
l! l- + -l I V-nuxu + V-nuxp ] : I

il

cðll Mult¡plyMatDagMatDeg (UmudagUnudag, U-muxmmupnu, U-nuxmmu)
call MultiplyMatMat (V-nuxm, UmudagUnudag,U-muxmmu)

call MultiplyMatDagMatDag (V-nuxp, UnuUmudag,U-mux)

dS-gbydU-nux%Cl : dS-gbydU-nux%Cl + beta-11 *(V-nuxp%Cl + V-nuxm%Cl )

call
call

call
call

call
call
call

call
call

I I -l + l- I : -l
I

Multi plyMatMat (UmuUnu, U-muxpmu, U-nuxp2mu )
Mult¡plyMatMat (U2, U-muxpnu , U-muxpmupnu)
M ult¡plylvletMatDag(T-xp, UmuUnu, U2)

Mult¡plyMatlvlatDag( R-xp, T-xp, U-nux )
MultiplyMâtMat (R-xm, UnuUmudag,V-nuxm)

dS-gbydU-mux%Cl = d5-gbydU-mux%Cl + beta-21*(R-xp%Cl * R:m%Cl)

I

call
call
call

call
call

dS-gbydU-nux%Cl = d5-gbydU-nux%Cl + beta-12*(R-xp%Cl + Rrm%Cl)

call
call
call

M u lti ply¡,4 atM at ( UnuUmu, U-nuxpnu, U-muxp2nu )
MultiplyMatMat (U2, U-nuxpnu , U-nuxpmupnu )
Mult¡plyMatMãtDag(T-xp, UnuUmu, U2)

MultiplyMetMatDag( R-xp , T-xp , U-mux)
M u ltiply l,/ atDagM at ( Rrm , UnuUmudag , V-muxm )

Multi plyMatMãt (U2, U-muxm2mu, U-muxmmu)
M ultiplyMetMãt ( UnuUmu, U-nuxm2mu , U-muxm2mupnu )
Mult¡ plyMatDagMat (T:m, UnuUmu, U2)

M ultiplyMatDagMat ( R-xm, U-muxmmupnu, T:m )
MultiplyMatDagMâtDag(R-xp,Trp, U-mux)

CA
ca

dS-gbydU-nux%Cl = dS-gbydU-nux7oCl I beta-21+(R-xp%Cl * R:m%Cl)
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!!ll
!! + I I

!!l-l

call MultiplyMâtMat (U2, U-nuxm2nu ' 
U-nuxmnu)

iall MultiptyMatMat (UmuUnu, U-muxm2nu, U-nuxm2nupmu )
call MultiplyMatDagMat(T:m, UmuUnu, U2)

call
call

MultiplyMatDagMatDag ( R-xP , T-xP , U-nux )
M ultì plyMatDagMat ( R-xm, U-nuxpmumnu, T:m )

dS-gbydU-mux%Cl = dS-gbydU-mux%Cl * beta-12*(R-xp%Cl + Rrm%Cl)

+

call
call

MultiplyMatDagMât ( Unudâgumu , U-nuxmmumnu 
' 
U-muxmmumnu )

MultiplyMatMat (T:m, UmudagUnudag , UnudagUmu )

ca I I Multi plyMatMatDag( Unuumudag, U-nuxpnu, U-muxmmup2nu )
ca I I MultiplyMatMat (U2, U-nuxmmu, U-nuxmmupnu )
call MultiplyMatMatDag(T-xp,UnuUmudag,U2)

call MultiplyMatMat (R-xm,T-xm,U-nuxmnu)
ca ll MultiplylrlatMat ( R-xp, T-xp, U-muxmmu)

dS-gbydU-nux%Cl = dS-gbydU-nux%Cl + bete-21*(R-xp%Cl * R:m%Cl)

I t__l

call
call
call

M ultiplyMatMatDag( UmuUnudag, U-muxPmu 
' 
U-nuxp2mumnu )

¡il u ltipli M ãt M at ( U2 , U-muxmnu , U-muxpmumnu )
MultiplyMatMatDag (T-xp, UmuUnudag, U2 )

ca I I M ultiplyMatMatDag(Trm, UnudagUmudag, UnudagUmu )

call
call

MultiplyMãtMat ( R-xp , T-xp, U-nuxmnu)
Multiplyl\4etMat ( R-xm, T-xm, U-muxmmu)

dS-gbydU-mux%Cl = dS-gbydU-mtlP/oCl I beta-21*(R-xp%Cl + Rrm%Cl)

end
enddo

end do

end do
do

end subroutine GetStaPles

end module GaugeAction

FLICFermions: Implementation of the pseudofermion field component of the

equations of motion, for the FLIC fermion action.

module FLlCFermions

use ChiralFLlCOPerator
use ConjGradSolvers
use GaugeField
üse FatLinks
use GL3Diag
use VectorAlgebra
use MatrìxAlgebra
use TensorAlgebra
implicit none

interface FermionirlatrixM ultiply
module Procedure Dflic

end interface

interface FermionMatrixDagMultiply
module Procedure Dflicdag

end inte¡face

¡nterface SqFerm¡onMatrixMultiply
module procedure SqFLlCOPerate

end interface

type( colour-matrix ) , dimension (: , ,:,:) , allocatabl€ , target :: [Jn-xd

in tegel
real (dp)
real(dp)

: iter-cg
:: tolerance-cg = 1'od-6
:: r-md = 1.0d0, kappa, traj-minev:1.0d0
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contains

subrout¡ne lnit¡al¡seFermionMatrix ( U-xd )

type(colour-matrix), dimension(:,:,:,:,:

integer :: isweeps
real (dp) :: u0, u0fl

UFL-xd : U-xd ( 1: nxs ,1: nys , l: nzs ,1: nts , : )

do isweeps =l,ape-sweeps
Un-xd (: ,: ,: ,: ,: , isweeps ) : UFL-xd
cal I APESmear( UFL-xd, alpha-smear )
if
cal

end do

type
type

isweeps :: ape-sweeps) call FixSU3(UFL-xd)
ShadowGaugeField ( UFL-xd, r)

call lnitialiseFLlCOperator(U-xd,UFL-xd, u0-bar, uOfl-bar, m-f, c-sw, bct)

end subÍout¡ne lnit¡al¡seFermionMatr¡x

subroutine PseudoFermionMetrixOperate ( phi , eta )

( colour-vector), dímension(
( colour-vector), dimension(

nxp nyp nzp ntp ns )
nxp nyp nzp ntp ns )

: phi , eta
: phi-pr

¡nteger : i il.er-cg2
real (dp) :: error , norm
integer :: .ix , iy , iz , ¡t , is

call B¡CGStablnvert(phi, eta, tolerance-cg, iter-cg, Dflicdag)
phi-pr: eta
call B¡CGStablnvert(phi-pr, eta, tolerance-cg, iter-cg2 , Dflic)
iter-cg = ¡ter-cg + itet-cg2

end subrout¡ne PseudoFermionMatr¡xOperate

subrout¡ne GetdS-pfbydU ( dS-pfbydU , U-xd , eta )

nxp,nyp,nzp,ntP,nd) :: dS-PfbYdUty pe
type
type
ty pe

type
ty pe
type

type
ty pe

fdefine
fdefine

fd efi ne
#define

fdefine
#d ef¡ ne

colour-vector)

colour-mâtrix
colour-matrix
colour-vector

colour-vector
colour-matrix
colour-matrix

dimension
d i mensio n
d i men ¡ion
d i men sion

d¡mension
d¡mension
d¡mension

: dmu

t0. tl

:,:,:.:,:) :: u-xd
nxP , nyp , nzp, ntP , ns
nxp , nyp , nzp, ntp , ns

nxs,nys,nzs,nts,ns
nxP,nyp,nzp,ntp,nd
nxs,nys,nzs,nts,nd

tsum, nu, ¡nu

dS-pfbydUfl , Uì-xd

chi-pr

, dimension
. dimension

(n.)
(n.)

:: eta-l
:: eta-r

chi-l
chi-rcolour-vector

integer, dimension(nd)
¡nteger:: ix,iy,iz,it
¡nteger :: jx,jy,jz,jt
integer :: mu, ¡sweeps
real (dp) :: c-l , c-r

dS-pfbydU-mux dS-pfbydU(ix,iy, iz, it,mu)
dS-pfbydUfl -mux dS-pfbydUfl ( ix , iy , iz , it ,mu)

eta-x(is) eta-pr(ix,iY,¡2, it, is)
eta-xpmu(is) eta-pr(jx,jy,jz,jt, is)

chi-x(is) chi-pr(ix,iy,iz,it, is)
chi-xpmu(is) chi-pr(jx,jy,jz,jt, is)

!set
call

chi:Met¿:gamña-sHete
Dflic(eta , chi)

eta-pr
chi-pr

call ShadowFermionField
call ShadowFermionField

= eta
= chi

nxlnylnzlnt
nxlnylnzlnt

eta-pr ,1
chi-pr,1

do mu:l,nd
dmu=0
dmu(mu) : 1

do it=1,nt
jt:mapt(¡t+dmu(4))
do iz=1,n2

jz=mapz(iz+dmu(3))
do iY=1,¡Y

jy:mâpy(iy+dmu(2))
do ix :1, nx

jx: mapx(ix * dmu(l))
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dS-pfbydU-mux%Cl = 0 0d0

dS-pfbydUfl-mux%Cl : 0 0d0

call VecDâg( eta-l , eta-x (: ) )
call VecDag(chi-1, chi-x (:))
call GammaPh¡(chi-r, chi-xpmu (:),mu)
call GammâPh¡(eta-r, eta-xpmu (:),mu)

call AddvectorOuterProduct(dS-pfbydU-mux, eta-l
call SubVectorOuterProduct(d5-pfbydU-mux, chi-l

chi-r
etã-r

chi-r: chi-xpmu(:)
ete-r = eta-xpmu (:)
call AddVectãrOuìórProduct(dS-pfbydUfl-mux , eta-l , chi-r )

""it 
n¿¿v".torOuterProduct(dS-pfbydUfl-mux , chi-l , eta-r )

do
end

enddo
end do

end do

!Clover term detivatíve
do mu:l,nd

nu=mu
do i nu =1,nd-1

nu = modulo ( nu , nd )Ì1
iall dFmunuùydu ( d'5-pfbvdUfl' UFL-xd, eta-pr, chi-pr,mu, nu )

end do
end do

do isweeps:ape-sweePs ,1, -1

Ui-xd = Un-xd (: ,: ,: ,: ,: , isweePs )

call GetSmearedLinks(V-xd, Ui-xd, alpha-smear)

cali dSbydU-nStardSbydV(dS-pfbvdUfl,V-xd)

call ShadowGaugeField (dS-pfbvdUfl,l)
call dSbydvstarJvuyaU 1aS-ptuvdUfl, Ui-xd,V-xd)

end do

¿q ¡¡:1,nd
do it:1, nt ; do iz:l,nz; do ¡y=1,ny; do ix=1,nx

dS-pftydU-mux%Cl = - tã.são/uó-ú"r)*¿S-piOvdU-mux%Cl - (o5do/u0fl-bar)*d5-pfbvdUfl-mux%Cl
end do; end do; end do; end do

end do

end
do

end subrout¡ne GetdS-PfbYdU

subroutine dFmunubydU(dSbydU, U-xd' eta, chi,mu,nu)

ffu
$u

{u
$u
fundef chi-x
fundef chi-xpmu

fdefine U-nux
#define U-nuxpmu
fdefine U-muxPnu

ndef dS-pfbydU-mux
ndef dS-pfbydUfl-mux

ndef eta-x
ndef eta-xpmu

type(colour-mãtrix)
type( colour-vector )
integer :: mu,nu
type( colour-vector )
type( colour-matrix )
type(colour-matr¡x)

dimension
dimension

, dimension(ns) :: eta-1, chi-r, sigma-munuchi
:: dCbydU , V-.upx, UmudagUnudag, UnuUmudag

:: V-mumx, UnudagUmudag, UmudagUnu

nxs, nys, nzst, nts , nd
nxs.nys.nzs,nts,ns

:: dSbydU , U-xd
:: etâ , chi

! !#dofi¡e V-Eudx V-úuPx
! !#defito UrudaguEud¿8 UEudaguludag
! ! #defiÂ€ UEudègunu UDUUúudag

integer , dimension(nd) :: dmu, dnu
¡nteger :: ix, iY , ¡z , it
¡nteger :: jx ,jy ,jz , jt
¡nteger :: kx,kY,kz,kt
integer:: lx,lY,lz,lt
integer :: mx,mY,mz,mt
integef :: ax,ay,az,at
real (dp) :: alPha-sw

gdefine dSbydU-mux dSbydU(ix , ¡y , iz , it ,mu)

ix,iy,iz,it,nu
jx,jy,jz,jt,nu
kx,ky,kz,kt,mu

U-xd
U-xd
U-xd
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fdefine U-nuxmnu
#def¡ne U-muxmnu
fdefine U-nuxpmumnu

U-xd
U-xd
U-xd

lx ly lz lt nu
lx ly lz lt mu
mx my mz mt nu

rz it is)
jy Jz jt, s

ky kz kt, s

ly lz lt, s

#d
#d
#d
#d
#d
#d

efine eta-x( is
ef¡ne eta-xpmu
ef¡ne eta-xpnu
ef¡ ne eta-xmnu
efine eta-xpmumnu
efi ne eta-xpmupnu

mx,my,mz,mt, is
ax,ay,az,at,is

mx, my, mz, mt , i s
ax,ay,az,at,is

a dmu(4) )
+ dmu(4))

+ dmu (3) )
+ dmu(3))

)
s

s

5

1 dmu(2))
+ dmu(2) )

et ¡z it is
jv iz it
ky kz kt
ly lz lt

( rx , iy ,

eta (JX ,

eta(kx,
eta(lx,
s) eta(
s) eta(

ts
t5
ts

fdefine chi-x(is
fdefine chi-xpmu
fdefine chi-xpnu

i ( ix
chi
chi
chì

iy
jx
kx
lx
hi
hi

#d
#d efine chi-xpmumnu
#def¡ne ch¡-xpmupnu

dmu:0
dnu : 0

dmu(mu) = 1

dnu(nu) = 1

alpha-sw = 0 L25dO/(u0fl-bar*x3)

do ¡t=1,nt
jt = mapt
kt = mãpt
It = mapt
mt = mept
at = mapt

it +
it +
¡t -¡t -¡t +

(4)
(4)
(4)
(4)
(4)

dmu
dnu
dnu
dnu
dnu

do iz=1,n2
jz : mapz(iz
kz : mapz( iz
lz: mapz(iz
mz : mapz( iz
az = mapz(iz

dmu
dnu
dnu
dnu
dnu

+

l
+

(3)
(3)
(3)
(3)
(3)

do iy:1,¡y
.¡y : mapy( iy + dmu(2) )
ky=mapy(iy+dnu(2))
ly=mapy(iy-dnu(2))
mY=maPY(iY-dnu(2)
ay=mapv(iY+dnu(2)
do ¡x=1,nx

jx : mapx( i

kx : mepx( ¡

l¡ = mapx( i

6¡ = mapx( i

ax = mapx( i

x*
x+
x-
x-
x*

dmu (
dnu (
dnu (
dnu (
dnu (

+ dmu(1) )
+ dmu(1) )

dCbydu%Cl : 0 0d0

! Posit¡ve terms
call MultìplyMatDagMatDag(UmudagUnudag, U-muxpnu, U-nux)
ca I I M ultiplyMatM atDag( Unuumudag, U-nuxpmu, U-muxpnu)
call MultiplyMatMãtDag(V-mupx,UnuUmudag, U-nux)

! Clfru+n u
call ta-x (:) )
call -munuchi , chi-x (:) ,mu,nu)
call (chi-r,V-mupx,sigma-munuchi)
call Product(dCbYdU, eta-l , chi-r)

Gall -t(,))
call unuchi , ete-x (;) ,mu,nu)
call hi-r,V-muPx,sigma-munuchi)
côll oduct(dCbYdU, eta-l ' chi-r)

! C+nu-mu
call MultiplyVecDagMat(eta-l,eta-xPmu
call SigmaPhi(chi-r,chi-xpmu(:),mu,nu
call AddVectorOuterProduct (dCbydU, et

) , V-mupx )

a-l , chi-r)

call MultiplyvecDagMat(eta-l, chi-xpmu (:),V-mupx)
call SigmaPhi(chi-r,eta-xpmu (:),mu,nu)
call AddVectorOuterProduct (dCbydU, etã-l , chi-r)

!C-m
.ãtt (etâ-l,eta-xpmupnu(:) 'UmudagUnudag)call nuchi ,chi-xPmuPnu (:) ,mu,nu)
call i-r ,U-nuxPmu,sigma-munuchi)
call duct (dCbYdU,eta-l,chi-r)

M (eta-l ,chi-xpmupnu (:),UmudagUnudag)
5i ;uchi , eta-xPmuPnu (: ) ,mu, nu )
M ¡-r , U-nuxPmu , sigma-munuchi )
A duct (dCbYdU ' etã-l , ch¡-r)

call
call
call
call
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! C-nu
call ag(eta-l ,eta-xPnu (:) ,U-nux)
call uchi,chi-xPnu (:),mu,nu)
call -r ' 

UnuUmudag, sigma-munuchi )

call uct (dCbYdU, eta-l , chi-r)

call M ag(eta-l,chi-xPnu(:),U-nux)
call 5i uch¡,etâ-xPnu(:),mu'nu)
call M -r,UnuUmudag,sigma-munuchi)
call A uct (dCbYdU, eta-l , chi-r)

! Negatíve Terms
cali MultiplyMatDagMat(UmudagUnu, U-muxmnu, U-nuxmnu)
call MultiplyMatDag¡/atDag (UnudagUmudag, U-nuxpmumnu, U-muxmnu)

call MultiplyMatMJt (V-mumx, UnudagUmudag, U-nuxmnu)

!C1f,i
call t(eta-l ,eta-xmnu (:) ,U-nuxmnu)
call unuchi,chi-xmnu(:),mu,nu)
call hi-r , UnudagUmudag, sigma-munuchi)
call oduct (dCbYdU,eta-l,chi-r)

call MultiplyVecDagMet(eta-l,chi-xmnu(:),U-nuxmnu)
call SigmaPhi(sigma-munuchi,eta-xmnu (:),mu,nu)
ca I I V ult¡ plytri atVec ( ch i -r, UnudagUmudag, sigma-munuchi )
call SubVectorOuterProduct (dCbydU, eta-l , chi-r)

!C+nuau^ dag
call MultipltvecDagMat ( eta-l,eta-xpmumnu (:),UmudagUnu)
call SigmaPhi(sigma-munuchi,chi-xpmumnu (:),mu,nu)
catt MultiptyMatDagVec (chi-r,U-nuxpmumnu,sigma-munuchi)
call SubVectorOuterProduct (dCbydU, eta-1, chi-r)

call
call
call
call

M ult¡plyvecDag¡/at ( etâ -1, chi-xpmumnu ( : ), UmudagUnu )
SigmaPhi(sigma-munuchi,eta-xpmumnu(:)'mu,nu)
VuttlplyM"tO"gVec ( chi-r, U-nuxpmumnu, sigma-munuchi )
5ubVectorOuterProduct (dCbydU, eta-l' eh¡-.)

! C+mrnu^ dag
call VecDag(eta-l , eta-x (:) )
call SigmaPhi(sigma-munuchi, chi-x (:),mu,nu)
call M;ltiplyMatVec ( chi-r,V-mumx, sigma-munuchi )
call SubVectorOuterProduct(dCbydu, etâ-1, chi-r)

call VecDag(eta-l , chi-x (:) )
call SigmaPhi(sigma-munuchi , eta-x (:) ,mu,nu)
call M;lt¡plyMatVec ( chi-r,V-mumx, sigma-munuchi )
call SubVectorOuterProduct(dCbydU, eta-1, chi-r)

! C-mrnu ^ dag
call Mult¡pltvecDagMat(eta-l,ete-xpmu (:)'V-mumx)
call SigmaPhi(chi-r ,chi-xpmu (:) ,mu,nu)
call SubVectorOuterProduct (dCbydU ' eta-l , chi-r )

call MultiplyVecDagMat ( eta-l , chi-xpmu
call SigmaPhi(ch¡-r,eta-xpmu (:),mu,nu
call SubVectorOuterProduct (dCbydU ' et

dSbyd U-mut'/oC I : dSbyd U-mu>P/oC I * a I p h a -s w *d CbvdU%Cl

end do
do

) , V-mumx)

| , chi-r)

end
etrddo

end do

fundef dSbydU-nux

fundef
fundef
ffundef
Sundef
fundef
$undef

ndef eta-x
ndef ete-xpmu

#undef eta-xpnu
#undef eta-xpmumnu

ndef eta-xmnu
ndef eta-xpmupnu

U-nux
U-nuxpm u

U-muxpn u
U-nuxpmumnu
U-muxmnu
[-J-nuxmnu

chi-x
chi-xpmu
chi-xpnu
chi-xpmumnu
ch i-xmn u

{u
ffu

#t
#u

#undef
fundef
fundef
fundef
fundef
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fu
ffu
ffu

fundef chi-xpmupnu

ndef V-mumx
ndef UnudagUmudag
ndef UmudagUnu

end subrout¡ne dFmunubydU

subrout¡ne dSbydU-nStardSbydV (dSbydU , V-xd )

!Accepts dSbydU-n and applies multiple chain rules to return
!dSbydV reus¡ng the same array

t yPe
type

colour-matrix
colour-matr¡x

) , dimension ( nxs , nys , nzs , nts , nd )
) , dimens¡on ( nxp , nyp r nzp , ntp , nd )

dSbydU
: : V-xd

type(colour-matr¡x) :: W:d, H-xd, G-xd
complex(dc) :: alpha
complex(dc) :: detw, ddetw
type( colour-matríx ) :: ddetwbydw
type( colour-matrix ) :: L-xd , R-xd

(dp
(dp

8¿

&
(dp

8¿

fe

¡nteger , parameter ::
type( real-vector ) ::
type( colour-metrix ) |

! Zolota

npole = I
lambda-xd , kappa-xd (0: npole ) , tãu-xd
: A-xd , B-xd , M-xd (0: npole )

¡y , ¡z , ¡t ,mu
iy , iz , it ,mu
¡y , iz , it ,mu

real
real

8¿ 4 62229337 4625976d -O7, 2 534100646491083d+00 /)
¡nteger :: ix , iy , iz , it ,mu, ipole

rev to 1/ sqrt (x)
) , -2n = 11.00084578330601d0, d-n = 0.1893126990716808d0

t, e), parameter :: b-l = (/ 5'324499945347391d-03,7.142501319184830d-03. &
i.r d-02, t.g7ot6772oL2Lg44d-o2, 3.s4r889548s129s8d-02, 6.752794377679540d-02,8¿
r.527 67 097 7 603933 d - 01, 7. 007080332485007 d -01 /)
), dimension(npole), paramerer :: c-l : (/ 7.L84251271695007d-05, 8 020314400574700d-04, &
i.s¿ozss+gsr6ssse¿-os,1.151o52sgo4g2129d-02,3.28204539s218336d-02,1.259583793469389d-01,&

fdefine dSbydU-mux
fdefine dSbydW-mux
fdefine dSbydV-mux

dSbyd U

dSbyd U

dSbyd U

do mu:1,nd
do ¡t=1,nt; do iz:1,n2; do iy:l,ny; do ix=1,nx

call MultiplyMatDagMat(H-xd,V-xd(ix, iy, i

call DiagonaliseMat(H-xd , lambda-xd , G-xd)
traj-minev = min(traj-minev, minval(sqrt(

tau-xd%Cl = 1.0d0/sqrt(lambda-xd%Cl)

z , it ,mu) ,V-xd(ix , iy , iz , it ,mu))

lambda-xd%Cl)))

! lJndiagonalíse H-xd b¿ck to the V-xd basis
call Mult¡plyMatRealDiagMat (W-xd, G-xd , tau-xd )
call MultiplyMãtMatdag (H-xd,W-xd, G-xd)

lSet W-xd: U H\¡n U(3)
call Mult¡plyMatMat(Wrd,V-xd(ix,iy,¡2, it,mu),H-xd)

! lJ-n: detw^(-1/3)*W
! First Chain rule: dS/dt!: dS/dU-n * dIJ-n/dû/ * dS/du-n'dag + dU-n^dag/dt\/
! IJ-n"dag : conjg(detw)*Wdag :s dU-n^dag/dfil : 0

! Note ddetwbydwti, ¡ I : (d detw) /(d wti, i l)

ddetWbydWoCl(1,1) : W;d/oCl(2,2)+W-xd%Cl(3'3) - W:d7oCl(2 3)xw:d/ocl(3'2)
ddetwbidwoclil,zi : w:d/ocl(r,s)*w-xd%cl(3 '2) - w-xdTocl(1,2)*w;d7ocl(3 '3)
ddetwbidwoclil,3l =W:d/ocl(r,z)*w-xf/oCI(2'3)-w:d%Cl(1,3)*W:d%Cl(2'2)

ddetWbydWoCl (2,1) : W:d%Cl(2,3)*W-xd%Cl(3'1) - W¡d7oCl(2'1)*W:d7oCl(3'3)
ddetwbidw"cl ir,zi = w¡d%cl(r,r)*w-xd%cl(3,3) - wrdTocl(1,3)*wrqz9ç!(9'1)
ddetwbidwoc I Ì 2, a ¡ = w-aøc t ( 1, 3 ) *w-xd%c I ( 2, 1 ) - w:d/oc I ( 1, 1 ) *w:d%cl ( 2' 3 )

ddetWbydWoCl(3,1) = w¡d/oCl(2,1)*W-xd%Cl(3'2) - W:d7"Cl(2,2)*wrqz9ç!(1'1)
ddetwbidwocl i 3,2i : w rd%ct ( r, z ) *W-xd%c I ( 3, I ) - wrdToC I ( 1, 1 ) *W:d%cl ( 3, 2 )
ddetwbidwocl (e,ei : W:d%Cl ( r, r ) *W-xd%cl (2'2) - W:d%Cl ( 1, 2) *w:d%cl (2' 1 )

detW=W:d%Cl(1,1)+ddetWbydwocl(1,1)*W;d%CI(1,2)*ddetWbvdwocl(2,1)+W¡d%Cl(1'3)*ddetWbvdwo
cr (3 ,1)

!Get detw^(-1/3)
detw = 1.odo/(detw*+(1 0d0/3 0d0) )

! Get - ( 1 /3)* detw ^ ( - 4/3)
ddetw : -(r.0d0/3.0d0)*detw**4

L-xd%Cl : detW*dSbydU-mux%Cl

cal I Starl nnerProduct( alpha, dSbydU-mux' W:d)

R-xd%Cl : (ddetW*al pha )*ddetWbydWoCl
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dSbydW-muf/oCl = L-xd%Cl f R-xd%Cl

! W: V H, Wdas : H V"das, H: h^(-1/2) , h : [v^das v]
! Second Ch"¡n -rut.: dS/dV : ds/dt\r + dtit//dv + dî/dlt/^dag * ù1/^dag/dV
r - 

- 
-ds/dt^/* ( t'xH+VdH/dv) +ds/dvv^dzs + ( dH/dvv^das )

! lntermed¡ate Chain rule: dH/dV = dH/dh + dh/dV

call MultiplyMatMat (L-xd, H-xd,dSbvdW-mux)

Mu¡t¡plyMatMat (A-xd,dSbydW-mux,V-xd(ix , iy , iz ' it ,mu))
MatDag ( B-xd , A-xd )

!Set W-xd: dS/dH
W-xd%Cl = A-xd%Cl * B-xd%Cl

kappa-xd (0)%Cl = d-n*(lambda-xdo/oCl + c-2n)
do ipole=1,npole

kappa-xd(ipole)%Cl = 1 0d0/(lambda-xd%Cl * c-l(ipole))
end do

!lJndíagonalise H-xd back to the V-xd bas¡s
do ipole=0,npole

call MultiplyMatRealDiagMat (A-xd, G-xd, kappa-xd ( i pole ) )
call MultiplyMatMetdag (M-xd( ipole ) ,A-xd ' G-xd)

end do

B-xd%Cl:0.0d0
do ipole:1,npole

B-xd%Cl = B-xd%Cl * b-l(¡pole)+M-xd(ipole)%Cl
end do

A-xd%Cl = 0 0d0

A-xd%Cl
A-xd%Cl
A -xdo/oCl

Sundef dSbydU-mux
fundef dSbydV-mux
Sundef dSbydW-mux

1) = d-n
2) = d-n
3) = d-n

! f+(LxR):RTL
! StarOuterProduct(R-xd ,W:d, A-xd , B-xd)
call MultiplyMatMat (G-xd, B-xd,Wrd)
call Mult¡plyMatMat (R-xd, G-xd,A-xd)

cal I lVlultiplyMatMat (A-xd,W:d, M:d (0) )
do ipole:1,npole

!T*(LxR):RTL
! StetO'utetPioduct(B-xd , A-xd, M-xd( ípole ) ,M-xd( ipole ) )
call MultiplyMatMat (G-xd,M-xd(ipole),A-xd)
call MultiplyMatMat (B-xd,G-xd,M-xd(ipole))

R-xd%Cl = R-xd%Cl - b-l ( ipole)*B-xd%Cl
end do

call MultiplyMatMatDag(dSbvdV-mux' R-xd,V-xd(ix, iv, iz, it,mu))

dSbydV-mux%Cl = L-xd%Cl * dSbvdV-mux%Cl

end doi end do; end do; end do
end do

end subrout¡ne dSbydU-nStardSbydV

subrout¡ne dSbydVstardVbydU (dsbydu , U-xd , V-xd )

!Accepts dSbydV and appties d5/dt)[mu,x]: ds/duInu,v] * dVInu,-v]/dU[.\!.,.'] +
r dí/dv^das[nu,v] * dV^das[nu,v]/dU[nu'x] '
!returns the tesult ìn dSbydU, and reuses the storage in V'xd'

type( colour-matrix), dimensíon(nxs' nys, nzs, nts,nd) : : dSbydU, U-xd

típe(colour-m"tr¡x), d¡mension(nxp,nyp,nzp,ntP,nd) :: V-xd

type ( co lou r-m at rix
¡nteger :: mu, nu ,

V-x, W:pmu, T-x

:: dmu, dnu
zL

J

k

integer
¡nteger
¡ntegel
¡nteger
integer
¡nteger

fdefi ne U-nux
#def¡ne U-nuxpmu
#define U-muxpnu

dimensíon (nd)
ix iy
jx jv
kx ky
lx ly
mx my

t
lz,lt
mz, mt

U-xd
U-xd
U-xd

( ix , iy , iz , it , nu)
( jx , jy , jz , jt , nu )
(kx,ky,kz,kt,mu)

ztl



#d
#d
#d

#d
#d
#d
#d
#d
#d
#d
#d
#d

fine U-nuxmnu
fine U-muxmnu
fine U-nuxpmumnu

.lz , lt , nu
,lz .lt .mu
, mz, mt. nu

U-xd
U-xd
U-xd

( lx ly
( lx ly
(mx my

efine
efine
efine
efine
efine
efine
efine
efine
ef¡ne

dSbyd U

dSbydU
dSbydU
dSbyd U
dSbydU
dSbydU
dSbyd U

dSbydU-m ux
dSbydV-mux
d SbydV- n ux
dSbydV- nuxpm u
dSbydV- m uxpn u

d SbydV- n uxpn u
dSbydV-muxmnu
dSbydV-nuxmnu
dSbydV-nuxpm umn u

dmu(mu) : t
dnu(nu) : t

do it:1,nt
jt: mapt(
kt = mapt(
It = mapt(
mt = mapt(
do iz:1,n2

zt
yz

xyz
it mu
it nu
jt nu
kt mu
kt nu

Jx,Jy 'Jzkx,ky,kz
kx,ky,kz,
lx ,ly , lz ,

lx ,ly , lz ,

mx, my, mz.

It,mu
It , nu
mt, nu

do mu:1,nd
do it=l,nt; do iz=1,nzi do iy=1,ny; do

dSbydU-mu>P/oCl = 0.0d0
end do; end do; end do; end do

end do

do mu:1,nd
nu=mu
do inu:1,nd-1

nu = modulo(nu, nd)+1
dmu:0
dnu : 0

ix:1,nx

it + dmu
it + dnu
it - dnu
it - dnu

jz=mapz(¡z+dmu(3))
kz = mepz( iz + dnu(3))
lz = mapz( iz - dnu(3))
mz = mapz(iz - dnu(3) + dmu(3))
do iy =1, ny

jy:mapy(iy+dmu(2))
ky: mapy(iy + dnu(2))
ly: mapy(iy - dnu(2))
my : mapy(iY - dnu(2) + dmu(2))
do ix

Jx
kx
lx
MX + dmu(1) )

V-x = U-nuxmnu
call MatDag(W:pmu, U-nuxpmumnu )

= mepx(ix * dmu(1))
= mapx( ix + dnu ( 1) )
= mapx( ix - dnu ( 1) )
= mapx( ix - dnu(1)

4
4

4

4 ] dmu(a))

=1 nx

!T*
call
call

(LxR):P7¡
M ult¡plyMâtMat (T-x , W:pmu, dSbydV-muxmnu )
MatPlusMãtT¡mesMat( dSbydU-mux, T-x, V-x )

call Matdag(V-x, U-nux)
W;pmu = U-nuxpmu

!T*(LxR):RTL
cal I MultiplyMatMat (T-x,W:pmu, dSbydV-muxpnu )
call MatPlusMatTimeslilat(dSbydU-mux,T-x,V-x)

c a I I MultiplyMetMatdeg (W:pmu, U-nuxpmu, U-muxpnu )

! T * (l x R) = R A
call NìatPlusMatT¡mesMat(dSbydU-mux'W:pmu, dSbydV-nux)

ca I I Multi plyMatda gMat ( V-x, U-muxmnu, U-nuxmnu)

! T + (L x t) : T L
call ÀiatPlusMatTimesMat(dSbydU-mux, dSbydV-nuxpmumnu, V-x)

! Vdag

ca I I M ultiplyMetdagMatdag (W:pmu' U-nuxpmumnu, U-muxmnu )

! T * (l x R) : R T
call ÀiatPlusMatTimesMatDeg (dSbydU-mux,W:pmu, dSbydV-nuxmnu )

call MultiplyMãtdagMatdag (V-x,U-muxpnu, U-nux)

! T * (L x l) : T L
call MatPlusMatDagTimesMet (dSbydU-mux,dSbydV-nuxpmu, V-x)

end do
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end do
end do

end do
enddo

end do

¿e ¡s:l,nd
do it=1,nt; do iz=l,nz; do iy:1,ny do ix=1,nx-- 

åö¡vjv-Á"ry"Cr = ir.d¿õ - itpta-s."ar¡+dSbydV-mux%Cl * (alpha-smear/6.0d0)*dSbvdU-mux/oCl
end do; end do; end do; end do

end do

$undef dSbydU-mux

fundef
Sundef
fundef
fundef
fundef
#undef

U-nux
U-n uxpmu
U -m uxpn u
U-nuxpmumnu
U-muxmnu
[J-nuxmnu

end subroutine dSbydVstardVbYdU

end module FLlCFermions

HybridMonteCarlo: Implementation of the multiple time step HMC algo-

rithm.
module HybridMonteCarlo

use GaugeAction
use GL3Diag
use FetL¡nks
use CloverFmunu
u¡e FtleFermions
impllclt none

integer , pa¡ametel ::
log¡cal :: quenched =

n-a = 8 !number of generators of SU(j)
false

real(dp) :: dt = o.02do, dt2 = 0 01d0 !use muttìple t¡me steps, (shorter for the gauge action)

¡nteger :: n-hmc = 10, n-md = 5O, n-md2 :2

real (dp) :: beta-md !The beta value to use in updating the confîgutatíon '

!Some global veriables
¡nteger , parameter ::
¡ntegef :: ntrãj :0,

colour-matr¡x
colour-matrix
colour-matrix
colour-matrix
colour-vector

ty pe
ty pe
type
ty p€
ty pe

, d¡mens¡on
, dimension
, dimension
, dimension
, dimension

topQ, u0fl

nxs,nys,nzs,nts,nd) ::
nxp,nyp,nzp,ntp,nd) ::
nxss, nyss, nzss, ntss,nd
nxp , nyp , nzp, ntp , nd
nxP , nyp r nzp, ntp , ns

U-xd !gauge fíeld
P-xd ! coniugate momenta
:: Upr-xd !updated gauge field ' U

Ppr-xd !updated momenta, P'
phi, eta, eta-pr

to track quantities along the Hlvlc treiectoty
nupdãte-max : 1000, ntraj-max = 1500
nupdates = O, ntherm-hmc, nfixuzero ' ngen-hmc

real
real

(dp), dimension(nupdate-max) :: plequette
(dp), dimension(ntraj-max) :: dH

logical :: thermalis¡ng = . false

contains

subrout¡ne HMCTrajectorY(U-xd)

real (DP)
integer

delte-H , delta-g
ic. iterat¡ons ,

real (DP) :: tau-int , KEbar, S-gbar , S-pfb.r , expjHbar
.eat(Oe.) :: S-gU, S-gUpr, S-pf, 5-pfpr , KE-P, KE-Ppr'
character(len=6) :: Yesno

! Perform a sîngle fllvlC traiectory , that is
!perform n-hmc (accepted) lfu\C updates of the gauge fìeld
!'such that the f¡nal gauge field ¡s uncortelated w¡th the

dt2 = dÌ/^-md2
betâ-md = bete

iterations = 0
updates = 0

ca ll GetUZero ( U-xd , uzero)

mpiprint *, uzero , dt, dt2 , n-md, n-md2, trâj-minev

accePt, accePt-Prob
i-md, ì-md2, updates

, delta-KE, delta-pf
cgiter(n-md+1), is

dHbar, p-acc, tau-intQ
H, Hpr, delteu0, Q
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phi: zero-vector

Upr-xd(1:nxs,l:nys,1:nzs,1:nts,:) : U-xd
call ShadowGaugeField (Upr-xd,2)

mp¡print'(246,3410,3412,3410)',"#f ¡ei", "ffacc", " uzero" ''' uobar"," uofl-bar", &
& "deita KE', "delta 5-g", "delta s-pf", "delta H", "O", "accept?"

do
lGet the gauge act¡on ¡f start¡ng HlvlC or if thermal¡s¡ng (as u0-bar is updated)
if ( ( ¡terations == 0) or. thermal¡s¡ng ) then

S-gU = S-gauge(Upr-xd , beta )
end ¡f

!Refresh the momenta, for ergodicity
call GL3GaussìanField ( P-xd)
Ppr-xd = P-xd

!Perform n-md Molecular Dynamìcs updates of the coord¡nates and coniugate momenta

!To ensure reversibility, we use a leapfrog algorithm, whìch requites
!that we perform an inítial and final half-step on the momenta

if (.not quenched ) then
call UpdatePseudofermionField ( Upr-xd
call UpdateFermionicMomenta( Upr-xd,
cgiter(1) = iter-cg

end if
eta = eta-pr

, ph¡)
Ppr-xd, phi, eta-pr , dr/2 odo)

do i-md =2, n-md
call UpdateGaugeMomente ( Upr-xd , Ppr-xd , dt2 l2.odo)
do i-md2:2,n-md2

call UpdateGaugeField (Upr-xd , Ppr-xd , dt2)
call UpdateGaugeMomentã (Upr-xd , Ppr-xd , dt2)

end do
'call UpdateGaugeField(Upr-xd, Ppr-xd, dt2)
call UpdatecaugeMomente(Upr-xd, Ppr-xd, dt2/2 OdO\

if ( . not quenched ) call UpdateFermion¡cMomenta(Upr-xd

cgiter(i-md) = ¡ter-cg
end do

call UpdateGaugeMomenta (Upr-xd , Ppr-xd , dt2/2 0d0)
do i-md2 =2, n-md2

call UpdateGaugeField (Upr-xd , Ppr-xd , dt2)
call UpdateGaugeMomente(Upr-xd, PPr-xd, dt2)

P p r-xd phi eta-pr, dt)

end do
call UpdateGaugeField (U
call UpdateGaugeMomenta

r-xd, Ppr-xd, dt2)
Upr-xd, Ppr-xd , dt2l2.OdO)

p
(

if ( .not quenched ) call UpdateFêrmionicMomenta(Upr-xd, Ppr-xd, Phi, eta-pr, dt/2 0d0)
cgiter(n-md*1) = iter-cg

!At the end of each traiectory, enforce the un¡tet¡ty of U-xd
call FixSU3 ( Upr-xd )
call ShadowGaugeField (Upr-xd,1)
call ShadowGaugeField (Upr-xd,2)

KE-P = GetKE(P-xd)
KE-Ppr = GetKE(Ppr-xd)
!Average the kínetíc energy over the mamenta matrices
KEbar : KE-Ppt / ( n I atti ce *nd)
delta-KE=KE-Ppr-KE-P

S-gUpr = S-gauge ( Upr-xd , beta )
!iverage thè eition over the 3 unique plaguettes assocíated with each link mat¡ix.
S-gbar = S-gUpr/( nlattice*nd*(nd-1))
delta-g:S-gUpr-S-gU

5-pf : real-inner-product(phi,eta)
5-pfpr = real-inner-product(Phi,eta-pr)
!A'verage the pseudo fe¡míoníc actíon over each pseudoferñ¡on¡c vector'
S-pfbar = S-plpr /( nlatt¡ce )
delta-pf = S-pfpr - S-Pf

Hpr : KE-Ppr * S-gUPr * S-PfPr
H: KE.P 1 S-gU * S-Pf
delta-H=Hpr-H

if ( i-am-root ) call random-number(accept)

call BroadcastReal(accept, mpi-root-rank)

if ( delta-H <=0) then
accept-prob = 1.0d0

2t4



u0-bar : uzero
u0fl-be r = uzerofl

else ¡f ( nupdates := nf¡xuzero ) then
u0-bai = ium( plaquette ( nupdates -9:nuPdates ) **0 25d0) /10 0 d0

u0f l-ba r = sum ( u0f I ( nupdates -9:nupdetes ) ) /10.0d0
end if

end if

else
Upr-xd(1:nxs,1:nys,1:nzs,1:nts':) = U-xd
call ShadowGaugeField ( I'Jpr-xd ,2)

yesno = " reject"
end if

¡terãtions = ¡teret¡ons + I
ntraj = ntrej +1

'(215 ,3F10 7 ,gFl2 4,2Fro.5,48,314,F10 7) ') iterations , updates, uzero, uo-bar 
'

, delta-pf , delta-H , Q, yesno, &
maxval ( cgiter ), sum( cgite r ) /(n-md+1), traj -minev

traj-minev : f 0d0

if ( updates >: n-hmc) exit
if ( ¡terations >:3*n-hmc ) exit

end do

lastPlaq : m-f
plaqbarAvg : u0fl-bar
uzero = u0-bãr

!Output some ¡nfo about the Hlv'lc ttaiectory

p-acc = real ( nuPdâtes )/ ntraj

dHbar : sum(dH(1+nfixuzero : ntraj ))/( ntraj.- nfixuzero)

""pïnu", = imie*p(-dH(1+nfixuzeio : Àtraj)))/( ntraj - nfixuzero)
tau-int = lntei.aiedArìoCorrelation (n,pdatét . plaquette (1: nuPdåtes ))
tau-intQ = lntègratedAutoCorrelation(nupdates,topQ(1: nupdates))
ã"ii""o-= ."turì1"bt1uo-bar - plaqueite(1; nupdates)**0 25d0))

mpipr¡nt'(246,7410)',"trej","acc","p-acc""'<dl+>',"(e^-dl-Þ""'tau-¡nt^P",''tåu-¡nt^Q""'u0-bar"
delta u0"

rp¡print;lito,sfro 5,2FLo7) ', ntraj, nupdates, p-acc, dHbar' expdHbar' teu-¡nt' tau-¡ntQ' uo-bar'
delteu0

end subrout¡ne HMCTrajectorY

function lntegratedAutoCorrelation (t-mc , curlyO) result ( tau-int )

else
eccept-prob = exp(-delta-H )

end if

!Calculate the (gauge) topologícal charge
call GetUZero(Upr-xd , uzero)
call APESmearLinks(Upr-xd, UFL-xd, alpha-smear
call GetUZero(UFL-xd, uzerofl )

call CalculateFmunuClover(F-munu, UFL-xd)
Q : GetTopQ(F-munu) /( uzerofl **4)

if ( accept < eccePt-Prob ) then

U-xd = Upr-xd(1:nxs,1:nys,1:nzs,1:nts,:)
S-gU = S-gUPt
yesno : " accept"

updates : uPdates + 1

nupdates = nuPdates + 1

plaquette(nuPdates) = uzero+*4
topQ(nuPdates) : Q
u0fl(nupdates) = uzerofl

thermalising ) then
f ( nupdates == nfixuzero f3
f ( nupdates ( nfixuzero )

ape-sweeps )

) alpha-smear:07d0
then

¡f

dH(ntraj) = delta-H

if ( i-am-root) wr¡te (*
u0fl-bar,&
& delta-KE , delta-g
& minval( cgiter ) ,

¡nteger :

real (dp) ,

real(dp)

it-mc
d¡mens¡on(t-mc) :i curlYO

:: tãu-int

:: C-t, C-0real (dp)
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¡nteger :: t

C-0 = AutoCorreletion(t-mc, curlyO,0)
tau-¡nt :0.5d0
do t:1,t-mc-1

C-t : AutoCorrelat¡on(t-mc, curlyO, t)
tau-ínt = tau-int + C-t/C-O

end do

end functlon lntegratedAutoCorrelat¡on

funct¡on AutoCorrelation (t-mc, curlyO , t) result ( C-t)

inleger :: t-mc
real (dp), dimension(t-mc)
¡nteg€r :: t
real (dp) :: C-t

curlyO

real (dp) ;: Osq-av , Oav-sq

Osq-av : sum ( cu rlyO ( 1 : t-mc-t ) xcu rl yO ( t+1: t-mc ) ) /( t-mc-t )
Oav-sq : (sum ( cu rlyO ( 1 : t-mc-t ) ) *sum ( cu rl yO ( t+1: t-mc ) ) ) /(t-mc-t ) **2

C-t: Osq-av - Oav-sq

end function AutoCorrelation

subroutine UpdateGaugeField(U-xd, P-xd, dt)

type
type
real

colour-mat¡ix
colour-matrix
DP), intent(i

nxss , nyss , nzss , ntss , nd )
nxp,nyp,nzp,ntp,nd) ::

dimension
dimension
: : dt

:: U-xd
P-xd

:: U-xd
P-xd

d S-gbyd U

tyP
typ
tvp

colour-matrix ) :: V-xd , W:d, X-xd , l-xd
real-vector ) :: lambda-xd
colour-vector) :: theta-xd

integer :: ix , iy , ¡z , it ,mu
real (dp) :: nonU

!P-xd ìs a Hetmitian fíeld thet is the sum of SU(3) generetor matrices'
!To update U-xd, we must mult¡ply by an SU(3) matrîx to stay wìthin 5U(3)
!We exponentiate t+dt*P-xd/2 by díagonalising , exponentíat¡ng ¡ts e¡genvalues,
I lambda , and then undìagonalising the diagonal matr¡x DIlanbda ].
!Th¡s exponentíal is then an SU(3) matrix

do mu:1. nd
do it=1,ntì do iz=l,nz; do iy=1,ny; do ix=1,nx

call Diagonaliselt/at(P-xd(ix, iy, iz, it,mu) , lambda-xd , V-xd)

theta-xd%Cl : exp (( I *dt)*lambda-xd%Cl )

!lJndìagonalise back to P-xd basis, by setting W-xd: V-xd*DItheta-xd]*V-xd^dag
!where V-xd ¡s the ñett¡x of eigenvectors

!Note: [lrhD] -ii : M-íi*theta-i
câll MultiplyMatDiagMat(W-xd, V-xd , theta-xd )

call MultiplyMâtMatDag(X-xd, W-xd, V-xd )

V-xd = U-xd( ix , ¡y , ìz , it ,mu)
call MultiplyMatMat (U-xd(ix , iy , ¡z , it ,mu) ,X-xd ,V-xd)

end do; end do; end do; end do
end do

call ShadowGaugeField (U-xd,1)
call ShadowGaugeField (U-xd,z)

end subroutine UpdateGaugeField

subrout¡ne UpdatecaugeMomenta (U-xd , P-xd ' dt)

type(colour-matrix), dimension(nxss, nyss' nzss r ntss
tipe( colour-matrix ), dimension ( nxp, nyp, nzp, ntp, nd )
real(DP), ¡ntent(¡n) :: dt

type(colour-matrix), dimension(nxp,nyp,nzp,ntP,nd)

type(colour-matrix) :: V-xd,Pdot-xd

¡nteger :: ix , iY , iz , it ,mu
¡nteger :: ic, jc

real(dp) :: TrPdot

¡nteger :: t0 , tl
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call Getds-gbydU (dS-gbydU 
' 
U-xd, beta-md)

do mu=1,nd
do it=1,nt; do iz=1,n2; do ìy=1,ny; do ix=1,nx

do jc:1,nc; do ic=1,nc-- 
þ¿oi-r¿*cl(ic,jcj = l*( V-xd%cl(ic,jc) - conjg(v-xd%cl(jc'ic)) )

end do; end do

TrPdot : real-trace (Pdot-xd)

Pdot-xd%Cl(1,1) = Pdot-xd%Cl(1,1) - TrPdot/3 0d0

Pdot-xd%Cl(2,2) = Pdot-xd%Cl(2,2\ - TrPdot/3 0d0

Pdot-xd%Cl (s,¡) = Pdot-xd%Cl (3,3) - TrPdot /3 0d0

P-xd ( ix, ¡y, ¡2, ¡t,mu)%Cl : P-xd( ix, ìv, iz, it,mu)%Cl * dt*Pdot-xd%Cl

end do; end do; end do; end do
end do

end subroul¡ne UpdateGaugeMomenta

subrout¡ne UpdateFermionicMomenta(U-xd ,P-xd,phi,eta,dt)

nyss , nzss , ntss , nd)
Pxd
ph

U-xd

eta

!P-xd is a Hermitian fíetd thet is the sum of SU(3) genetator matt¡ces (¡ e

!To uDdate P-xd, we must add en He¡mitian, treceless matt¡x ' Pdot'xd'
1S"t Þiot-r¿ : ì * IJ * (dSbydlJ - IJ^dag + dSbvdu^das U^dag)
t : ( i x lJ * dSbydU * h c' )

call MultiPlyMatMat(V-xd,U-xd(ix,iv,iz,it,mu),dS-gbvdU(ix'iy'iz'it'mu))

traceless )

traceless )

type
type
type
real

colour-metrix
colour-matrix
colour-vector

dimension
dimension
dimension
:: dt

nxss

DP) , intent ( ¡n )

type( colour-matrix
type(colour-matr¡x
integer:: ix,iy,i
integer :: ic , jc

real (dp) :: TrPdot

ñxp , nyP , nzp, ntp , nd
nxp , nyp , nzp, ntp , ns

dimensíon(nxp, nyp, nzp, ntP, nd) :

: V-xd , Pdot-xd
t,mu

d 5 -pfbyd U

z

integer :; t0 , tl

cal I I nitia I iseFermion M atrix ( U-xd )

call PseudoFermionMatrixOperate(Phi,eta)

call GetdS-pfbydU (dS-pfbydU, U-xd, eta)

do mu:l,nd
do it=1,nt ; do iz:7,n2 i do iy=1,¡y; do ix=1'nx

!p-xd ís a Hermit¡an field that is the sum of 5u(3) generatot 
^matt¡c,es 

(¡.e
!To update P-xd, we must edd an Hetm¡t¡an, tr¿celess m¿tttx ' Ydot-xø'
!Set'Pdot-xd : i * u * (dSbydlJ - IJ"dag * díbvdu^dag U^dag)
t :(í*U*dsbydu+h.c )

call MultiplyMatMat(V-xd,U-xd(ix,iv,iz,¡t,mu),dS^pfbydU(ix'iv'iz'it'mu))

do

end

¡c=1.nc: do ic=1,nc
i'¿.i-iJy"cii¡.,i.j = l*( V-xd%cl(ic,jc) - conjg(V-xd%cl(jc,ic)) )

do; end do

TrPdot = real-trace( Pdot-xd)

Pdot-xd%cl (1,1) = Pdot-xd%Cl(1,1)
Pdot-xd%c¡ (2,2) = P dot-xd%cl (2,2\
Pdot-xd%cl (3,3) : Pdot-xd%cl (3 '3)

- TrPdot
- TrPdot
- TrPdot

/3
/3
/3

P-xd(ix,iy,iz,it,mu)%Cl : P-xd(ix,iv'iz

end do; end do; end do; end do

end do

end sub¡outine UpdateFermion¡cMomenta

subrout¡ne UpdatePseudofermionField(U-xd, phi)

ty Pe
type

ì. d¡mension(nxss rnyss,nzss,ntss,nd) :: U-xd
j, aimension(nxp,nyp,nzP,ntP,ns) :: Phi

d0
d0
do

U

U

0

t mu)%c + dt+Pdot-xd%c

colour-matr¡x
colour-vector

type(colour-vector), dimension(nxp'nyp,nzp¡ntp'ns) :: xi

!The pseudo fetmion fields have no dynamic, they are simply an auxillary fietd used to celculate
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!the fermìonic determ¡nant , det(M^dag M):\int Dphi*Dphi e^(-5-pf), where S-pf:phi* (M"dag M)^-1 phí
!So we wish to generate phi accordìng to the d¡stt¡but¡on e^(-S-pf) : e^(-ph¡* M^-1 (M"dag)^-1 phi )
!Note that xi : (M^d¿s)'-l phi ¡s Gaussìan dístt¡buted, P(xÍ): e^-(xi* xi) and therefore easily
!generated, and hence to obtain the apptopriate dístr¡but¡on for phi, we set Phi:M^dag xi-

ca ll I n it¡a I ¡seFerm ion M atrix ( U-xd )

call ComplexGaussianField(xi )
!Celculate phi :M"dagger ¡i : gamma-í M gamma-5 xì :H gamma-î x¡

call FermionMãtrixDag¡/ult¡ply(xi, phi)

end subrout¡ne UpdatePseudofermionField

function GetKE( P-xd ) result (KE)

type
¡eal

colour-matrix), dímension(nxp,nyp,nzp,ntp,nd) :: P-xd
dp) :: KE

(colour-vector), dimension(:,:,:,:,:) :: xi
(dp) :: alpha, theta !r¿ndom number fìelds

alpha = sqrt(-log(alpha))
theta=two-p¡ *theta
xi (ix, iy, ¡2, it, is )%Cl( ic ) = cmPlx(ãlPha*cos(theta )

real (dp) :: TrPsq , TrPsqpp
¡nteger :: ix , iy , iz , it ,mu

!Calculete the Kinetic energy (in 5D) of the conjugate momenta.
T¡Psqpp = 0 0d0
do mu=1,nd

do it:1,nt; do iz:1,n2; do iy:1,ny; do ix=1,nx

call RealTraceMult¡,4atMat(TrPsq , P-xd(ix , iy , iz , it ,mu),P-xd(ix
TrPsqPP = TrPsqPP * TrPsq

end do; end do; end do

ty tz ¡t,mu))

end do
end do

call AllSumReal(TrPsqpp, TrPsq)
KE = 0.5d0*TrPsq

end function GetKE

! let x ín [0,1] be a random number fÍeld , with uniform distribution , p(x)dx : dx
! be¡ng the probability of generat¡ng a random number between x and x*dx.
! tet y(x) be a ¡andom number fíeld, tâen I p(v)dyl : lp(x)dxl, thus
r p(v): p(x)ldx/dyl. 5ìmitarty, p(yt(x-î),yz(x-i)): p(xI,x2)la(x-i)/d(y-i)l
! Sò we can generate 2 real Gaussían fields by making use of the following 2-d fields
! yI(xl,x2): sqrt(-2*ln(xl))*cos(2*pi*x2), y2(xl,x2):5qr¡¡-2*ln(xl))*sin(2*pixx2)'

subrout¡ne ComplexGaussianField( xi )

type
real

(Num Rec)

¡nte8er :: ix , iy , iz , ¡t , is , ic

!Retutn complex ¡¿ndom numbers according to P(xi): exp(-abs(xi)++2)/pì : P(Re(xi))P(ln(xi))

do is=1,ns
do it:1,nt; do iz=1,n2; do ¡y=1,ny; do ix = 1,nx

do ic=1,nc

call random-number
call random-number

alpha
theta

alpha*sin(theta),dc)

end do
end do; end do; end do; end do

end do

end subroutine ComplexGaussianField

subrout¡ne GL3GaussianField ( P-xd )

type( colour-matrix ) , dímension (: ,: ,: ,: ,: ) P-xd

integer ;;

: alpha , tl\et¿ !random number fields
dímension(n-a) :: omega-a

¡x , iy , ¡z , it ,mu, i-a

do mu:1,nd
do ¡t:1,nt; do iz:1,n2; do iY:1,¡Y; do ¡x = 1,nx

!Returns real random numbers accordíng to P(tau): exp(-teu**2)/sqrt(pi)

do i-a:1,n-a

call random-number
ca I I random-number

alpha
thetã
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alpha : sqrt(-log(alPhâ))
thetã=two-P¡ *theta
omega-a( i-a ) = alPha*cos(theta )

end do

!Genercte an Hermìtian colour matrix fíeld based on the Gauss¡2n momenta omege-a

I Calculate the exPonent ' sum-a
!where lambda-a are the genera
P-xd(ix, iy, ¡2, it,mu)%Cl(1'1) :
P-xd i ix , iy , iz , it , mu)%Cl( 1 ,2) :
P-xd(ix, iy, ¡2, ¡t,mu)%Cl(1'3) :

P-xd ( ix , iy , iz , it ,mu)%Cl(2 ' 
1) =

P-xdiix, iy, iz, it,mu)o/oCl(2,2\ =
P-xd iix , iy , ¡z , ¡t ,mu)%cl(2,3) =

P-xd ( ix , iy , iz , it , mu)%Cl (3 ,1) =
P-xd i ix , iy , iz , it , mu)%Cl (3 '2) =
P-xd ( ix , iy , ¡z , ¡t , mu)%Cl (3 ,3) =

omega-a+lambda-a
tors of SIJ(3) , the Gellmann matt¡ces

omega-a(3) + omega-a(8)/sqrt (3 0d0)
cmplx(omega-a (1), -omega-a (2), dc)
c.plx(o.ega-" (4), -omega-a (5) ,dc)

cmplx(omega-a(1), omega-a(2),dc)' lor"i"-"(s) + omesa-a(8)/sqrt(3 0d0)
cmplx(omega-a (6), -omega-a (7) ,dc)

cmplx(omega-a(4), omega-a(5),dc)
cmplx(omeÀa-a(o), omega-a(7),dc)

-2.0d0*omega-a (S) / sq rt (3.0d0)

end do; end do
end do

end do; end do

end subrout¡ne GL3GaussianField

subroutine RandomSU3Field ( U-xd )

type( colour-matrix ) , dimension (

dp) , dimension(n-a) :: omega-a
colour-metr¡x ) :: H-xd , V-xd
real-vector) :: lambda-xd
colou.-vector) :: theta-xd
er :: ix , ¡y , iz , it ,mu, ¡-a

:) :: U-xd

real
type
ty pe
type
integ

do mu:l,nd
do it=1,nt; do iz=1,n2; do iy=1,ny; do ix = 1,nx

do i_a=1,n_a
call random-number(omega-a ( i-a ))

end do

!Generate en Hermitían colour matrìx f¡eld based on oñega-a

!Calculate lhe exponent' sum-a oñega-a+lambda-a
!where lambda-a ate the genetatots of SU(3), the Gellm¿nn matr¡ces
H-xd%Cl(1,1) : omega-a(3) * omega-a(8)/sqrt(3'0d0)
H-xd%cl(r,2) : cmplt(omesa-a(1), -omega-a(2),dc)
H-xd%Cl(r,3) : cmplx(omega-a(4), -omega-a(5),dc)

H-xd%Cl(2,1) = cmplx(omega-a(1), omega-a(2)'dc)
H-xdo/o?li2,2i = -omeÀa-a (3) * omega-a (8)/sqrt (3 0d0)
H-xd%Cliz,3i = ".pl*(omega-a 

(6), -omega-a (7) ,dc)

(3,1) = cmplx(omega-a(4) , omega-a(5) ,dc)
is,zi : cmplx(omega-a(6), omega-a(7),dc)
(S,g) = -2.OdO*omega-â (8)/sqrt (3.0d0)

H-xdYoCl
H-xd/oCl
H-xdo/oCl

!Generate and 5u3 colour ñetr¡x fìeld based on H-xd
call DiagonaliselVlat(H-xd, lambda-xd, V-xd)

theta-xd%Cl = exp((two-P¡*l *0 5d0)*lambda-xd%Cl)

!lJndiagonalise back to H-xd basis, by sett¡ng U-xd : V-xd+DItheta-xd]+V-xd^dag
!where V-xd is the metr¡x of eigenvectors,

!Note: ilt'þDl -ii = M-ìj*theta-i
call M;lt¡plyMàtDiagMat(H-xd,V-xd, theta-xd)

call lrlultiplyMatMatDag(U-xd(ix , iv , iz , it ,mu),H-xd,V-xd)

end do; end do; end do

call FìxSU3(U-xd)

end sübroutine RandomSU3Field

end module HYbridMonteCarlo

HMC: The Hybrid Monte Carlo main program

program HMC

use MPlRandomSeed
use HybridMonteCarlo

end do
end do
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use T¡mer
use FLlCFermions
implicit none

¡nteger :: icfg , icfgo , ncfg , ¡c , start
integer :: sendrecv-status(nmp¡-status

type , ¡s , n-mdgen , t-rate , sendrecv-req (2)
2)

integer
real(dp)

yz
tn

=3)character
châracter ten =128)

call lnitialiseMPl

call ln¡tShadowGaugeF¡eld
call lnitShadowFermionField

call lnitTimer

¡r
t-out

config
: fileprefix, filename

alpha-smear = 0.7d0
ape-sweeps = 4

allocate(Un-xd(nxs, nys, nzs, nts ,nd, ape-sweeps))

mp¡print +, "HMC"

mpiprint *, " Configurãtíon pref¡x:"
read (*,'(4128)') fileprefix
mp¡print +, "Quenched?:"
read (*,+) quenched
mp¡print +, "Gauge action:"
read (*,*) ectiontype
mp¡print *, "Beta:"
read (*,*) beta
mp¡print x, "Kappa:"
read (*,*) kappa
mpiprint *, " ln¡tal cfg #:"
read (x,*) icfg0
mp¡pr¡nt *, " Final clg #i'
read (*,*) ncfg
mpiprint *, "Hot(1), Equilibrium(0), Other cfg(-1)
read (*,*) starttype
mpiprint *, "Time step:"
read (*,+) dt
mpipr¡nt *, "# Outer MD trajector¡es:"
read (+,+) n-md
mpipr¡nt *, "# lnner MD Trajectories:"
read (*,*) n-md2
mp¡print x, "f HMC Trajectories per cfg:"
read (*,*) ngen-hmc

if (quenched) then
m_f = o 0d0

else
m-f = 4.0d0 - 0.5d0/kappa

end if

if ( dt <:00d0 ) rhen
dt = 1.odo/n-md

end if

stã rt : "

mpipr¡nt
mp¡print
mp¡print
mpiprint
mp¡print
mpiprint
mpiprint

*, "HMC Simulation Parameters"
*, "Quenched? ", quenched
*, "Gauge action: " , ect¡ontYPe
*, "Beta: ", beta
*, "m-f: ", m-f, " kappa: ", kaPPa
*, "icfg: ", icfgO, " ncfg: ", ncfg
*, "dt: ", dt, " n-md: ", n-md, " n-hmc

cal I mpi-random-seed (31459+ icfg0 )

select case( starttype )
case(-1)

mp¡print *, "quenched start"
mpiprint *, " Enter stãrting cfg"
read (*,'(4128)') filename
call ReadGaugeField (filename, U-xd)
u0-ber : uzero
mpiprint *, " read uzero= " , uzero, "
mp¡print *, beta , lastPlaq , plaqbarAvg

case (0)
mp¡print *, " Start¡ng from an equilibrium
mp¡p¡¡nt *, " Enter start¡ng cfg"
read (*,'(A128)') filename
call ÍìeadGaugeField ( filename , U-xd )
u0-bar : uzero
u0fl-bar = plaqbarAvg
mpipr¡nt *, " read ¡2g¡9= " , uzero
n-hmc = 10

ngen-hmc

uo_bar : " , u0_bar
uzeÌo

conf¡gurat¡on"

uo_bar=,,, u0_bar
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cas€(1)
mpiprint *, "hot start"
call RandomSU3Field ( U-xd )
call ShadowGaugeField (U-xd '1)uo-bar:1 0d0
alpha-smear = 0.5d0

end 6el€ct

¡f(starttype/=0)ttan

thermalis¡ng = .true.

ntherm-hmc : 12*ngen-hmc
nfixuzero = 6*ngen-hmc
n-hmc = ntherm-hmc

call HMCTrajectorY(U-xd)

filename : fi leprefix (1: len-trim ( fi leprefix ))//"000'
mpiprint *, "writing ", filename

icfg : I
caù WriteGaugeField(filename ' 

U-xd , icfg)

thermalising: false
nuPdates = 0
ntraj :0
nfixuzero = 0

end ¡f

n-hmc: ngen-hmc

do icfg:icfg0 , ncfg

call HMCTrajectorY(U-xd)

write ( config , '( 13.3) ') icfg
filenanie = iilepref ix (1: len-tr¡m ( fi le pref ix l) / / conÍig,
m pí pri nt '(4,4128 )

call WriteGeugeField(filename,U-xd, icfg)

end do

deallocate ( Un-xd )

call FinaliseMPl

end progrâm Hþrc
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