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MULTIPLE REGRESSION TECHNIQUE FOR Pth DEGREE POLYNOMIALS
WITH AND WITHOUT LINEAR CROSS PRODUCTS

I. INTRODUCTION

The investigation of physical processes and requirements for data analysis methods
frequently requires the use of mathematical models which describe the processes. The
model can be formulated such that certain variables interact according to physical
theories associated with the particular process, or it may contain identified independent
variables and unknown parameters. The relationship of the parameters identified in the
model can be evaluated using the statistical tool commonly referred to as regression
analysis. Tn principle, it should be possible to establish complex curves or surfaces for
higher order multiple variable functions by regression technigues to summarize trends in
data and to provide a means of predicting similar phenomena. Furthermore, such a
technique might be used to establish unknown laws or relationships.

Most statistical textbooks treat the problem of linear multiple variable regression
and of nonlinear regression of one independent variable. However, the study of many
complex physical problems requires @ method capable of determining nonlinear regression
of multiple independent variables. By this means, an analytical representation of the
observed data is provided which can be used in subsequent analysis.

The general procedure in regression analysis is to take partial derivatives of a
specific model-dependent minimizing function. The set of equations obtained by setting
these partial derivatives equal to zero is frequently referred to as the normal equations.
If the normal equations are not transcendental in any of the unknown parameters, they
can be solved by the usual algebraic methods. It is this situation which is of concern
here.

Within this report a method is presented for evaluating multiple variable regression
for Pth degree polynomials with and without linear cross products. Implementation of
the technique, including error diagnostics has been accomplished on the UNIVAC 1108
computer. Program listings and illustrative example problems are given in the appendices.

The method developed is used in problems requiring the determination of
mathematical relationslips describing complex curves or surfaces from known physical
data. Initial applications of this technique have concerned the external aerodynamics of
aircraft and space vehicles and the internal aerodynamics of transonic wind tunnels and
have produced excellent results. Applications in almost any other field of study should be
expected to be equally as useful.



H. MULTIPLE REGRESSION TECHNIQUE WITHOUT CROSS PRODUCTS

A. Introduction

The derivation of a matrix solution for evaluating multiple variable regression for
Pth degree polynomials without cross products is presented in Reference 1. In this
section this solution is discussed for the general case where the polynomial expression can
be of Pth degree with N independent variables. The mathematical procedures represent a
rigorous least squares evolution of input data centered about the mean.

B. Regression Analysis Development
Assuming the observed dependent variable is to be estimated by the following

model:

C

Yi = AO+(b1 Z +b12 +"'+b1PZI_i )
#(byy Zoy by Z +.. +bZ. T
21720 722 72 2P T2
t by Zy b, Z2 . b Z D) (1)
N1 TNi N2 “Ni NP TNi
where i=1, 2, ..., nth set of data, and the intercept AO =b10 + b20 + ...+ bND ,

For any given independent variable ZN . the mean value is given by

I

Zy = 3 (2)

If the input data are centered about the mean the mode! equation (1) becomes
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Where, for convenience, the following quantities, which are indicated in equation (3), are
defined by .
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The classical form of the least squares minimizing function is
2
M= (Y- Y (6)

This result follows from the least squares principle that the best representation of the
input data is that which makes the sum of the squares of the residuals a minimum. The
condition which fulfills this requirement is that the partial derivatives of this function
with respect to each of the unknowns be zero. Hence, the following normal equations
for i=1,2,...n are written:

?.._M_ = 0
3b0
aM oM oM
——— = 0 — = 0 — = )
ab“ ab21 ale
o _ TYHUE I R o
12 22 N2
1P 2P onp

Through the use of the normal equation M 0 it can be shown that

abo
Y,
b =Y = =1

0 m

(8)

The following quantity is now defined for the difference in the observed value
of Y; and the mean value of the observed values:

v = Y, -Y )



Then, through the use of the remaining normal equations, the following matrix
solution for the unknown constant of the independent variables is obtained.
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Having determined the matrix solution indicated by equation (10), the intercept
A0 of the fitted model expression may be determined as:

— — — —P . —
- — y 2 - 2
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C. Discussion

As noted by Graybill [2], there are an infinite number of solutions to the model
relationship. However, only one solution must be found to have a useful result. Also note
that the solution presented to the higher order multiple regression problem is a function
of parameters such as the sum of the squares, cross products, and linear values similar to
previously developed solutions for linear regression. In this case, one finds a more
complex result with nested matrices, which becomes practical only in combination with
digital computer techniques.

As discussed in Appendix A, a computer program has been developed to evaluate
the unknown constants in the model equation with the solution specified by equation
(10), as well as certain diagnostics reflecting the significance of the estimated regression
equation which will be considered in Section IV.

It is required in the application of this technique that the S matrix be nonsingular
and that the input data are reasonably well behaved. It is also required that n 2 NP.
That is, the number of data points n must be equal to or greater than the number of
unknown parameters in the model equation.

Many sets of physical data have been studied using the previously mentioned
computer program. Results have generally been excellent and it is felt that the technique
can be highly useful in many fields of endeavor.

I1l. MULTIPLE REGRESSION TECHNIQUE WITH CROSS PRODUCTS

A. Introduction

The regression technique developed in Section Il for Pth degree polynomials with
N independent variables has proven to be extremely useful in correlating experimental
wind tunnel data and aiding subsequent analysis. However, in certain applications the
inclusion of cross products for the various independent variables can enhance the value of
the technique. Such a case occurs when it is desired to optimize the dependent variable
of the fitted mathematical expression with respect to the various independent variables.
In such a case the determination of maximum and minimum values by solving for the
critical points through the use of the necessary and sufficient conditions (that the first
and second partial derivation of the response variable with respect to each of the
independent variables be identically equal to zero) can only be determined when cross
products are included in the model equation; otherwise the effect of all other
independent variables is lost when the partial derivative with respect to a given
independent variable is evaluated.



To deal with this and other similar problems, a method is developed in this
section which treats all combinations of linear cross products for each of the N
independent variables as well as the polynomial terms previously discussed in Section IL.
Higher order cross product terms could, in principle, be treated, although such a
development is beyond the scope of the present work. The method for fitting
polynomials with linear cross products is presented without formal derivation. However,
the development is similar to that shown in Reference 1.

B. Regression Analysis Development with Linear Cross Products

Consider the following model:

2 P

c _
Y= Ag by Zytby 2yt A b p 2y )
F(bns Z+bn 224t bag Za0)
21 ZojtPgp Loyt thgp Ly,
$o by Zo tbs 22 4. by Zyo D)
c g Lt I T O Ly
O 21 Lyt o3 2 L0+ O N 2y Any
FC)3 2y 2g;+Cou L Lyt -+ Con Ly 2y
o+ Coy N 2oty ) (15)

where i=1,2,...,nth set of data, and the intercept Ag=bjg+tbyy+t ... +byg. This

model represents a polynomial expression of Pth degree with N independent variables and
contains all combinations of linear cross products for each of the N independent
variables.

If equal quantities are added and subtracted in equation (15), namely, those of

the form bNPzII:J and Cjifj-zi, (where j = 1, 2, ..., N-1) it can be shown that the model
equation is equivalent to:
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The jth mean value terms in equation (18) are given by
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terms in equation {18) have been defined as:
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Regrouping equation (2) the following is obtained
Y. = by+ By +By +... By, (23)
where
by = K+ Ky +.. + Ky, (24)

Through the use of the normal equations resulting from the least squares
minimizing function it is found that

b =\7=2yi

0

(25)
n

The difference in the observed value and the mean value of the observed values of
the dependent variable is again denoted by:

(26)
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Then the following matrix _solution for the unknown constants of the model
equation can be obtained through the use of the normal equations:

[ = [
By 511
By | - | Sa
BN SN
[Mx1]

where

M = NP + N!/2(N-2)!

and the various matrix quantities are given by:

~
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Once the matrix solution given by equation (27) has been determined the

intercept AO of the fitted model expression may be calculated as

17
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C. Comments

The solution developed for evaluating mulfiple variable regression for Pth degree
polynomials with linear cross products is similar to that developed in Section II for the
case without cross products. However, in this case, the nested matrices contain additional

N!
2(N-2)t
which again indicates that the number of data points n must be equal to or greater than
the number of unknown parameters in the model equation.

terms to account for the cross products and hence it is required that n Z NP +

As discussed in Appendix B, a computer program has been developed to treat this
case. It should be noted that while contrived problems have yielded excellent results,
experience with several sets of physical data have generally yielded poorer results. This is
evidently due to the larger matrices being manipulated and due to unknowns as to
whether true linear cross coupling exists in the given physical process.

IV. SIGNIFICANCE OF THE ESTIMATED REGRESSION EQUATIONS

A. Introduction

To determine 1If the fitted regression equation obtained from the solution matrix
is indeed a useful representation of the input data, it is desirable that certain diagnostics
be evaluated. To this end the computer programs discussed in Appendix A and Appendix
B determine the standard deviation of the observed data with respect to the fitted
equation, the multiple correlation coefficient, and the F statistic as well as the average error
and the maximum error of the observed data with respect to the fitted result.

Using these parameters, it is possible to assess the usefulness of the fitted expression
for each given application.

18



B. Analysis of Variance

The significance of the estimated regression equation can be considered from the
viewpoint of an analysis of variance as summarized in Table 1, where the total sum of
squares is resolved into a component measuring the residual fitting error, and a
component which measures the regression variation being tested.

TABLE 1. ANALYSIS OF VARIANCE (WITH AND WITHOUT CROSS PRODUCTS)

A. Analysis of Variance {without Cross Products)

Degrees of ifype Sum of Squares Mean Square F
Freedom Variation (88) (MS) Value
-1 Total S = Y. -Y)?
1 ota vy Z( i )
. S(RES)
NP-1 Residual | S(RES) = Y.-Y.9? | M(RES) =
esidua (RES) Z( (Y (RES) = 57
. — S(REG) | M(REG)
n-NP Regression | S(REG) = Y.°-¥)* | M(REG) =
egression [ S(REG) = ), (Y;"-¥)* | MREG) = ——= I \rmres
B. Analysis of Variance {with Cross Products)
Degrees of Type Sum of Squares Mean Square F
Freedom Variation (85) (MS) Value
Total S = Y.-Y)
ota vy Z( ; )
S(REG
K-1 Residual | S(RES) = 7,(Y.-Y.? | M(RES) = (REG)
i i k-1
, S(RES) t M{REG)
n-k Regression } S(REG) = Y.l -y M(REG) =
gre (REG) = Y,(Y°-Y)* | MREG) = —— | yres
where MS = SS/degrees of freedom
S = S(RES)+S(R
vy S( )+ S(REG)
Y = average of observed values
k = NP+ (N-)+(N-2)+...+1

19




C. !nterpretation Diagnostics

As noted by Smille [3], the results of such an analysis of variance can be used to
test the combined effect of all of the independent variables on the dependent variable.
That is, the hypothesis that all of the population regression coefficients in the model
regression equation are zero can be tested since the ratios of the regression mean square
to the residual mean square are distributed in an F distribution as shown below:

F o= S{(REG)/Regression degrees of freedom (33)
S(RES)/Residual degrees of freedom

where it is assumed that the observations are selected at random- from a normally
distributed population with zero mean and constant variance, that ZI ,22 s e ZN are

independent variables following x® distributions, and that only random errors are
associated with the observations.

The F ratio calculated from equation (33) can be used to test the statistical
significance of the regression equation under consideration by comparing it with the
appropriate FT ABLE value at the desired probability level with the specified numerator

and denominator degrees of freedom; that is, the following test of the null hypothesis
may be performed:

H b = b = ...b = 0

0o - 210 12 = - ONp

accept when Fc > FT ABLE (34)

reject when Fc < FT ABLE

D. Output Data

The desired coefficients of the model equation are outputted in E notation
where A, is the computed intercept of the fitted polynomial expression and the B
coefficients are printed out in ascending order of degree with the first P coefficients
indicating b coefficients of the first independent variable, the second set of P coefficients
indicating the b coefficient of the second independent variable, etc.

20



Also included in the output data are the number of independent variables N, the
degree of the model equation P, and the number of input data points (sets) n. Further,
the significance of the estimated regression equation is indicated by the standard
deviation, the multiple correlation coefficient, the F ratio, the maximum percent error,
and the average percent error.

The values of the dependent variable are also shown for the input data and for
the computed values obtained from the fitted expression for each set of data input, as
well as the residual difference in the input values and the computed values.

When called for, plotted results can also be obtained which ¢ompare the input
and computed dependent variables as ordinates to the point interval along the abscissa
{which is normally one of the physical independent variables, but which can be a unit
indication of each data set in order of input to program). All computed points are
connected by straight lines and are plotted with * symbols. The input points are plotted
with + symbols and the points are not connected with lines.

Another useful parameter in testing the significance of the regression equation is
the standard deviation which is estimated by:

_ c.2 1/ 1/
S Y =Y. * S(RES) ’

Regression degrees of freedom - 1 Regression degrees of freedom ~ 1

(35}

This result stems from the work of Junkin [4].

Earlier, the analysis of variance technique was used to test the combined effect of
the mdependent variables on the dependent variable using the F statistic. A closely
related statistic is the multiple correlation coefficient. R. Smille [3] defines this statistic
as the simple correlation coefficient between the observed values of the dependent
variable and those estimated by the multiple regression function as given by:

1
S(REG) &

R =
Syy

(36)

If the observed and estimated values are completely unrelated, R will be zero and, if they
are identical the multiple correlation coefficient will be unity. Values in between these
limits represent different degrees of correlation or the closeness within which the
regression equation describes the original data.
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Also of interest is the average of the absolute values of the percent error of the
dependent variable, considering each fitted observation:

During this calculation the maximum absolute error condition can be determined for
evaluation purposes.

V. SUMMARY

A powerful multiple regression technique for Pth degree polynomials with and
without linear cross products has been developed with which the nonlinear behavior of
identified independent variables can be related to a given dependent variable. The
polynomial expression can be of the Pth degree and can incorporate N independent
variables. The resulting surface fit can be used to summarize trends for a given phenomenon
and the analytic results provide a mathematical basis for subsequent analysis.

It is required in the application of this technique that the S matrix be nonsingular
and that the input data are reasonably well behaved. It is also required that the number
of data points being fitted be equal to or greater than the number of unknown
parameters in the model equation.

Two computer programs have been developed to implement this technique for the
cases with and without linear cross products. These programs perform matrix operations
in double precision and evaluate the various unknown constants in the model regression
equation as well as the standard deviation, the multiple regression coefficient, the F
statistic, the maximum absolute percent error, and the average of the absolute values of
the percent error. Further included in these programs is the solution for the identity
matrix to identify any problems in the original matrix inversion process and a means of
obtaining machine plots, comparing the computer results to each set of input data.

Studies of many sets of physical data using the technique without cross products
have generally yielded excellent results. However, much less experience has been obtained
using the program with cross products, although test programs have shown very good
correlation. It is, therefore, felt that the technique developed herein can be highly useful
to many fields of endeavor.
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APPENDIX A

MULTIPLE REGRESSION PROGRAM FOR CASE WITHOUT CROSS PRODUCTS

where:

A. Input Data
The regression subroutine is called with the following statement:

CALL REGRES(Z,YO,LN,N,IP)

Z is a two-dimensional array containing the independent variables used. The first
subscript denotes the independent variable and the second subscript denotes the
data set.

YO is an array containing the dependent variables which correspond to the
independent variables.

LN is the number of data sets.
N is the number of independent variables used.

IP is the degree of the polynomial curve fit.

These arguments must be assigned a value in a driver program.

The regression subroutine incorporates several special routines: RDWT, IOWR,

INVRT, and DMATML.

RDWT is a general FORTRAN I/0 package which is capable of reading and/or

writing on magnetic tape or drum in FORTRAN or non-FORTRAN format.

IOWR is an assembly language I/O routine called by RDWT.

INVRT is a double precision matrix inversion and simultaneous equation solver.

The call to this routine is:

where:

CALL INVRT(A,N.M,DETER)
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A is the input matrix for inversion or augmented matrix for simultaneous
equations.

N is the order of the coefficient matrix.
M=0 for inversion only; otherwise, M is the number of constant vectors.
DETER is the determinant of the coefficient matrix.

DMATML is a double precision matrix multiplication routine with transpose

options. The call to this routine is:

where:

CALL DMATML(C.A,B.M,N,K)

C is the product of matrix A times matrix B,
A is the first input matrix,

B is the second input matrix,

M is the number of rows of A,

N is the number of rows of B, and

K is the number of columns of B.

Certain variables have dimension changes that vary depending on the number of

data points (LN), the number of independent variables (N), and the degree of the
polynomial curve fit (IP). These will be dimensioned as follows:

where:

DSN(NIP2), DSHAT(NIP,1), DB(NIP,1), Y(LN), RESID(LN), Z(N,LN),
SHAT(NIP,NIP), ZBAR(N,IP), YO(LN), BZ(LN), B(N,IP), SVHAT(NIP,1),
SH(NIP,NIP), XX(LN), PMAX(LN}

LN,N,IP are as defined above and NIP is computed as: NIP = N¥IP; NIP2 is NIP
raised to the second nower.

SMALLZ, SMALZI], and SMALZ2 should be dimensioned greater than the

number of data points and the dimension is set in a PARAMETER statement; for
example:

24



PARAMETER IDIM = 100

B. Program
In order to run this program on the UNIVAC 1108, the deck is set up as follows:

@RUN,//T IBNAME,320590,VDARBY BIN406, 01, 100
@ASG,T 10,F/1/POS/2
@FOR,IS MAIN, MAIN
(Source deck for inputting data)
@FOR,IS REGRES, REGRES
(Source deck)
@FOR,IS RDWT, RDWT
(Source deck)
@ASM.IS TOWR, IOWR
(Source deck)
@FOR,IS INVRT, INVRT
{source deck)
@FOR,IS DMATML, DMATML
(Source deck)
@MAP,1 AA, AA
LIB SYS$*MSFC §.
@XQT AA
(Input data)
@FIN

as illustrated in Figure 1.

A complete program listing for the case without cross products is shown in Table
9 and a flow chart indicating the operation of this computer program is indicated in
Figure 2.

C. Output Data

The desired coefficients of the model equation are outputted in E notation where
AQ is the computed intercept of the fitted polynomial expression and the B coefficients
are printed out in ascending order of degree (P) with the first P coetficients indicating
the b coefficients of the first independent variable, the second set of P coefficients
indicating the b coetficients of the second independent variable, etc.

25



@FIN

DATA

@XQaT AA

LIB SYS$*MSFCS$.

@MAP,| AA AA

@FOR,iIS DMATML DMATML

@FOR,IS INVRT,INVRT

@ASM,IS IOWR,IOWR

@FOR,IS ROWT,RDWT

@FOR,IS REGRES,REGRES

@FOR, IS MAIN,MAIN

@ASG,T 10,F/1/POS/2

@RUN

Figure 1. Program deck sequence.
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[1 PR
Sas17
%20
TeL2Y -

floe

Lio= -—— 12324
Li7s

Lue

iy

Laee 42
1ile

tigm o2y
Pdaw

L2yw

Iinw

lioe 750
120
12um
1z%e 4
L

11le

laz=

133

134

Lite 775
1Liauw
fale
ligs
live
T
laLw
Lyze
Tage
Pque
iqae
lyar
1442
Lage 4433
lyyva

lage

lale

Isze-- ==
Liiw

Eous a3
lage

[3-Y-14

1y 7e

Louw -
lg7»

laus laag
1)+

locn -
loaw 2222
lage- - - -
It 25q0
lune

1ata

lone 15ay
lyze

Lzye =

noe

REalalal

Ll W2

TABLE 2. (Continued)

plpsglenpl]2,ty

LI LEE e ——— mee ee e e FE T e
AUSTHARD

pO 23 1=K

00 23 Jst. ¥
aosAau-BlpsJlezaaki syl
GRITE(SyZ4) AOD
FORMATIIHY , IHAQm,E187) &
pd 75y 1ail.ln

D0 750 Jm N

Dy 750 Kal,lp
BZ111=BZUI At Ielid ] ])wek

cAefLTE THE * POINTS S e e e

bo 775 lal,LN

YUY =ab+0iil
YHARL=YHAREYY (]
RESZIWILI®YQiLI=YiL)
RAZRRTAESIDIL) e
cattiNUE
YOARCITBARCI LN

tOMFUTE THE STANDARD DEVIaTloNn.

STalevasynTIuns(tu=Relpt) -

CORPUTE THE BULTIPLE CORRELATION COEFFICIENT jHHAT ,aND

Tdd F RATiQeFRaTIQ.

DA BRg Ial,le

GHEL=9REGT (Y ([1=TBARC)ee2 - -
GYvasyre gl I=YBARO}* w2
§4ESeSRES+RES (DT #%2
HHAT=5aRTISKEG/SYY)

LF(KHATaGTa 8421 RRATE2Z0=RHAT
FRATIOS(SHEG/ IN®1 =1 ) A ESHES/LLN=N=IF]}
XXth)a1. - .
pa 83 Liaz,ln
ITRINEEEFEIN LS LS
Li==1i

LZn@

CAaLl WUl il 3L XA, YB YT 90, FLORFLOY r=L NI KX, Y]

CALL QUIEILSLZv L axA YR TP 349 FLOR s FLOYILN XN 9 YO} o m e

WHITE(621L03) STADEV HNAT.FRATLO

i e e s

FORMATIIHU FIHSTANDARD DEVIATIONSELS09, 4% 33HMULTIPLE CORRELATION

SCQEFFICIENT*E16s Y o4 X 8HF RAT[OwELG,7)
wirlTE(s,2222)

FORMATIIHY "B COELFFICLENTSH]

wNITL 4642900 (4811 sJbdm), 1P, 1@l N} -
FUSHATLIHO W SE2)14%7)

W 1TELS 12230

aniTu iy 190331

FORMATE Y HusloX  ZHr0al X 2HYC, 15X,54Y0=YC)
pa 247 jeEleLN

ARITL48w2aG2) vO(IYav L 1) RESIDLLY
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00530 171
Cobdl——1728.
Co533 173=
COosad -~ Liqe
Cosas Lthe
SOS40 - l7aw-
Ta0541 RFFE
Cubyl ~ 7o
MR ] L7 a
Cnh4% Lo w
gushn lul=
Cohs3 lage
GabhB lads
Grb G i3
A0ah7? Tgh
Lusned lia+
Ge,asd ldre
tnLad londaw
GokehR laye*
CoLhh T T lepe
£Np OF

-}
52%

19321

TABLE 2. {(Continued)

FORMATAIHG 3EZ1+9)

COWT{NUE - . . e ——e e e e - ..
FORMATI U 12X BHORSERVEL y 124, 8HCUNPUTED 112X 48KRESI0UAL)
SuUm=la . . '
B0 531 Lmi,Ln

PHAXLLP=RASLEYOLLI=Y (LI Y IL)) T e e
SUNTSUM*PHAMIL)

PE“Avb=‘SUM!Lﬂ'"IGC‘ - - —— s s - . PR PR o ——— —
arak=pMaxgpd

N 503 Laz,Ln . . e e e
IF(AMAX=PHAXLLI} 506,505,505

KL AsPAX (LY

cONT IRUE

PERALETANAXTICT. ) T o T TR s s e
A1 Tedla 10021 ) PERMAX,PERAVE

FORMATOIHQs€2HMAXINUM PERCENT ERROR™E1&6¢7 46X 922HAVERAGUE PERCENT LR

PROMEE 16T}

caLl ENLJOR

RETURN

END e ] . . . e e

CUMPILATIUN: NO DOIAGHOSTCS.
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GFQReJS RpnTanpuT
Ky Ba?-81 /192043030 40 = e ¢ o et o s am

SUuMgUT I wE RLAT

REDTPR ENTRY POINT 200273 - - T e
wrlTen EnTRY POLNT 0QG320

CLUSE ——- EnTRY PRINT 0gR342 e e e e e -

uftn EGTRY POINT CQUARL

1uRQwR ENTEY POINT B2C360 . - e

TABLE 2. (Continued)

ENTRY PolnT QOC279

STURAGE USEDT CJUE(1) DRG402i DATACC) Q001271 BLANK COmmON(2} GGA0DO

EXTERNAL ' LFERENCES (BLOCK, NAME} [

goul pOnn
oduh wERRZE
- s QUL NRUUS
Brué 'REVEE 1
pour wioZs
0aid N5 I0FS
0stl NEWKR IS
STUNAGE
caul goan/!
ouul CoL194
DCul gtudds

-pYguL - coocad
oIue 1 00duel

LoLod...
cnioe

Cu100- -~ -

colug

'ZLN BVE S

0o103
oY -
colgY
Celgy
TLiDA
Leing
teilo
(TR N
coild
Luily -
snirzo
[N
rE12

de12z -

1* . u L T I I I T I L N I T IS T T RN TR DN R BAE NN B R DN TN T
e C GENERAL FORTHAN 1/0 PACKAGE EXpc vitl APRIL,L9T0

ye C REAO/WRITE MAG TAFE OR ORUNM IN FORTRAN OR HON=~FORTRAN FORMAT. EEEE
bu C # % & & 4 & B & & & N F A4 * 5 B & B B N & 2B 4 B B BN 3N B E S @
5w SURAJUTENE KDnT R

6a DIMENSION ARNATU J1o1CuOCI o SFLD{29) ,KOPECSY s EPACKTIH) (KNTHDI(D)

e natA CIFLuCll gmy 290/ 1H LW IHZaLHI THY W IS 2 Ra LHT s L8 | HF s ZHIQ -
Gw P2ZHUT 2 2HL2:2H 3 2H14 2H19 320146257, 2RB+2H| T4 2202023, 2H2202H23 )

G 220244 2h 2G5 I A ZN2T 122D IHET Y

law JATA (kGOetl)slml,o}r0509300000000,0002R00000400:000120000B000,

I1le 1 00010G0C50000,0001100000000+000400GIC0GEA0S

1z DATA 11/262144/ L 2/10724|H24/,123/700000017

13= - DATA IBLANK/bH - N

L~ [ PRy

Lo ERT Y REDTPHAIUNIT,HODES LERR MW e NHDS yARRAY )

toe 1CPEHUDE b slonEAD FTN FORMATe w24,REQD NON=FTH,

Ll [ L XX NS

Los Go Tu 12 .

by®-— ——- ERYHY AHITER (JUNIT,MOQE, FENRR N0DS ARRAY ] s

aSSIGNMENT

(BLOCK, TYPE, RELATIVE LOCATION, NaME}

IsL cooo 0Gen740 tooF aoal gogild 2o, gaat apol40
22L coul oozl zst eoat acozz? asL - voay Quozad
T BCO1 LTousY AL coog 1 aoagsl 1 0600 [ OODRES
1FLY argg goertl lhuPs foe0 [ augged QP -— -~ ogUO0 [ o0ulyé
I coud 1 odctsd 12 fdon 1 oroost 13 €000 [ OQu0Ss

ZIL Qug1  ogozy2 215g
24L - -~ 0001 - 000033 6L- -
teLanx Q003 1 000000 ICwp
IPACKT —R000 1 €Ja0&7 - 1THD"
KnThay

Qupg [ 00Co40 KoDE
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soz2M PR
CC125 .- 21%

oC124é 22

corz? - - 23+

§¢130 PLR

€130 - g5 Cesne
caiat Zte

L1AY - 2. -

[ el e ) Lt*

coias - ige &
Co1ds i ?
L1y 3l

Ec1317 e L ER]
LR E AV

fcldz J4e

tulsd - EEL ] -]
LC 145 Jus

L0144y Ate Leerys
EElYS Jue
L1590 —== 35« -
Luls2 Hi=

Cnlss - 4l

sy adw [S.A T
6r1s8s AEL b
Lo1ss e

LRIS? o 45

CLiasl ET-4s

GGl ke 1L
LcisZ Yo .

tniéd Y45 2r
Guidd  #DIAGNOSTICe
Coiéd - hu B
uiss Sl

Quiss i Haw

G1&7? ioHaw

Cul?l #DIAGNYSTICe
cciv0 Llie 21
GUl7E—— 35— e g
sg1ve TR

SCL74 - b7

Un17é G

Lot?? o G%w -
EC201 e(*
CHA0I - Ble e
Guai s

-gE205% - sie -2y
gp2dé e

Se2lg - b5

codil un® 25
SGORY B H )8 e
25212 ode Zh
GOo221 - &Y= 132
Guiel ige

tn22z - 1+

w223 TEm

TABLE 2. (Continued)

10PBROUE+2Z G #34aAlTE FTH FORMATs w4 wRITE NON=FTNe

- KNTWRi1)en&bUseI1+13. .. B BUILD FORTRAN RECORD-CONTROL. wORDS ..
KnTwpl2)alal ANk

KNTWD
6k TO
.

EATRY CLOSE!JUNIT, 0P)

[TuGatl
no TG0
1TuO=2
[opas
G0 Tg

-

% puMMY CHECKSyuM ERRUR wOWD,
JbepnTapetr - - -

18

(b6 7250 ,J0F f JOPE4, HO ACT]ON,RETYURNa
W JoP=).2, WRITE EOF AND REWIWO " JUNET.
B =%y WRITE En0=0F=FILE.

10

CHTRY OPELIluktT,d0f) . kit e e

PFLJUP
[op=6
Gt 10
.

EtTHRY

[F1I¢OUE.EQ»1] EDP=Y W =4y SEQUENTIAL WRITE. -

sGTall HETURN & JoPe2,3, NO ACTIONSRETURN,
K =&+ REWIND LUNITS
16

10RUWRLICODE, FUNIT  1APURS 4 ARRAY (NWDS5, [ERR)

{FLILODE.EG=2) 1DPsd R =az+ SEQUENTIAL READ.

[PECRT {612 AGDRS K BEGINNING DRUM-SECTOR ADURESS, -
.

couTINUE

{FACKTI1)=IFLOLIUNLT) B LUNIT IN FIELD~DATA,
TPAaCKTI2)=tBLANK o - T e
IPACKTLII=0

1PuCRT1Y4)=K0DELTOP) # OPERATIQN CpOE 7O Iphs. -
GO TO 128421,20021,224221,19P

(el e le1ywLoCiRNTRDLL)) G FIRST cONTROL ACCESS WORQ,
THE YARTAGLE ARKAY 15 DEMENSJONED.

[C%Dt21 wa052 11+ 0C ARRAY} B SECOND CONTROL aCCEsS WORQw - - -
[Caid)e 2o l1+LOCtRNTRDIZ}H) & THIRD CONTHOL ACCESS ®OKp,
[PaCrYiSta Jery+rocticnbipt} & NMBR AND LOC QF laT C/A WORDe
G2 To 22

THE vaRLeplE ARRAY 15 DIMENSIUNED.

JIPACKTLS )38 dLS« L [ +LOCLARRAY) NMBR AND LOC OF DATK wORDS.
ALl LOAHOIPACKTH ROUTIHE TO 155%UF EAEC REWUEST»

1ELIDF
1Fslop

TERR= IPACKT R4 /12
1F{lERH+EueTy 60 TQ 24
TF(IEHR+GE ) 6D T 246

- 1ERRBZ
HETUEN

Mw=KNTWOLI)/ )
JIF{HQDE«Ewel) GO Tp 25

wEQ+ns) RETURN

sEueS) GO TO (25,83 ,[Thd
ERKOR STATUS [N S) PORTION.
NORMAL OPEKATIONING ERROR.
TERMINAT I ERkQHS

mENDDAE e

Ll

Ka FROM FTn CONTROL WORDe

HETURN AFTER REWIRGING IMNITs
Lina=t yREYURN) =2, AEGIND [UNTTs

EnG=OF-FILE Ok ENQ=gF=TAPE,- -

MAslPACKTIS)=1PACKTIH)7E 0wl & N4 FROM [Cnsoe

JERR=1]

RE IURN s - - S
wR1TE4L 00! (IPACKT I alwlab)

FORMAT(/ 7 /B0HmessaeEAECUTION TERKINATED IN *RDWTY 70 ROUTINE.
t{4H 140 PACKET {$ s0ts )

STHH

TEMY

Y
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TABLE 2. (Continued)

END oF CUuMPILATIONS 2 DIAGNOSTICS
H BASM1S TOuHeIUaR
L ASMIIF.DL LRG0 o e S

1. 541 AXRS

2+ .- . .0l J25578 27 39 1% 13 D 0923040 loaR* L AQ,Q,%11

3. U Gousnl 72 11 00 20 9 gAcagd ER 104s
e B g e U302 74 04 Q0 13 0 eAQGR2 - g = - 20K1Y

e END
- - . . - IU“S
END ASM ERRORS § SNUNE
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WEOR,15 ITHWHT , InNVRT

RS0 -ROY=31/19=0 12004 (B} oo

SUBROUTINE Lu¥dT

. STONAGE uSel:_CUOE(1] QCO414% 0ATALD) 008334; OLANK CUMHON(2) 003000 o e e

EXTERNAL REFERENL
acdl NERRIS

STUNAGL #351aNAEN

_. pudl Gonale 11l
ool QA0L1% L6

S egaule- 130284 23
paal 235073 7a

paOl 1 gL 7Y QD

OLUG | 982273 1Ix
GIu g J00dad Si

gplaot i*

upiad g

TOLD3 Ehd <
Coild-- —- 4= [
arina ERd <
Gcotay - - e 3
ao1ad 7e <
Cotad - " <
aolgs e

QU | Q5 —mm] % oo+ e
solas 1l

cLLgT - L2

Goiig 13=

anily - - p4e © -2
Golls fs5=

foils- Cje

gutal 17

ooyl - lu= - 43
£312% 17

Calan 2y a3
pbotald P
0Cl13d-—- 22+ 1)
Gyola? 23+

CoLdz - - 2w 65
Goitud FEL

Laluy - 2ew T
tai4s 27 75
cp1a? — F4: K S

TABLE 2. (Continued)

ENTRY PQINT 000377

ES {HLOCK. NAME)

T (BLOCK, TYPE, RELATIVE LOCAT]ON, NaHE!

tg g0t gaoi4Y 115k ooy nogaz?
25 Joal 503267 RIL anoy LR
4G - andy pop3de 23SL go61  goen?
L S0RGY gooItl AL £2goe b odogu?
Jgod  ano1od INDEX celo 1 nogaad
yooo 1 Q2%273 J poGo 1 pQezr?

G

SURAUTINE INVRTULAN,¥,DETER)
PARAASTER [U]HasQ

HATRIA [HVERSIGM ANMD SIMULTANEQOUS EQUATLANS SOLVER
S a=tHPUT MATRIA Fuk INVERISON OR AUGUMENTED MATRIX FOK SIMEs ERS»- ~[652q903q

NaLYUER OF COEFFICTENT MATRIN
mad FOR [HVEA1SON ONLY
MauUMBER OF CONSTANT VECTONS
SETER=DETERMINART oF COEFFICIENT MATRIX
30udLE PRECISION agl) DETER»SIGN, AMAX
DIMENSION TP Iveloln)  ENQEXtTRIm, 2}
pETERSLSQUD
sluvela0py
pa 20 J=laN
IS RATILE
RNaNeH
DO tdz KeleN - - - e . -
AMAX=0.0DT
00 74 [®1aN
1F LIPTVEDE=1350.74+50
nu 79 Je=laN
1F VIPTIVIJI=])IB5,75¢250
tHO®iJd=iben*l - - S ERCCIEE
TF{AMAX=DABS{ACINGY )} &D»?577S
ra-1
tc=J.
avakapagsiatInND?)
COUNTINUE
cganTINYE -

11?6
2pls

245G -

AHAX
IND2

aag1
agot
-agal
toao
coao
0630

ooooad L123G6.--... 00O} 6egod2
Qoazobd 2076 angl gop2i0
pO03ts 2§0L~~——— Jopy ——a0oa7!
1 oow27d | Qoed 1 gQoz27e

0ouaAnd INJPS

[ 060277 L

Quod J Cogopon
ou0D 1 o%aar!

13lg
2206
75L<
34

Pty

NK

19500045




8¢

Gols1
ggl1s52
Co1s535

Go1HE -

Culén
culidl
el ed
LULAS
Lijled
fnle?
onl7o
ta172
1?7l

27

et

*EAGNOSTICe

Jle
REL]
33
IR

o3ae

LA I

Ceils
TpLrs
otz
rc2ug
£n2yl

Laan4d — -

QiU
(MR
o2l
ip21s
Ui21é
Tonz1?
[ ]
(222
CizzeH
troels
Tc2ad
ozl
Jczil
fn2le
cn2ar
creHn
craul
Gu2hg
Lijau?
coing
fuL2b!

L0258
Py,
oL zad
Colei
thnz62
£az2ad

—p -

o
37
Jus
KR
HIw
Wi
qiw
tae
e
Yy
Yo
Y47
d*
ER A
50
ale
G2
Gl
S
Lne
LR
Dl
Lue
EE A4
bTw
ale
@i
CER
bt
LR
bn#
o7
oue
LA
ile

Fas
Fair
fas
e

Pow

TABLE 2. (Continued)

IPIVUICY=1PIV{ICI+1

e IF UIR=1C193,115,%2.

L]

12

ily

156

153

1ag]
18z

LR Y]

239

233

250
FETS

CONTROL Can NEVLR REACH THE NEXT STATEMENT
IF (iR=1C190,}115,90
SIGHe=516N
nd L10 L=l ,HN
THD=L=LE»n* iR
[NuZeiL-1)aNe]C
AraXzAd[ND)
AlINgr=A(lnwZ)
ALIMND2)®AMAN

TvpER(R LIl
1eutr ik, 21mlg
1B IO pefta]g
Aftak=ating)
DETER=DITeR™ANBAK
Atidglatagnd
ou lar Lt=1 Ny
[unatl=1lysh*)g
AlTaoY=alinD i/ anANR oo
na Lal Lol

JF o Iu=~ICriaS,18l,1865
PtostiC=1alel
Aattax=aliingg
Alpuur=2,002
Do LdT lay Ny
FNOs{ =1 entL
tha2sti~1rsNatg
APINUIEACIND p=alIND2)®AMAX
coNl LUK
COWTINUE
caNTlInug
DO 23k 1a) N
Len*1=1

IR luE ALy Ly
1C=NvEX Ly 2}

IF (1a=1¢121p4235,210
ne 23¢ K=l.N
[Ha=(IR=1}eN+K
thGd=l JC=1) koK
AMAX=A L 1ND)
ALINDI=a{ W2}
A{tHDZ)y=anAX
CORT INUE
DETER=51uiues CETER
RETUKH
M=l
RETURHN

END

EHL OF CUMPILATION: I DEAGNQET1ES,
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TABLE 2. (Continued)

GFOR, 15 DHayHL ,uHATHL
CHEG-B5F =81 /L 9=01- 0058y - e - —

- STORAGE USLOJ-COWE 1) G0DL767 DATALD) QOO0S3:.aLANK CONMONIZ) . 8J00Q0

QJua

SUBRUUTIHE OHATHL ENTRY POINY GOQL4C

HERAJS

EATERNAL REFERENCES (BLUCK, NAME)

- STUHAGE AY LuNMENT (BLOCK, TYPE, RELATIVE LOCATION, HaME)

. gadl 080041 Ly, . soel  aoonél 1306 o000 0OQO&7 1356 - pog) - goulpd 1sdg. . 0604 --DC0Q3S 2L
gavl agac4s I agaet ga3esd 4L peoo 0 oogeed o ooog [ gooco5 jal Dudg | oGoQod 1a2
—-—fgub- DOoagZ (1A o - gage 1 grapn? sl ©ogoto L oofagi® 182 —- - QOO0 1 QOUOId eI —OQQeT Q00043 M
gouD | 09233% 1y Bhdi] 332022 IRJPS sota 1 pbdaols La QoG 1 Q9UB1é La 0DGO I 400012 LC
= gGut 1 noaael Lm - doue 1 aga1’ LN Beco 1 ofaopiy Le s - :
pgi0l 1 SUBRUUTLNE IMATMLECYA»BaMuNIK}
Gg1gl 2w [ 43STRACT - e s
o1l = [« GEWERAL MATRIX MULTIPLICATION ROUTINE WITh TRANSPOSE QPTIaNS
Gotkul qe C WrERE, M [S5 THE NuMAER OF Rouns OF (&) - e e e s e = e
BGLDI Lw C N.IS THE WNUMBER OF ROwS OF ¢H)
Gutglom-—he- Lo - © - K I3 THE NUMSEW OF COLUMNS OF 8) gR gl Teemmeem e e
Gulbl fe- C Tit; HSPOSE dPYions a%E (UNTROLLED BY THE S1GNS 0F M AND N
eyl ne L THE FOLLODING PROVULTS MAY BC 0BTAINED - e ren e mmmem e e -
goldy 7 R (Cl=(Alen} M AwD N FASITIVE
enLal - 10* C tcl=(a)Tia) M NEGATIVE FoR [a)7 s e em mmmmnnn e -
Catal 11w L (CI=(A1dpT W NELATEVE Fur (817
CRlOL—= fdes= G e (C)SLANTLAIT M OAND N NEGATIVE S mmmm el e e e M b e e e e
(0161 1dm v wHERE T nbicaTes TRAWSPOSE
LEEE R IEEE L c - IF M IS NESATIVE, B i3 THE HuM8ER OF rOwS OF (ALY e e e s -
to151 lbe C IF 8 [5 NEGATLY¥Es & IS5 THE nwUMBER OF RO4S DOF (BIT
0ol 14w < - T e e e
oaiul 17 ce DUTPUT ARGUMENT * ¢
Coinder= ~Jue-- = CHIHENZLON Clg) . L - oo e
fuind 1 [
Caloa Z0e 4 INPUT ARGUMENTS * argaMeNsK - -
qoi04 2L BIMENSTON All) uil)
aoiud 2w C remm o s e i e
Gyl FAR ct--;-..--.to--oco-ncc-----anul.ctnn--uc--o-nco-.oo-1o-¢.o-u.o-qnouco.--
CElOS——- 244 - - - BQUBLE PRECLSIpN €DeCaAse - S e S o e
Galoe 254 1A3=]
agie?- -- 2o~ = lausts)
tolls LR IH=LAGS (R
gttt - - ZEw [Fi{M «LYs Dlgo TO - R
BgI1d FEA [a13]A
COLEM = 30w+ oo meom [z e - J—
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gol1is 3l

. 5 e i

Gllh——— b2~
¢oli? ERE
00120 - 4w -
co122 L.
26123 o
colad 37 =
Jpl1ds: -~ 3G
golzs ER R
op127 CINE
a3z Hle
Qui3ld H2e
GeLad 4
13T o qyes
G144 qa .
Colnl Yae
col42 47w
0145 Hye
(SR e
CLDpYMTF S
n1sl ale
Urra2 -
Grigd 53w
Qo188 -- S+e
Quis? bow
POIA0 - Sov

TABLE 2. (Continued)

0 Tg 2

-1AL-=. 4 S e s e

1h2=1N

IF(N‘eLTe ClGgo T 3
18131

I142= 1IN

6o TO 4

Ta1o% - - -
142%])

Dy 7 LM=t,1H

LCaLM

1832}

DO & LPs],K

Ch " D.20Q0

LAalA3
[IGERETE]

DU & LNSLslN

co = €D o+ AtLa)#diLB)
LA=iA+1AY

RTINS E T IRy e

ciLt)r =2 Cu
Le = LL + M
163=193+1u2
143=1A2+1A2
RETURHN

ENQ

EHD OF CuMpPILATION] MO DIAGMNOSTICS.
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TABLE 2. (Continued)

KnAPelS Aarak
HaP—1dRZaC L IYmC i =140} - — e - e

1. L18 SYSSedSFCLS.

AUORECSS.LINITS ... Oilcas 033297 ... 048300 054642 . . e
STARTING AUDRES> 033 |4a7
hORDS LECIHAL 13448 [HAKK 4563 DHANX S
— . SEGMENT MAIN -+ .091065 g3azg? p4O00R0 DEH64H2 . s eeam e e e

MunFCS/FOR volagg @d1s2t . e i
HKHLKS/HIFLSS oslgze g2 l12 asbyge d40Cal

ALoaSssFoin) a5lana a3tz o4Go5y adglid

1
]
HE ABPARS/HIACET - B IR T A B A IR B ] Q40G0U2 GHODE3 - - e s
1
Cslaév/ate020 1 agtuzz sgi?1o G4311S CY4olsl - - kbt

BLANKSCONMMOR
Cenmpn/aie0z0 : 1 Qol?11 201740 c4q154 gYatse? s B T e
BLANKSCUMHON
SLL ALY/ $Ca020 o e g GOl £33222 2401 ougaTs - mee oo

BLANKECOMMON
pqdz7? o4l : e
gua3L1, CUgIIL
Oya3x2 g4gle? coc T T
L4378 L40ATs

PRIy XY 1 an3oae 9039623
MaEFs/HEFCLG 1 asdche goldag
EPTCHS/FINST . 1 wad3zy ogaea
CYHQOw/5C4520 1 as53e2y 333446

BLANKSCONNON - omm -

CacCav/sCe20 L un3e4r 0EIGTD G40377 gandar
: T BLANKSCOMMON EET R e e ——

Carpov/slanzd b u03s7) 0gaTLe c43q10 gsadla
T BLANKSCOAMON T

Q4d417 940440

CORCATAASFC 1 ogarr? ogulre
SEFINTASCa029 - ] B 11+ T E N U TR R -

QuduYl 2uQUds
BLARKSCOMMOR

Cholty/sCun2g H ag41z4 aguos Q40447 CHQNE - - - - - e e
BLAMKSCORMON
CngNLn/5Cy220 - 1 Qo427 0gaedly gyU4sy CY90545 FE P

BLANKSCOMMAON
auG9abd 0“055|i”""' e 4 e s

ORNORNONORODRNODNGONRANDRNONNNNMNONORNRORN MDD

CLINRYASCHD2D - - wom=em=m s po%e 1S £9547g
3 aGéE HLAMKSCOHMON

CyscLv/sCeo2d - - 1 o547 £peé7d guden? DUHOTOQ S e o e
.3 (1] SLANKSCOHRON

CxstLv/stag2d 1 Ld%s67y4 Qrel7e 04971 049727 : S s e
3 agu BLANKSCO#RON

CoRNLYFSCHY20 ~ —— - =} QpeC?7? 204253 BYGT730 CHCTHZ oo o e e e ———



44

CERRLNASCHO20u e ol e 00025
CSETCy/5CH020 . . -l Qo%3ey
CSETHYASC4)20 .- -1 - a0e42s
CREXTS5A5CH020 ~————— .- 1~--- Q04554
VCHARYASCYQ20 -=-— —=- - 1- Qp&7112
RITE24/SCa520 N A a07159
BPLETA /5049029 : i ag743s
CHRAM/SCHD2D e o 90T 904
3 [T
CCamRA/SCHORZL I un?71s
k] GGa
TaBLIvw/S50 224
W30DCVL/FAORLT 1 op’?763
NETYSZFQR - e cmeoo e ) v10114
MCLOSS/HSFLAT [ N N
MaPLes/HEFLST EEE i 214913104
Ne4dgLa/FUR 1 319475
NUPDAYFFOR 1 g10633
NRFOGae FOr
HCNYTadFOMGT - - mommen e 1 010547
INETEEYA T4 E 1 gilpzz
CrLOTYASCad2D | otizuee
3 wih
CLINEV/S5TS020 I aplyaz
YOrLYLFsEuan2d — smmm oo -] crigza
3 GGo
ASCLYIA 542U 1 g1214z
! K] §606
Captar/ui4cz2y 3 qréza
2 [
CaPRNYF OO 22— e - - 132934
EPRNTY/ASC802D 1 al2el7
a GGU
CeRO1v/S5C¥020 - | utdzn
a G666
CONDYWAGE4028 —-- 1 -Gkl
CERITy/s5CHg2G 1 [REA N
3 6Ga
CHARGN/SCH020 1 015013
CHuLNKASCHG2Q - - - - — ) w1507z
BHOY S ASFC H uLSie2
TRACE--- i 15223

SPCFRHAHSE o ror—

TABLE 2. (Continued)

0os3s3
0oz
0habol
gas?ar
q071453
gavtaa
ag374s5%
2g?ias

aznrtsy

212113

ERT-R N R

S103a8
gr1gd74
AR ERY
19%68
11221
013253
S13436
122
ar2l4t
912257

0312532

LTELTE RS

913219
14115
14710
Q15312
215371
91514t
416222

ai534é

NONONONOOOQMORONOQMNAON

oN

TCNGHNONMCNONGANGRNONGONONGCMNONCGRN SRS MR

o42112 p4glst

BLANKCOMNON
048743 048780 - -

BLANKSLOMMUN
948761 040771 e R
HBLALKSCOMMON
040772 G41006 R
BLANELSCOMMON

cHlge? 041042 ——— ——
SLANKSCOMMON

041043 g410¢&2 T
Gulos)d gu1ltl

041512 Q4197 - -
BLANKRSCOMNON

B4k472 g41558 -c - oo
BLANKSCOMHON

a4lsb? gY)SL
BLANKECOMMON

o4kayy guzill

242152 Quzl?y
ByZ2an Q422U

42202 Q44403

GYHqg9 a44473 S e s e
4474 Q44515
g445186 J44554
ALANKSCIMMON
a444555 U463}
BLANKRSCOMHEN
a44a39 a44éay o
HLANKSCAHMON
J44695 Q94655
BLANKSCOMMUHN
Q4lesée Na4713j
BLANKSCOMMON

€449732 pY479g ----mm—em - -
ALALKICUNMON
Qu47al c45044
BLARKSCOMMON
o45ugs yusldy
BLALKRSCOHMON

Q45122 Q45208 - memmm e
BLANKRSCOHND

045297 045222 -
BLANKSCUMMON

u45223 gus2oy

BLANKSCUMMON |

q43205 U453an B
BLANKRSCOMBOW

G45301 Q4531 - e

BLANRSCUMMUN

0q%s12 yy4yudl?

Lyi32n 0454908

OY544G3 irvadbe - e




137

CTo8CUrASFC

e  BOXLTAACSC - o e

ClpENT/SCuL 20
NOTIMS /NS QLS
HOUTSANSF L7
NFMTS/MaFCs7

S HIDERT/IMSECS T

MNFCHE 2/ NSy (57

HTARS/WSF(Cu5
HLINPS/HSFCSY
SuRTB/FURYS

T HEAPSS/FORGT

g15347
- Q15644
Ulesgl
GGl
G785y
u2d20%
g2lia?
u2207%
g2d2us

'

—— e b e ) e owe me

1 wa3gTy
H G2Ys4t
TogaYrr

GoG {(CUPMUL NLGLK)

CuUIKLAS5CH4G20

IDEHNT/ASCHG2C

HamONITOR/HSFCSS

TNIERSAFOKRS 2
KNUbUFa/FOikh ]
ERUS/Zi9FCsT
KERME /FQRS
By AHNSCOMpON
DuaTHy

IHuvRT

laaR
HuaT

REGRE S -

MALIN-

G24765
6Gh

022423
(206494
0277%4
G3ECcH,

-— s pm s L o

1 uadps

{CYMHMON BLOCK)

1 G3CH3e

1 D3%a3y

1 . Dalzsg
wlizss

0ilas?

1 Qadpsy

- SYSSeRLLIBS s LEVEL. MB7=-5 _.. o .
END OF COLLECIIUN = TIME 3.518 SEConNDS

BXGT AA

TABLE 2. (Concluded)

Q1945

gi4500- - -

Ci75653
n2n2od
Q21lse
223074
022254
G23aJ723

TZNOLE
gz247c0
nantay
pan4cez
Q24645
nz77%s
CanBag
gagioo
£3¢'i3s
n3agosn
03y2sl

031254
ga1654

c3xlaé

Gaxae?

NMNMMNMN ST NMNNMNUOMNMDOO D

NN O ~n Moo DO

rONOC NGO

Q45457 C459130

- Q45631 Q4547

045650 Q46032
BLANKRSCUHMDN

C4éuad 46044
Dubian Guel7é
C464u77 THslIs
C461ts Q446240
O4ezh] Ccusdlh
Cabyis a4’
Qubqyp 0465854
G465%7 QHe7TC
Cu4ér71 g470u2
Galyuld gur0tL2
Q47¢13 097144
4?47 47231

RLANKSCOMMON

87232 (51927
¢slgin (191614
051415 081744

gs5l745 pgs2l21

gs2122 Q5274
BLANRSCOMMON
052175 0592530
BLANKSCOMMON

L%2531 052697
BELANKSCOMMON
052680 0S454]
BLANKSCOMMURN
659942 C54642
BLANKSCOMMON



DIMENSION Z( 3,10),Y00 10)

TRANSFER TO SUBROUTINE E
START - A READ( 5,NAM] ) [(— REGRES » sTOP
Z,Y0,LN,N, TP

DIMENSTONED VARTABLES

SYMBOL STORAGES  SYMBOL STORAGES  SYMBOL STORAGES  SYMBOL STORAGES  SYMBOL STORAGES
¥ 10 RESID 10 z 3,10 SMALLZ In SHAT 9,9
IBAR 3,3 Yo 10 BZ 10 B 3,3 SYHAT 9,1
SMAL 71 T0IM AL 22 o1 ™ 9,9 X 10 ADARY 22
PMAX 10 FLDX 12 FLOY 12

Figure 2. Operation of the computer program (noncross product).
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SUBROUTINE FEGRES( 2,¥D,LN,N,1P)

RANSFER 10 SUBRDUTINE
I STARTH PARARETERID IM=100 H DATACADARYC 13, =1, 30/ 6HONE , 6HCOPY , SHFLOY TDENT
9,ADARY
MD5=1DEM REPEAT T0 1234 REPEAT T0 1234
XL=0.0 WRTTE( 4, 10000 N, 1P, LN FOR
h=11.0 NIP=NxIP I=1,1+1,,..,N 321,141, TP
¥8=4.0
1234 FEPEAT T0 1235 "REPEAT TO 1236 REFEAT T0 1236
IBAR( 1,000 | SALLZK )=0.0 Fo FOR
.. 1om 121,141, ... NIP 11,141, NIP
[ 1z |
1236 | REFEAT TO 1237 3;:‘:";:‘;-3 SREG=0.0
fOR SYHAT(T, 11=0.0 YBARO=0. 0 SvyY=0.0
I=1,1+1, ..., NIP ARO~D. SAES=0.0

REPEAT TQ 225 . REPEAT T 225 REPEAT TO 210 219
FOR : FOR FOR AR 1,J)=TBAR 1,0 1+Z01 K )“JJ——)
I=1,1+%1,...,N J=1, 141, ..., TP =1,1+1, LN

[z ]

ZBAR( 1, J Y<ZBARC 1,1 )/LN

REPEAT T0 250 REPEAT TD 250 REPEAT TO 245
TUNIT=10 FOR FOR FOR
NSECT={ NIWDS+27 /28 1=1,1+1 J=1,040,..., TP
15ECT=1 e

K=1,1+1,...,LN

] [ 250 |}

TRANSFER TC SUBROUTINE TSECT=ISECTHNSECT REPEAT Y0 450
——1| SMALLE K)=2(1,K bex)~2BAR T, 0} T0RDUR TRDW=0 _ FoR
1, TUNIT, ISECT, SmaLLZ, NuDS, TERR 1coL=1 I=1,1+1,... N

Figure 2. (Continued)
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REPEAT TO 400

SUBROUTINE REGRES Z,Y0,LN,N, TP}

FOR TSECT=t IK~1)%1Px

L=1,141,...,IP

TRANSFER TO SUBROUTINE
NSECTH L-1 )\-NSECT+T|— TORDWR - :
2, TUNIT, TSECT, SHALZ I, NS, 1ERR

REPEAT T0 350 REFEAT 10 350
FOR FOR TSECT=( J-1 ) IPRNSECT+( K=1 WNSECT+] |—
151,141, . N K=1,141,..., 1P
300
TRANSFER 10 SUBROLTINE REPERT a0 10 SHATC IR, FCOL 1=SHATC TRDN, TCOL J+SMAL 71 1 e SMALZ2 1)
2, IUNIT, TSECT, S1AL 72, NuDS, TERR Ts1, 141, .. LN SHC TROW, 1COL )=SHATK TROW, TCOL )

ISID'

450

[0 ] 1 o0 | CONTINUE

FEPEAT TO 1322

o conrraue I_;I 1o £a.twip LESS 1o -

FoR
T=1,1+1,...,ICL

1C0L=1C0L+1 H CONTINUE H NR,:;:",UN

ICL=N=IP

REPEAT TO 1322
FOR
1+, ...,

i=1, 1RDW

OSNCE2=5HO D, I

I

[T322 |
TEPEAT T 650
= ANSFER ILUVHSTUBRUUTINE i
M=0 1=1,1+1
DSN,NR, M, DETER REIN

650

REPEAT TO 710

FOR ISECT=l 1-1 )% IP*NSECTH J-1 "”SECTiI__’
J=1,040, .. 1P

YBARD=YBARO+YX 1) B
YBARD =YBARD/LN FEFE ;o;o e
NIP=N*IP+1 T=i, i+1,...,N
TROW=1 P

TRANSFER TO SUBROUTINE
TORDWR
2, TUNIT, ISECT, SMALZ2,NWDS, TERR

Kll+l

REPERT T(] 700
SYHATC EROW, 1 )=SVHATC TROW, 1 1+5MALZH K J+{ YO K}~ YEAHM———)

Figure 2. (Continued)
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700

SUBROUTINE REGRES( Z,¥0,LN,N,IF}

o

[ pswarc im0, D=sunarc rmow, 15 f—oy oA

TROW=TROW+1

TRANSFER TD SUBROUTINE

08,

OMATML
DSN,DSHAT, IR, IR, 1

REPEAT 70 1331
FOR

I 1331 I

B{y,1)-DBCE2,1} AD=YBARD

FEPEAT 10 23 REPEAT TO 23
T2=I2+1 FOR FOR
1=1,040,...,N J=1,141,.. 1P

750 REPEAT T0 150
FOR
LN J=i, 141, ... N

I 2 | REPEAT TD
—1 AD=AD-B( T,2)*¥ZBAR( T, ) WATTEC 6, 24340 - |+F|DR

FELY

REPERT 10O 750

REPEAT TO 775

FOR
K=l,14t,... 1P

BZETI=BE T)+B(J, K)xZ(J, 1 )esK

115

§ CONTINUE

YWIIADB AT
YBARC SYBARCHY( [}
RESID! I)=YD{ T1-¥( 1)
RR=RR+RESTDI T1#x2

YBARC=YBARC /LN
STADEV=SQRT( RASC LN-N*IF})

FOR

REPEAT TO 800

I=1,1+1, ... LN

800

SAEG =SREGH ¥{ T )=VBARC J*+2
SYY=SYY L YOU T 1-YBARD Jus 2

SRES=SRES+RESID( T w2
RHAT=S0RT{ SREG/SYY)

NO

_i RHAT.GT.1.0 I_V.Es.,l RHAT=2.0-RHAT

FRATID=( SREGA N IP=1) 3/{ SRES/{ LN-N+TP )} |

REPEAY TO 83
FOR

=1, Li=2,2+1,...,LN
| 83 [ .
XXCLTI=XROLT-1 041, TRANSFER TO' SUBRDUTINE TRANSFER TO SUBROUTINE
L1=-1 QUIK3L QUIKAL
L2=0 L1,XL,XR,YB,¥T,40,FLDX,FLDY, LN, XX, ¥ L2, XL, XA, YB YT, 34, FLDX,FLOY,LN, KX, YD

Figure 2. (Continued)
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SUBROUTINE REGRES( Z,¥D,LN,N,IP)

I 2000 |

CNTTNUE
Sum=0.

REPEAT TO 501

WRTTES 6, 2502)Y001),Y(I),RESID( 1) l-—-)

501
SUMSSUMIPIRAXC L) FEPEAT TO 505
-—)Iﬂ\xc L 0cABSE{ YOO L 9=Y(L 1 )/YEL ) l—; PERAVE=L SUMALN 1100, FOR
AMAX=PMAX( 1) L=2,2+1,...,LN

505

TNUE Bi
R
E
T
]
R
N

Figure 2. (Continued)
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GENERAL FORTRAN 1/0 PACKAGE EXEC VITT APRIL, 1970

HEAD/WRITE MAG TAPE OR DRUM TN FORTRAN OR NON-FORTRAN FORMAT.

DIMENSIDPNED VARIABLES

SYmBoL STORAGES SYmsoL STORAGES SYmBOL STORAGES SYME 0L STORAGES
ARRAY 1 ICWo 3 IFLD 29 KODE 6
NTWD 3

Figure 2. (Continued)
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SUBROUTINE ROWT

DATAL IFLOCEY, T=1,29)/1H1, 1HZ, 1H3, 1H4, IH5, [H6, LT, 1M8, THG, 2H10, 2H11, 2412, PH13, 2
H14,2H15,2H16, 2417, 2H18, 2419, 2HZ0, 2H21, 2H22, 2H23, 2H24 , 2HZ5 , ZH26, ZH2T, H2B, PH2T

START 3 /
DATAL KODEC 1), =1, 6)/0604300000000, 0002000008800, 1001500000000, 0001080000000, 00

01140000000, 0004000000000/

TOP=MODE +2e=3, WAT TEF TNFGAMAT . =4 ,WRT TENDN-F TN
— (oo e | @] [P o
KNTWD¢ 3)=KNTWOC 1)

w 1Tun=1 W0 =2J0P=] , 2, WAT TEEOF ANDREWIND TUNIT I———;
G0TOC 6,6, 7,25 3, J0PedOP =, NDACTION , RETURN. = .2 :

R

o
[T77]
——* 10P=5a=5 WA TEEND-OF -F ILE, I———;I Go o 101 lJUP-GT-' i—-‘ﬂﬁa‘l RETURN=INP=2, 3, NDACTION  RETURN

‘\

ND
8

——* 10P=6cx=6, REWINDEUNIT . I—:[ G0 T0 ml [ TCODE .EQ. | I—iﬁai 10P =404, SEQUENTIALWRT E . }

[L1]

—* ICUDE-EETPB-;l I0P=201=2, SEGUENTIALREAD , IPACKTL & )=TADDRS=BEG [N INGORUM-SEC TORADDRE S5 . H

I 10 I
CONTINUE [ ]

TPACKTC 3 )=IFLDC TUNTT )= TUNE TINFIELD-DATA .
IPACKT( 2)=TBLANK
IPACKT( 3)=0

Figure 2. (Continued)
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COMPYIED GO YO

IF THE VALUE TRANSFER

oF  TOP T4
15 STATEMENT

3 20

2 21

3 20

4 21

5 22

6 22

SUBRIUTINE RDWT

[(="]

ICLOC 1)=1+1 1+LOCE KNTUDS 11 )eF TASTCONTROLACCESSKORD .
JCLOC 2 =NwDS* T 1+L0CC ARRAY Y SEC ONDC CATROLACCE SSWORD . _,
TCWOC 3)=2%11+L0CC KNTWD! 23 ) TRIRCCONTROLACCESSWNAD .

TPACKTC 5 h=3¢ 1 1 +LOCCICWOC | ) YodWMBRANEIOCHF L STC Z/AWORD

=]

l IPACKTC 5 )=ND 5+ [ 1 H.BC{ ARRAY JoNMBRANDLOC OF DATAWORDS .

TRANSFER TO SUBROUTIN
I0WR

IPACKT

N
—* ToP EQ.5 |-¥5-;1 GOTO( 25 ,8), ITWDa i TWO=1,RETURN, =2, REWTNDTUNIT, TERR=TPACKT 43/1 2aEARDASTA TUSINSIPORTLON . |——)
60 GD TD
Z4ehDR 26TER
YES YES R
E I 24 I
IERR.ED.0 JERR.GE. 3 1ERR=2ENE -OF ~F [{ EORENE -OF ~TAPE . 3 L [n.w:xmmm 1)/ 1 1o0igFROMF TNCON FROLORD
"
N

25

1ERA=]

2xc-Amm

[z ]

—*m:rzta,wom

6
PACKT(I),I=]1,8) H STOP |

Figure 2. (Continued)
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SYMBOL

IPiv

STORAGES

IDIM

SYMBOL

INDE X

DIMENSTIONED

STORAGES SYmBOL

D1M, 2

VARIABLES

STORAGES SYMBOL

Figure 2. (Continued)
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SUBRIUTINE INVAT( AN ,M,DETER}

EN

pr—— REPEAT T0 20 ——— REPEAT T 182
= TER=1.0D FoR =
|5TAHT_H PARAMETER I DIM=60 H SIGN=1 0D et A

60 TO Go 1O

REPEAT 1O 75

AmAX=0.000 FOR IPIV(ID=1 | = o tNDA -t 1%N+T 3
J=1,04L, .. N .
V
60 10 Gl T
50 250
60 T 60 T
90
| 50 | r—‘
—p L
= CONTINUE
S I e " (&0 =]
AMAX=DABS A¢ TN )3 IPTVOIC)=IPTV( IC ¥+l
0
G0 1O
115
| 115 |
IND=L (=1 Do+ TR 110 INDEX( K, 1)=IR
| IND2=( L] b+N+IC ] INDEX(K,2)=1C
AmAX=AL IND ) . TNDL 1C -1 JN+TC
ACTND 1=A0 TND2) AMAX=AC IND )
150

REPEAT TO 150
FOR IND={ L~1 IeN+IC }-—x] AL TND Y=AL TND Y AMAX I—)
L=1,141,... NN

Figure 2. (Continued)
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REPEAT T 181

-

SUBROUTINE INVRTCA,N,M,DETER)

165
IND= TC -1 YN+l REPEAT TD 180 IND=( 11 Yepial
AMAX=A( TND ) FOR o IND2=( 1=1 3p+IC

ACIND =0.0D0

I=1,1+1, ..., NN

ACIND Y=AC IND )-AL IND2 b*AMAX

0 _
180_| IECTI 182 REPEAT 10 235 Lol A REPEAT TO 230
CONTINUE CONTINUE CONTINUE FOR | TR=INDEX(L,1) }—23 TR-IC ) FOR
[=1;1+11"'JN [C:!NDEX(L,Z) TF K=1,141,... N
\A
G0 TO
210
255
R )
IND={ TR=1 }¥N+K 230 2% E | 250 | E
IND2=C IC =1 }*N+K ” CONTINUE T — T
AMAX=AC IND ) ACTND 2)=AMAX * DETER=SIGN*DETER u m=-1 u
AC TND }=At IND2) R R
N N

Figure 2. (Continued)
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SYMBOL

STORAGES

DTM

ENSTORNRED VARIABLES

SYmBOL STORAGES  SYMBOL STORAGES  SYMBOL STORAGES  SYMBOL STORAGES
c 1 A 1 B A
SUBROUTINE DMATML{C,A,B,M N, K}
G0 TO G0 T
1 3
YES 1 /NES
| 2 ]
1A3=1 A 1A1=IM 1A1=1 181=1
START |—3 IM=1ABS(M) MAT.0 LBy et 1 60 TO 2 1ap=tn [ CONTINUE NLT.0 LMLy N
IN=TABS{ N) = = =
3 | 4 ]
1B1-K REPEAT T0 7 Lo REPEAT TO & CD=0.080
GO TO 4 - FOR 3 —— FOR oA La=in3
182=1 Lr=1,141,...,1In B3=1 LP=1,1+1,.. . K LB=153
[ | R
REPEAT T0 5 8 [ 1] [ 7 1] E
CDO=CD4AC LA B(LB) LB=L841B1 T
FOR A C(LLI=LD ——:i IB3=1B3+IB2 —3 1A3=IA3+1A2 20
LN=1, 141, ..., IN LA=LA+IAL LC=LC+IM R
N

Figure 2. (Concluded)




Also included in the output are the number of independent variables N, the
degree of the model equation P, and the number of input data points (sets) n denoted in
the output as LN. Further, the significance of the estimated regression equation is
indicated by the standard deviation, the multiple correlation coefficient, the F ratio, the
maximum percent error, and the average percent error.

The vualues of the dependent variable are also shown for the input data and for
the computed values obtained from the fitted expression for each sef of data input, as
well as for the residual difference in the input values and the computed values.

Plotted results are also obtained which compare the input and the computed
dependent variables as ordinates to the point intcrval along the abscissa (which is
normally one of the physical independent variables, but which can be a unit indication of
each data set in order of input to the program). The computed points are connected by
straight fines and are plotted with * symbols. The input points are plotted with +
symbols and these points are not connected with lines.

D. Ilustrative Problem

For the purpose of illustrafiﬁg the use of the program and its capabilities the
following arbitrary equation was selected for use:

Y = 9—6)(1 +7X12 +5X13

- 4}(2 + 1)(22 + 7}(23 (37)

- 2 _ 3
6X3 o+ 7X3 6X3

From equation (37) the following set of input data (Table 3) was developed
containing exact dependent variable values (to three decimal places) for arbitrary values of
the three independent variables.
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TABLE 3. INPUT DATA, DEPENDENT VARIABLE VALUES

Data Point Number Y X] X2 X3
] 5.719 0.5 04 0.4
2 7.111 0.6 0.3 S 0.2,
3 5.216 0.2 0.6 - 0.6
4 5.592 0.2 0.6 0.5
5 10.915 0.9 0.0 0.5
6 7.569 - 0.7 0.0 0.6
7 7450 0.3 0.9 0.7
8 9618 0.9 0.3 0.6
9 5.019 0.5 0.6 Q0.7
10 8.021 0.3 0.8 0.2

The input for this sample problem was read in through namelist NAMI as
follows:

Col. 2

$NAMI
Z=05,04, .., 0.2
YO =5719 7.111, ..., 8.021,
LN = 10,
N =3,
1P =3,

$

The computed results are shown in Table 4 for this example problem and the
plotted results are shown in Figure 3.

The plot graphs the point intervals on the X axis against the exact and computed
dependent variables. The exact dependent variables are plotted with (+) and the points
are not connected with lines. The computed dependent variables are plotted with (*) and
the points are connected by straight line segments.

Inspection of the digital and plotted results reveals that the computed regression

relation yields an almost exact representation of the input data for this arbitrary case.
Experience with many sets of physical data have also shown excellent results.

57



8S

TABLE 4. OUTPUT DATA LISTING FOR ILLUSTRATIVE PROBLEM (CASE WITHOUT CROSS PRODUCTS)

;4 4

AL

STamyaKD
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NOTE: THE INPUT DATA {+} AND THE COMPUTED RESULTS (*) .
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Figure 3. Comparison of input and computed values for illustrative
problem without cross products.
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APPENDIX B

MULTIPLE REGRESSION PROGRAM FOR CASE WITH CROSS PRODUCTS

where:

A. Input Data
The regression subroutine is called with the following statement:

CALL REGRES(Z, YO, LN, N, IP)

Z is a two-dimensional array containing the independent variables used. The first
subscript denotes the independent variable and the second subscript denotes the
data set. "

YO is an array containing the dependent variables which correspond to the
independent variables.

LN is the number of data sets.

N is the number of independent variables used.

IP is the degree of the polynomial curve fit.

These arguments must be assigned a value in a driver program.

The regression subroutine incorporates several special routines: RDWT, IOWR,

INVRT, and DMATML.

RDWT is a general FORTRAN [/O package which is capable of reading and/or

writing on magnetic tape or drum in FORTRAN or non-FORTRAN format.

IOWR is an assembly language I/O routine used by RDWT.

INVRT is a double precision matrix inversion and simultaneous equations solver.

The call to this routine is:

where:
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CALL INVRT(A,N,M,DETER)

A is the input matrix for inversion or augmented matrix for simultaneous
equations.



N is the order of the coefficient matrix.
M=0 for inversion only; otherwise, M is the number of constant vectors.
DETER is the determinant of the coefficient matrix.

DMATML is a double precision matrix multiplication routine with transpose
options. The call to this routine is:

CALL DMATML(C,A,B,M,NK)
where:

C is the product of matrix A times matrix B.

A is the first input matrix,

B is the second input matrix,

M is the number of rows of A,

N is the number of rows of B, and

K is the number of columns of B.

Certain variables have dimension changes that vary depending on the number of
data points (LN), the number of independent variables (N), and the degree of the
polynomial curve fit (IP). These will be dimensioned as follows:

DSN(NCL2), DSVHAT(NCL)]), DB(NCL,1), X(LN), Z(N,LN), ZBAR(N.IP),

ZZBAR(NN,IP), SHAT(NCL,NCL), YO(LN), SVHAT(NCL,1), YC(LN), BZ(LN),

RESID(LN), B(N,IP), A(NN,IP)

where:

LN,N,IP are as defined above and
NCL is computed as follows:

"NCL = N*IP+ N!/[2*(N-2)!]

NCL?2 is NCL raised to the second power.
NN is N minus 1.

SMALLZ, SMALZI, and SMALZ2 should be dimensioned greater than the

number of data points and the dimension is set in a PARAMETER statement; for
example,
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PARAMETER IDIM = 100

B. Program
In order to run this program on the UNIVAC 1108, the deck is set up as follows:

@RUN,//T IJBNAME,320590,UDARBYBIN406,01.100
@ASG,T 10,F/1/POS/2
@FOR,IS MAIN, MAIN
(Source deck for inputting data)
@FOR,IS REGRES, REGRES
(Source deck)
@FOR,IS RDWT, RDWT
(Source deck)
@ASM,IS IOWR, IOWR
(Source deck}
@FOR,IS INVRT, INVRT
(Source deck)
@FOR,IS DMATML,DMATML
{Source deck)
@MAP,I AA, AA
LIB SYS$*MSFCS.
@XQT AA
(Input data)
@FIN

as illustrated in Figure 1.

A complete program listing for the case with linear cross products is shown in
Table 5 and a flow chart indicating the operation of this computer program is indicated
in Figure 4.

C. Output Data

The desired coefficients of the model equation are outputted in E notation where
BHAT is the computed intercept AO of the fitted polynomial expression and the B

coefficients are printed out in ascending order of degree (P) with the first P coefficients
indicating the b coefficients of the first independent variable, the second set of P
coefficients indicating the b coefficients of the second independent variable, etc. The A
coefficient designation represents the C coefficients of the various cross products in the
following order:
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C23. C24: > CoN

CN-1 N

Also included in the output are the number of independent variables N, the
degree of the model equation P, and the number of input data points (sets) n denoted in
the output as LN. Further, the significance of the estimated regression equation is
indicated by the standard deviation, the multiple correlation coefficient, the F ratio, the
maximurm percent error, and the average percent error.

The values of the dependent variable are also shown for the input data and for
the computed values obtained from the fitted expression for each set of data inpuf, as
well as for the residual difference in the input values and the computed values.

Plotted results are also obtained which compare the input and the computed
dependent variables as ordinates to the point interval along the abscissa (which is
normally one of the physical independent variables, but which can be a unit indication of
each data set in order of input to the program). The computed points are connected by
straight lines and are plotted with * symbols. The input points are ploited with +
symbaols and the points are not connected with lines.

D. Mlustrative Problem

For the purposes of illustrating the use of the cross product program and its
capabilities, the following arbitrary equation was selected for use:

Y = 9—6}'(1 +7Xl2 +SX13

_ 2 3
4X2 + 13'(2 + 7)(2

T , (38)

- 2 _ 3
6}(3 + 7)(3 6X3

+ 585X, X, + SXIXE‘, - 6X2X

172 3
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SYMBOL

AGARY

I

SMaL 22

B2

|51ART

STORAGE S

SYMBOL

PMAX

18AR

SHAT

RESID

BIMENSITI OQRETD

STORAGES

15

12,12

15

REALD (5 ,NAHT)

SYMBOL

FLDX

IIBAR

10

DIMENSION Z({3,15),Y0(0(15)

TRANSFER TO SUQROUTINE

REGRES
ZWTO,LN(N,IF

YVARI ABLESS

STORAGES

12

2.3

13

SYMBOL

FLDY

SHALLZ

SYHAT

A

STORAGES

12

101N

12,1

Figure 4. Operation of the computer program {cross product).
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SUBROUTINE REGRESIZ ¥Q,LN,N,IF}

TRANSFER TO SUBROUTINE
| ATART H:RANE TEHIDIH=1UDHT! TAAADARY (L} ,I=1,31/EH0ONE (EHLOPY (6HFLOS IDENT

9 A0ARY

NHﬂSiW“‘ WR1TE (6,10000} N,1P LN REPEAT TO 15 REPEAT T2 13
IL_-D- 1217, NN=N-1 FoR FOR
XR=16. NIP=N&LR 121,140,000 40 EEF WSS I Iy
A\LEI W

2BAR {1 ,3)=0.0

REFEAT TO 16

FOR

1=1,1+1,,.. NN

REPEAT TO 16
FOR
131 4141 . caulP

ZIBAR (T ,0)=0.D

REPEAT TO T
FOR
I=1 4041 ,0..,10IR

SMALLZIN)=0.0

REFEAT 10 8

FoR

121 41¢)0.4,NIP

REPEAT TO 8
FOR
J21 ;141 ... NIP

SHATITJ)=0.0

REPEAT TO 9

121,141 ,...NIP

FOR

[~

FOR
IF1 341 e eaWlP

FOR
LET U L) RIS N |

= JY L
zaunn.n:mnrt.nozu.mu:I——) ZBAR L, 1D =2BARAT, 1} /LN

REPEAT To § 82(it=0.0 SRES=0.0 REPEAT TO 125
~ FoR TBARZD.D VAR=0.D 1rz0.0 FoR
T =0, = -
swwariroar=a.o I=0 3141 euaskN RR=0.0 8Y1=0.0 $5=0.0 IETET TS T
SREG=0.0 RZ0.0
[ 208 I 125 I .
REPEAT To 125 REFEAT TO 100

REPEAT TO 150
FOR
Iz 4,141 44400

REPEAT TO 150

J=2K K+f .00 ,N

REPEAT TQ 150

FOR FOR
[EEWT RS FERTEIN ;

Figure 4. (Continued)

LZBAR (1 yA)STIBARIT (I 20, LY #7103 ,L) ]——')
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SUBROUTINE REGRES(Z,YO,LN,N.TP)

] 150
TIBARCE ) 222BAR K] ) /LN REPEAT TO 266 BEPEAT TO 2po REFEAT TO 175
19M1 1210 FoR FoR FOR
M3EC Ts (NWDS+27) /28 - 121,440 10na ol 3214441 ,...41P K=14141 444 4kN
T3ECT=1
208
I 175 REPEAT To 230

TRANSFER T0 SUBROUTINE
SHALLZUGRY =2 (T ,K) ded=2BARIEL ) 10RDWR
1 ) TUNET, I3ECT SMALLZ NWD S, TERR

ESECT=ISECTHNSECT
KK=1

FOR
123 443,00 NN

i

REFEAT TO 23D REFEAT TO 225 I 2z} |

KK=KK+1 FOR FOR SHALLZ (R)=Z (L K2 %2 (J K)-2ZBAR (1,4} J—)
FEY T I Y TR K21 040 gene LN

Ny

[ ]

TRANSFER TO SUBROUTINE - REPEAT TO 250 NFACT=NFAC T#I
100 R 1s£¢ ';;:sﬁ,_':"“c ' FOR NFAC T2=1
1, TUNIT,15ECT,HALLZ NWDS, TERR - I=1 1% pe00uf N2=N-2

[Cers ]

NFACTZ=NFACTZ#]

NCOLSNAT P+ INFACT/ [2aNFACTZ)) il ’ 3
ISECT=4 1ROwW=1

N3ECT= (NWD3+2T) /28

REPEAT TQ 275
FOR
P31 ,te1,...4N2

._,[nz.ze.uJ._Lu_,l,,g,,

REPEAT To 305
FOR
K=l yi#1a..¢NCOL

REPEAT To 314
FoRr
J21 8%t .00 NCOL

IcoL=t
1SECTE=

TRARSFER TO SUBRQUTINE
. 10R0WR
2,IUNET,ISECT  SMALZYL NWD S, LERR

TRANS 10 SUBROUTT REPEAT TO 30D
" F“losoun ouTine FoR SHATIIROW, ICOLI=SHAT{IROW, TCOL} # SMAL T {1) #SHALZZ (})
RR It ded ova bl /7 ICOL=TCOL ) ——

L TUNIT, IAECT] SMALZR ,NWDS,TE

Figure 4. (Continued)
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l 0%

TAECTI=1 SECTI+N3ECT |
TROW=1ROW¢1

SUBROUTINE REGRESIZ, YO LM,N 1P}

[C2s ]

REFEAT TO 2325
FOR
[=1 143 seas LN

13ECT=TSECT#+NSECT

TBARZTBAR+YOUL) REPEAT TO 33D
TBAR=TBAR/LN FoR
13ECT=4 Kzi 41 0.0 o NEOL

TRANSFER TO SUBROUTINE REPEAT TO 330
TORDWR | FOR SYHATI(K,1)=8VHATER 1)+ SHALZY (L} #¢30{1)-TBAR] l—)
2, JUNIT, ISECT 3MALZY ,NWC5,1ERR HES W £ IO A |

[ 3

[s )

REPEAT TO 375
—)l DSYHATAK (1) 2SVHATIK 1} J———) 13ECT=1SECTANSECT FOR
12=1 121,141 000 NEQ

REPEAT TO 373
FOR
151449 5.4, NCOL

[ ]

:‘::E;i TRANSFER TO SUBROUTINE TRANSFER TO SURBROUTINE
DANILI2)=SHATCL ,)) 12i=12-1 INVYRT OHATHL 12=1
DSN, NR M ,DE TER DB SN BEVHAT MR, NR 41

=0

REPEAT TO 40O
FoR
1=4 140 ,.0 0N

REPEAT. TO 400
FOR
EEF RS ER IR 1 4

8il. =08 112,11}

1221241 REPEAT To 410

k=1 121,141 ,... 8N

REFPEAT TO 410
FOR
J=R K41 5400 N

[ 411

A 11, 01708 (123,17 Ly 121212201 ] FOR

BHAT=TBAR 128 34l q1ens

REPEAT TO 420 REPEAT TO 42D
FoR
N FEINS L PN Y

[ 420

[ 23]

BHAT=BHAT-B (1,4} #2BAR LI )

REPEAT To 423
FOR
121 )14 54 44 4NN

Figure 4. (Continued)

REPEAT TO 4235

PRI S5 QI |

FOR
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SUBROUTINE REGRES{Z,YQ,LN,N,IF)

4
I 23 l REFEAT TO 450

Ilnn:ann-ul.nvzzautl.n wnnew.aunusmunl— For
Is1 844,000 LN

REPEAT TO 450
FOR
131 4141 5,044 4N

o]

BZ{I}=BZILY+B I K}HZ(),T) 24K

REPEAT TO 45D
FOR
K21 41%1 ...,41P

REPEAT TO 475
"FOR
I=1 1941 ,...,4LN

REFEAT TO 4715
FOR
IE LS PRIY L

]

B2C1)=BZC1)+A TS, L)%Z 43,00 %21L,1)

REFEAT TO 475
FOR
L=KK KR+t ;... 4N

REPEAT TO 380
FOR

KE=KK+1

IZ8 1043 pava )N

| s00
YCAT) 2BHAT+BZ (1) COMTINUE REPEAT To 304
RESID (1}=YQ(11-¥C (1) SN0 FOR PMAXCLI=ABS 1 (YO(L) =YC (L)) #TC (L)} I-——)
RR=RR+RESID (1) #52 =0 L=1 1143 00 sLN

&0 TO
505

I 501

[Csoa ]

o]

CONTINUE

0 TO
5ns

AR
SUM= SUMs PHA X L) REFEAT T0 5D5
PERAVE= (SUM/LN) #104 ., FOR AMAY-PMAXIL) H AMAX=FMA XL} ’-——)
AMAX=PHAX UL} L=2,2¢1 .54 sLN \q;/ PERMA X=AMA X+100 .
L ]

[Foar ]

REPEAT TO 507 REPEAT TD S%iD
roR RzR+ABS IRESID [L}) CONTLNUE FOR NLen-1
LEL 808,00 LN TISYTETOLL) N2=0 121,141 4ees (NN

Figure 4. (Continued)
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NZ=N2+ NI
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SUBROUTINE REGRES(Zy10.LNN&lF}

INEE

F’-"""‘“'U LE.D ]—-“-ﬂ—i STADEVZ3GR T [RA/ (LN-KHAT-13) }-—)[coNHNUE

REPEAT To 323
FOR
121,141 ,.¢.4LN

2]

SREG=SREGH {TC (L) -tBAR) #42
Sre=8uve [YOIT}-YBAR) $#2

f—

S8z 38+ (YC{I}-YBARI®IYO[E}-XC (D))

SRESzSRES#REBID (1) &%2
RHAT=3REG/SYY

FRATIOR (SREG/IRKAT-1)) 7 {SRES/ {LN-KHA TI)

——4:!1 TE 610089} STAOEVY (RHAT,FRATIC

WRITE (8,10010)

—4 WRITE (6,10081) (4B 11,32 ,d=1 1P} (0=1,N}

WRITE(6,10012)
k=1

REPEAT TO 530
FOR

F=1 4141 ,a..,8N

[Fs0]

REPEAT TO 530D

FOR WR

1TE{6,10014) 441 ,JPH CONTINUE

=R K41 .00 N

WR1TE (6,1DD26}

REPEAT 10 1233

FOR

WRITE (6,10027)Y01{13),YC(18) ,RESID(18) }—) Lz=0

1351 141 3004 ¢l N

[Ceess ]

CONTINUE
Liz=1

Xiirey.

REPEAT TO Ed§
FQR
L1=2,2+49 ;... LN

TRAMSFER
d
L1 FLoXR,YB,TT 4

llL[l=l(L[-1)f1.‘

To SUBROVTINE
vIKIL
O4FLDXFLOY a-LN KT C

SULIRIL

TRANSFER TQ 3UBROUTINE

L2, KL XR Y8 ¥ T 34 ,FLOX.FLOV,LN, X, 10

Figure 4. {Continued)
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SYMBOL

ARRAY

NTWD

SUBROUTINE REGRES{I YO,LN,N,IP]

[rese ]

WRITE (6,10033) PERNA X, FERA VG CONTINUE ——("“""“E;:";:”"””"

GENERAL FORTRAN 1/0 PACKAGE JEXEC VIII APRILYISTO

READ/WRITE MAG TAPE OR DRUM 1IN FORTRAN o NON-—FOﬁTRAN FORMAT.

DIMENISII ONETD VARI1ABLES

STORAGES® StMboL STORMGES STHBOL STORAGES STYMBOL STORAGES
1 1cue 3 IFLD 23 RORE &
)

Figure 4. {Continued)

STKBOL

JAPACKT

STORAGES
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SUBRQUTINE RDWT

DATACIFLOAY) ,1=1 292 /1KY (AR2 N3 ,1Md ,AH5 ,1HE  IHTY SHO ,1HD ,2H10,2H1E ,2K12,2H13.,2
H14 ,2H15 ,2H16,2H17 ,2H18 ;2119 ,2H20 JEH21 (ZH2E ,2H23 ,2H24 12H25 ,2H26 ,2H27,2HE6 (2429
[

START
DATA IKOBE (1) ,121,6) /0004300000000 ,0002000000000 0003500000000 ,0001000060000,08
ai1ico000000,00040000000007

|

LOP=NODE+2d=35 ,WRT TEF THF ORMA T.=d ,WRI TENON-F TN.

L

El KNTWD (1) =NWD S 1+ 03aBUILDFORTRANRECORD -CONTROLWORD «
LOP= = .= - .
OP=WODEa=1,READF TNFORNAT. 22 ,READRON-F TH co o SDI KNTWD 12} sIBLANKaDUMKY CHECK SUMERRORWORD .

KNTWD (3} =KNTWD {1}

Al

1TWo=1 I .

= = R I .
0 To ib GOTOUE 6,7 ,25) JOFaLOP=4 ,NOAC TLON , RE TURN. —){nwo 2ai0P=y 2 WRTTEEQFANDREWINDLUNI T J_)

NO
7 |
LOPz5az5  WRE IEEHD-OF-FILEHO 10 10 | FOF-“-' I—'ﬁ-){nnunnuor:z.s.uoa:rloN.REWRN-

i

NO
[ ]
l.OF=6¢=6.R£vINDlUNlT.HGO 10 10 | | 1CODE.ER .1 }—‘ﬂ-)[wf':u:a.sseur-:mm.wnnz.

i

Ha
¥

TCODE.EQ.-2 Wonhu JSEQUENTIALREAD, JAPACKT(6) 21ADDRSBEGTNNINGDRUM- SEC TORABDRESS. '—)

| 10 ]
CONTLNUE 'T']

p—

JPACKT (1) =1FLD (1UNI T} T UNT TINFIELD-DA Th.
JAPKCKT {2} TALANK T :

JPACKT (D) 20

Figure 4. {Continued)
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SUBRQUTINE ROWT

COMPUTED &0 TO
1f TME WwALUE TRANSFER
OF  Lor 10 ' x

13 STATEKRENT LEWP (1) =1 #104LOL (KRTWD 641 ) <FIRSECONTROLACCE SSWORD .

1 28 $CWh (Z)=NWD 331 1+LOC ARRATIASECONDCONTROLACCESSWORD. ;[ o To 22
H n ICWD i3] =2 213+ LOCIENTHD {21} a THIRDCONTROLALCE S5 WORD .

3 20 APACKTELS) 23413000 (TCWD {3}) eNHERANDLOCOF L 8 TCFAAWORD .

L] 21

3 22

L] 22

]

[.! PACKTESI=NWDS*1t+LOC{ARRAY}aNHBRANDLOQCOFDA TAWORE S .

TRANSFER TO SUBROUTINE
[QuR
[PACRT

LOP.EW.6

no
P
‘—)FOF-“-’ I—l-ﬁ-)[ GOTOI2S ,8) I TWOKL TWo=1 ,RETURN =2 ,AEWINOT UN] T. [ERR=IPACKT(4) /12aERRORSTATYST NS1 POR TEON. ]-—)

t....-.-.
[T L+ ] o TOo
2a2HOR 26aTER
YE3 YES

=]

lNH:KNTHD 11} 711 «NWFAOHF TNCON TROL WORD . ]—-——)

—4 IERR,E4 .0 Wﬂﬂ-ﬁf-a ]-m-—)l 1ERR=2dEND-OF-F1LEQREND -OF - TAFE.

XD oM

28

MODE.Ed.] TERR=1

ER e aMmE

T
——)[ WRITE (4, 4001 CLAACRTINI (151 ,6) H”"’J

Figure 4. (Continued)
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stMBoL

JAPLY

STORAGES

ICIM

STHBOL

INDEX

DI MENSTONETD

STORAGES STHBOL

1DIK,2

YARIABLES

STORAGES SYKBOL

Figure 4. (Continued)
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STHBOL
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SUDRODTIINE INYRT{A,N .M, DETER}

FOR

] * I 3 DETER=1.000
START = 1
FARAHETERIDIM=30 S16N=1.000

REPEAT T0 2O

1251140 .0 0N

[e ]

AP1ViII=0
NH=N+M

REFEAT 10 .@2
FOR

LIS RIS R ]

1 [
Le:]

REPEAT T 78

FOR
§31 4148 ...,

ARAX=D.0D0

REPEAT 10 75

151,143 .04,

FOR

| &0 [
TS

1R=1
LONTINYUE

1€21
AMAXZDABS (A (INDY )

AMAX-DABS (A {THD})

o T0
s

s ]

CONTINUE
VIRIYIICISIPIVIIC+8

SIeN=-3IGN

[ ]

IND=(L-3}#N+IR
INDZ={L=1) #N¢]C
AMAX=A (1ND)
ALEND) =AL{INDE}

REFEAT TO 11D
FOR
L2y ,4%0 10us N

ACIHDZImAHA Y

IRDEXIK 1} =1R

AHAx=a CIND)

INDEX K, 21 =1C il - [
IND= CTC-1) ¥N4 1€ CETER=DETER#AHA X

REPEAT 1o 1%0

s

FOR
L3f i3 eaer N

ACING}I=1.00D

THDe (L=t ) #Ne C I——ﬁnmu CINDE2AMAX

Figure 4. (Continued)

FOR

REPEAT T 181

[ TR N |
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{ 165

SUBROUTINE TNYRT(A,N,N,BETER)

IRD= CEC-1) #N+L
AMA X=A (1ND)
A{IND)=0.000

REPEAT TO 180
FOR
121,448 ... 4NN

TND= (T-1) #NeL

I 180 ]

L 181 | l 182 I

TND2={I-1) EN+1IC
AUINGI=A{TND)-A (IND2) XAMAX

CONTINUE

COHTINVE

CONTINUE

6o 10
235
ég 230
REPEAT TO 235 SNb1- ‘ REPEAT 10 230 IND= [TR-1) #H+K _
Lanvi-l Re1C FOR IND2= (1C-1) #N+K
FoOR 1R=INDEX (L,1) ! o AHAX=A (IND) A{INDZ)ZAMA X
1=1 1%t 4o N = LES IR 2 RTIT | = _
1E=1NDEXIL,2) A TIND) =4 (1HD2)
+
¢0 To
210
255
R
B DEITIE [ ] |°
CONTINUE o T J
DETER=SI1GN2DETER 1] ‘
R
N

Figure 4. (Continued)
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VAR ABLESS

BIMEHNSI ONED
sTHBOL STORAGES  SYMBOL STORAGES  SYHBOL STORAGES  STMBOL STORAGES  SYMBOL STORAGES
< 1 1
SUBROUTINE DHATHL (C,A 8 M ,N,K)
6o 10
1
AN : ]
1431 18 ricin - . " t
l START IH=1ABS (K} M.LT.g LNO y TRLS 60 To 2 v CONTINUE
IN=1ABS (N) e=1 A2=IN
I | RE EAT TO
. P 7 REPEAT T0 6 .
1B1sK LC=LM ¢b=0.000
0 TO 4 tezas- FoR - FOR LAZIAY
2=1 LH=1 101,000 DM 183=1 LPS1 141 4.0k LB=183
R
R
REFEAT T0 8 [ e e - I hd [ I 4 I £
FoR CO=CD+A (LA) 4B (LB) Le=LB+1B1 T
) heLrrins CiLCI=¢n 18321834182 1A3ZIA3+1A2
LN=1,1+41,..+4IN LC=LC+IM ::
N

Figure 4. (Concluded)




From equation {(38) the following set of input data (Table 6) was developed,
containing exact dependent variable values (to three decimal places) for arbitrary vaiues of
the three independent variabies. In as far as was possible the problem selected in Appendix
A was duplicated for comparison purposes.

TABLE 6. INPUT DATA, DEPENDENT VARIABLE VALUES

Data Point Number Y X i X2 X3
1 6.759 0.5 0.4 0.4
2 8.251 0.6 0.3 0.2
3 4.256 0.2 0.6 0.6
4 4.892 0.2 0.6 0.5
5 13.165 0.9 0.0 0.5
6 9.669 0.7 0.0 0.6
7 6.070 0.3 0.9 0.7
8 12.588 0.9 0.3 0.6
9 5.749 0.5 0.6 0.7

10 8.561 0.3 0.8 0.2
11 11.333 0.2 0.9 0.0
12 10.589 0.8 0.5 0.6
13 16.117 0.9 0.8 0.3
14 3.525 0.1 04 0.7
15 2.333 0.0 0.5 0.8

The input for this sample program was read in through namelist NAM1 as follows:

Col. 2
FNAMI

Z2=05,04,..08,
YO = 6.759, 8.251, ..., 2.333,

LN =15,
N =3,
P =3,

$

The computed results are shown in Table 7 for this example problem and the
plotted results are shown in Figure 5.
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Figure 5. Comparison of input and computed values for illustrative
problem with cross products.
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The plot graphs the point intervais on the X axis against the exact and computed
dependent variabies. The exact dependent variables are plotted with (+) and the points
are not connected by line segments. The computed dependent variables are plotted with
{*) and the points are connected by straight line segments.

Inspection of the digital and plotted results reveals that the computed regression
relation vyields an almost exact representation of the input data for this arbitrary case.
However, experience with several sets of physical data have generally yielded poorer
results evidently due to the larger matricies being manipulated and due to unknowns as
to whether true linear cross coupling exists in the physical process.
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