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Abstract

This thesis proposes a linear quadratic Gaussian (LQG) control law for a ground-based

deformable mirror adaptive optics system. The incoming image wavefront is distorted, primarily

in phase, due to the turbulent effects of the earth's atmosphere. The adaptive optics system

attempts to compensate for the distortion with a deformable mirror. A Hartmann wavefront sensor

measures the degree of distortion in the image wavefront. The measurements are input to a

Kalman filter which estimates the system states. The state estimates are processed by a linear

quadratic regulator which generates the appropriate control voltages to apply to the deformable

mirror actuators.

The dynamics model for the atmospheric phase distortion consists of 14 7ernike

coefficient states, each modeled as a first-order linear time-invariant shaping filter driven by zero-

mean white Gaussian noise. The dynamics of the deformable mirror are also model as 14 Zernike

coefficients with first-order deterministic dynamics. Several controller structures are presented

which admit to state correlations, measurement time delay, and the truly time-varying nature of

the atmosphere. The Multimode Simulation for Optimal Filter Evaluation (MSOFE) software is

the performance evaluation tool of choice for this research. A significant reduction in total

wavefront phase distortion is achieved in the presence of time-delayed measurements, Wavefront

sensor sampling rate is the major factor limiting the performance of the system.
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LQG CONTROL OF A DEFORMABLE MIRROR ADAPTIVE OPTICS

SYSTEM WITH TIME-DELAYED MEASUREMENTS

I. Introduction

This thesis is an extension of previous AFIT research in which the objective is to design

a Linear Quadratic Gaussian (LQG) control law for a deformable mirror adaptive optics system.

LQG control is optimal in the sense of minimizing a defined cost function which assigns penalties

to deviations from desired system behavior and to the amount of control energy expended. By

virtue of the Kalman filter within the controller structure, LQG control also considers the effects

of measurement uncertainty and the stochastic nature of the system dynamics. The reader is

referred to the literature for a complete discussion of LQG control theory [1, 3, 17, 21].

1.1 Background

The Air Force has a requirement for high-resolution ground-based optical imaging of

celestial and man-made bodies in space. From physics, the achievable resolution of such imaging

is diffraction-limited by the receiving aperture. The resolution is a function of both the diameter

of the aperture and the wavelength of light. Better resolution is achieved as the ratio of aperture

diameter to wavelength increases.

A major obstacle to imaging bodies in space is the fact that the earth's atmosphere,

through which the image must propagate, is by no means a benign environment. It has long been

recognized that atmospheric turbulence causes severe degradation in the quality of the received
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image using ground-based telescopes. When one wishes to resolve distant objects of small angular

separation, it is desirable to reduce the central disk of the diffraction pattern to the greatest extent

possible. This can be achieved by either increasing the diameter of the receiving aperture or by

using shorzer wavelength light [9:737]. Hardy [10] reports that, under average viewing conditions,

atmospheric turbulence may degrade the resolution of large telescopes to two arc seconds or more;

that is, in order to resolve distant objects from one another they must be separated by a minimum

angular distance of two arc seconds. Two arc second resolution corresponds to diffraction-limited

viewing through a six centimeter aperture at visible wavelengths. Thus, the atmosphere can

cffcctively reduce the resolution gained by using larger telescopes to that of much smaller devices.

Adaptive optics, using deformable mirrors, provides a means for removing most of the

atmospheric distortion from the incoming aberrated image. Figure 1.1 illustrates one possible

approach to compensate for this distortion. The received image is reflected from a deform:ble

mirror onto a wavefront sensor. Measurements from the wavefront sensor arc input to an observer

which processes an estimate of the system state vector describing the distortion in the image.

Using the state estimate, a regulator generates appropriate commands to the deformable mirror

actuators to negate the distortion due to atmospheric effects [30].

Many government agencies and private institutions are actively pursuing adaptive optics

control techniques in order to compensate for the deleterious effects of atmospheric turbulence on

optical image quality. The Phillips Laboratory (PL) at Kirtland AFB NM, is particularly interested

in ground-based observation of orbiting satellites and is the sponsor of this research. As such, the

controller design in this research is tailored to the specifications of an adaptive optics system

configuration at the PL.
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AtrmosphicDistortion Beam~plitter Imaging

isgureon lt cSystem

Mirror Wavefron,

Figure 1.1. Adaptive Optics System Functional Diagram

1.2 Summary of Previous Research

The main body of prcvious rcscarch applicable to this thesis was conducted by Von

Bokern [30]. Von Bokern developed a truth model, Kalman filter and LQG control law upon

which this research builds. Additional research rele ,tn, to this thesis is the Hartmann wavefront

sensor research by Miller [22].

Von Bokern's work resulted in the mathematical models required for synthesizing the

LQG regulator, that is, models for atmospheric distortion, the deformable mirror, and the

wavefront sensor. He also developed the controller performance evaluation software using the

Multimode Simulation for Optimal Filter Evaluation (MSOFE) computer simulation [23].

Through computer simulation of these models, Von Bokern achieved a simulated 40-60 percent

reduciron of the root-mean-square (rms) phase distortion in the image wavefront, In order to

design a control law that was readily synthesizable, Von Bokern made a number of assumptions.

Many of the assumptions were not overly restrictive and are assumed for this research, as

1-3



discussed in Section 1.4. However, several of those assumptions must be addressed before an

implementable design is available. Specifically, Von Bokern assumed the individual states

describing the distortive effects of the atmosphere to be uncorrelated with each other. He also

assumed that measurements from the wavefront sensor are available instantaneously every 7 msecs

for updating the observer state estimate. Finally, lie assumed the system is time-invariant. The

assumption of uncorrelated states is removed by modeling the cioss-correlations through the

dynamics driving noise strength matrix. The assumption of instantaneous measurement updates

is also removed by modeling the wavefront sensor delay and incorporating a predictor as

compensation for the delay. Finally, the time-invariance assumption is not removed, however, the

impact of making this assumption is examined through a sensitivity study of the control system

performance in the presence of variations in the dynamics of the atmosphere.

The important aspect of Miller's work [22], for this research, is that he quantified the

system time delay resulting from the computational limitations of the wavefront sensor. Miller

analyzed actual Hartmann wavefront sensor frequency response data to determine the i nherent time

delay and provided insights as to the characteristics of the sensor noise.

1.3 Research Objectives

The overall objective of this research is to evaluate the performance of Von Bokern's

controller design in the presence of factors which were ignored during his research, but which

actually exist as part of the real world system to be controlled.. The ultimate goal is to modify

the controller as necessary to deal with these additional factors adequately while maimrtaining an

acceptable level of performance. The specific objectives of this research are:

1. Model the cross-covariance between the Zcrnike coefficients to refleci the conrelated

nature of the atmospheric states upon which the truth imodel and Kalman filter are
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based. By modeling the correlatedness of the atmospheric states, a more realistic

portrayal of the truth rnodcl for the atmosphere is achieved.

2. Compensate for the effects of measurement processing time delay in the wavefront

sensor on Kalman filter performance, The degree to whicl, thle phase of the optical

wavefront can change, from the time the wavefront is sampled to the time the

measurement becomes available, can be significant and, therefore, requires

compensation.

3. Investigate the sensitivity of' the controller design to changing atmosphcric

conditions. Although assumed thme-invariant for' controller synthesis purposes, the

true nature of the atmosphere is time-varying, Thus, it is necessary to evaluate the

conditions under which the control law is valid and propose modifications to expand

the range of conditions where acceptable performancc can be achieved,

4. IRcevaluate the initial conditions imposed on the filter covaiiance matrix to improve

filtet transient performance, The initial conditions on the filter covariunce matrix

were set to zero ini Von lBokern•s work, Since the dcgree of' initial uncertainty as

to tie magnitude of the wavefront phae distortion is likely to be Jarge, setting the

initial covariancc% to t! ge vfluos will cause tihe fuhrir to weight tho ealy

rueusur'erints more heavily, By so doing, the filter's t ansient performance may he-,

improved,

5., nvestigate the feasibility of employing a constant-guin Kalmnan filter in the

cont olltur, Uiirlg a conlstat t-gail filtic greatly reduces the cnomputatiional burden of'

ptoCc•%illr, 11ltL liti(I algolitthiti.



1.4 Assutmptions

This research develops a proof-of-concept LQG controller design. Although several of

the assumptions made during previous research are removed for this thesis, many of the previously

held assumptions are still required in order to keep the magnitude of the problem at a manageable

level. The assumptions are made based on literature precedent [7,30], lack of data for developing

more precise models, discussions with the sponsoring agency [28], and engineering judgment.

First, it is assumed the telescope is ground-based, with the purpose of observing orbiting

satellites, It is also assumed that a separate controller is tasked with keeping the telescope pointed

at the satellite. Neither of the first two assumptions are restrictive for actual applications. The

telescope is assumed to use a visible point source of light in proximity to the satellite as a

reference, and that anisoplanatism is negligible; that is, the light from the reference source

traverses the same atmosphere as the light from the satellite. As such, deforming the mirror to

compensate for the distortion in the reference image will also improve the resolution of the

satellite image. Since this research deals with satellites which are stationary with respect to the

observer, the reference source remains within the same isoplanatic patch [7]. Therefore, the

assumption of negligible effects due to anisoplanatisrn is not overly restrictive and simplifies the

mathematics involved.

Deforming the mirror is accomplished via 97 piezoelectric actuators arranged in evenly

spaced rows and columns on the back of the mirror (Figure 2.3). Each actuator is assumed to

have linear dynamics and all actuators are assumed to have identically symmetric influence

functions. Actuator influence and response data [18] substantiate these assumptions. However,

as the actuators arc not strih.tly linear, symmetric, or identical in response characteristics, these
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assumptions result in error contributions from each actuator to the phase front induced on the

surface of the mirror. These error contributions are assumed to be small.

In actual applications, separate tilt mirrors are likely to precede the deformable mirror.

The tilt mirrors remove the gross tilts of the overall wavefront distortion. The tilt mirrors are not

specifically modeled as part of this research; however, it is assumed that 80 percent of the gross

tilts are removed from the wavefront before it reaches the deformable mirror. As a result, this

research models the residual distortion in the image reflected off the tilt mirrors.

The dynamics model describing the atmosphere is assumed to be time-invariant. This

assumption is valid provided the duration of the observation is short relative to the truly time-

varying nature of the atmospheric statistics. As the observation period becomes longer, the time-

varying dynamics of the atmosphere will cause the performance of the controller to degrade

significantly. The effects of variations in the atmosphere are evaluated in this research.

The time delay associated with light propagation through the optical components is

assumed to be negligible. The time delay due to measurement processing in the wavefront sensor

is not negligible and is modeled as part of this research.

1.5 Research Approach

This section provides a brief discussion of the approach taken to accomplish the objectives

outlined in Section 1.3. The primary objective is to explore the limitations of the previous

regulator design and seek performance improvements. The controller developed in this thesis is

evaluated against the baseline design developed by Von Bokern [30] as a measure of performance

improvement.

1. The assumption of a diagonal covariance matrix for the states of the atmospheric

model is removed through modeling of the correlation between Zernike coefficients.
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The covariances between Zernike coefficients are available in the literature [27, 321

and are incorporated into the truth and filter models through the covariance and

dynamics driving noise strength matrices. Section 3.3 presents the modifications to

the truth and filter models for incorporating the cross-correlation information.

2. Von Bokern's research assumed that all 138 measurements from the Hartmann

wavefront sensor are available simultaneously at each sample time and can be

incorporated without delay. However, by the time all measurements have been

collected and are available, they are actually approximately 7 msecs [22] old. This

assumption is removed and a predictor is augmented to the Kalman filter to

compensate for the effects of wavefront measurement processing delay on Kaiman

filter performance. The resulting controller is simulated using the MSOFE computer

simulation. Section 3.4 develops the models for the predictor.

3. The previous controller design was evaluated for specific atmospheric conditions.

The atmosphere is typically modeled in terms of the refractive index structure

constant (C. 2) and wind velocity along the propagation path [12]. From previous

research [30], C'2 is calculated as a function of altitude using the Hufnagel-Valley

21 model [26] and the wind velocity is also calculated as a function of altitude. using

the Bufton model [26]. In this research, various atmospheric conditions arc

independently simulated in the truth model and a performance evaluation of the

nominal condition controller is conducted for each set of conditions. The filter is

then retuned, separately for each set of conditions, and a new optimal controllCr gain

matrix is computed to evaluate controller performance for the existing conditions,
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Section 3.5 describes the procedures used in generating appropriate variations on the

truth model in order to obtain a representative range of atmospheric conditions.

4. Time plots for the filter state covariances from Von Bokern's research reveal

atypical transient performance. One typically expects to see a large covariance

initially (to enhance acquisition) and a Ghoi t transient to a steady-state condition for

linear time-invariant systems [19]. The initially small covariance indicated in the

plots suggest that the initial conditions on the covariance matrix be increased.

During the simulation phase discussed in Chapter 5, a study is conducted in which

the initial conditions on the covariance matrix entries are increased, and the filter's

transient performance is evaluated,

5. The speed with which the filter covariance converges to a steady-state value

nbotivates a study of employing a constant-gain tilter. 'The appropriate, steady-state

Kalman filter gain is identified and the constant-gain filter structurt is simulated

using MSOFE [23]. The validity of the constant-gain filter is evaluated in Chapter

5 based on the degree of performance degradation exhibited in the simulation

relative to the baseline filter design,

Prior to addressing the objectives outlined for this thesis, a reevaluation of the truth model

was required based on discrepancies between the stuat covariance data presented by Von Bokern

and that available in the literature, Review of the computer software used in generating Zernike

coefficient autocorrelation data revealed a scale factor error. The autocorrelution data are used

in the truth model development for the atmosphere via shaping filter techniques, 'rhe truth model

for this research is -,orrected to match the atmospheric state covatiance data in the literature more
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closely, although the structure of the model remains the same. The truth model shaping filter

analysis is presented in Appendix A.

1.6 Treatment

The subject matter of this thesis is presented in a topical manner. Chapter II establishes

the foundation for this research by presenting the key concepts and results developed by Von

Bokern [30]. This discussion provides background information essential to the developments of

succeeding chapters. Chapter III develops the models required to address the objectives defined

in Chapter 1. Chapter IV describes the modifications to the baseline controller structure. Chapter

V presents the results from computer simulation of the modified control law. Chapter VI

discusses the significant conclusions and presents recommendations for future research.
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H. Background

2.1 Optical Characteristics of the Atmosphere

Light propagating through the earth's atmosphere experiences numerous distortive effects.

In particular, for imaging applications, atmospheric turbulence along the propagation path causes

continuous spatial and temporal variations in the index of refraction. Such variations in index of

refraction result in spatial and temporal modulation of intensity and phase of the optical image.

Developments throughout the literature [12, 24, 27] strongly suggest the modulation of phase to

be the dominant distortive component. This research is directed towards phase distortion

compensation.

The random nature of the turbulent atmosphere prohibits a deterministic expression relating

turbulent effects to optical image quality. The quality of the received image depends on such

factors as the wavelength, altitude-dependeni. refractive index structure function constant, zenith

angle to the viewed satellite, wind velocity, and wind velocity distribution as a function of

altitude. The combination of these effects ultimately results in a randomly distorted wavefront.

Von Bokern [30] gives a bricf description of the statistics associated with a turbulent atmosphere.

Further statistical details and mathematical rigor are available in the literature [12].

2.2 Zernike Function Representation of Phase Distortion

Having established the desire to compensate for the phase distortion in a received image, it

becomes necessary to have a means of describing the phase distortion present in the wavefront.

Assume a circular aperture is pointed at a distant point source of light. If no distortive elements

exist along the optical path ot the image, the phase of the wavefront at any two points within the

aperture would be equal. Figure 2.1 illustrates the case of such a "planar" wavefront.
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Telescope
Recelving Aperture

Figure 2.1. Planar Wavefront at a Circular Aperture

If the image is now allowed to propagate through a turbulent medium, the wavefront of the

received image becomes distorted, that is, the phase of the image wavefront at any two points

within the aperture will no longer be the same. Figure 2.2 shows the case of a distorted

wavefront.

Teloscope
Rece"ving Aperture

//
av roný

Figure 2.2. Distorted Wavefront at a Circular Aperture
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A popular representation [6, 24, 29, 31, 32] for describing phase distortion is by a set of

Zernike polynomials. Other functional forms are mentioned in the literature, however the Zernike

function space provides an orthogonal basis set of functions corresponding to aberrations

commonly studied in optics [30:2.11]. The phase distortion is, therefore, described by a linear

combination of the Zernike functions:

N

-O(r, et) F ,a,(t) Z,(r,6) (2,1)

where the Zf(r,®) are the Zernike basis functions spanning the space within the aperture as

functions of the radial and angular coordinates r and E), the aft) are the time-varying coefficients,

and 0(r,0,t) is the total phase of the wavefront as a function of time and position within the

aperture. The Zernike functions are real, dimensionless, deterministic functions of position within

the aperture. The Zernike coefficients are random real functions of time with units of wavelengths

for this research.

In theory, an infinite number of Zernike functions are required to describe the phase of a

wavefront completely [29]. Von Bokern illustrates that approximately 92 percent of the rms phase

information can be modeled using the first 14 Zernike modes, excluding piston (zero'h mode)

[30:B.4]. The piston mode represents the aperture-averaged phase. It is nondistortive and

unobservable by the wavefront sensor. As such, piston is removed from the summation in

Equation (2.1) resulting in a functional representation for the phase deviation from aperture-

averaged phase, or deviation from the "planar" wavefront. Modes beyond the first 14 could tie

modeled to provide a more complete portrayal of the true phase distortion; however, the amount

of residual distortion modeled for each additional mode becomes very small. Further justification
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for stopping at the fourteenth Zernike mode based on spatial Nyquist considerations of actuator

and wavefront sensor geometry, for the problem considered in this research, is given by Von

Bokern [30:B.3-B.4]. The first fifteen Zernike functions are presented in Table 2.1 along with

radial order (n), azimuthal order (m), and name.

An important property of the Zernike functions is they form an orthogonal basis set of

functions which satisfy the relation [29:79]:

Table 2.1. First 15 Zernike Functions

i 1,K /it Z,(r,O) Name

0 0 0 1 piston

I I I 2(r/R)cos(O) y-tilt

2 1 1 2(r/R)sin(O) x-tilt

3 2 0 13[2(r/R) 2-1] focus

4 2 2 16(r/R)2sin(2E) astigmatism

5 2 2 -'6(r/R) 2cos(2®) astigmatism

6 3 1 v"8[3(r/R)9-2(r/R)]sin(O) pure coma

7 3 1 r-8[3(r/R)'-2(r/R)]cos(O) pure coma

8 3 3 -1 8(r/R)3sin(30) zero curvature coma

9 3 3 1 8(r/R) 3cos(3®) zero curvature coma

10 4 0 v"5[6(r/R)4-6(r/R)2+1] spherical

11 4 2 4"10[4(rfR) 4-3(r/R)2]cos(20) 5 th order astigmatism

12 4 2 -10[4(r/R) 4-3(r/R)2] sin(20) 51h order astigmatism

13 4 4 I10(r/R)4 cos(40) NA

14 4 4 v10(r/R)4sin(40) NA
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R

1 f do f Zi(r,9 z(r,,) dtr - 6# (2.2)
rR2 o o

where R is the radius of the aperture and 6, is the Kronecker delta function:

{= , i =j (2.3)

From Equations (2.1) and (2.2), it can be shown [30:C.1-C.2] that the rms value of the phase

across an aperture is simply the root-sum-square (rss) of the Zernike coefficients given by:

a2 (2.4)
a a1 2 + a + .+ a1 4

The Zernike coefficients for an arbitrary value of phase are obtained using [29:79]:

a J' de f W(r,6 O'(r,,t) Z,(r,e.) r dr

a,(O = (2,5)
, def W(r,6)r dr

where W(r,®) is the aperture weighting function defined for this research as [29:79]:

9 1, r _< R (2.6)W~r,) =0, r > R

2.3 Deformable Mirror Dynamics

The deformable mirror considered in this research is a Low-Voltage Electrodistortive Mirror

manufactured by Itek for the Phillips Laboratory (formerly the Air Force Weapons Laboratory).

The mirror consists of four major components: the facesheet, base, driver electronics, and

actuators. The facesheet is constructed of ultra-low expansion glass (ULE) and is bonded to 129
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actuator pusher pads machined into the rear surface of the mirror. The base is also constructed

of ULE in order to reduce thermal expansion effects on the actuators [18:11.

The 129 actuators are constructed of piezoelectric stacks of lead magnesium niobate (PMN).

The electrorestrictive nature of PMN causes an actuator to contract whenever a positive or

negative voltage is applied. Each actuator can withstand a maximum voltage magnitude of 300

volts. In order to mlke two-way control of the actuators possible, a bias voltage of -150 volts is

apphied -.o tt. piez. tack. The result of the bias is such that application of a positive

vroitage ieduces the overdll voltage magnitude, thereby allowing the piezoelectric stack to expand.

Also, appiicanlon of a regative voltage increases the voltage magnitude and the stack contracts

Oirther L18:41.

The mirror driver eiectionics convert a :-10 volts control signal to the 0-300 volt range

required to dr .e the actuators. A control voltage of -10 volts corresponds to -150 volts applied

'to the stack ior a total voltage magnitude of 300 volts. A control voltage of +10 volts results in

+150 volts applied to the stack foi a total. voltage magnitude of 0 volts [18:15].

Although the mirror ha.-s 129 actuators available, only the central 97 are actively controlled.

The remaining 32 actuators are biaseo to their mid-points in order to establish a fixed boundary

.;ondinion [18:41. Figuve 2.3 shows the lIcition of the 97 active actuators.

This ieseal-ch assumes linearity of the response of a single actuator to an applied control

,%oltage ?30:3.6j Althiough tes) data iadicate the response is not strictly linear, it is assumed that

a weigl;iing matrix io the cost function ass(ciated with the LQ regulator keeps actuator responses

within their reospecti ve lir.ea regions. The linearity assumption carries with it the property of

linear superposition between iudividual actuators, This property is exploited in the development

ol the nmrror dý,nanrcs equation.
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Figure 2.3, Mirror Actuator Locations

2.3.1 Stead4y-Sta~'e Mirror Response. Upon application of a control voltage to the deformable

mirror, the response is not ihistantaneous, and a finite period of time is required before the mirror

reaches a steady-state position. This section deals with the relationship between an applied control

voltage and the mirror steady-state response.

The effect of a single actuator on the shape of the mirror is mathematically described by its

influence function. Each actuator's influence function is spatially limited, that is, the influer.ce

function is nonzero only in proximity to its associated actuator. This rcscarch assumes that the

influence functions for each of the 97 actuators is identical. Test data show the influence

functions are not quite identical, however, the data indicate this assumption is not overly

restrictive [18].

Influence data were prvvided by Itek corresponding to two-dimensional slices of the central

actuator at 90 degree (along X-axis of the mirror) and 45 degree orientations, The degree of

similarity between these data are the basis for the a.ssimption of symmetric influence function;,
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in all directions, The data were appropriately scaled to reflect two-way decrease in () 'tical

pathlength. Next, the data were curve-fit to a tenth-order polynomial in X, truncated at X=±J .oi39

cm, and rotated about the actuator axis resulting in a three-dimensional influence function, TIhe

location on the mirror at X=1:1.6739 cm represents the spatial limit of the influence function, TIhe

resulting influence function expressed in terms of position onl the mirror is given a~s (30:3.8j:

I(X,Y,XA,YA) =10.9673

-2..726[(X -XA)' A1

2.9431(X -XA)
2 ,(Y- A21

- l573fBX --X.X - (Y - Y (2,7)

0.4137[(X XA)' (Y yA)214

-0,042361(X - XA4)2 (Y - AT

W~ {uFL67.39j2 -I(X X A)2 ý (Y YA))

where

XY Conn Jinause Of a poirl il on 11 miioifo (ciii)

XA' Y'A -coordinates o1f lie atil~tior (efli)
II.J.- unit Step function

f -two-way ducicasu ill putlillefgl~i (w~velcrigills/voltj

When this concept ik expainded to the case in which conritol voliigi3s aie appif~cd to &'hl 97

actUUtOPS, in vokinrg I inva supel poit ion, a li ncar humi ol'97 such inluen cite fimcltions iCult, whichl

I Opieseilts the conitributitoin of tile mi iou to tile disiot tioli ill tilie icilecttd W.vl ofit 011s:

- Y J( 'Y'AY )u(A) ''Y (2,S)

A-1

wltrei 1(A) i thlie cuuitiol voltage uippli lc to thle A" n!i of110 Lat;Iu(alof tid 44(X,Y) duSCi iheS Ithe NpIitfill

avui age pilaw, Whiichi Whenu Suhti ucted from tie itotal plimu. el leII vuy ICiiUovc. Ilits piso nil todc,

SiDiCe 11tt10I)IMujhcIL: dIVA0: huh is modeled a,, u sLimI of the Iiiht 14 iviikc hinictitjii, it stands to
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distortion imparted on the reflecteod wavefront by the mirror can also be modeled as a sum of 14

Zernike functions (piston1 eUmoved) as given U Equation (2.1). Combining P4tations (2,5) and

(2,8), the Zernik'u coefficients, a, can be determined according to [30:3.12]:

" " i / dX W(X,Y)(X,YXA,YA) Z(XY) (2.9)

Anl cquation of the form of (2.9) can be written for each Zernike coefficient. Each of these

uquatio, ci'al Ithen be expiesscd in vectoi form and augmented together as [30;3,12J:

a - Mu (2.10)

wheJ• _, is a 14-vector of /clinike cocflticients describing the steady-state nmirror contribution to

the distoition in tihe icellectud wavefitont, u is a 97-vector or actuator control voltages, and M is

the 14 x 97 ,tcady-state influence malnix whose individual elements are computed flom the

qiat'v-blacktcdl tlin in Equation (2,9). The M nlatrix elements are the projections of each

actualoj's influence function along each Zernike function direction,

2J.1,2 Mirror "rahins/'/l1 Respons'e, A.% plevi.ev slyn mentioneid, tile mirror does not instantaneously

ii'potid to applied conitrl voltage. Manufactuier docn~r!_ntatmon for the mirror [18 remarks that

the fliii101 actuators act its a high capacitive load, Thus, the actuator can be expected to respond

to at) applied stp control voltage input in art exponential fashion to a steady-state condition,

Iitf~quency rcsponse data provided by Itek and tie IT indicate the mean bandwidth of the

actlJaIOis to be 500 1hz. Assuming identical frequency response characteristic', and first-order,

nill a-, it l alllt, dwCI tii niustIt; dynamiics for each actuat,,, Von Blokern dtiyives an equation for the

hilt)o! displacemtenit dynanmtics at an actuator .ite to he of the fori lIl:3 115].
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9(t) = cg(t) + du(t) (2.11)

where g(t) is the two-way optical pathlength decrease at the actuator location. Using LaPlace

transform techniques and the peak displacement of the described influence function, the values

of c and d are found to be [30:3.16]:

I Sec-I

0.00045 (2.12)

d 2150 wavelength(1
vol/ sec

Combining Equations (2.11) and (2.12), the dynamic equation for a single actuator is

approximately [30:3.16]:

9(t) = -. 1 g(t) + 2150u(t) (2.13)
0.00045

2.4 Dynamics Modeling

The structure of the Kalman filter associated with Linear Quadratic Gaussian (LQG) control

requires a linear stochastic state-space model of the dynamics of the system to be controlled.

Figure 1.1 is a functional diagram of the adaptive optics system to which this research is directed,

The dynamic components of the system which must be modeled are the phase distortion effects

of the atmosphere, the deformable mirror, and the wavefront sensor.

For the case of a linear time-invariant system, the appropriate form for the continuous state

dynamics is [19:169]:

&(1) = Fx(t) ,Bu(t) i Gw(t) (2,14)
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along with sampled-data measurements of the form:

7.(tj) = HX(tq) + V(ti) (2.15)

where

Y(O = derivative of system state vector with respect to time
x(t) = system state vector (n x 1)
F = plant dynamics matrix (n x n)
u(t) = deterministic input vector (r x 1)
B = input distribution matrix (n x r)
w(t) = zero-mean white Gaussian dynamics driving noise vector (s x 1)
G = dynamics driving noise distribution matrix (n x s)

z(td) = sampled-data measurement vector (m x 1)
H = discrete output matrix (m x n)
v(td) = zero-mean white Gaussian measurement noise (m x 1)

The appropriate strength of the zero-mean white Gaussian dynamics driving noise w(t), and

covariance kernel of the discrete-time zero-mean white Gaussian measurement corruption noise

v(t,), are defined as [19:155,174]:

E4~(t) Q(2.16)Eiwt -,r(-, r)I - Q 6(t- r)

E{t(t,) 'r(t)} = R 6i (2.17)

where Ef "} is the expected value operator, Q is the n x n dynamics driving noise strength matrix,

6(-) is the dirac delta, and R is the m x m measurement noise covariance matrix.

The equivalent discrete-time model for the linear system dynamics is [19:171]:

A(tj) = C(I,,t,t1 )x_(t) + Bd (tQ) + wd(t,) (2.18)

where (I(t1 ,t,) is the state transition matrix associated with the plant dynamics matrix F apd the

discrete dynamics driving noise wd(ti) is of strength Qd computed as [19:171]:
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Is. IQd ,f 0(t,,j,r)GQG r0T(tI,,j,r) dr (2.19)

The discrete input distribution matrix B4 is computed by [19:171]1

Ii. I

B, = f (t,,r)B dr (2,20)
t,

2.4.1 Stochastic Model for the Atmosphere. Using the Zernike function representation of

Equation (2. 1) to model the wavefront distortion in the receiving aperture. the stochastic nature

of the problem resides in the random time-varying expansion coefficients. These coefficients are

considered to be zero-mean Gaussian random variables [24:210]. Gaussianness is a result of the

summation of the random distortive contributions from each turbulent layer of the atmosphere

along the propagation path of the wavefront [30:3.1]. According to the central limit theorem

[ 19:109], the sum of numerous independent random variables converges to a Gaussian distributed

random variable as the number of individual variables grows without bound. As such, the Zernike

coefficients are modeled [30] as the outputs of linear shaping filters of the form;

x_ (I) = F x(1) - GaWa(t) (2.21)

where the a subscript denotes dynamics of the atmosphere.

One method for designing the appropriate shaping filters for each coefficient is to simulate

autocorrelation data from analytic expressions for the autocorrelation kernels of the individual

Zernike coefficients. The computer-generated autocorrelation data can then be curve-fit to

standard shaping filter functions [19:180-185]. The derivation of the appropriate analytic
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expressions required is mathematically rigorous and beyond the scope of this research. However,

Hogge and Butts 112] derive such an expression under the assumption of Kolmogorov spertrum

of turbulence [12, 5, 24, 30]-

E i ap(t)ap(t -r) I - RP(i)
I -

- 27k 2L f dz f dK K 4P,,(I/R)
0 0

I It cos[K2 z N (I-z)]1 (2.22)

J dp f dp' W(p;2) W(p';2) Ga(p) Gp(pi

" JO (K z 1P PRz1)

where

k - wave number ,r 2rtA (m)"
L a total propagation distance (m)
R - radius of entrance apeiture (m)
N - L/R'k
(11,(K) 0.0331C,7K-1", the Kolmogorov turbulence spectrum
W(p;2) - aperlure weighting function for unit circle
GjX() - normalized p-th Zernike function

m zero order Bessel function of the first kind
v a, wind velocity vector (m/sec)

Von Bokern implemented Equation (2.22) on the computei to generate autocorrelation data for

each coefficient of the 14 Zernike modes included in the atmospheric model. Each set of data was

plotted and curve-fit to a first order Markov proccss shaping filter function. Details concerning

the shaping filter analysis aie provided in Appendix A. The result is a 14-state model for the

atmosphcric phase distortion with diagonal F and Q mattices, Comparison of Zernike coefficient

covariance data preisented by Roddier [27:1170] and that which resulted from Von Bokern's

intcgratioi of tiquation (2,22) identified a scale facior error which has been corrected for this

research, As such, the parameters which define the stochhastic models for the atmosphetic states
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differ from those used by Von Bokern, although the structure remains the same. In terms of the

state covariances, the resulting truth model matches the data in the literature more closely. The

values used for the elements of the F and Q matrices are discussed in detail in Chapter 3.

2.4.2 Deterministic Model for Defor~nable Mirror. Earlier discussions concerning the dynamics

at an actuator site can be extended to model the phase distortion across the entire mirror due to

the actuators. Based on actuator displacement [30:3.7] and frequency response data [30:3.14], a

first-order deterministic model was developed for an individual actuator. Under the assumptions

of linear actuator response to applied contiol voltage, the property of linear superposition between

actuators implies a linear model for the mirror as well. In actuality, a stochastic term could be

included in the actuator model to account for noise in the control voltage as well as modeling

uncertainty due to actuator nonlinearities and nonuniform bandwidth characteristics. However,

due to lack of appropriate data for modeling these effects, this research assumes the deterministic

actuator model is valid. We, therefore, seek a form for the dynamics equation of the mirror

similar to Equation (2.14), without the driving noise term, given by:

(t) = F x (1) 1 B u(t) (2.23)
mIn Mmn i

where the vector x(t) is composed of the Zernike coefficients desciibing the contribution of the

mirror response to the overall phase distortion in the reflected wavefront.

Under the assumption of identical influence functions and frequency response characteristics

for each of the 97 actuators, the entire mirror should exhibit appropriate response characteristics

of a 0,00045 second time constant [30:3.161. By defining ý,(X,Y,t) as the contribution of the

mirror to the total phase distortion in the reflected wavefront, the scalar differential equation

describing the phase distortion can be written as [30:3.17]:
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4,(X,Yt) --- 0 i,,(X,YI) I bT (X,Y 4Q) (2.24)

where t is the mirror time constant and the inner product of the vector b_,,(X,Y) with the control

voltage vector Li(t) projects the actuator voltages onto the time rate-of-change of phase at the point

(X,Y).

As previously discussed, the phase distortion contribution of the mirror can be described by

a set of 14 Zernike functions similar to the atmospheric distortion. It is, therefore, desirable to

exprcss Equation (2.24) in the form of Equation (2.23). It can be shown [30:3.17-3.18] that by

expressing 4,,(X,Y,t) in the equivalent rectangular coordinate form of Equatioin (2.1), taking its

time-derivative, substituting these two expressions into Equation (2.24), and making use of the

orthogonality property of Equation (2.2), an expression for each Zernike coefficient in the form

of Equation (2.23) can be derived as:

dj•(t) --- a,(t) + - T,(u(t)2.25)

where R is the radius of the receiving aperture, A is defined such that its fA component is the

projection of the f component of b_ onto the Z,(X,Y) direction, and i= 1,2,3,...,14. Equation (2.25)

can be rewritten in state-space form as given in Equation (2.23) where Fm is a diagonal matrix

with elements equal to -1/0.00045 and B, is found by addi.ional steady-state analysis [30:3.191

to be:

Bm_= diaglLI (2.26)

where M is the steady-state influence matrix defined in Equation (2.10).
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2.4.3 Augmented State-Space Dynamics Model. An overall system model which incorporates the

dynamic benavior of both the atmospheric distortion and the deformable mirror is achieved

through state augmentation of Equations (2.21) and (2.23). The resulting dynamics model is .30]:

0 0

where a subscripts denote atmospheric states and m subscripts denote mirror states. The lack of

a stochastic term in the lower partition of Equation (2.27) comes from the assumption of

deterministic mirror dynamics. It is important to note that, under the assumption of deterministic

dyiiamics for the mirror, one shouid net includ. thiese states in an operational filter algorithm,

Retension of the mirror states here is only for simulation purposes as dictated by the MSOFE

software [23].

2.5 Wavefront Sensor Model

As illustrated in Figure 1.1, the wavefront reflected from the deformable mirror is sampled

by a Hartmann wavefront sensor [22, 30], The Hartmann sensor is made up of 69 square convex

lenses, commonly referred to as subapertures, with dimensions of 0,06 cm on a side [22]. The

function of each of the subaperture lenslets is to focus the portion of the incident light within the

subaperture onto a reticon detector. The reticon uses the location of the focused spot to determine

the slope or gradient of the wavefront within the particular mubaperture,

The phase distortion in the reflected wavefront is modeled as the sim of the atmospheric

distortion and the distortion resulting floro deforming the mirror, As such, the phase distortion

of the reflected wavefront can he expressed as:
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'XI -ýo (2.28)

a(tI) = [ A i ) ] (2.28

where A is an extraction matrix for the atmospheric states. In general, multiple shaping filter

states could be used to model each of the Zernike coefficients, in which case A could have off-

diagonal elements. For this research, each Zernike coefficient is described by a first-order shaping

filter and, therefore, A is a 14 x 14 identity matrix. As indicated in Figure 1.1, the wavefront

sensor measures the phase distortion in the reflected wavefront. Sampled-data measurements for

the wavefront sensor are modeled as [30:3.20]:

z(t4) = HI(tI) + vQ.) (2.29)

where the measurement matrix H is defined as:

H = H'[ A 1] (2,30)

ana x(t,) is the augmented system state vector described in Section 2.4.3, The Ii' matrix is

discussed in the next section.

2.5.1 Determination of H'. Conceptually, it is important to realize that the various modes of

distortion are manifested in the wavefront sensor as a set of gradient or tilt measurements from

each subaperture. Although the Hartmann sensor is normally tasked with reconstructing the image

phase from the subaperture tilt measurements, this research assumes the 138 tilt measurements (69

x-tilts and 69 y-tilts) can be accessed directly for input to the Kaiman filter. The Kalman filter

estimates the 14 Zernike modes from the 138 tilt measurements. An expression for the noise-free

measurement of x-tilt for the s-th subaperture can be derived [30] in terms of the Zernike

coefficients of the rellected wavefront as:
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zI;(t) = I n.Tar(t) (2.31)

where I is a constant dependent upon wavelength, lenslet focal length, and output scaling, A is the

area of the subaperture, and n, is the vector of projections of the Zernike functions into the x-tilt

measurement space for the Sdh subaperture whose elements are computed as [30:3.24]:

2= dY f x (x-x,,-)aZ y) (2.32)

22 8:

where X and Y are coordinates referenced to the center of the total sensor aperture and X, and Y,

are the coordinates of the center of the s'h subaperture. Equations similar to (2.32) can be derived

for both x and y tilts for each of the 69 subapertures. The 138 resulting equations can

be augmented together to form the following matrix relationship:

U = Na(t) (2.33)

The value of 1/A for this research is evaluated to be 0.19026 [30:3.25] using results of actual

Hartmann sensor data collected by Miller [22]. Finally, the H' matrix of Equation (2.30) is

computed by premultiplying the N matrix by I/A. The H matrix in Equation (2.29) can then be

evaluated from Equation (2.30).

2.5.2 Determination of R. To this point no consideration has been given to measurement noise

in the wavefront sensor. In general, the wavefront sensor puts out noise-corrupted measurements.

It has been suggested in the literature [30, 25] that the noise is zero-mean, white, Gaussian, and

uncorrelated between subapertures as well as uncorrelated to the phase of the wavefront. This
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research treats photon shot noise as the dominant source of measurement noise. Other sources

of noise include AID quantization noise and thermal noise; however, these noises are considered

small [30:3.26] compared to photon shot noise and are ignored. Photon shot noise variance is

inversely proportional to the intensity of the light during the measurement. The light intensity is

related to the number of photons counted during the measurement. Since the light intensity of a

viewed object is expected to vary considerably from object to object, Von Bokern conducted nine

studies in which the noise strength matrix R is varied between the truth and filter models. The

same measurement noise studies are conducted as part of this research in order to reestablish the

performance baseline using the updated truth model. R is a diagonal matrix whose elements are

computed for noise strengths corresponding to 1000, 10, and 1 photons per subaperture, according

to equations by Welsh and Gardner [33]. Table 2.2 gives the values of the diagonal entries of R.

2.6 Kalnan Filler Design

The function of the Kalman filter of Figure 1.1 is to accept measurements from the

Hartmann wavefront sensor and generate estimates of the system state vector described by

Equation (2.27). The Kalman filter generates the state estimates using internal models of the

dynamics of the system and the wavefront sensor to propagate the mean and covariance of the

Table 2.2. Elements of Measurement Noise Strength Matrix

Photons/Subaperture Noise Level [ &R, (wavelengths)

1000 Low 0.01755

10 Medium 0. i 755

__High 0.555
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system state vector between measurement samples. As measurements become available, the

Kalman filter updates the propagated estimate with the current measurement from the wavefront

sensor. The filter state estimate and covariance at time t, conditioned on the measurements

through time t, ate defined as:

,(tl) E { x(tI) Z(t, 1) (2.34)
P~l = E { [x(t')-lj , -)[(•- (,]l~ •l

where Z(t,.,) is the measurement history vector through t,.,. Similarly, the updated filter state and

covariance at time tI are defined as in Equation (2.34) with the conditioning on the measurements

through time I..

Kalman filter computations can be separated into two sequential processes operating on the

state estimate and covariance as defined in Equation (2.34): propagation and update. During the

propagation cycle, the filter propaga.tes the state estimates and covariances according to the

inte.nal dynamics model of the system over the ensuing sample period prior to processing the next

measurement. 'I he discrete filter propagation equations are [19]:

(t, ) = G(t4,ti 1)9(t,"1) + Bd u(t,.. 1) (2.35)

P(!, ) = 0(ti,t1 )P(t,' ,) T(t,,t_) + T (2.36)
1) &QdGd

where

= estimate of x after the propagation cycle, prior to measurement at t,
) estimate of x at the beginning of the propagation cycle

P)= filter covariance after the propagation cycle, prior to measurement
P(t I)= filter covariance at the beginning of the propagation cycle

As the next measurement becomcus available, the Kalman filter processes the new information

according to the update equaO.ons [191:
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K(t) I 1HP(t-)Hfr -. R] 1 (2.37)

9(t,) = ) + KQ,) [z(t,) - H,(t,-)I (2.38)

l(1,) = P(t,) - K(t1)HP(t 1 ) (2.39)

where

K~t) = Kalman filter gain at update
ý0_(t ) = estimate of x after the update
z(td) = measurement at update time t,
P(t,') = filter covariance immediately following the update

This research implements a full-order Kalman filter, that is, the number of states in the filter

is exactly equal to the number of states required to specify the Lruth model. The truth model, as

presented in the preceding sections, consists of 28 states - 14 atmosphere and 14 mirror, states.

Therefore, the Kalman filter also contains 28 states with dynamics and measurement equations

given by (2.14) and (2.15), respectively. In actuality, a full-order filter need not be implemented

in an operational system since states 15-28 are deterministic mirror states and do not rcquite

estimation by the filter. However, all 28 states are included here for convenience during the

computer simulations discussed in Chapter 5. One could, in fact, considei the 14 states for the

atmosphere a reduced-order model as reality dictates an infinite number of Zcriiike modes tI

completely describe the distortion. The F and Q matrices for the continuous-tinic Kalman filter

associated with Equation (2.14) are diagonal. The B matrix is evaluated using Ltquatiun (2,26)

where the steady-state influence matrix M is given in Appendix B [30J. The G matrix is ail

identity matrix. The It matrix is evaluated fiora lquations (2,30) and (2.3) whole the N niratoix

is given in A.pendix C [30], The measurement noise vwiance iiattix R is a diagonal man ix

whose elements aic all equivalent and given in Table 2.2.
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The cqtiiva';,n: di~crctc-tirne Kaniati fillet, as Speucied by E quatiom1 (2,35)-(2,39), require%

eval uationi aft hw state ti ansitnonl man 'tx, 1'i,~,). thec discimt mputi disuributi on Immtiix, Bi, anid the

dkmcrl dynamics diivirig noise matiix Q,, Using a [J.(X)7 seconid mrasuremunt ianiple penud,

etiesporidir:g to the maximum %usampling laic of 1thC Hl~tuitcip 0of Olýl th Jar 11ltiiiaii Wauvhoilt

bunsis~ 1221, the state tiartsitioni man im is computed by:

e ) (2,40)

I[hC F I II att I Ix I s d I a I"o IIalI I u l It C;iei~ I of cIII theII;' st dte Ii I iit I III101 1 ai I tiI X C 0 1i he L utt Ip i Ied by s I I I111y

uval nalm E i I'quati on (2,40) with FiI i placed by ii. individual diagoiinl lcuiecnis, Bi, , INLAlculated

"USi1 itg l1.quatOli (.2,20) and Q), i-, euleuluiud Irota Equation: (2,19), 11 1% a.ssimiiid lo (hi 11%i USIIIcl

thut tilt inmii I ! i cizdinig the dulu n~iablu mmit o will iumnovc. 80 ptcicent of tile gi~ t"52ilts sit the

wavcli omt, M- -mch, the tWotC .4 CIUJIl- ht0lo the~ till tIMYdA aliC IL ed1ied by C%0 p1t Lq0iit,

11111 iil con1ditions Icoi 0hivi 4141te VC~tOI and LCuVarLanICe miwli IX W(; I vqttite to get the, fillet

allj~omlitn sni led, As the Zet tike coel'ficietls ate. todelud its zuto-riieani Iutdomr va~ijalbeus, anl

appi optliateli 11al11 Condjiti omi OJtileth !.ystlert stliltc% i.) au Zem Vcttol, (1tJ :Q)Im ir e ltnsesuat ci 1301

115511II fi telet hi~lke COCHliCieits to be mici ictelated. I 5icItiting III a diag~onail cova~timi~c mratiix,

'lhe hiteratutei 127. 321 %tjggcst',. lmowevei . that sounicV.e mike cueflicitemu1s ailt 1ILuaLy.1I Cotielated

' The appi up: I lilt: valuens lot the Covalmu Immc ta:ix eleltretits aic, disucssd iii detail III Cihaptct 3.

TIhe I lfi tilIaiiiii so 1)tIO! I idL', tli rist eilciits to thec Kit iatma filler vel y 7 nimsc l'ot updat ing,

fie l te eali cmillttes. hfl'vOth CSeateLII 1.(10 USSUtieId the tie.ueic III( ate avlable

tt:'.iatitlatieutlly loi Kalmantr lilici up~date pIWOLsitig. Thll:ICSIA tcc i ClI IlOVe', tihi ussuillptioti arid

iWCutpo~ les a :it dcl to: tIhc iiihuivmm titne dclay assocated with: wavehtouit sCisot0 HieASUtCtluient

ph OLUssiiig. Model i igj Of IIR,' I~ieI del1aY IS p)i uS(tIII itI SUA1 ot 3.4.
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2.7 Linear Quadratic Regulator Design

The concept behind LiQG control is to generate an optimal stochastic controller, optimal with

respect to some specified performance criterion [I, 16, 17, 21]. Under the LQG assumptions, the

system to be controlled is assumed to be modeled by a set of linear differential equations. The

criterion for optimality is specified as a quadratic cost function, and the system is assumed to be

driven by white Galissian noise inputs,

The LQG rcgulator problem attempts to minimize a simple quadratic cost function which

applies penalty to nonzero states and to the amount of control energy applied to drive the states

to zero, 'The simple form of the quadratic cost function used in this resealch is given as [21:10]:

.1 = { X x { 1)wx(1)A , U (' )U(t )u(t5) I 1 4tt,)X XtN 1)f (2.41)

where X(t,) and U(t,) are cost weighting matrices selected such that quadratic penalties are accrued

for stale deviations from zero and for requiring excessive amounts of energy to control those states

over each sample period. X1 is the cost weighting matrix which assigns quadratic penalty to state

deviations from zero at the final sample time. Assuming diagonal cost weighting matrices, the

diagonal terms of each of these matrices can be chosen depending upon the relative importance

of minimizing the deviation from zero of the individual states. Those states or controls for which

minimization is important will have large cost matrix terms associated them.

Design of the LQ regulator requires determination of the optimal vector of control voltages,

Li'(t,), to apply to the deformable mirror which minimizes the cost function defined in Equation

(2.41). The minimization must bk such that the phase distortion in the reflected wavefront is also
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minimized. If it were possible to gain perfect knowledge of all the system states, the optimal

feedback control law would be given by [21:17]:

u1'x(tj),tj] = -G:(tj)x(tf) (2.42)

where the optimal controller gain matrix, G,'(t1), assuming time-invariant cost matrices, is given

by [21:161:
T" -I.43)

G:(t5 ) = [U + BdK,(ti,)BjV [Bj'Kc(tj. 1 )-(t,,t,)] (2.43)

and the controller Riccati matrix, K/(t), satisfies the backward running Riccati difference equation

[21:15]:

- [4VT(Q tA,)K(t)Bd] [U , Bf"K,(l, 1,)Bd1 ' (2.44)

x[BA(tt,+) 45(t,.1, )]

solved backwards from the terminal condition:

.KC(tN+I) = Xf (2.45)

However, rarely, if ever, does one have full state access. Instead, only noise-corrupted

measurements of the form of Equation (2.29) are available. In this case, a Kalman filter can be

used to generate estimates of the states, given the measurements. The optimal stochastic controller

is equivalent to the optimal deterministic full-state feedback controller with the state in Equation

(2.42) replaced by the state estimate from the Kalman filte: [21]. This result is commonly
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referred to as the certainty equivalence property. The final form for the optimal feedback control

law is:

u[.,t= -G(t)(t) (2.46)

where the optimal controller gain matrix and controller Riccati matrix are as described by

Equations (2.43) and (2.44). T'herefore, the optimal feedback control law for the LQG problem

is a Kalman filter cascaded with the optimal controller gain matrix corresponding to the

deterministic full-state feedback control law.

For the adaptive optics system of this research, cost is assigned to phase distortion in the

wavefront reflected from the deformable mirror, as it is the reflected wavefront which results from

the mirror compensation. Cost is also assigned to the amount of control voltage applied to the

mirror, as the actuators are restricted to maximums of ±10 volts. Von Bokern derives the

appropriate cost weighting matrix for the states as [30]:

X = C(2.47)C CI

with C defined as a 14 x 14 diagonal matrix of cost elements associated with Zernike modes of

distortion in the reflected wavefront. The non-diagonal form of X results from evaluation of the

quadratic involving the sum of the atmosphere and mirror states, that is, the reflected wavefront

and the fact that the extraction matrix (A) is an identity matrix. The cost matrix elements can be

determined, for the initial design, as the inverse of the square of the maximum allowable value

for each of the states [21]. Previous research [30] assumed values of 400 for the elements of C

based on maximum phase deviations of 1/20 wavelengths due to any one Zernike mode. Similar

analysis applied to the control cost weighting matrix yields a 97 x 97 diagonal U matrix. The
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elements of U are determined, initially, as the inverse of the square of the maximum allowable

control voltage. The resulting control cost weighting matrix has diagonal elements equal 0.01

corresponding to the maximum allowable control voltage of ±10 volts. These cost weighting

matrices are available as tuning parameters for design iterations towards improved system

performance.

2.8 Results of Previous Research

Von Bokern performed an extensive computer performance evaluation of the control law

described in the preceding sections of this chapter using the MSOFE simulation package [23].

As part of the performance evaluation, several studies were conducted in which the measurement

aoise covariance matrices, KC, were varied tbetween the truth model and the Kalman filter model.

The performance index for Von Bokern'. research was the difference between rms phase distortion

in the incident wavefront and the reflected wavefront. The key results achieved by Vofn Boke.1, r

are as follows.

1. Based on the truth model implemented for atmospheric distortion, the deformable mirror

operated in its linear region, that is, the voltages applied to the mirror were well within

the ± 10 volts saturation limits of the actuators.

2. Results from Monte Carlo analyses indicated the adaptive optics system reduced the total

rms phase distortion over that in the incident wavefront for each of nine studies

conducted. The nine studies involved variations of the measurement noise covariance

in both the truth model and the filter model. RMS Phase distortion in the reflected

wavefront was reduced to 40-60 percent of that in the incident wavefront, depending on

the particular study considered. As the measurement noise covariance was increased in

the truth model, filter performance degraded, even when the filter wa.,s rotuned to the
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appropriate~ noise covariance, as is anticipated since this yields a more difficult estimation

(and %,oritrol) problem.

3. Plots of the rms phase distortion in the incident and reflected wavefronts suggest the

quality of the coa,-icctcd image to We somnewhat constant, even in the presence of large

variations of the amount of distoition in the incident imiage.

4. Comparison beotween the residual phase distortion in the reflected wavefront and the

distortion due to filter cmnimauion error indicated state es;tiimation error to be the limiting

factor on performance of' the controller.

2,9 Summ,,ary

Thbis chapter describes the effects, of atmosphcric turbulence on optical irtage quality and a

mtethod for compensating for the resulting wavefront phase distortion, A linear' quadratic Gausjian

c~ontiol law is proposed ini which a Kalmnan filter cstimnates the leading coefficients in a summation

of J4 Zzri'nke polynonmials describing the wavefront phase distortion duie to atmospheric

turbulence. The filter estimnatctý are premnultiplied by the optimal controller gain miati-in to

determine the control voltages to apply to the. actuators of a deformable mirror adaptive optics

system. TIhe dynamics modcl,, for the adaptive optics system (atinosphweic distortion, deforinable

mirror, and wavefront sensor) are presented, These models are required ina order to define the

Kalriaii filtiu and t10 optimlal L0nti ollci' gail 11 itallix properly. C:ontrol of' the systemi is achieved

through mhinimlization of a quadratic cost function associated with nonzero phase distortion uiid

nonzero contiol voltage magnintude, Simrulated PCI lorinanice results achi~eved it] previUus lesearcl

usiing On's cuintiol law arc also presented, Chapter 3 presents additional nmodeling for addrcsiinlg

the ci oss-coirreation, time delay, and naztmosphnvite vai intion issue'..
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Ill. Control System Modeling

3.1 Introduction

This cliapter presents the mathematical models required for this research, The basic model

for the control system is that developed by Von Bokern [30], as described in Chapter 2.

Refinements are made to the model based on Zernike coefficient covariance data available in the

literature [27, 32]. Modifications to the model stiucture are presented which address the

objectives specified in Chapter 1. Areas requiring additional modeling include: cross-correlations

between Zernike coefficients for the atmosphere, wavefront sensor measurement processing time

delay, and variations in the dynamics of the atmosphere.

3,2 Baseline Control System Model

The Kalman filter used for this research is a full-order filter consisting of 28 states; 14

states describing the dynamics of the atmosphere and 14 states for the dynamics of the deformable

mirror. Assuming a linear time-invariant model, the equations for the truth model continuous-time

dynamics and discrete-time measurements are given in Chapter 2 and are repeated here for

convenience as:

&(t) = Fx_(/) + Bm(t) + Gw(t) (3.1)

ZQt) = HA(t4) + Ali) (3.2)

The F matrix is a diagonal matrix whose elements are derived by curve-fitting auto-

correlation data to standard first-order Markov process shaping filter functions of the form of

Eiquation (2,21), The auto-correlation data were generated by integrating Equation (2.22). The
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B matrix is computed from Equation (2.26) using the steady-state influence matrix, M, given in

Appendix B. The H matrix is computed from Equations (2.30), (2.33), and the N matrix given

in Appendix C. The elements of the diagonal dynamics driving noise strength matrix, Q, for the

atmospheric states are computed based on the time constants associated with the individual

atmospheric states and the covariances of those states as:

1$. 2
"Q (3.3)

T

where

aY = E { a 2 } (3.4)

and T is the time constant for the i' state. Expressions for the individual covariance elements of

Equation (3.4), (3.5) are available throughout the literature [24, 27, 29, 32]. Roddier provides

such an expression in the form [27:1175]:

K , I,,,, P [(n + n'- 5/3)/2] (D/tro5 13  (3.5)

E a, ' [(n -- n1 + 17/3)/2] F [(nl - n+ 17/3)/2] 1 [(n + n' + 23/3)/2]

where K,,., is defined as:

Kz = F(14/3) [(24/5) T (6/5)]-/' [_1 (11/6)12
2 7r2  (3.6)

X ( n1)n''/" 2,n/I2(n + 1) (n' + I)

and

3-2



n.n" = radial order of the j and j' Zernike functions
= azimuthal order of the j and j' Zernike functioas

D = diameter of the receiving aperture
Ir, = Fried's coherence length [8, 13, 24, 26, 30]

= logical Kronecker delta
= Gamma fujnction

Using Equations (3.4), (3.5) and (3.6), Roddier evaluates the covariance matrix for the first 14

Zernike coefficients, normalized by the scaling factor (Dir,)"-. The covariance values derived by

Roddier were appropriately scaled to reflect units of wavelengths for this research, Table 3.1

shows the nonzero covariance values for the first 14 Zernike coefficients, One can observe from

Table 3. 1 that correlations exist between different Zernike coefficients (J 0j) when i or] > 5. The

controller design of Von Bokern assumed a diagonal Q matrix. Since this section is intended to

present the updated truth model under the same assumption, made by Von Bokern, the discussion

at this point is limited to the case of a diagonal covariance maufix so that only the diagonal

covariance elements (i = j) are included in the model. Finally, the merasurement noise covariance

matrix, R, is a diagonal matrix whose elements are given in Table 2.2 for the low, medium, and

high measurement noise levels studied in this research.

Table 3,2 is a summary of the state-space parameters for the baseline truth and filter

models. The performance of the LQG control law based on this model will serve as the

benchmark against which performance of the moditied control jaw will be evaluated,

3.3 Zernike Coefficient Cross.Correlation

Past research has assumed that no correlations exist between the different Zernike

coefficients, that is, EIa, a,) = 0 when 1 , j. Ilowcver, as indicated in Table 3, 1, weeral of the

states are in fact correlated wben either i orj > 5. This ,esuaich removes the assumption of a

diagonal covariarnce matrix and includes the cioss-correlation inf'ormation in the truth and filter
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Table 3.1. Nonzero Covariance Matrix Elements

E[ai a) ([D/rol5' units) Efa, a) (wavelengths2) ]
1 0.4557 3.3434

1 7 -0.0144 -0.1057

2 2 0.4557 3.3434

2 6 -0.0144 -0.1057

3 3 0.0236 0.1732

3 10 -0.0039 -0.0286

4 4 0.0236 0.1732

4 12 -0.0039 -0.0286

5 5 0.0236 0.1732

5 11 -0.0039 -0.u286

6 2 -0.0144 -0.1057

6 6 0.0063 0.0462

7 1 -0.0144 -0.1057

7 7 0.0063 0,0462

8 8 0.0063 0.0462

9 9 0.0063 0.0462

10 3 -0.0039 -0.0286

10 10 0.0025 0.0183

11 5 -0,0039 -0.0286

11 11 0.0025 0.0183

12 4 -0.0039 -0.0286

12 12 0.0025 0.0183

13 13 0.0025 0.0183

14 14 0.0025 0.0183
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Table 3.2. Bseline Continuous-Time State-Space Model

KF T (sec)[F1 1 (sec') ¶{(wavelengths).Q,, (waveengths2/sec)

1 0.130 -1/0.130 3.3434 51.437

2 0.320 -1/0.320 3.3434 20.896

3 0.120 -1/0.120 0.1732 2.887

4 0.050 -1/0.050 0.1732 6.928

5 0.090 -1/0.090 0,1732 3,849

6 0.100 -1/0.100 0.0462 0.924

7 0.045 !/0.045 0.0,-462 2.053

8 0.050 -1/0.050 0.0462 1.848

9 0.040 -1/0.040 0.0462 2.310

10 0.250 -1/0.250 0.0183 0.146

11 0.032 -1/0.032 0.0183 1.144

12 0.025 -1/u.025 0.0183 1.464

13 0.120 -1/0.120 0.0183 0,305

14 0.025 -1/0.025 0.0183 1.464

15 0.00045 -1/0.00045 0 0

16 0.00045 -1/0.00045 0 0

17 0.00045 -1/0.00045 0 0

18 0.00045 -1/0.00045 0 0

19 0.00045 -1/0.00045 0 0

20 0.00045 -1/0.00045 0 0

21 0.00045 -1/0.00045 0 0

22 0.00045 - 1/0.00045 0 0

23 0.00045 -1/0.00045 0 0

24 0.00045 -1/0.00045 0 0

25 0.00045 -1/0.00045 0 0

26 0.00045 -1/0.00045 0 0

27 t).00U45 -1/0.00045 0 0

28 0.00045 -1/0.00045 0 0
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models through the state covariance and dynamics driving noise strength matrices. The additional

information available through the cross-correlation terms provides a more realistic portrayal of the

true statistical characteristics of the atmospheric states.

If the covariance matrix, defined by the entries in Table 3.1, is to be used in the

mathematical truth and filter models, consideration must be given as to the appropriate dynamics

driving noise strength matrix to incorporate into the modified model as well. The choice of Q

must satisfy the covariance propagation differential equation for the stochastic process described

by Equation (3. 1) given as [19:219]:

P(t) = F(t)P(t) - P(t)Fr(t) + G(l)Q(t)GT(t) (3.7)

Under the assumptions of a linear time-invariant system model with G(t) as an identity matrix,

Equation (3.7) can be rewritten:

P(t) = FP(t) + P(t)FT + Q(t) (3.8)

Also, assuming stationary statistics for the dynamics driving noise, appropriate for time-invariant

system models, one can allow P(t) to go to steady-state by setting the initial condition at t=--

(thus allowing P(t)--*O) and solve for the desired Q matrix:

Q = -[FP + PFT] (3.9)

The C matrix computed using Equation (3.9) will iiw longer be diagonal due to the off-diagonal

terms in the P matrix. The F matrix remains diagonal, as the states represent the expansion

coefficients (inagnittide.s) of sn orthogonal set of functions.
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3,4 Wavefront Sensor Processihg Dela).

The measurement processing limitations of the Hartmann wavefront sensor preclude the

availability of instantaneous samples of the optical wavefront. The time delay associated with

processing of the measurement data is significant, relative to the shortest time constant associated

with the plant dynamics, and must be addressed in the adaptive mirror control law design. Past

research has assumed the measurements to be available to the Kalman filter for updating the state

estimate immediately following a sampling of the wavefront, thus ignoring the time delay. This

research recognizes the time delay issue and proposes a predictor model augmented with the

existing Kalman filter to compensate for the delay.

3.4.1 Wavefront Sensor Operation. Figure 3.1 illustrates the principle behind the Hartmann

techiiquc for sampling an observed wavefront. The Hartmann wavefront sen-or consists of four

major componnrs: a monolithic lenslet array, a front end detector (FRED), a digitizer, and a

programmable microcoded p,'cessor (PMP). As shown in Figure 3.1, the mirror aperiure is

subdivided by the lenslat aray into 69 subapertures. Each lenslet focuses the light within its

respe"tive subaperture onto an optical detector array. The wavefront sen'or measures the slope

oi gradient of thl; wavchont within the subaperture from the location of the focused "spot" of light

in both the x and y directions, commonly referred to as x-tilt and y-tilt. X-tilt is defined to be

WaUVOrort tilt about the x-axis.

L.ach Itnslet actually focuses a diffraction pattern on the FRED rather than a well-dcfined

spot of light. The IREID sv'nses the light intensity in the 69 diffiaction patterns with a Reticon

!A01OOA optical scnsing chip. The Retncon chip contains a 10,000 pixel array (100 rows x 100

coulnimns) of plhtodidc pIxCls whic:I plovide analog; output of the intensity sensed during the

latest wavcfi out s•aiple. l~ach subapcrturc lenslet is ccntrcid over a 25 pixel airay (5 rows x
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Figure 3,1, Wavefront Sensor Sampling

columns). The analog output of each pixel is converted to a digital word by the digitizer for

processing by the PMP. The PMP performs a number of functions, the most important of which,

for this research, is to compute the wavefront gradients about the x and y axes for each

subaperture, The PMP employs a centroid algorithm known as weighted pixel averaging to

determine the centroid of the diffraction pattern from the 25 pixel values within the individual

subapertures. The reader is referred to Miller [22] for a complete discussion of the weighted pixel

averaging technique, Determining the "spot" loct;on is accomplished in the tilt processor module

of the [IMP whose output consists of 69 vector -,irs of x and y tilt measurerents. These 138 tilt

measurements are assumed to be accessible as output and arc applied a~s measurements to the

Kalman filter for this research. Normally, the PIMP processes the tilt data and reconstructs the
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phase of the wavefront as the final output. However, the phase reconstruction requires additional

comlputationl time and is therefore net ased hero.

The wavcfiont sensor requires approxifnately 7 nisecs it) ord~'r to record and process the

outputs from all of' the l(j,fXX)O photodiode pixels [22:10j. The resvItarat sampliing rate of the

wav~front sensor if;~ approximately j'40 liz. Miller'.i analysis of frequency response plots of the

H artmannI wavefront sensor revealed the system time delay associated with processing of the

sensrIS Oata corresponds to the sampling rate of the Reticon chip, that is, the output from the

wavefront sensor exper iences a 7 insec time delay.

3.4.2 'lime Delay~ CompenIsation. In any control system, one, de~ires the most accurate and up-to-

date measurements possible in order to generate the appropriate control commands to apply to the

system, Using the cornirol law developed to this point, if one removes the assumption of

instantancous wavcfront samipling and admits to the fact that the iiieasurrniens; are "old" when

they become available, control at the current time would be applied based on estimates of the

wavefront distortion at the previous sample timne. Control of the system under such conditions

is obviously undesirable arid, therefore, sonic meaars of compensation for the measurement tirne

delay iýs required.

IKleinmnan and Baron considor the problem of controlling linear systems whose output is

a tirric-delayed combination of the systemn states with additive corruptive noise [16, 2]. According

tu Kleinman, the optimal control law for problems of this type consists of a feedback loop with

a Kalinan filter in cascade with a least mean-square predictor. Figure 3.2 shows the functional

diagram for this type of control law. The wavefront sensor provides time-delayed measurements

to the Kalman hi lter. TJhe Kalmnan filter produces time-delayed estimates of the systemn states. Thhe

delayed state estimates are theni input to the predictoir which propagates the delayed state vector
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Figure 3.2. Predictor Modified Adaptive Optics System Functional Diagram

forward to the current time. Finally, the predictor output is used by the regulator to generate the

correct control voltages to apply to the mirror actuators.

The system described by Equation (3.1) can be represented in terms of its equivalent

discrete-time system model given by [19:275]:

.& ( l . i = • , •~ t ) X t f B d " Y( d , ' ~ d ( t') ( 3 . 1 0 )

[or the system model of Equation (3.10), the Kalman filter requires measurements of the form of

Equation (3.2). However, since the wavefront sensor outputs measurements with a one sample

period delay, the actual available measurements take on the form:

z(t,) = llg(t4 •) + vz(t4) (3.11I)
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where x(t,.1) is the state vector at the previous sample time. In order achieve a measurement

equation of the form of Equation (3.2), define the "previous" value of the state at the current time

to be:

P (ti) = ,3t_ ) (3.12)

where p is used to denote the state vector at the "previous" sample time. Using the definition in

Equation (3.12), an augmented state variable is defined as:

(t (3.13)

where the ap subscript stands for "augmented with previous value". Having defined the

augmented state vector in Equation (3.13), and given a full sample period delay before

measurements aye available from the wavefront sensor, the measurement equation can be written

in terms of the augmented state variable as:

z(t1) =[ ; H] i+ J(t) (3.14)

or

z(t,) = H-fx(Q) v(/,) (3.15)
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which is of the same form as Equation (3.2). Substitution of Equation (3.13) into Equation (3.10)

yields the following augmented system model:

+sI,*.,..* Iu(t,1 ) + "w(t-) (3.16)

k(tj) [ ~ 0 ()

or expressed in the augmented system notation:

xzp•y) = d(,I.I) ,) (, 1 + Bu G ap ivdQ,, 0 (3.17d

Equation (3.17) is of the same form as Equation (3.10). As such, standard Kalman filter

propagation and update equations can be implemented based on the model of Equation (3.16) to

perform both the filter and predictor functions. The output of such a Kalman filter is the

augmented state estimate defined as:

a_ () ..... (3.18)

where the lower partition of Equation (3.18) is the filter time-delayed estimate of the system state

or, in other words, the filter estimate of the system state at the previous sample time. Using this

system model, the filter propagation equations become:

g ap (t, )- OP(tI't) )op(, ) B .Bu(It 1) (3.19)
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P p(t, ) 40 • t t _l p (, l) t _ -- G , Q dG a, (3 .2 0 )

Similaily, the augmented system Kalman filter update equations are:

Kaij(ta) ', [ II P(t,-)H ' R (3.21)

,,(t,) = • (/t-) i K (t1) 1 -(t1) .- H p(t,- (3.22)
ap I' P ap*ap

Pv(tl) = Pvo(t,) - t ) (3.23)

The upper partition of Equation (3.18) represents the time-delayed estimate of the system state

vector propagated to the current time. The upper partition of Equation (3.22), _,9P(t) , is then

multiplied by the regulator gain matrix to generate the required actuator control voltages. The

modified control law, in terms of the augmented system model, is:

&[(tX )I(...... 
(3.24)ij[.i, Qt'),t,]= -G " C r •)

p j

or

u; (,),] = S ap(4t) (3.25)

where (i, is the steady-state controller gain matrix. Since this system is never expected to reach

the terminal condition, tNJ, the steady-state controller gain is appropriate and is found by solving

Equation (2.43) using the steady-state solution to the backward Riccati Equation (2.44) for K, for
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all time. The steady-state optimal controller gain matrix is computed in MATRlXx using the

DREGILATOR option, TIhe resulting gain matw-x is provided ill Appendix D,

3.5 Variai. rn of the( Dynamijcs of the ,1U,:osp/Iere

Tob this point, the. conitrol law is designed to compensate for tile optical wavefront phiase

distortion resulting from propagation of the image through a turbulent atmosphere, Iloweyci. this

design cunsidcis the effeerscl only under specific atmospheric. conditions; that is, a timfie- invari-ant

niodel for tire atmosphere hasr been a-5suined. Tlhu assurned coniditions for this design ili terms of

the coherence length. r,, anid the average winid velocity long thle propagation pathi, accoiding to

the I lufnagcl- Valley turbulence model 126i, are 5 cmn arid 21 ni/see, respoctively, Tlhe time-

invariant assLuiIpmiiJ for the atinospheriic dynamics mnay be valid for tho,'t period observations

under tlrcdesign condiotios, I I owlver, as thle obser-vatiOil pertiod i ncrealScs, thle tru ly ti me-varyinfg

nature Of thle IatmoSPheriC StaiStics will cause the performance of this controller to degrade

.5ignif'icantly. It, triref ore, bceumeis necessary Wo ilivestigate thle Sensitivity of' the conltroller to

variation% inl fthe dyniamics of' tihe atiiospl~ivi states, Specifically, controller stability. along withi

the degree to which performance is degraded over tire an~ticipated range of atniospheicnL conditions.

is evaluated,

TIhu approach taken for thre sensitivity Study is to de;velop Several new dyuiamn~ics Model's

for' thme adaptive optics system which are mepieseritative of variou atilnosphem iC conditions, TJo

accomplish this task, additional autocojireltion data are geniarmted inl the ijunic imirainer as described

inl Chaptei 2 for each ati'iosplicric Conmditioii 5.eleovte, T'f!,esc data sets are then cut ye-fit to f I'lt

order shaping filler fuinctions pi ovidi ng a new staut-spaý:c nmodel for- cacth condiitioun, Thu flue

pan anieteis avail able fur i modeling changes iii the dynaiam cs, basied on tire cqutiiituis used inl

gueiiratirng thle shiapinrg fm Item data, ale the aver age winld Velocity along thle pi opagarti on path and
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the zenith angle to the source. As such, parameter studies on both the average wind velocity and

the zenith angle are conducted for the sensitivity study. Variations in the average wind velocity

directly affect the refractive index structure constant (C,2) which can be computed as a function

of altitude as [261:

C"(h) - 5,94x.0' 5 3  17 0 + 2.7X10' 6 ee + 1.7xlO- 4 e

where h is altitude and w is thu average wind velocity. Equation (3.26) can then be integrated

over altitude to find the corresponding coherence length for the specified wind conditions as [26]:

0.185 f- 5 (3.27)

tsec(c) fC(h)dh

where X is the wavelength of light and ý is the zenith angle to the source. As previously

mentioned, the nominal controller model is based on an average wind velocity of 21 rn/sec and

an r, of 5 cm. The zenith angle for the nominal controller is assumed to be 00. During the

sensitivity study, six models are developed, corresponding to wind velocities of 5. 15, 35, 45, 55,

am!; 65 mn/sec and four additional models, corresponding to zenith angles of 150., 30v, 45', and 60'.

By implementing each of the new models in the truth model of MSOFE, the filter, still

implementing the nominal model, is evaluated for stability and performance in the presence of the

truth model variation from the filter model dynamics. It should be noted from Equations (3.26)

and (3.27) that variations in either the wind velocity or the zenith angle result in a corresponding

variation in the coherence length.
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3.6 Summary

This chapter presents the additional models required to address t(e objectives of this

research as described in Chapter 1. Modifications to the original truth model are made based on

recently published covariance data [27] concerning Zernike function representations for optical

wavefront phase distortion, The modified truth model serves as the performance baseline for

further controller modifications. Covariance data is presented for incorporating cross-correlations

between the atmosphere states into the truth and filter models. A predictor model is proposed to

compensate for the undesirable processing delay associated with the Hartmann wavefront sensor.

Finally, additional dynamics models which represent various atmospheric conditions are described

in order to conduct the sensitivity analysis of the conuollei. Chapter 4 provides values for the

specific model parameters for each of the control system modifications.
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IV. Control Law Design

4.1 Introducdion

This chapter presents the control law designs associated with each of the state-space model

modifications described in Chapter 3. The final controller design evolves from the baseline

controller associated with the state-space description summarized in Table 3.2. First, the baseline

controller is modified to account for the cross-correlations between the Zernike coefficient states,

Next, a steady-state Kalman filter implementation is proposed. Then, a least mean-square

predictor model is augsientel to the controller to compensate for the inherent timec delay

associated with measurement processing in the actual wavefront sensor, Lastly, several additional

state-space models are developed to provide a representative sampling of the variations iii the

atmospheric dynamic:s which are likely to be encounteied duiing an observation period. The

model for each atmospheric condition is implemented in the MSOl"E tjuth models foi the

sensitivity study,

4,2 Conttroller with Cor-lrcat'd States

'his section presents the nmodified dynamics model for the adaptive optics system to

include the added information available from the corfelations between the atmnosjphere states, As

indicated in 'Fable 3.1, accurate 11,0dcling of distortive 1iiodes Wkyond minudu live (astigurati.rm)

involves correlations between sonie of the modes, The additional informationi provided thlrough

these correlations contributes to developing a more, accurate statistical iepr-scntaiion of the

dynamic behavior of' tihe atniosplier, Accurate niathcnmatical models of the system to be

controlled arc esswntial to any contiol system design effoit, iegajdless of the echnique involved.

In the case of ,0Q(i contiol, it is desirable to provide the Kalman filler with the most accurate
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model of the system possible. It is equally, if not more, important to have the most accurate

system truth model available in order to evaluate the pcrformance of the controller design

adequately. Incorporating the correlations into the model is accomplished by solving the steady-

state covariance differential equation given by Equation (3.7) for the appropriate noise strength

matrix Q(t), where the elements of P(t) are given in Table 3.1 and the elements of F are given

in Table 3,2. The resulting fully-populated Q matrix and modified continuous-time state-space

model are given in Table 4.1.

Any on-line implemnentation of an optimal control algorithm such as that described herein

will, in all likelihood, be accomplished on a digital computer. Thus, an equivalent discrete-time

system model is required that generates system state values identical to those generated by the

continuous-time model evaluated at the discrete sample times. The desired equivalent discrete-

time model has the form given in Equation (2.18) where the state transition matrix tF(t,,,t() is

xomputud florn Equation (2.40), the discrete input distribution matrix B,, is computed trom

Equation (2.20), and the discrete dynamics noise covariance matrix Q, is computed according to

Eiquation (2.19).

Using the 7 msecl Hartmann sensor sampling period and the fact that the modified

controller plant matrix F retains its diagonal characteristic, the state transition matrix is computed

termi-hy-teanm replacing F in Equation (2.40) with its individual diagonal elements. With the noise

distribution matrix G equal to a 28 x 28 identity matrix, Equation (2.19) simplifies to:

Q d = .'4 5(t, ,) Q 0• r1 t ,,J ) d (4 .1)

Ii

l'quation (4.1) can be approximated, with diagonal F given in Table 4.1, as [19:358]:

4-2



Table 4.1. Continuous-Time State-Space with Correlated States

LJ-T., F1 .(se7cl) E.a. a) (wavelen.t Q.! (wavelengthS2/sec)

1 -7,6923 3.3434 51.4349

1 7 0.000 -0.1057 -3.1619

2 2 -3.1250 3.3434 20.8962

2 6 0.000 -0.1057 -1.3873

3 3 -8.3333 0.1732 2.8866

3 10 0.000 -0.0286 -0.3527

4 4 -20.0000 0.1732 6.9280

4 12 0.000 -0.0286 -1.7160

5 5 -!1.1111 0.1732 3.8489

5 11 0.000 -0.0286 -1.2115

6 2 0.000 -0.1057 -1.3873

6 6 -10.0000 0.0462 0.9240

7 1 0.000 -0.1057 -3.16! 9

7 7 -22.2222 0.0462 2.0533

8 8 -20.0000 0.0462 1.8480

9 9 -25.0000 0.0462 2.3100

10 3 0.000 -0.0286 -0.3527

10 10 -4.0000 0.0183 0,1464

11 5 0.000 -0.0286 -1.2115

11 11 -31.2500 0.0183 1.1438

12 4 0.000 -0.0286 -1.7160

12 12 -40.0000 0.0183 1.4640

13 13 -8.3333 0.0183 0.3050

14 14 -40.0000 0.0183 1.4640

15-28 15-28 ---222.2222 0.0000 0.0000
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The nonzero elements of (F(t1 , ,,t) and Q, are provided in Table 4.2. The Qj, entries associated

with the two tilt modes reflect 80 percent attenuation due to the assumption of tilt mirrors

preceeding the deformable mirror. The individual elements of the Bm and B,, matrices are not

tabulated here due to the dimensionalities; involved. However, the steady-state influence matrix

MA from which both B,?, and Bd are derived, is availab~le in Appendix 13.

As discussed in Chapter 2, the Kalman filter algorithm requires initial conditions for the

state vecor and covariance matrix in order to get the algorithm started, As before, the initial

condition for 0ic; states is a zero vcctor (xWO)-O) owing tv rouduliing of thu 7,jlk cofi~~t

as zero-meian randomi variables. Unless the controller designeri has a priori infor-mation about the

initial statistics of the state%, the elemnents of P'(O) are set to large values i'eflecirig the high degree

of initial uncertainty. 'Ihc steady-state covariaiice values presunted in the Hiteiatuic 127, 32]

provide SUchl a pilO inStatISticS for the atmiosphere statos. As such, the initial coniditions for the

upper left 14 x 14 block of 1) ai-e set to Ithe covalalance VjjlIiC.S difC~I;dinla 4..'

COValiaic alC tRieIs For the dctCli iisi iidi I Inii 01 states arc '/010 for all Iii rue

4.3 Steadly-Sb'at SamwaFi lleIr

The restilts to be presentcd in Chaptti 5 along with those, 1'(Ii urnOLV previous oscicI

indicatc the Kal man filhem covariance commvumgcs to its steady-stale v. Itics vein quickly. 'I huse

results illoti vated. conStanlt-gailI filtem imlpleunentat ionl pmovid(Xd thu p)ci Fii uliunco dOgradami oil uisingy
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Tablc 4.2. E1quivalcnt D)iscitc-'linc State-Space with Conelated States

i ; ,• t ,t, ) Q ,. w a v e ]l c ,]g th s :)
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the constant-gain filter is acceptable. The advantage of the constant-gain Kalman filter lies in the

preconiputabi lit), of the gain mnatrix K. Off-line pre-computation and storage of the filter gains

greatly reduces the computational burden of processing the filter algorithm. As presented later

in Chapter 5, simulation results ol the controller with a constant-gain Kalman filter indicate very

little perfornmance degradation. Therefore, the control system structures presented in the remainder

of this chapter are based on a constant-gain Kalman filter. The appropriate constant K matrix is

is lound by outputting the Kalnman filter gain matrix values from the MSOFE simulation once the

systcm has icached its steady-statc condition. Ali analytic solution for the steady-state filter gall]

was found using MATRIX;: however, the analytic solution provided poor- results anid was

abandoned. ltiitlicr details concerning steady-state gain selection arc given in Chapter S. The

steady-state K miatr-ix is listed in Appendix El.

4.4 Iredi'wIrIcAy

Thui wavclicint sensot associatcd with the adaptivu optics COrltiol Sys tclnt of Figult ic

Pt odnecs nieasutclcmnts. of, the gr~adient of the, wavefoicit w-tich arc dclayed ny one full saniple

pciizod (,7 nilsecs). As tlw it-au HIUMilent1 deldy SMiuliation piesvnted ~n Chaptei 5 W~ilI show, t his

t111 ic dlay Lau,.t:,csevcic de dcada ionl In t1C PCI iu0iiaiice of the Kalnian filter and. consequeintly,

th:c cimile coiiti(l sstin Accoidtith I() Kluleiymrnn I hV!. Conm:oi 0!'~'U -aS"'hioSC ouipu

is a t iit-dtehIi 1 t tonibi nait itof U1 tI( ,ysicini silics, plus additi *~c floisc i,, achiic\2d by cwteadiiip

a leas~t iiciis)lJipcdictoi Vith thC Kalniaii fIhieII inC tle fedack loop,

'I lit ''o 110LRoi tilt oi puoit ;ing teyIII(!c (At thepCd~iCtu(i is achieCved thPough Siiiu11k: statec

angilclllalii '11k I ft au1iji:in1CU %system II' Man~, a, pie I'e n CI'liapiki 3. is loud. by

10'l 101c [,Itt ltitio.1 tuid d 28ý ý. Zx i. r t I II i 11 111k C ij'r i j ;inJ IOWI i'tii n:v1tii.'l ,i,,L-



the augmented system B,, and G1 matrices are augmented with 28 x 97 and 28 x 28 blocks of

zeIos, respectively. The resulting augmented system dynamnics equation is fepeated here as:

x()1 I ~ ~ 0 ~ ti ) E (4.3)

.~ (t,- 0 ]K 'Q 0 01

with sampled-data measurements of the form:

S[ x(")1 -(4.4)

I' P I

where ,(t,) is the state vector from the previous sample time. With a Kalman filter based on the

dynamics model of Equation (4.3), the optimal control voltage vector for the augmented system

is given as:

I •it" )(4.5)

The steady-state Kalman filter has been identified for the comnroller model assuming no

meuil";cn[ie dclays,. This gain maix is appiopriatc or updating the "prcvious" state values.

Onc mu',t nuw identify .he appropriate augncintcd sy.Itcml SlICdy-.%LaIe fit n oWich" updates

the au"ir tu:td sy'tCm Vate v11o, ]CI,'tin. lg the .cLt cut alld "previou'" States. Tile al~gigncind

s), !!ki stcady-sh.tic filtei gaIl ii is found by |snjig lI'ali•cn (3.21) which is repcated hlce as:

'ic I lt' ci ,al c oa!ic ll)•tllx p into io update can he cxu ,'.[ a,.



P (101 ) P12(t,)
P ap(t ) . ...... ... (4.7)

P,1(11) P22(t1)

Substituting Equation (4.7), (4.10) along with the augmented measurement matrix H,,,, ilto

Equation (4.6), (4.9), the augmentd system Kalman filter gain is evaluated as:

Kýu) P1 I! ) P, I.(t, 0 [ 0 1 i) P12(;1 r 0 R.) ...... .... . ..... [ 0 H . R
P2?(,) I" P22(I1) H Jr P1t) P22(t), ) lr

P12(t,) Hr

11 p 2 2 (1 1 )JT (4.8)
Pý2(t, ) HT

Expressions for the partitions of Pap(t,) can be found b) solving the discrete-time covariance

propagation difference equation given by Equation (3.20). Substitution of Equation (4.7) and an

equivalent expression for P,,,(, 7) into Equation (3.20) yields:

P 1(1.) . 1 ,0 0 [ Pi..( 1  1) P 12 (.1 1. ... .

"I i '2) 2(!, 0 P0( ) 0

I' I'

0 0

0
pjI,'{ ,)4b J) Pj(, ,) 0 ()0

4 .,



Now, equating partitions on the left-hand side of Equation (4.9) to those of the right-hand side,

one makes the identifications:

Pt= I'P11(t[I I ) (4.10)

p22(t,) =PIP"-+) (4.11)

Substitution of Equation (4.11) into Equation (4.10) yields:

p12(t,) = '0P 2 (t1 ) (4.J 2)

Equation (4.12) can now be substituted back into Equation (4.8) to get:

P 2(t) r HT

P,z(t, ) Hj [ j(tTr

IpPý2 (t, )HT

1 J()IJT RJ
'?l2(', )Jf :

#K(Q
K(t,) (4.13)

wheic K(t1) is the steady-stateI Kalman filter gain for the tmaugmcnted system. Equation (4.13)

shows that the aliginllted system steady-state Kalman filtei gaiii is loimed by premultiplyiig the

steady-state gain foi the omIgi tal system by the stale IIansitrotr matrix and auguirntirrg tInc iesult
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Table 4.3. Dirnensionality of Adaptive Optics Kalman Filter

Mtx/Vector Dimensions

(I)" P(ti II Iti) 56 x 56

aw,(t 1) 56 x I

BIP 56 x 97

u~t~)97 x I

G0 np 56 x28

FIj It 28 x I
Qj 28 x28-

zYt,) 138 x 1

kP 138 x 56

V01~) 138 x I

R 138 x138

with the original steady-state gain matrix. The dimensions of each of the matrices and vectors

in the discrete-time state-space model for the adaptive optics system are summarized in Table, 4.3.

Once again, one should note that 28 of 56 states shown in Table 4,3 are deterministic and,

therefore, need not (and should not) be included in an operational filter.

4.5 Moelvs fior Variadon s of Atmosphe,'e DyiaMICS,

This section provides the truth model parameter values for each of the models developed

for the sensitivity study. Parameter studies were conducted for variations in the average wind

velocity almng the propagation path (w) and zenith angle to the source Tc.'able 4.4 shows the

paramecter values evauIated, along With the resultant cohere'nLC length (r corresponding to the.

specific atmospheric cond~tion. T[le valucs for r,~ arc computed from Equation (3.27), wliemic the,
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Table 4.4. Atmospheric Conditions for Sensitivity Study

Parameteri

I (m/sec) P (deg) r, (cm)

5 0 5.186

15 0 5.105

21 (nominal) 0 5.021

35 0 4.745

45 0 4.501

55 0 4.238

65 0 3.972

21 15 4.918

21 30 4.606

21 45 4078

21 60 3.313

efiractive index structure constant (C,') is found by integrating Equation (3.26) over altitude.

Since C,' appears in Equation (2.22), from which the autocorrelation data are derived, changes

in the average wind velocity directly affect the plant dynamics and noise strength matrices.

Changes in the zenith angle, however, only affect the strengths of the noises, as ý does not appear

in lEquation (2.22). The specific values of the plant and noise strength mauix cntries associated

with each of the atmospheric conditions in Table 4.4 are presented in Tables 4.5 through 4.11,-

Table 4,11 alone contains all the data for the variations in zenith angle since only the noise

strength matrix values change.

When the. Kalman filler is retined to model the changes in the atrriosphrc resulting t'nlr

wind velocity vaniatiours, tilth optiial controller gain niatrix inust be iccoMputod based oil ih'Z new
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Table 4.5. Continuous State-Space Model for Average Winds of 5 meters/sec

~ii1 j j~(Scc' / a/ (wavelengths')_ wvlngh 2 sc_

5 1 -7.1429 3.1459 44.9420

1 7 0.00)0 -0,0994 -2.9194

2 2 -2.6316 3.1459 16.5600

2 6 0.0000 -0.0994 - 1,2558

3 3 -8.33313 0.1629 2,7153

6 3 10 0,0000 -0.0269 -0,3205

4 4 -14.2857 0.1629 4.6550

4 12 0,0000 -0.0269 -1.2821

5 5 -51.111 0,.1629 3.6205

5 I 1 0,0000 -0,0269 -1.1405

6 .2 0.0000- -0.0994 -1.2558

6 6 -1 )0.0(00 0.0435 0,8698

7 1 0.0000) -0.0994 -2,9194

7 -22.2222 0.0435 1,9330

8 8 j -20,0000 0.0435 1,7397

9 9 -25,0000 0(0435 2,1746

10 3 0.0000 -0.0269 -0,3205

10 - 10 -3.5714 0,0173 _0.12)33

11 5 (). 00 (" -0,0269) -1.1405

II I-I1 -31.2500 0,0173 1,0787

12 0.0000O -0.0209) -1,2821

12 12 -33,3333 0,0173 - .. 0

13 13 -8.3333 0.(173 0,2876

4 14 -33.3333 0,0173 1,1506

15.28 1.•2-2 -222,2222 W_0,0) _ 0,0000
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Table 4.6. Continuous State-Space Model for Average Winds of 15 meters/sec

_J._._(sec_) E1a7 a_ _ (wavelengths2) Q1J (wavelengths2/sec)

S-7.4074 3.2296 47.8420

1 7 0.0000 -0.1021 -3.0236

2 2 -2.7778 3.2296 17.9440

2 6 0.0000 -0.1021 -1.3041

3 3 -8.3333 0.1673 2.7875

3 10 0.0000 -0.0276 -0.3327

4 4 -16.6667 0.1673 5.5753

4 12 0.0000 -0.0276 -1.3820

5 5 -11.1111 0.1673 3.7167

5 1 0.0000 -0.0276 -.1.1708

6 2 0.0000 -0.1021 - 1.3041

6 6 - 10.0000 0.0446 0.8930

7 1 0.0000 -0.1021 -3.0236

7 7 -22.2222 0.044( 1.9844

8 8 -20,0000 0,0446 1.7859

9 9 -25.0000 0.0446 2.2324

10 3 0.0000 -0.0276 -0 3327

10 10 -3.7037 0.0177 0.1313

5 0.0000 -0.0276 - I. 1708

I 1 I1 -31.2500 0.0177 0.1074

12 4 0.0000 -0.0276 -1.3820

12 12 -13.3333 0,0177 1.1812

13 13 -8.3333 0.0177 0,2953

14 14 -33.3333 00177 1.1812

______2 8 L 5-2-Y -2222.2222 0.0000J 0.000 __j
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Table 4.7. Continuous State-Space Model for Average Winds of 35 meter/sec

i_____ 1j Fij (sec') E[a, a)/ (wavelengths2) _Qy (wavelengths2/sec)

1 -9.0909 3.6487 66.3400

1 7 0.0000 -0.1153 -4.8916

2 2 -3.5714 3.6487 26.0600

2 6 0.0000 -0.1153 -2.0590

3 3 -12.5000 0.1890 4.7240

3 10 0.0000 -0.0312 -0.5740

4 4 -22.2222 0.1890 8.3982

4 12 0.0000 -0.0312 -2.0516

5 5 -15.3846 0.1890 5.8143

5 11 0.0000 -0.0312 -1.7295

6 2 0.0000 -0.1153 -2.0590

6 6 -14.2857 0.0504 1.4413

7 1 0.0000 -0.1153 -4.8916

7 7 -33.3333 0.0504 3.3628

X 8 -25.0000 0.0504 2.5221

9 9 -31.2500 0.0504 3.1527

10 3 0.0000 -0.0312 -0.5740

10 10 -5.8824 0.0200 0.2355

11 5 0.0000 -0.0312 -1.7295

II 11 -40.0000 0.0200 1.6014

12 4 0.0000 -0.0312 -2.0516

12 12 -43.4783 0.0200 1.7406

13 13 -13.3333 0.0200 0.5338

14 14 -43.4783 0.0200 _ 1.7406

15-28 i 5-.28 -2222.2222 0.0000 0.0000
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Table 4,8, Continuous State-Space Model for Average Winds of 45 meterslsec

S F 1 .2sec') - E-a, a)/ (wavelengths•) Q,, (wavelcngrths 2/sec)8

1 I -10.5263 13,9842 83,8710

1 7 0.0000 -0,1259 -5.9982

2 2 -4.000 ) 3.9842 31,8740

2 6 0.0000 -0,1259 -2,4114

3 3 -12.50W00 0.2063 5.1584

3 10 0.0003 -0.0341 -0.6698

4 4 -25.0000 ().2063 10,3167

4 12 0.0000 -0,0341 -2.4761

5 5 - 17.5439 0,2063 7.2398

5 11 0.0000 -0.0341 -2.0807

6 2 0.0000 -0.1259 -2.4114

6 6 -15.1515 0,0551 1.6692

7 1 0.000 -0,1259 -5.9882

7 7 -37.0370 0,0551 4.0800

8 8 -27,7778 0.0551 3.0W)]I

9 9 -35.7143 0,0551 3.9343

10 3 0,00(X) -0,0341 -0.6698

10 10 -7.1429 0,0219 0.3123

I I 5 0.0000 -0.0341 -2.0807

11 11 -43.4783 0,0219 1,9006

12 4 _ ,__ -0.0341 -2,4761

12 12 -47.6190( 0.0219 2.0817

13 13 -14.7059 0,0219 0,A29

14 14 -47. 190 0,0219 2.0817

15-28 15-28 -2222.2222 0.0000 0.0000
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"Fable 4.9. Continuous State-Space Model for Average Winds of 55 meters/sec

i LJ F, (secl) Ea,) a (wavelengths2) Qj (wavelengths2/sec)

1 1 -12.5000 4.4042 110.1060

1 7 0.0000 -0.1392 -/.7905

2 2 -5.0000 4.4042 44.0420

2 6 0.0000 -0.1392 -3.0156

3 3 -14.2857 0.2281 6.5169

3 10 0.0000 -0.0377 -0.8526

4 4 -28,5714 0.2281 13.0334

4 12 0,0000 -0.0377 -3.1710

5 5 -19.2308 0.2281 8.7727

5 11 0.0(Y00 -0.0377 -2.4382

6 2 0,0000 -0.1392 -3.0156

6 6 -16.6667 0.0609 2.0296

7 1 0.0000 -0.1392 -7.7905

7A' 7",4/ 03 0.0(6)9 5.2946

8 8 -30,3030 0.0609 3.6902

9 9 -40.0000 0.0609 4.87 10

10 3 0.0000 -0.0377 -0.8526

10 10 -8.3333 0.0242 0.4027

11 5 0.0000 -0.0377 -2.4282

1I II -45.4545 0.0242 2.1966

12 4 0.0000 -0.0377 -3.1710

12 12 -55.5556 0.0242 2.6847

13 13 -22.2222 0.0242 1.0739

14 14 -55.5556 0.0242-.___ 2.6847

15-28 15-28 -2222.2222 0.0000 0.0000
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"Table 4.10. Continuous State-Space Model for Average Winds of 65 mneters/scc

_______ F~(se-)_Ea, a) (wavelengths') Q, (wavelengths2/'sec)

1 1 -15.3846 4.9067 150.9800

7 0.0000 -0.1551 -9.7689

2 2 -5.5556 4.9067 54.5240

2 6 0.0000 -0.1551 -3.6806
3 3 -16.6667 0.2541 8.4705

3 10 0.0000 -0.0420 -1.1198

4 4 -33.3333 0.2541 16.9405

4 12 0.0000 -0.0420 -4.1993

5 5 -208333 0.2541 10.5878

5 11 0.0000 -0.0420 -2.9745

6 2 0.0000 -0.1551 -3.6806

6 6 -18.1818 0.0678 2.4667

7 1 0.0000 -0.1551 -9.7639

7 7 -47.6.190 0.0678 6.4604

8 8 -33.3333 0.0678 4.5223

9 9 -45.4545 0.0678 6.1668

10 3 0.0000 -0.0420 -1.1198

10 10 -10.0000 0.0269 0,5384

1I 5 0.0000 -0.0420 -2.9745

11 11 -50.0000 0.0269 2.6918

__12 4 0.0000 -0.0420 -4.1993

12 12 -66.6667 0.0269 3.5891

13 !3 1 -28.5714 0.0269 1.5382

14 14 1 -66.6667 0.0269 3.5891

15 28 15-28 -2222.2222 0.0000 0.0000
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Table 4.11. Continuous State-Space Models for Vaiious Zenith Angles (•)

SQj, (wavelengths2/sec) _

iFj (sec-') - _0
F_ (sec1) • 1 5°L -=30 - C=45 O1 =60

1 -7.6923 52.8720 58.9740 72.2420 102.1340

1 7 0.0000 -3.2486 -3.6238 -4.4390 -6.2757

2 2 -3.1250 21.4800 23.9600 29.3500 41.4940

2 6 0.0000 -1.4253 -1.5898 -1.9476 -2.7535

3 3 -8.3333 2.9663 3.3087 4.0531 5.7302

3 10 0.0000 -0.3628 -0.4046 -0.4957 -0.7007

4 4 -20.0000 7.1195 7.9413 9.7279 13.7529

4 12 0.0000 -1.7048 -1.9685 -2.4114 -3.4091

5 5 -1l.ll11 3.9552 4.4118 5.4043 7.(-04

5 11 0.0000 -1.2460 -1.3898 -1.7025 -2.4069

6 0.0000 -1.4253 -1.5898 -1.9476 -2.7535

6 6 -10.0000 0.9503 1.0600 1.2984 1.8357

7 1 1 0.0000 -3.2486 -3.6238 -4.4390 -6.2757

7 7 -22.2222 2.1117 2.3554 2.8854 4.0792

8 8 -20.0000 1.9005 2.! 199 2.5969 3.6713

9 9 -25,0000 2.3757 2.0499 3.2461 4.5892

10 3 0.0000 -0.3628 -0.4046 -0.4967 -0.7007

10 10 -4.0000 0.1508 0.1682 0.2061 0.2914

11 5 0.0000 -1.2460 -1.3898 -1.7025 -2.4069

t1- I11 -31.2500 1.1784 1.3144 1.6102 2.2764

12 4 0.0000 -1.7648 -1.9685 -2.4114 -3.4091

12 12 -40.0000 1.5084 1.6825 2.0610 2.9138

13 13 -8.3333 0.3142 0.3505 0.4294 0.6070

14 14 -40.0000 1.5084 1.6825 2.0610 2.9138

15 -28 15 - 28 -2222.2222 0.0000 0.0000 0.0000 0.0000
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plant matrix. No such reconiputation of the optimal controller gain is required when modeling

changes in the zenith angle in the filter. This occurs due to the fact that zenith angle changes

affect only the dynamics noise strength matrix and that G," is unaffected by the stochastic nature

of the problem.

4.6 Smninary

This chapter provides tl1 specific parameter values needed for the adaptive optics control

system model as a result of the modifications discussed in Chapter 3. First, the off-diagonal

covariance and dynamics noise strength values are added. Next, the steady-state Kalman filter

gain matrix is identified and listed in Appendix E. Then, the augmented system for the predictor

is described along with the appropriate augmented system steady-state Kalman filter gain. Finally,

numerous dynamics models are presented corresponding to various atmospheric wind conditions

and zenith angle locations of the satellite. Chapter 5 presents the results from simulation of these

models using the MSOFE computer software.
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V. Simulation Results

5.1 Introduction

A critical phase in any control system design effort is the computer simulation of the

proposed design. It is here that performance of the control law can be evaluated against a

complete mathematical representation of the real world and inadequacies identified prior to

reaching operational test. For the adaptive optics system of this research, the Multi-mode

Simulation for Optimal Filter Evaluation (MSOFE) [231 computer software tool was chosen for

the LQG control law performance evaluation. The state-space models developed in previous

chapters for the atmosphere, mirror, and wavefiront sensor serve as the system truth model from

which samp!ed-data Hartmann wavefront sensor measurements are simulated. These simulated

measurements are input to a Kalman filter which produces estimates of the system state vector.

The state estimates are then multiplied by the optimal LQ (Linear system, Quadratic cost)

regulator gain matrix to generate the appropriate control voltages to apply to the mirror actuators.

Both the Kalman filter and LQ regulator functions are embedded in the simulation.

The performance evaluation consists of ten Monte Carlo simulation runs from which

single sample realizations and ensemble statistics of the states are generated. Post-processing of

the simulation data using MATRIX, [141 provides time histories of the rms phase. distortion

incident on the mirror, the residual rms phase distortion after coi rection, and the actuator control

voltage envelope. Initially, the measurement noise studies conducted by Von Bokern [30] are

reaccomplished to establish a new performance baseline as a result of the updated model for the

atmosphere. Additional simulations are conducted following each modification to the baselinte

control system.



5.2 Baseline Controller Performance Evaluation

As discussed in Chapter 2. the light intensity of the viewed object, and consequently the

variance of the measurement noise, are expected to vary considerably from object to object in a

real adaptive optics system. In order to investigate the effect of variations in the measurement

noise covariance matrix R, Von Bokern conducted nine studies [30] in which the measurement

noise covariance was varied between the truth model and the filter model. Table 5.1 lists the

studies conducted and the corresponding truth and filter model noise levels. As the dynamics

moael foi ihe atospihere lihs been altered fiom that used by Von Bokern, it becomes necessary

to repeat the measurement noise studies for the new dynamics model in order to evaluate the

sensitivity of the controller to variations in R. The results of the noise studies, particularly study

1, serve as the performance baseline against which controller performance following each

modification is evaluated.

Table 5.1. Measurement Noise Covariance Studies

Noise Study ! Truth Level Filter Level

I Low Low

2 Low Medium

3 Low High

4 Medium Low

5 Medium Medium

6 Medium High

7 High Low

8 High Medium

9 High High
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Although all nine studies are accomplished, the focus of this section is on the results of

study 1, in which the measurement noise level in the truth model is low and is correctly modeled

in the filter as such. Study I represents the most optimistic condition of all the studies from a

performance standpoint. Tabulated data for the remaining eight studies are provided here and the

corresponding plots are given in Appendix F. States 15-28 which model the dynamics of the

deformable mirror are assumed to be deterministic in both the truth and filter models. As such

the filter estimates of these states are identical to the truth states so that little is gained from

evaluating filter performance for these states. In fact, states 15-28 need only be included in the

system truth model for the purpose of generating the simulated wavefront sensor measuremc.,-ts

and could be eliminated from the filter model in an operational system.

The purpose of the Kalman filter in the LQG controller is to provide accurate estimates

of the 14 Zernike coefficients describing the degree of atmospheric distortion present in the

incident wavefront. Assuming that tilt mirrors preceding the deformable mirror remove 80 percent

of the gross tilts from the wavefront, it follows that the filter must estimate the residual tilt mode

distortion along with the remaining 12 disturtive modes. The degree to which the filter can

accurately estimate each of the modes of distortion directly affects overall performance of the

controller. A sample realization from a single Monte Carlo itn of the true y-tilt Zernike

coefficient a, (state x,) is plotted in Figure 5.1 along with the, filter's estimate of y-tilt (2,). From

the plots one can get a feel for the capability of the filter to track the x, state. However,

Figure 5.1 offers no statistical information about the estimation error committed by the filter.

Filter estimation errom is define4 as the difference between the truth model state and the filter's

estimate of that state. Figure 5.2 shows a plot of the filter estimation error for x, along with the

5-3



.4

.. , F.___

.4

0 .05 .1 A1 .2 .25 .3 .35 .4 .45 .5
Time (see)

Figure 5. 1. y-tilt Truth Model and Filter States
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Figure 5.2. Y-Iilt i acr Estimation Error for I Monte Carlo Run
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filter-computed 1-a bounds. The I-a bounds for state 1 are deeretrined as the square root of the

(1,I) entry of the filter covariance matrix P. The filter covariance matrix is the filter's internally

computed measure of uncertainty in its own estimates. Inspection of Figure 5.2 reveals that the

filter error is approximately zero-mean and that the filter-computed 1-a bound appears to be a

reasonable characterization of the variance of the error, that is, the error is bounded by the filter-

computed standard deviation approximately 68 percent of the time. Although the single run error

appears to be zero-mean and having a standard deviatiom well represented by the square root of

the filter variance, one requires multiple Monte Carlo runs in order to establish the true statistics

of the random process x,. Theoretically, an infinite number of runs is required to find the true

mean and covariance. Obviously., only a finite number of runs are possible; for this research ten

Monte Carlo runs are used, For any scalar variable of interest x, the equations used to describe

the mean and covariance of the error in estimating t over ten Monte Carlo runs are:

1k-

where

ek(t) = x(t) - Act) (truth state minus filter estimate at time t of run k)

k = Monte Carlo run number
4(0t) = mean of the error process over k runs

oy•'(t) = variance of the error process over k runs

Following completion of the ten Monte Carlo runs, the truth and filter model state time histories

are processed according to Equations (5.1) and (5.2). The results for y-tilt are plotted in

Figure 5.3, where the true mean and 1-a bounds on the filter estimation error support the dad

fiom the single sampi.. realization, that is, the error is approximately zero-mean with a standard
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Figure 5.3. Y-tilt True Filter FLstmation Error (Mean ;E 1-a.) for 10 Monte Carlo Runs

deviation of approximately 0.1 wavelengths. Comparison of Figur~es 5.2 and 5.3 shows that the

filter-computed statistics are a good representation of the true statistics of the y-tilt process. This

result is emphasized in Figure 5.4 where the filter-computed standaid deviation of y-filt is plotted

along with the true standard deviation.

Although not shown here, similar analysis was accomplished for the =ernaing 13 states.

The complete set of plots which correspond to Figures 5.1. 5.2, and 5.3 for all the states are

provi ded i n Appendi x F, Figures F. I throug 4 F. 14.

The performance index for the overall LQG controller is the. difference between the rms

phase distortion in the incide~nt wavefront and the rmis phase distortion in the corrected wavefront.

Post-processing of the MSOFE state time histoneis using Equation (2.4) results in the rms phase

distortion for the incident wavcfront, Cj~t), as:



------- -.2 ---------- .- _ _ _-._hi

a. I

.05.

0 ,015 .1 .1,5 .2 .5 .3 .25 .4 .5 .

Time (no)

Figure 5.4. Filter-Computed l-cy vs True 1-a for Y-tilt Estimation Error

Ait) - .(t) (5.3)

Since reflection off the deformable mirror is modeled as the sum of the distortion due to the

atmosphere and the counterdistortion imparted on the wavefront by the mirror, the phase distorticn

in the reflected wavefront, ot), is found by manipulating Equation (2.1):

14 14

4Ocor(rO = >) a,(i) Z,(r,l9) + a, a., j(t) Zý(r,R)

4 lt 141

• a,(r) , a,, 4(t) Z,(r,6) (5.4)

14

, I. 5- 4 a
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One sees from Equation (5.4) that the Zernike coefficients associated with modes of distorion in

the reflected wavefrout are equal to the sum of te atmosphere and mirror coefficients for

equivalent modes, Again invoking Equation (2,4), the rmis, phase distortion in the corrected

wavefiont. (p,(Jt), is given by:

S1 Ia t) + a (4

(5.5)

14
-... 'tx,(t) + .'-, 14 (t)

Single sample realization time histories for the incident and reflected rms phase distortion are,

generated by Equations (5.3) and (5.5). The mean and variance of the incident and reflected rms

phase distortion over the ten Monte Carlo nms are determined from Equations (5. 1) and (5.2) with

the filter error replaced by the rms phase distortion. One may find it strange to think of a mean

and variance for rms phase distortion, as "rms" generally implies ensemble averaging has already

been done. However " e rms phase distortion, as defined by Equation (2.4), does not include

ensemble averaging ovce the ten Monte Carlo runs and is therefore different from the generally

accepted "rms" definition. The results are shown in Figure 5.5. The upper three plots, represent

the mean of the incident rms phase distortion = the 1-ci value. The lower three plots show the

mean + 1--7 value for the reflected rms phase distortion resulting from deforming the mirror.

From Figure 5.5 one can see that the rms phase distortion in the incident wavefront is

approximately I wavelength in steady-state. Similarly, the rms phase distortion for the correctd

wavefi-ont is about 0.3 wavelengths. As noted by Von Bokern [30:5.7], an interesting aspect of

Figure 5.5 is that the rms distortion in the corrected waveffont seems to be more tightly bounded

by its .-o" value than is that of the incident wavefront. This suggests that the rms phase distortion
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Figure 5.5. Incident and Reflected RMS Distortion (Mean :1 -o) for 10 Monte Carlo Runs

in the corrected wavcfront tends toward a constant value, even in the presence, of wide variation

in the distortion of the. incident wavefront. The question remaining is, what is limniting the

performance of the controller? The most obvious source is filter estimation error. Since the filter

is limited in the accuracy with which it can estimate the system states, the control applied to the

mirror, as given by Equation (2.46), must also be in error as a direct result of filter estimation

error. The contribution to the rms phase distortion in the reflected wavefront due solely to filter

estimation error, (•sjt0, assuming the mirror can perfectly implement the filter estimate, is

computed as:

i14
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The mean and standard deviation for the filter's contribution to rms phase error are computed

using Equations (5.1) and (5.2), The resulting time histories are plotted in Figure 5.6. Inspection

of Figure 5.6 reveals that the rms filter estimation error is also approximately 03 wavelengths;

indicating filter estimation error to be the dominant source of error limiting controller

performance. This result is consistent with Von Bokern's results [30]. Another possible error

source could be saturation of the mirror actuators such that they no longer operate in their linear

region. This possibility is discounted immediately based on the commanded control voltage

envelope shown in Figure 5.7. Figure 5./ shows the minimum and maximum of the control

voltages applied to any actuator at each sample time over the ten Monte Carlo runs. Since the

magnitude of the commanded control voltage never exceeded + 3 volts, and with actuator

saturation occurring when control voltage exceeds ± 10 volts, actuator saturation did not occur at

any time during the 10 Monte Carlo runs. The final candidate error source is the selection of the

cost weighting matrices in the LQ regulator. This error source was not investigated during this

1.4

___ ___ -
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Figure 5.6. RM/S Filter Error (Mean ±-1 l-o) for 10 Monte Carlo Runs
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Figure 5.7. Actuator Control Voltage Envelope, for 10 Monte Carlo Runs

research. However, Von Bokern [301 conducted some limited tuning on the cost weighting

matrices, ran the simulations again based on the ncw G,*, and saw no improvement in

performance. The cost weighting matrices should not be discounted at this time as a possible

error contributor as Von Bokern's tuning was limited and it is possible that further tuning may

result in some performance improvement.

The analysis to this point has dealt only with results for measurement noise study 1.

Although not presented here in detail, the same analysis was acomplished for the remaining eight

noise studies of Table 5.1 as well. Plots for all nine noise studies are provided in Appendix F,

Figures F. 1 through F.47. For comparison purposes between noise studies, the time histories for

the incident rms phase distortion. the reflected rms phase distortion, and the rms filter estimation

error were compressed through teiinporal averaging to establish a set of performance parameters

for each study. Table 5.2 gives the adaptive optics control system performance parameters for the
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measurement noise studies. The values in the "Percent Reduction" column were determined as

one minus the ratio of the temporal average of rm3 phase distortion in the reflected wavefront to

the temporal average of the rms phase distortion of the incident wavefront (expressed in percent).

As one might expect, the best performance was achieved for the case in which low measurement

noise in the truth model was correctly modeled in the filter (study 1). As the level of noise

modeled in the filter increased, controller performance degraded. Performance also degraded as

the level of noise increased in the truth model, even when the filter was retuned to the correct

noise levels. The poorest performance occurred in the case of high measurement noise incorrectly

modeled in the filter as low (study 7), as might be arpticipated. In this case, the filter

inappropriately weighted the measurements too heavily while disregarding its internal model of

the dynamics, thereby accepting poor measurements as good. The end result was rms phase

distortion after correction by the mirror of 0.461 ,vaveergths.

Table 5.2. Baseline C.ontrol System Performance for Measurement Noise Studies

Measurement RMS Phase Distortion (wavelengths)
Nuole, Percent
Study Incident ReFle Filter Error Reduction

1 0.941 0.323 0.307 65.70

2 0.941 0.326 0.309 65.32
3 0.941 0.361 0.340 61.61

4 0.941 0.340 0.327 63.88

5 0.941 0.340 0.325 63.89

6 0.941 0.368 0.348 60.93

7 0.941 0.461 0.462 51.03

8 (1941 0.A38 0.436 53.44

0.941 -0.418 0.406 55.63
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Although the trends in the data of Table 5.2 match those resulting from Von Bokern's

simulations [30:5.11], one important difference has emerged as a result of updating the shaping

filters for the atmosphere dynamics. The dynamics driving noise strength matrix Q resulting from

the shaping filter analysis contains significantly laiger entries than that of Von Bokern. As a

consequence, the eigenvalues of Q are now much larger than the eigenvalues of Q from Von

Bokern's work. This implies the eigenvalues of Q are now larger relative to the eigenvalues of

R; viewed in the scalar case, the QIR ratio has become larger. As such, the Kalman filter gain

increases so that the measurements are weighted more heavily and the dynamics model less so.

One might wonder, when the estimation problem becomes more difficult, as in the case

in which the truth model measurement noise statistics change without retuning the filter, if

estimation of the higher order Zernike modes becomes more difficult than estimating the lower

order modes, where most of the energy is concentrated. However, if one examines the relative

change in filter estimation performance for modes 1, 6, and 14, a representative sampling of the

states in terms of spatial frequency content, there is nothing in the data to suggest that the ability

of the filter to estimate state 14 deteriorates any more than its ability to estimate state 1 as the

truth model measurement noise changes. The plots describing filter estimation performance for

states 1, 6, and 14 are provided in Appendix F for the nine measurement noise studies conducted.

5.3 Controller Petformance with Correlated States

The critical component for reliably evaluating the performance of a control system through

computer simulation is the truth model representation of the real world. In the interest of

compiling the most accurate mathematical representation for the dynamics of the atmosphere, this

research admits correlations between the Zernike coefficients as presented by Roddier [27]. Not

only do these correlations provide better atmospheric statistics for the truth model, they are also
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incorporated into the filter model of the controller, giving the filter a better model of the dynamics

of the system. The state correlations are incorporated into the dynamics model as indicated in

Table 4.1. The correlations are manifested in the dynamics through the off-diagonal terms in the

Q matrix. Table 5.3 shows the simulation results for the dynamics model with correlated states

in both the truth and filter models. All nine noise studies were conducted once more. Again, the

data in Table 5.3 are compressed through the temporal averaging process, Comparison of the data

in Table 5.3 with the data for the original controller (Table 5.2) shows that modeling of the state

correlations results in slightly degraded performance for the studies involving high measurement

noise in the filter. This result is not unexpected since modeling of the correlations has caused the

eigenvalues of Q change. Table 5.4 shows the eigenvalues of Q with and without state

correlations. As indicated in the previous section, the incoming measurements are heavily

weighted under tile condition of low noise in the filter, so that small changes in Q have little

Table 5.3. Performance Summary for Controller with State Correlations

Measurement RMS Phase Distortion (wavelengths)
Noise Percent
Study Incident Reflected Filter Error Reduction

1 0.941 0.323 0.307 65.70

2 0.941 0.327 0.309 65.28

3 0.941 0.364 0.342 61.30

4 0.941 0.340 0,327 63.88

5 0.941 0.340 0.325 63.84

6 0,941 0,371 0.350 60.61

0.941 0.461 0.462 51.03

8 0,941 0.438 0.436 53,42

9 0,941 0.421 0.409 55.24
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Table 5.4. Eigenvalue Comparison of Q With/Without State Correlations

Dynamics Noise Strength Q
Eigenvalue Without Correlations With Correlations

1 6.928 7.422

2 3.849 4.312

3 2.887 3.066

4 2.572 2.931

5 2.310 2.310

6 2.053 1.848

7 1.848 1.560

8 1.464 1.464

9 1.464 1.300

10 1.144 0.970

11 1.045 0.681

12 0.924 0.668

13 0.305 0.305

14 0.146 0.102

15 - 28 0.000 0.000

effect on the filter gains. However, when large noises are present in the filter model, small

changes in Q can affect the filter gains. Plots corresponding to measurement noise study 1 with

state correlations •a'e provided in Appendix G.

In previous research, Von Bokern [301 set the initial conditions on the state covariance

matrix P to zero. As a result, the performance evaluation plots indicated undesirable transient

performance. One typically expects to see a large initial covariance (to enhance acquisition), due

to the initial uncertainty of the state values, followed by a short transient to a steady-state
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condition for linear tirne-invariant system models. This characteristic was not evident in Von

Bokern's data. Therefore, the initial conditions were arbitrarily set to large values in an attempt

to improve transient performance. Performance plots are provided in Appendix G, Figures G,1

through G.14, for a modified noise study 1 in which the states are correlated and the initial

conditions for P are arbitrarily large. Comparison of the plots in Appendix G with correponding

plots in Appendix F, in which the the initial conditions on P are set to zero, shows no transient

performance improvement is achieved with arbitrarily large initial conditions for P. This is

another result of the relative magnitudes of the eigenvalues of Q and R and the corresponding

effect on the filter gains. When the eigenvalues of Q are large with respect to the eigenvalues of

R, steady-state is reached quickly; in this instance steady-state is essentially reached after one

sample period. Since R is a diagonal matrix, the eigenvalues of R are located along the diagonal

and are given in Table 2.2.

The final stage of simulating this filter structure was to investigate the relative merits of

implementing a steady-state constant-gain Kalman filter. If the performance of a coustant-gain

filter is not significantly degraded over that achievable with time-varying gains, then the constant-

gain implementation may be desirable in order to relieve some of the computational burden

associated with processing of filter algorithm. Two methods are used to identify the appropriate

steady-state Kalman filter gain for the simulation. Method one involves loading the state-space

formulation for the adaptive optics problem into MATRIX. and using the DESTIMATOR option

to compute the filter gain. As other researchers at AFIT have experienced accuracy problems with

some of the stochastic options in MATRIXx, confirmation that the correct gain matrix had been

identified was desired, Method two involves allowing a single MSOFE run to reach steady-state

and then writing the elements of the Kalnan filter gain to an external file. Comparison of the two
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sets of filter gains revealed markedly different solutions. Separate simulations were conducted

using each solution to determine which resulted in the best performance. As suspected, the

solution from MATRIX, yielded significantly poorer performance and was abandoned. Finally,

a ten-run Monte Carlo analysis for noise study 1 was conducted using the steady-state Kalman

filter gain computed from MSOFE. Post-processing of the performance data shows that no

significant performance degradation occurs using the steady-state filter. In fact, the difference in

performance is not even detectable from the plots for the steady-state filter (see Figures G.1

through G. 19) and, as indicated in Table 5.9, only shows up in the fifth decimal place of reflected

rms phase distortion. It should be noted that six significant figure accuracy for this simulation

is unrealistic and is only shown here to point out that the performance degradation associated with

the steady-state filter is negligible.

In view of the results presented thus far, the controller incorporating the constant-gain

Kalman filter and state correlations is considered as the baseline control system for the purposes

of evaluating the effects of the remaining issues, that is, measurement delays and dynamics

variations. The fact that the state correlations provide a more accurate depiction of the

atmospheric dynamics and that the constant-gain filter performs essentially as well as the time-

varying filter substantiates this decision.

"Table 5,5. Performance Comparison for Time-varying vs. Steady-state Filter Gain

Kalman J RMS Phase Distortion (wavelengths)
Filterd Percent

Gain Incident Reflected Filter Error Reduction

Time-varying 0.9409 ;3 0.322729 0.306888 65.7011

Steady-state 0.940933 0.322730 0.306889 65.7010
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5.4 Control System Performance with Time-Delayed Measurements

One very restrictive assumption made in the development of the controller to this point

is that the measurements from the Hartmann wavefront sensor are instantaneously available to the

Kalman filter fol updating of the state estimate. In reality, there is a full sample period delay

involved with tCe wavefront sensor before the measurement vector becomes available for filter

processing. Specifically, the wavefront sensor requires 7 msecs in order to sample the analog

outputs from all 10,000 pixels of the reticon array. Considering the time constants associated with

the atmospheric states, as described in Chapters 3 and 4, 7 msecs is a considerable delay. It

therefore becomes necessary to investigate the impact of such a delay on the performance of the

overall control system.

A study is conducted in which the controller based on the time-varying filter gain

implementation of the model in Table 4.1 is simulated using MSOFE with the measurements

delayed by one sample period. The measurement noises correspond to study i (low truth model

noise/low filter model noise). Figure 5.8 shows that the filter's ability to track the Y-tilt mode

oi distortion is severely degraded in the prcience of the measurement delay. Although the filter

does not become unstable under these conditions, the performance is clearly unacceptable. Figure

5.9 shows the error between the filter estimate and the true state along with the filter-computed

I-a bounds for the error. It is apparent from Figure 5.8 that the filter is overly optimistic as to

the quality of its estimate. This condition is extremely undesirable from a filter performance

evaluation standpoint. When the filter underestimates its own errors, one must be on the lookout

for filter divergence problems. Normally, one thinks of filter divergence arising from mistuned

noise parameters causing the filter to deweight the measurements. However, in this case, it has

already been established that the filter essentially disregards the dynamics model in lieu of the
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measurement for noise study 1. The result is that, although the filter believes it is peiforming

well, by relying so heavily on the delayed measurements, which it assumes to be delay-free, large

errors are introduced into the filter estimates. A combination of effects are responsible for these

large estimation errors. First of all, since the filter weights the measurement so heavily, the filter

estimates tend to track the delayed measurement. In addition, the poor filter estimates are fed

back to the mirror as compensation for the distortion. Although the atmosphere states have no

feedback applied, the inappropriate control couples back into the filter estimates of these states

through the measurement which is modeled as the sum of the atmosphere and mirror states.

Although this controller remains stable during the simulation, feedback control based on delayed

measurements can induce instabilities into the system. Figure 5.10 gives the true filter estimation

error (mean ± 1-c) for 10 Monte Crlo runs of the Y-tilt mode. From Figure 5.10 one sees that

the error is still approximately zero mean; however, the standard deviation of the error has

increased to 0.6 wavelengths. This represents an increase in standard deviation of the Y-tilt mode
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Figure 5.10. Y-tilt Filter Estimation Error (Mean ± 1-a) with Measurement Delay (10 Runs)
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error of approximately one half wavelength due solely to the measurement delay. Similar effects

occur for the iemaining 13 states, as indicated in Figures 11.2 through H.14 of Appendix H.

As one might expect, overall control system performance is severely degraded when

subjected to delayed measurements. The rms phase distortion in Lhe corrected wavefront degrades

from 0.323 wavelengths under the assumption of no delays to 1.184 wavelengths with a 7 msec

measurement delay. In fact, as indicated by Figure 5.11, the rms phase distortion in the reflected

wavefront is greater than that in the incident wavefront. This suggests that attempting to

compensate for atmospheric distortion with this controller, in the presence of time-delayed

measurcments, actually makes matters worse than if no compensation were applied at all. Clearly,

additional compensation is required to deal specifically with the measurement delay. The absence

of 1-G bounds in Figure 5.11 is to avoid confusion due to the proximity of the mean plots.

5.5 Contr:oller Performance with Predictor Compensation

According to Kleinman and B aron [15, 16], among others, time-delay compensation can

be. accomplished by inserting a least mean-square predictor in series with the Kalman filter in the

2
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feedback loop. The time-delayed measurements are input to the Kalman filter, which in turn

generate.i time-del ayed estimates of the system states. The time-delayed estimates are fed to the

predictor which propagates the filter estimates forward to the current time. The output of the

predictor is prernultiplied by the optimal controller gain to produce the control voltages for the

mirror actuators.

An important question is; what kind of performance can be expected with predictor

compensation? Examination of figure 5.12 reveals the best performance one could hope to

achieve from the predictor model is performance equivalent to that of a suboptimal controller,

assuming no measurement delay, in which the filter estimate prior to processing the available

measurement, t(t1), is used to generate the appropriate control vector. Under the assumption of

no measurement delay, standard LQG regulator control propagates the state estimate from t, to

Suboptimal Filter (x, 1

Fliter-Predlctor (xp)

. z1 processed in filter-predictor

wavefront sampled (z1 ) - wavefront sampled (z2)

., x (t2)

X--x, (t 2 2

t0 tl t 2  t

Figure 5.12. Suboptimal Filter vs Predictor-Filter Timeline
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t,, accepts the measurement at t, updates the state estimate at t,', and premultiplies this result by

the regulator gain matrix G,*(t,). The suboptimal control implementation, using .C(ti) rather than

*&(ti') to compute the control at ti, is generally used to avoid any destabilizing computational delay

associated generating the control signal. In this case, the state estimates at the end of the

propagation cycle, and consequently the suboptimal control, are computed somewhere in the

interval t, < t < t,. Although some reduction in pe-formance results from the suboptimal

implementation, because V(t,•) is a better estimate than t(t,), the benefit of eliminating the

additional computations associated with processing the measurement first may be worthwhile.

One should note that the states do not actually ramp as shown in Figure 5.12; this feature is only

to illustrate the concept in a simplistic manner.

Suboptimal control is very much akin to the predictor model described by Kleinman and

Baron. The difficulty arises in the predictor implementation; that is, similar destabilizing

computational delays occur if one is required to wait for the delayed measurement to arrive at

time t., (which is actually the measurement from t1), process the update to t(tf), propagate 1(t,')

to •(t,), and generate the control, all at time t2 . A Kalman filter based on the models given in

Equations (3.14) and (3.16) provides the means by which suboptimal controller performance is

achieved while avoiding the situation just described. The appropriate update to the current state

values iN achieved through correlations between the states at times t, and t,. The correlations

result in a fully populated covariance matrix P,,P for the filter-predictor. The off-diagonal elements

of PP lead to the appropriate filter gains for updating the current state values according to

Equation (4.10). In the end, if the filter-predictor performs correctly, overall system performance

is equivalent to that of a suboptimal controller without a delay.
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Simulation of the predictot model was conducted for noise study I using a constant-gain

Kalman filter. The simulation presented some difficulty in that the MSOFE software requires a

continuous state-space representation of the system, while the predictor model presented in

Chapter 3 is inherently discrete. Normally, one anticipates discretizing a continuous model in

order to simulate the model on a digital computer. However, reversing the process presents a

problem in that there is no unique solution. In order to make MSOFE simulate the discrete-time

process in Equation (3.16), the previous values of the states were maintained in the dynamics

model by setting tft,) = x(t) and propagating it without dynamics over the next cycle. The

steady-state discrete-time Kalman filter gain matrix K is computed as the steady-state solution to

Equations (2.36) and (2.39) for the baseline 28-state model and augmented as described in

Equation (4.10).

Filter-predictor performance plots for estimating Y-tilt are given in Figures 5.13 through

5.15. The plots indicate the filter does much better in tracking the true state, while no longer

underestimating the magnitude of its own errors, compared to the performance of the controller

prior to predictor compensation. Inspection of Figure 5.14 indicates the filter-computed J -a value

to be somewhat conservative. This effect is a direct result of forcing MSOFE to simulate the

discrete predictor model. The method previously described to force MSOFE to simulate the

predictor results imi a continuous plant matrix F, required for the MSOFE simulation, which has

nonzero entries only in the upper left 28 x 28 partition. Discretization of this F matrix yields a

state transition matrix with a 28 x 28 identity matrix in the lower right block instead of the lower

left block, as required in Equation (4.3). As such, this ad hoc method for simulating the discrete-

time model fails to simulate the discrete-time covariance propagation and update cycle completely.

This shortfall has no adverse effect on updating the state estimate, as the steady-state filter gain
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alleviatcs any real need for computing the filter covariance. Figure 5. 15 shows that the true filter

estimation crror over ten Monte Carlo runs is reduced from approximately 0.6 wavelengths l-o

to approximately 0.15 wavelengths I-a. A complete set of plots for states 1-14 is provided in

Appeidix I, Figures 1.1 through 1.14.

Finally, overall control system performance is shown in Figure 5.16, where the rms phase

distortion in the reflected wavefront is reduced from 1.184 wavelengths without predictor

compensation to 0.513 wavelengths with compensation. Two questions remain:

(1) Does this controller, in fact, provide performance equivalent to the suboptimal

controller without delays?

(2) If so, is this level of performance acceptable?

The answer to the first question was found by conducting a simple test. The original 28-

state system without delays was simulated over ten Monte Carlo runs while outputting the filter
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estimates at t,-. The estimates of states 1-14 at t,', assuming no delay, were compared to the filter-

predictor estimates of the same states at t,'. T'he results for Y-tilt are, plotted in Figure 5.17.

From the figure, one can see that the performance of the filter-predictor is N'irtually the some as

the suboptimal filter. Also, as part of the same simulation, the suboptimal control law was applied

as [21:190]:

yt Q) (5.7)

The overall control system, based on the suboptimal control of Equation (5.7), yields rmns phase

distortion in the reflected wavefront of 0.511 wavelengths. Clearly the control system using

predictor compensation performs essentially as well as the suboptimal controller without

measurement delays.
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Is such performance acceptable for the adaptive optics system of this research? If it is

assunied that the performance exhibited by the optimal controller with no delays is only

marginally acceptable, the answer is no. Although the predictor reduces the rms phase distortion

in the reflected wavefront by as much as 57 percent over that when no compensation is applied,

the reduction in rms phase distortion over that in the incident wavefront is only 46 percent, as

compared to 65 percent reduction under the assumption of no delays. More than half the total rms

phase distortion in the incident wavefront remains after correction by the deformable mirror. Due

to the significant effect on performance as a result of the delay, it is apparent that the sampling

rate of the wavefront sensor is the dominant limiting factor for this system. One might wonder,

at this point, what wavefront sensor sampling rate would result in acceptable p;cformance in the

presence of a full sample period delay. In order to answer this question, a simulation of the

predictor model was conducted in which the sample period was arbitrarily decreased to 3 msecs.
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Figure 5.18 shows the resulting rms phase distortion for the incident and reflected wavefronts.

As before, the time histories are compressed through temporal averaging. The irs phase

distortion in the reflected wavefront is 0.363 wavelengths. Comparison of this result with the data

in Table 5.3 indicates that this controller, using a wavefront sensor with a 3 msec sample period,

can nearly recover the performance of the original system without delays. It appears a sample

period slightly shorter than 3 msec could duplicate the baseline performance. Additional

performance plots for the predictor with a 3 msec sample rate are provided in Appendix I, Figures

1.17 through 1.20.

5.6 Sensitivity Study

The controller developed and simulated thus far assumes tirne-invariance for the dynamics

of the atmosphere. In reality, the dynamics of the atmosphere can be expected to vary with time

unless the observation period is very short. It, therefore, becomes necessary to investigate the
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effects on controller performiarce when such changes occur. Several studies are conducted in

which the average wind velocity along tile propagation path and the zenith angle to the viewed

object are varied. During these studies the truth model is changed, according to the models

presented in Chapter 4, to simulate new atmospheric conditions. The nominal controller is

simulated against each condition and the resulting performance is evaluated. In consideration of

the possibility of using a multiple-model adaptive estimation algorithm [201 to address the

variations in the atmosphere dynamics, the models for each atmospheric condition are then

simulated in both the truth and filter models. The results provide insights as to whether or not

a multiple-model approach is worthwhile for this system.

The first series of studies addresses variation in the average wind velocity along the

propagation path of the wavefront. Separate dynamics models are generated according to the

procedures of Appendix A for wind velocities of 5, 15, 35, 45, 55, and 65 misec. Table 5.6

presents the performance results for the case in which the truth model simulates the new condition

Table 5.6. Predictor Controller Performance for Wind Velocity Studies

Average Wind RMS Phase Distortion (wavelengths)
Velocity --PercentVelocity Incident Reflected ilter Error Perct

W (mlsec) 1_______ _______ Fle Reductio n

5 0.904 0.481 0.464 46.81

15 0.919 0.493 0.477 46.34

21 (nominal) 0.941 0.513 0.497 45.53

35 1.007 0.589 0.575 41.55

45 1,062 0.639 0.626 39.80

55 1,128 0.707 0.696 37.31

1 65 1,201 0.786 0.776 34.57
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while the filter model is "unaware" of the changes. Examination of the results reveals that the

filter performs better as the average winds decrease. This is to be expected since decreasing the

winds along the propagation path slows down the dynamics of the system; thus the estimation

problem becoracs cazier. Similarly, as th, winds increase, performance is degraded as the

dynamics become faster and the estimation problem becomes more difficult. The most important

result from this phase of the sensitivity study is that, although the performance degrades gracefully

with the se\ erity of the atmospheric conditions, the system remains stable over the entire range

of conditions investigated. The standard complement of filter and controller performance plois

substantiate the stability claims and are provided in Appendix J, Figures J.1 through J.24.

The next series of studies investigated the effect of changes in the zenith angle to the

viewed object. Table 5.7 shows results of the truth model simulating the true condition while

the filter is again "unaware" of the mismatch. As indicated in Table 5.7, the controller

performance degrades as the zenith angle to the source increases, or as the object is located lower

Table 5.7. Predictor Controller Performance for Zenith Angle Studies

RMS Phase Distortion (wavelengths)
Zenith Angle Percent

S(deg) Incident Reflected Filter Error Reduction _

0 (nominal) 0.940918 0.512455 0.496628 45.53

15 0.954068 0,519645 0.503597 45.53

30 1.007627 0.548811 0.531862 45.53

45 1.115228 0.607407 0.588649 45.53

60 1.326025 0.722206 0.699902 45.53

5-31



on the horizon. This result is consistent with intuition since viewing an object lower on the

horizon requires viewing through more of the atmosphere, resulting in a greater degree of

distortion in the wavefront. Again, the system remains stable over the range of conditions

evaluated. It is not surprising that the percent reduction in thl rms phase aistotion for the zenith

angle study is the same, regardless of the location of the source. This occurs due to the fact that

the atmosphere dynamics have not changed as a result of changing zenith angle (only the

dynamics driving noise strength changes) and the filter uses the same constant gain in all cases.

The result is that the measurement residual increases as the dynamics driving noise strength of the

truth model increases, however the residual is weighted identically in each case, thereby providing

the same degree of reduction in the distortion. Performance plots are provided in Appendix J,

Figures J.25 through J.40. The need for the additional accuracy shown for the zenith angle study

becomes evident later as the filter is made "aware" of the changes in the dynamics.

Once again, upon inspection of the plots of states 1, 6, and 14 of Appendix J for the

various dynamics variations, there is nothing in the data to suggest that the relative difficulty for

the filter to estimate the higher order states is any greater that of the lower order states as a result

of the changing dynamics.

The results presented can also be interpreted in terms of the optical characteristics of the

system. The coherence length, ro, is widely viewed in the optics community as the critical

parameter characterizing the quality of the viewing. The coherence length defines the spatial

dimension of an aperture wherein a unique phase error can be measured and corrected [26]. It

has also been described [28, 30] as the diameter of an aperture across which the rms phase

distortion is one radian. Table 4.4 shows the corresponding values of r, for the specific

atmospheric conditions evaluated, as computed from Equations (3.26) and (3.27). The
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Figure 5.19. Controller Performance vs Coherence Length

performance of the controller for variations in the wind velocity and zenith angle is shown in

Figures 5.19(a) and 5.19(b), respectively, as a function of increasing ro. From Figures 5.19(a) and

(b), one sees that the overall performance of the controller degrades significantly as the coherence

length becomes smaller. Also evident from the plots is that, although specific changes in either

wind velocity or zenith angle can result in the same ro value, controller performance seems to

degrade more rapidly with changes in the average wind velocity. This result is due to the fact that

wind velocity changes couple directly into the plant dynamics through the refractive index

structure constant, C,,', and the integration of Equation (2.22). As a consequence, the dynamics

model undergoes changes in both the plant dynamics matrix F and the dynamics noise strength

matrix Q. On the other hand, changes in the zenith angle, for a given wind velocity, have no

effect on the plant dynamics and only effect the dynamics driving noise strength matrix through

a change in the covariance matrix as indicated by Equations (3.5) and (3.9).
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The final phase of the sensitivity study is to reaccomplish the simulations for each

atmospheric condition with the new dynamics in both the truth and filter models. Here the filter

is "informed" of the variation of the important parameters. The additional simulations are

conducted to investigate the possible merits of a multiplc-model adaptive estimation approach to

deal with the degrading effects of real-world and filter model mismatches, allowing the parameters

to be estimated. These studies thus yield the best performance attainable from such an adaptive

algorithm. The results are shown in Tables 5.8 and 5.9. Comparison of the data in Tables 5.6

and 5.8 reveals that very little performance improvement is realized by retuning the filter model.

to match the truth model when the wind velocity is varied. This result can be attributed to the

relationship between the eigenvalues of Q and R. The eigenvalues of Q are so much larger than

Table 5.8. Retuned Controller Performance for Wind Velocity Studies

Average Wind RMS Phase Distortion (wavelengths)
Velocity Percent

w (m/sec) Incident Reflected Filter Error Reduction

5 0.904 0.479 0.464 46.95

15 0.919 0.492 0.477 46.45

21 (nominal) 0.941 0.513 0.497 45.53

35 1.007 0.588 0.573 41.58

45 1.062 0.638 0.623 39.86

55 1.128 0.705 0.689 37.50

65 1.201 0.781 0.765 34.97
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Table 5.9. Retuned Controller for Zenith Angle Studies

RMS Phase Distortion (wavelengths)
Zenith Angle 1e Percent

(deg) Incident Reflected T Filter Error Reduction

0 (nominal) 0.940918 0.512455 0.496628 45.53

15 0.954068 0.519644 0.503597 45.53

30 1.007627 0.548810 0.531862 45.53

45 1.1 15228 0.607405 0.588650 45.34

60 1.326025 0.722201 0.699904 45.54

the eigenvalues of R that the filter already weights the measurements heavily prior to retuning the

filter. When the filter is retuned to the correct conditions, the change in the eigenvalues of Q does

not significantly affect the relative size of the eigenvalues of Q and R. Heuristically, one can

think of the QIR ratio (for the scalar case) as being so large that a modest change in Q has no

significant affect on the ratio, that is, the filter is past the point of diminishing returns in

sensitivity to fuihei variation in the Q/R ratio. The same effect is apparent from the data in

Tables 5.7 and 5.9 for the zenith angle variations. In fact, for these studies, retuning has even less

affect on the overall performance of the controller. The performance improvement occurs in the

sixth decimal place and is negligible. Again, six decimal accuracy is not very realistic for this

simulation and is shown only to illustrate the insignificance of the change in performance. The

consequence of these results is that the improvement in performance achieved by adjusting the

filter model to the current atmospheric conditions does not warrant a multiple-model adaptive

estimation approach for this system, under the conditions of noise study 1.
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5.7 Summary

This chapter presents the results of computer simulation of the various controller structures

developed during this research. The MSOFE software [23] is used to simulate the behavior of

the real world, the performance of the Kalman filter, and the overall performance of the LQG

controller. First, nine separate measurement noise studies are conducted with varying levels of

measurement noise in both the truth and filter models, Then, both cross-correlations between the

states and new initial conditions for the state covariances are simulated and a new performance

baseline is established. Next, the results using a steady-state Kalman filter in the controller are

shown. Then, the performance of the controller is simulated in the presence of measurement

delays. The predictor model is then simulated to show the effect of compensating for the

wavefront sensor processing delay. Lastly, several models are simulated to show the effects of

changing atmospheric conditions on the performance of the nominal and retuned filter models.

The data from the simulations arc tabulated and analyzed in dctail.
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VI. Conclusions and Recommendations

6.1 Summary

This research proposes a linear quadratic Gaussian (LQG) approach to designing a control

law for a deformable mirror adaptive optics system. Optical image quality is distorted in phase,

intensity distortion is neglected, as a result of propagation through the earth's turbulent

atmosphere. Compensation of the image wavefronL is accomplished by estimating the degree of

distortion in the incident wavefront and deforming the mirror to counterdistort the wavefront,

ideally canceling the phase distortion in the wavefront. Estimates of the system states describing

the distortion are generated by a Kalman filter based on Hartmann wavefront sensor measurements

of the gradient of the wavefiont within the 69 subapertures of the mirror. The filter estimates are

processed by a linear quadratic regulator which determines the appropriate control voltages to

apply to the mirror actuators in order to minimize the phase distortion in the reflected wavcf;ont.

The dynamics of the atmospheric distortion are modeled as a set of 14 time-varying

Zernike coefficients, each represented as a first-order Markov process. The deformable min'or

dynamics are also modeled as 14 Zernike coefficients; however, the mirror dynamics are modeled

as deterministic first-order lag states. Tilt mirrors preceding the deformable mirror are assumed

to remove 80 percent of the gross tilts in the image wavefront. The model for the Hartmann

wavefront sensor includes a full sample pci iod time delay associated with processing the

measurements. Time delay compensation, in the form of a least mean-square predictor, requires

tracking of the state values from the previous sample time within the dynamics model. State

augmentation results in a 56-state dynamics model which is embedded in the Kalman filter

algorithm in order to generate the state estimates. The deterministic mirror states are only

included in the filter model to satisfy constraints imposed by the MSOFE software. In a final
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implementation, the mirror states should be removed from the filter and processed outside the

filter algorithm with an auxiliary set of equations.

Variations in the atmospheric dynamics model are considered for discrete changes in the

average wind velocity along the propagation path and the zenith angle to the light source. New

dynamics models, specifically plant and noise strength matrices, are determined for each

atmospheric condition evaluated. The overall control system is simulated with the MSOFE

software.

6.2 Conclusions

This section presents the significant findings resulting from the extensive simulation phase

of this research as described in Chapter 5. As anticipated, the results from simulating the updated

truth model, under the same assumptions made by Von Bokern [30], are consistent with Von

Bokern's measurement noise study results. The significant conclusions are as follows:

1. Under the assumption of no measurement processing delay, the adaptive optics system

reduced the rms phase distortion in the reflected wavefront by 55-65 percent, depending

on the levels of noise in the truth and filter models. This performance was achieved

over variations of four orders of magnitude in the covariance of the measurement noise.

2. The performance plots indicated that the rms phase distortion in the reflected wavefront

was somewhat constant, even in the presence of wide variation of the distortion in the

incident wavefront. This is likely the result of the mirror actuators operating well within

the saturation limits at all times. Also, filter estimation error seems to be the most

significant contributor to the residual phase error in the reflected wavefront.
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3. Evaluation of the performance of the constant-gain Kalman filter showed negligible

performance degradation over that achievable with time-varying gains. As a result, the

constant-gain implementation is recommended in order to reduce computational loading.

4. Simulation of the controller without predictor compensation, when subjected to time

delayed measurements, revealed severely degraded performance. In fact, unaer these

conditions, this controller induces more phase distortion into the reflected wavefront than

that in the incident wavefront. The requirement for time delay compensation was clearly

demonstrated.

5. Simulation of the suboptimal control law, assuming no measurement delay, revealed tbat

the filter-predictor model performs virtually the same as the suboptimal controller.

Although this represents a significant improvement over the case of no delay

compensation, the residual distortion in the reflected wavefront may well be

unacceptablc.

6. Based on simulation of the predictor-compensated controller using a 3 msec wavefront

sampling period, and assuming the performance of the controller without delays (the

baseline) is acceptable, the controller with predictor compensation, in the presence of

time-delayed measurements, could recover the performance of the baseline system

provided a wavefront sensor with a sample period slightly less than 3 msecs were

available.

7. The sensitivity studies of the predictor-compensated control law show the performance

of this controller degrades gracefully over the evaluated range of variations in the

dynamics of the atmosphere. Also, the performance degrades more quickly due to

changes in the wind velocity as opposed to changes in tlhe zenith angle. This occurs as
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a result of the coupling of the wind velocity directly into the plant dynamics matrix,

whereas zenith angle changes only affect the strengths of the dynamics driving noise.

Finally, the conuoller remains stable over the range of wind velocity and zenith angle

variations investigated.

8. Based on the results 'm "sitivity studies, there does not appear to be any

justification, in the %_-,, of pu, ,rance improvement, for implementing a multiple-

model adaptive estimation structure to estimate the changing parameters of the

atmosphere under the condition of low measurement noise. That is not to say that there

will be no improvement when the measurement noise is increased. Under these

conditions, retuning the Q matrix will affect the filter gains to some degree, particularly

when high measurement noises are modeied.

9. One underlying characteristic of the models for the atmosphere dynamics and the

l-lartmann sensor, which greatly impacts the performance of the controller, is the

relationship between the eigenvalues of the dynamics driving noise strength matrix and

the measurement noise covariance matrix. The fact that the eigenvalues of Q are much

larger than the eigervalues of R causes the filter to weight the measurements heavily in

lieu of the dyPamics model. This has two notable effects. First, as the tilter weights

t;.- measurements heavily, the system converges to steady-state very quickly; thus a

constant-gain filter is attractive. Second, as the dynamics model changes, the strengths

of tne white noises driving the states increase or decrease according to conditions.

However, the relationship between te cigenvalues of Q and R does not change

significantly enough, under the condition of low measurement noise, when the filter is
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retuned to the specific atmospheric conditions, to warrant the added complexity of a

multiple-model structure.

6.3 Recommendations

This section presents recommendations based on the results of Chapter 5 and the

conclusions drawn in Section 6.2. The specific recommendations are as follows:

1. The truth model developed in this thesis carries with it no claims of being complete.

It is, in fact, a reduced-order model; reduced from an infinite number of Zernike modes

to only 14 modes. More research is needed in developing the best truth model possible

before a controller of this type can be fielded. Although first-order curve-fits were used

to generate models 'l:r the Zernike states, higher-order effects were evident in the

autocorrelation data. This suggests that higher-order shaping filters might produce a

better fit to the data. Also, even as the mirror may have difficulty compensating for

modes with spatial frequencies higher than that of Zernike mode 14, inclusion of higher-

order modes in the truth model (not necessarily the filter model) would provide a more

accurate evaluation of the true capabilities of the controller. One must always bear in

mind that the LQG controller is only as good as the truth model upon which it is based.

2. The deformable mirror is modeled as deterministic for this research. The deterministic

model resulted from several assumptions including identically symmetric influence

functions for all 97 actuators and interactuator linearity of the responses. However, one

might consider the uncertainty left out of the problem under these assumptions by

adding pseudonoise to the mirror dynamics. Also, additional pseudonoise could account

for any random variations in the voltages applied to the actuators resulting from power

supply fluctuations.

6ý5



3. Under the assumption of deterministic mirror dynamics, the Kalman filter need not

estimate the mirror states. Elimination of the mirror states from the filter would greatly

reduce the computational requirements for processing the filter algorithm by reducing

the total number of states from 56 to 28, without sacrificing performance. In this case,

the solution to the mirror state equation could be computed separately from the filter

algorithm. In fact, inclusion of deterministic states could induce numerical precision

problems associated with all the zero eigenvalues of the augmented covariance matrix.

4. The data presented in Chapter 5 seem to indicate that the Kalman filter

statistics accurately depict the true statistics of the atmosphere states. However, no

observability test has been performed on this system. Therefore, it is possible that the

Kalman filter model contains unobservable states, although there is nothing in the data

to suggest such. It might be worthwhile to conduct some limited filter tuning runs to

investigate the possibility of better filter performance if, in fact, some of the states are

unobservable.

5. The intent during this research was to account for 95 percent reduction of x and y tilts

in the truth model due to tilt mirror preprocessing of the wavefront. However, a

mathematical oversight early on resulted in only accounting for approximately 80

percent reduction in the gross tilts. It would be interesting to rerun the simulations

based on 95 percent attenuation of x and y tilts and observe the changes in controller

performance. By so doing, the eigenvalues of Q will be reduced somewhat, This may

impact the performance improvement gained by retuning the filter to changing

atmospheric conditions. It should be noted that Von Bokern's results also reflect 80

percent tilt mode attenuation rather than 95 percent.
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6. The predictor model used for compensating for the measurement time delay is inherently

a discrete-time model. Thic presented some difficulty when trying to simulate the

augmented system model with MSOFE, as MSOFE requires a continuous state-space

representation of the dynamics. Although a work-around was found which forced

MSOFE to simulate the discrete model, it would be effort well spent to develop either

new software or a modification to MSOFE which would allow future control system

designers to simulate the discrete-time model directly.
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Appendix A. Dynamics Model Shaping Filter Analysis

This appendix gives the details of the shaping filter analysis used to model the effects of

atmospheric turbulence on optical image quality. The general procedure is:

1. Analytically determine the autocorrelation kernel for each of the Zernike coefficients.

2. Evaluate the autocorrelation kernel for various values of -c and plot the resulting data.

3. Curve-fit an appropriate shaping filter function to the autocorrelation data.

4. Determine the parameters for the shaping filter from the functional curve-fit.

The covariance function as defined by Hogge and Butts [12:145] for the p" Zernike

coefficient is given by:

RP(r) = E { hap(t) - E {at(t)f] ja (t+-) - E (a (t~r)}] } (A.1)

When the Zernike coefficients are modeled as zero-mean Gaussian random variables, Equation

(A.1) reduces to the autocorrelation kernel:

RP(c) = E { aP(t)aP(t+'t) (A.2)

Hogge and Butts derived an expression for the right-hand side of Equation (A.2) by viewing the

atmosphere as being comprised of many thin layers of turbulence; each layer having an associated

average velocity and refractive index structure constant. The combined effects of all the layers,

assuming a Kolmogorov spectrum [5, 12, 23] of turbulence for each layer, are realized by

integrating over the altitude. The mathematical details of the derivation are beyond the scope of

this research, however, the resulting expression given in Equation (2.22) determines the

autocorrelation kernel for the p"J Zernike coefficient.
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Equation (2.22) is integrated on a computer to generate the autocorrelation data for the

shaping filter analysis. For this research, C,,2 is computed from the Hufnagel-Valley 21 model

[261 given in Equation (3.26). The wind velocity profile is determined from the Bufton model

[26] as:

_ h - 9O1

v(h) = v. + 30 e • 4800) (A.3)

where v' is the ground wind speed assumed to have a nominal value of 5 m/sec and v(h) is

assumed to be directed along the positive x-axis of the aperture. Additional parameter values and

assumptions required to evaluate Equation (2.22) are:

1. The wavelength of light from the source is 0.514 pim.

2. The entrance aperture radius of the telescope is 0.75 m.

3. The satellite altitude is 100 km.

4. The satellite is assumed to be in geosynchronous orbit so that it remains stationary

with respect to the observer.

Equation (2.22) is integrated using a set of 14 FORTRAN programs, one for each Zernike

function, called ACOVAR#.f, where # indicates the Zernike coefficient whose autocorrelation

kernel is desired. It is important to note that Hogge and Butts do not adhere to the Zernike

Function definitions presented in Chapter 2. Although closely related to the functions defined for

this research, their definitions differ slightly. It therefore becomes necessary to establish the

appropriate conversion between the Hogge and Butts function definitions and those used in this

research. As alluded to in Chapters 1 and 2, the conversion factor used in previous research [30]

was found to be in error. In order to determine the correct scale factor one can force equivalence
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between any one of the functions listed in Table 2.1 and its counterpart Hogge and Butts

definition. By so doing, one finds the two sets of functions related as:

Z(p(•) = V'7 G p(•) (A.4)

Now, the GP product under the integral of Equation (2.22) is converted to the ZP product consistent

with this research as:

z/,p) Z(, = -- Gyp) Ga(p') (A.5)

Combining Equation (2.22) with the result in Equation (A.5) and converting units from radians

to wavelengths yields the autocorrelation kernel for the Zernike function definitions of this

research as:

R ~ 47--r() (A.6)
14r R (r)

Following integration of Equation (2.22) and subsequent scaling according to Equation

(A.6), the resulting data points are plotted and curve-fit to standard first-order Markov process

(output of a first-order lag driven by white Gaussian noise) shaping filter functions. As an

example, consider the autocon'elation data for Zernike coefficient a, (y-tilt) which is plotted in

Figure A.1. According to Maybeck [19], one approach to generating shaping filter models from

such data, the approach taken in this research, is to assume an a priori functional form for the

autocorrelation kernel associated with the process a, and then curve-fit the data to that form. This

research assumes an a priori form of a first-order Gauss-Markov process for all 14 Zernike

coefficients. The autocorrelation kernel for a first-order Gauss-Markov process is characterized

by:

A-3



o Datal
S: : : Curv • e- pt

......... ........... I-- - - - - -- --- - .. . . . . .. . . . . .. . . . .. . . . .. . . . . . . . .. ..... .... ....

-. . .. .. .... .. .. .. .. . . .. ,o .. .. .. . . ..• .. .. .. .. .. .. .. .. .. .. .. .. .... .. .. .. .. .. .. .

- ------. .. ..... . . . . . . . . . . .-. .. .. . . . . .0 . . . . . . . . . . . . . . . . ..... . . .. .. .. . .. .. . . . .. ... . .. . .. .. -----0 ,; -

-. 5 - . . .. . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . .

0 12 .4, .6 .8 1 1,2 1.4 1.6 1.8 2
Tau (see)

Figure A. 1. Autoconrelation Data for Zernike Coefficient a,

E I x(tx(t+-r) =oIe 7 (A.7)

where T is the correlation time and or' is the mean squared value. The state-space model of a

first-order Gauss-Markov process is a first-order lag driven by white Gaussian noise of strength

Q given by:

1ql x(I) A 14(1) (A.8)

where the strength of the white Gaussian noise is determined by:

Q=20ý (A.9)
T
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The curve-fit for the data shown in Figure A. 1 results in the shaping filter parameters

o-'=2.0433 wavelengths2 and T7O.13 seconds for Zernike coefficient al. The solid line of

Figure A.1 is the plot of Equation (A.7) using the aforementioned parameter values. From

Equation (A.8), the state-space model for a, is:

I= 1 a,(,) w(t) (A.10)
0.13

and

Q - 51.437 wavelengths2  (A. 11)

sec

Similar analysis is used to generate shaping filters for the remaining 13 Zernike coefficients, each

state modeled as a first-order Gauss-Markov process. It should be noted that, for nine of the

Zernike coefficients, the autocorrelation data for t=O agrees quite well with the covariance data

available in the literature [27, 32], as expected. The data for the remaining five coefficients,

including a,, provide a somewhat poorer covariance match. However, the data generated after the

scale factor correction is generally in much better agreement with the literature than the data used

in previous research. The state-space models for all 14 states are developed as described above,

with the exception that the white noise strengths are calculated using the covariance values found

in the literature. The autocorrelation data and the curve-fit for the remaining 13 atmosphere states

are shown in Figures A.2 throught A. 14.
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Appendix B. Steady-State Influence Matrix

This appendix is a listing of the elements of the steady-state influence matrix, M, used in

this research. The elements of M are the projections of each actuator's influence function along

each Zernike function direction. M has dimensions 14 x 9",

M =

Columns 1 thru 4
0.002911721304727 0.008981676165652 0.011195052500622 0.008981676165652
0.001164141143822 0.001799016835620 0.000000000900000 -0.001799016835620
0.002826131020464 0.007148205728924 0.008384317407948 0.007148205728924
0.002721880988100 0.004187350229244 0.000000000000000 -0.004187350229244
0.002859713828053 0.010033338120027 0.013100302093135 0.010033338120027
0.001713688683701 0.002017892987421 0.000000000000000 -0.002017892987421
0.004286231010559 0.010070717272325 0.011527663661071 0.010070717272325
0.004237433142768 0.006771947305613 0,000000000000000 -0.006771947305613
0.001941806029709 0,010047797271526 0.014390793714810 0.010047797271526
0.003399382934574 0.006237863616008 0.006418736589525 0.006237863616008
0.003613045429789 0.009083751139173 0.010513091254295 0.009083751139173
0.003438747844868 0.003793530386194 0.000000000000000 -0.003793530386194
0.000260477623347 0.009148020072048 0.015222267311141 0.009148020072048
0.005282776028768 0.009245538663069 0.000000000000(X)0 -0.009245538663069

Columns 5 thru 8
0.002908859711674 0.009328843598495 0.019054038929399 0.021374910318742

-0.001161994949031 0.007003957769305 0.009527571412212 0.005339012135326
0.002823033255114 0.008791007243634 0.012548382283186 0.009371418955018

-0.002717675322401 0,013130712733319 0.018695681017103 0.010667767407415
0.002858487175557 0.003814949142037 0.014020030981531 0.020025020163886

-0.001710653505921 0.007320087997640 0.005686684510538 0.001011069953242
0.004282184106852 0.009746133619187 0.011371912695841 0.004070700896766

-0.004232698265432 0.014076327823767 0.023742958779147 0,014787113998714
0.001943586667340 -0.005319654784218 0.004313963613427 0.016386473326402
0.003395383736704 0,006939582598671 0.002448509856498 -0.005585362155632
0.003611461828226 0.003131304335798 0.004405804471588 -0.003244878707508

-0.003433318353797 0.010802649564836 0.005877146381255 -0.001746213836076
0.000265246526338 -0.013467740084741 -0.006744303958088 0.011616112298937

-0.005279735513768 0.008544558070343 0.02310 (472516452 0.01'7272706364118
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Columns 9 thru 12
0.021386910007502 0.021374910818742 0.019054038929399 0.009328843598495
0.000000000000000 -0.005339012135326 -0.009527571412212 -0.007003957769305
0.007514511701974 0.009371418955018 0.012548382283186 0.008791007243634
0.000000000000000 -0.010667767407415 -0.018695681017103 -0.013130712733319
0.021403188847963 0.020025020163886 0.014020030981531 0.003814949142037
0.000000000000000 -0.001011069953242 -0.005686684510538 -0.007320087997640
0.000379224918694 0.004070700896766 0.011371912695840 0.009746133619187
0.000000000000000 -0.014787113998714 -0.023742958779147 -0.014076327823767
0.020257427230268 0.016386473326402 0.004313963613427 -0.005319654784218

-0.008340190247034 -0.005585362155632 0.002448509856498 0.006939582598671
-0.007931923190416 -0.003244878707508 0.004405804471588 0.003131304335798
0.000000000000000 0.001746213836076 -0.005877146381255 -0.010802649564836
0.018615095488063 0.011616112298937 -0.006744303958088 -0.013467740084741
0,000000000000000 -0.017272706364118 -0,023104-472516452 -0.008544558070343

Columns 13 thru 16
0.007003957769305 0.015778529623438 0.015420325599217 0.014858668418439
0.00932884-3598495 0.015778529623438 0.010278017830203 0.004952881449524
0.008791007243634 0.010917137450154 0,001330775531165 -0.004461129988376
0.013130712733319 0.023554625233884 0,015320554084289 0.007274662172351

-0.003814949142037 0.000000000000000 0,006388308342816 0.009699583972614
0.009746133619187 0.005444809723699 -0.005857572666400 -0.005766612503066
0.007320087997640 0.005444809723699 -0.008781686738004 -0.017299782615144
0.005319654784218 0.016588155572821 0.013820086544237 0.007273086646469

-0.014076327823767 -0,016588155572821 -0,002696498748243 0.005035261679375
0.006939582598671 -0.002690061769481 -0,013659962686529 -0.012814230975196

-0.003131304335798 0.000000000000000 -0.007032019807939 -0.018117056066695
0.010802649564836 0.000504752591274 -0.016891575595796 -0.013587850212685

-0.013467740084741 -0.022620426591332 -0.008180615925508 0.001748954222112
-0.008544558070343 0.000000000000000 0.008263960469042 0.005996195123123

Columns 17 thru 20
0.014874647080535 0.014858668418439 0.015420325599217 0.015778529623438
0.000000000000000 -0.004952881449524 -0.010278017830203 -0.015778529623438

-0.006163177311510 -0.004461129988376 0.001330775531165 0.010917137450154
0.000000000000000 -0.007274662172351 -0.015320554084289 -0.023554625233884
0.010930588635373 0.009699583972614 0.006388308342816 0.000000000000000
0.000000000000000 0.005766612503066 0.005857572666400 -0.005444809723699

-0.019798841739957 -0.017299782615144 -0.008781686738004 0.005444809723699
0.000000000000000 -0.007273086646469 -0.013820086544237 -0.016588155572821
0.007572933949260 0.005035261679375 -0.002696498748243 -0.016588155572821

-0.011100617319337 -0.012814230975196 -0.013659962686529 -0.002690061769481
-0.022611761413843 -0,018117056066695 -0.007032019807939 0.000000000000000
0,000000000000000 0.013587850212685 0.016891575595796 -0.000504752591274
0.005080075790243 0.001748954222112 -0,008180615925508 -0.022620426591332
0.000000000000000 -0.003996193123123 -0.008263960469042 0.000000000000000
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Columns 21 thru 24

0.007003957769305 0.001164141143822 0,009527571412212 0.010278017830203
-0.009328843598495 0.002911721304727 0.019054038929399 0.015420325599217-
0.008791007243634 0.002826131020464 0.012548382283186 0.001330775531165

-0.013130712733319 0.002721880988100 0.018695681017103 0.015320554084289
-0.003814949142037 -0.002859713828053 -0.014020030981531 -0.006388308342816
-0.009746133619187 0.004286231010559 0.011371912695841 -0.008781686738004
0.007320087997640 0.001713688683701 0.005686684510538 -0.005857572666400

-0.005319654784218 -0.001941806029709 -0.004313963613427 0.002696498748243
-0.014076327823767 -0.004237433142768 -0.023742958779147 -0.013820086544237
0.006939582598671 0.003399382934574 0.002448509856498 -0.013659962686529

-0.003131304335798 -0.003613045429789 -0.004405804471588 0.007032019807939
-0.010802649564836 0.003438747844868 0.005877146381255 -0.016891575595796
-0.013467740084741 0.000260477623347 -0.006744303958088 -0.008180615925508
0.008544558070343 -0.005282776028768 -0.023104472516452 -0.008263960469042

Columns 25 thru 28
0.009916431387023 0.009916431387023 0.009916431387023 0.009916431387023
0.009916431387023 0.004958215693512 0.000000000000000 -0.004958215693512

-0.007880753610721 -0.013033482508352 -0.014751058807563 -0.013033482508353
0.009716078786998 0.004858039393499 0.000000000000000 -0.004858039393499
0.000000000000000 0,003643529545124 0.004858039393499 0.003643529545124

-0.014882102037585 -0,009965362335212 0.000000000000000 0.009965362335212
-0.014882102037585 -0,019930724670425 -0.021613598881372 -0.019930724670425
0.004487664562525 0.003085269386736 0.000000000000000 -0.003085269386736

-0.004487664562524 0.000560958070316 0.002243832281262 0.000560958070316
-0.008877950682030 0.000983078543178 0.005334431389343 0.000983078543178
0.000000000000000 -0.010547670711218 -0.015067033250492 -0.010547670711218

-0.022106288083374 -0.014063560948291 0.000000000000000 0.014063560948291
-0.004013891948456 -0.000439021871864 0.001003469562550 -0.000439021871864
0.000000000000000 0.001505208453304 0.0000000000000 -0.001505208453304

Columns 29 thru 32
0,009916431387023 0.010278017830203 0.009527571412212 0.001164141143822

-0.009916431387023 -0,015420325599217 -0.019054038929399 -0.002911721304728
-0.007880753610721 0,001330775531165 0.012548382283186 0.002826131020464
-0,009716078786998 -0.015320554084289 -0.018695681017103 -0.002721880988100
0.000000000000000 -0.006388308342816 -0.014020030981531 -0.002859713828053
0,014882102037585 0.008781686738004 -0.011371912695841 -0.004286231010559

-0.014882102037585 -0.005857572666400 0.005686684310538 0.001713688683701
-0.004487664562525 -0.002696498748243 0.004313963613427 0.001941806029710
-0.004487664562524 -0.013820086544237 -0.023742958779147 -0.004237433142769
-0.008877950682030 -0.013659962686529 0,002448509856498 0.003399382934574
0.000000000000000 0.007032019807939 -0.004405804471588 -0.003613045429789
0.022106288083374 0.016891575595796 -0.005877146381255 -0.003438747844868

-0.004013891948456 -0.008180615925508 -0,006744303958088 0.000260477623347
0.000000000000000 0.008263960469042 0.023104472516452 0.005282776028769
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Columns 33 thru 36
0.001799016835620 0.005339012135326 0.004952881449524 0.004958215693512
0.008981676165652 0.021374910818742 0.014858668418439 0.009916431387023
0.007148205728924 0.009371418955018 -0.004461129988376 -0.013033482508352
0.004187350229244 0.010667767407415 0.007274662172351 0.004858039393499

-0.010033338120027 -0.020025020163886 -0.009699583972614 -0.003643529545124
0.010070717272325 0.004070700896766 -0.017299782615144 -0.019930724670425
0.002017892987421 0.001011069953242 -0.005766612503066 -0.009965362335212

-0.010047797271526 -0.016386473326402 -0.005035261679375 -0.000560958070316
-0.006771947305613 -0.014787113998714 -0.007273086646469 -0.003085269386736
0.006237863616008 -0.005585362155632 -0.012814230975196 0.000983078543178

-0.009083751139173 0.003244878707508 0.018117056066695 0.010547670711218
0.003793530386194 -0.001746213836076 -0.013587850212685 -0.014063560948291
0.009148020072048 0.011616112298937 0.001748954222111 -0.000439021871864

-0.009245538663069 -0.017272706364118 -0.005996195123123 -0.001505208453304

Columns 37 thru 40
0.004958215693512 0.004958215693512 0.004958215693512 0.004958215693512
0.004958215693512 0,000000000000000 -0.004958215693512 -0.009916431387023

-0.018186211405984 -0.019903787705195 -0.018186211405984 -0.013033482508352
0.002429019696749 0.000000000000000 -0.002429019696749 -0.004858039393499
0.000000000000000 0.001214509848375 0.000000000000000 -0.003643529545124

-0.012489673651633 0.000000000000000 0.012489673651633 0.019930724670425
-0.012489673651632 -0.013331110757106 -0 012489673651633 -0.009965362335212
0.000560958070316 0.000000000000000 -0,000560958070316 0.000560958070316

-C.000560958070316 0.000280479035158 -0,000560958070316 -0.003085269386736
0.015633651738315 0.021581519241123 0.015633651738315 0.000983078543178
0.000000000000000 -0.004519362539274 0.000000000000000 0.010547670711218

-0.0085? 983927447 0.000000000000000 0.008536988927448 0.014063560948291
-0.000250870815201 0,000062714279236 -0.000250870815201 -0.000439021871864
0.000000000000000 0.000000000000000 0.000000000000000 0.001505208453304

Columns 41 thru 44
0.004952881449524 0.005339012135326 0.001799016835620 0.000000000000000

-0.014858668418439 -0,021374910818742 -0.008981676165652 0.011195052500622
-0.004461129988376 0.009371418955018 0.007148205728924 0.008384317407948
-0.007274662172351 -0.010667767407415 -0.004187350229245 0.000000000000000
-0,009699583972614 -0.020025020163886 -0.010033338120028 -0.013100302093135
0,017299782615144 -0.004070700896766 -0.010070717272326 0.011527663661071

-0.005766612503066 0.001011069953242 0.002017892987421 0.000000000000000
0.005035261679375 0.016386473326402 0.010047797271526 -0.014390793714810

-0.007273086646469 -0.014787113998714 -0,006771947305613 0.000000000000000
-0.012814230975196 -0.005585362155632 0.006237863616008 0.006418736589525
0.018117056066695 0.003244878707508 -0.009083751139173 -0.010513091254295
0.013587850212685 0.001746213836076 -0.003793530386194 0.000000000000000
0.001748954222111 0.011616112298937 0.009148020072049 0.015222267311141
0.005996195123123 0.017272706364118 0.009245538663069 0.000000000000000
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Columns 45 thru 48
0.000000000000000 0.000000000000000 0.000000000000000 O.00000000000000
0.021386910007502 0.014874647080535 0.009916431387023 0.004958215693512
0.007514511701974 -0.006163177311510 -0.014751058807563 -0.019903787705195
0.000000000000000 0.000000000000000 0.000000000000000 0.0000000 00

-0.021403188847963 -0.010930588635373 -0.004858039393499 -0.001214509848375
0.000379224918694 -0.019798841739957 -0.021613598881372 -0.013331110757106
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

-0.020257427230268 -0.007572933949260 -0.002243832281262 -0.000280479035158
0.000000000000000 0.000000000000000 0.000000000000000 0.00000OOOOO00000

-0.008340190247034 -0.011100617319337 0.005334431389343 0.021581519241123
0.007931923190416 0.022611761413843 0.015067033250492 0.004519362539274
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.018615095488063 0.005080075790243 0.001003469562550 0.000062714279236
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 49 thru 52
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 -0.004958215693512 -0.009916431387023 -0.014874647080535

-0.021621364004405 -0.019903787705195 -0.014751058807563 -0.006163177311510
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 -0.001214509848375 -0.004858039393499 -0.010930588635373
0.000000000000000 0.013331110757106 0.021613598881372 0.019798841739957
0.000000000000000 0.000000000000000 0.00000000000000 0.000000000D000000
0.000000000000000 0.000280479035158 0.002243832281262 0.007572933949260
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.028061558296145 0.021581519241123 0.005334431389343 -0.011100617319337
0.000000000000000 0.004519362539274 0.015067033250492 0.022611761413843
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

-0.000000002739651 0.000062714279236 0U001003469562550 0.005080075790243
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 53 thru 56
0.000000000000000 0.000000000000000 -0.001799016835620 -0.005339012135326

-0.021386910007502 -0.011195052500623 0.008981676165652 0.021374910818742
0.007514511701974 0.008384317407949 0.007148205728924 0.009371418955018
0.000000000000000 0.000000000000000 -0.004187350229244 -0.010667767407415

-0.021403188847963 -0.013100302093136 -0.010033338120027 -0.020025020163886
-0.000379224918694 -0.011527663661072 0.010070717272325 0.004070700896766
0.000000000000000 0.000000000000000 -0.002017892987421 -0.001011069953242
0.020257427230268 0.014390793714810 -0.010047797271526 -0.016386473326402
0.000000000000000 0.000000000000000 0.006771947305613 0.014787113998714

-0.008340190247034 0.006418736589525 0.006237863616008 -0.005585362155632
0.0079319231904.16 -0.010513091254296 -0.009083751139173 0.003244878707508
0.000000000000000 0.000000000000000 -0.003793530386194 0.001746213836076
0.018615095488063 0.015222267311142 0.009148020072048 0.011616112298937
0.0000000000000 0.000000000000000 0.009245538663069 0.01727270636411 0
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Columns 57 thiu 60
-0.004952881449524 -0.004958215693512 -0.004958215693512 -0.004958215693512
0.014858668418439 0.009916431387023 0.004958215693512 0.000000000000000

-0.004461129988376 -0.013033482508352 -0.018186211405984 -0,019903787705195
-0.007274662172351 -0.004858039393499 -0.002429019696749 0.000000000000000
-0,009699583972614 -0.003643529545124 0.000000000000000 0.001214509848375
-0.017299782615144 -0.019930724670425 -0.012489673651633 0,000000000000000
0.005766612503066 0.009965362335212 0.012489673651633 0.013331110757106

-0.005035261679375 -0.000560958070316 0.000560958070316 0.000000000000000
0.007273086646469 0.003085269386736 0.000560958070316 -0.000280479035158

-0.012814230975196 0.000983078543178 0.015633651738315 0.021581519241123
0.018117056066695 0.010547670711218 0.000000000000000 -0.004519362539274
0.013587850212685 0.014063560948291 0.008536988927448 0.000000000000000
0.001748954222112 -0.000439021871864 -0.000250870815201 0.000062714279236
0.005996195123123 0.001505208453304 0.000000000000000 0.000000000000000

Columns 61 thru 64
-0.004958215693512 -0,004958215693512 -0.004952881449524 -0.005339012135326
-0.004958215693512 -0.009916431387023 -0.014858668418439 -0.021374910818742
-0.018186211405984 -0.013033482508353 -0.004461129988376 0.009371418955018
0.002429019696749 0.004858039393499 0.007274662172351 0.010667767407415
0.000000000000000 -0.003643529545124 -0.009699583972614 -0.020025020163886
0.012489673651632 0.019930724670425 0.017299782615144 -0.004070700896766
0.012489673651633 0.009965362335212 0.005766612503066 -0.001011069953242

-0.000560958070316 0.000560958070316 0.005035261679375 0.016386473326402
0.000560958070316 0.003085269386736 0,007273086646469 0.014787113998714
0.015633651738315 0.000983078543178 -0.012814230975196 -0.005585362155632
0.000000000000000 0.010547670711218 0.018117056066695 0.003244878707508

-0.008536988927448 -0.014063560948291 -0.013587850212685 -0.001746213836076
-0.000250870815201 -0.000439021871864 0.001748954222112 0.011616112298937
0.000000000000000 -0.001505208453304 -0.005996195123123 -0.017272706364118

Columns 05 thru 68
-0.001799016835620 -0.001161994949031 -0,009527571412212 -0,010278017830203
-0.008981676165652 0.002908859711674 0.019054038929399 0.015420325599217
0.007148205728924 0.002823033255114 0.012548382283186 0.001330775531165
0.004187350229245 -0.002717675322401 -0.018695681017103 -0.015320554084289

-0.010033338120028 -0.002858487175557 -0,014020030981531 -0.006388308342816
-0.010070717272326 0.004282184106852 0.011371912695840 -0.008781686738004
-0.002017892987421 -0.001710653505921 -0.005686684510538 0.005857572666400
0.010047797271526 -0.001943586667340 -0,004313963613427 0.002696498748243
0.006771947305613 0.004232698265432 0.023742958779147 0.013820086544237
0.006237863616008 0.003395383736704 0.002448509856498 -0.013659962686529

-0.009083751139173 -0.003611461828226 -0.004405804471588 0.007032019807939
0.003793530386194 -0.003433318353797 -0.005877146381255 0,016891575595796
0.009148020072049 0.00-0265246526338 -0.006744303958088 -0.008180613925508

-0.009245538663069 0.005279735513768 0.023104472516452 0.008263960469042
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Columns 69 thru 72
-0.00l9916431387023 -0.009916431387023 -0.009916431387023 -0.009916431387023
0.009916431387023 0.004958215693512 0.000000000000000 -0.004958215693512

-0.007880753610721 -0.013033482508352 -0.014751058807563 -0.013033482508352
-0.009716078786998 -0.004858039393499 0.00000000000000 0.004858039393499
0.00000000000000 0.003643529545124 0.004858039393499 0.003643529545124

-0.014882102037585 -0.00)965362335212 0.000000000000000 0.009965362335212
0.014882102037585 0.019930724670425 0.021613598881372 0.019930724670425
0.004487664562524 0.003085269386736 0.000000000000000 -0.003085269386736
0.004487664562525 -0.000560958070316 -0.002243832281262 -0.000560958070316

-0.008877950682030 0.000983078543178 0.005334431389343 0.000983078543178
0.000000000000000 -0.010547670711218 -0.015067033250492 -0.010547670711218
0.022106288083374 0.014063560948291 0.000000000000000 -0.014063560948291

-0.004013891948456 -0.000439021871864 0.001003469562550 -0.000439021871864
0.000000000000000 -0.001505208453304 0.000000000000000 0.001505208453304

Columns 73 thru 76
-0.009916431387023 -0.010275871635413 -0.009527571412212 -0.001164141143822
-0.009916431387023 -0.015417464006163 -0.019054038929399 -0.002911721304728
-0.007880753610721 0.001327677765816 0.012548382283186 0.002826131020464
0.009716078786998 0.015316348418589 0.018695681017103 0.002721880988100
0.000000000000000 -0.006387081690321 -0.014020030981531 -0.002859713828053
0.014882102037585 0.008785733641711 -0.011371912695841 -0.004286231010559
0.014882102037585 0.005860607844180 -0.005686684510538 -0.001713688683701

-0.004487664562524 -0.002694718110613 0.004313963613427 0.001941806029710
0.004487664562525 0.013815351666900 0,023742958779147 0.004237433142769

-0.008877950682030 -0.013663961884399 0.002448509856498 0.003399382934574
0.000000000000000 0.007033603409501 -0,004405804471588 -0.003613045429789

-0.022106288083374 -0.016897005086867 0.005877146381255 0.003438747844868
-0.004013891948456 -0.008175847022517 -0.006744303958088 0.000260477623347
0.000000000000000 -0.008260919954042 -0,023104472516452 -0.005282776028769

Columns 77 thru 80
-0.007003957769305 -0.015778529623438 -0,015420325599217 -0.014858668418439
0.009328843598495 0.015778529623438 0.010278017830203 0.004952881449524
0.008791007243634 0.010917137450154 0.001330775531165 -0.004461129988376

-0.013130712733319 -0.023554625233884 -0.015320554084289 -0.007274662172351
-0.003814949142037 0.000000000000000 0.006388308342816 0.009699583972614
0.009746133619187 0.005444809723699 -0.005857572666400 -0.005766612503066

-0.007320087997640 -0.005444809723699 0.008781686738004 0.017299782615144
0.005319654784218 0.016588155572821 0.013820086544237 0.007273086646469
0.014076327823767 0.016588155572821 0.002696498748243 -0.005035261679375
0.006939582598671 -0.002690061769481 -0.013659962686529 -0.012814230975196

-0.003131304335798 0.000000000000000 -0.007032019807939 -0.018117056066695
-0.010802649564836 -0.000504752591274 0.016891575595796 0.013587850212685
-0.013467740084741 -0.022620426591332 -0.008180615925508 0.001748954222112
0.008544558070343 0.000000000000000 -0.008263960469042 -0.005996195123123
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Columns 81 thru 84
-0.014874647080535 -0.014858668418439 -0.015417464006163 -0.015784819039899
0.000000000000000 -0.004952881449524 -0.010275871635413 -0.015784819039899

-0.006163177311510 -0,004461129988376 0.001327677765816 0.010924918585055
0.000000000000000 0.007274662172351 0.015316348418589 0.023565189252930
0.010930588635373 0.009699583972614 0.006387081690321 0.000000000000000
0.000000000000000 0.005766612503066 0.005860607844180 -0.005453704301758
0.019798841739957 0.017299782615144 0.008785733641711 -0.005453704301758
0.000000000000000 -0.007273086646469 -0.013815351666900 -0.016596338584635

-0.007572933949260 -0.005035261679375 0.002694718110613 0.016596338584635
-0.011100617319337 -0.012814230975196 -0.013663961884398 -0.002680016367519
-0.022611761413843 -0.018117056066695 -0.007033603409501 0.000000000000000
0.000000000000000 -0.013587850212685 -0.016897005086867 0.000518390681219
0.005080075790243 0.001748954222112 -0.008175847022517 -0.022632405380334
0.000000000000000 0.005996195123123 0.008260919954042 0.000000000000000

Columns 85 thru 88
-0.007003957769305 -0.009328843598495 -0.019054038929399 -0.021374910818742
-0.009328843598495 0.007003957769305 0.009527571412212 0.005339012135326
0.008791007243634 0.008791007243634 0.012548382283186 0.009371418955018
0.013130712733319 -0.013130712733319 -0.018695681017103 -0.010667767407415

-0,003814949142037 0.003814949142037 0.014020030981531 0.020025020163886
-0.009746133619187 0.007320087997640 0.005686684510538 0.001011069953242
-0.007320087997640 -0.009746133619187 -0.011371912695841 -0.004070700896766
-0.005319654784218 0.014076327823767 0.023742958779147 0.014787113998714
0.014076327823767 0.005319654784218 -0.004313963613427 -0.016386473326402
0.006939582598671 0.006939582598671 0.002448509856498 -0.005585362155632

-0.003131304335798 0.003131304335798 0.004405804471588 -0.003244878707508
0.010802649564836 -0.010802649564836 -0.005877146381255 0.001746213836076

-0.013467740084741 -0.013467740084741 -0.006744303958088 0.011616112298937
-0.008544558070343 -0.008544558070343 -0.023104472516452 -0.017272706364118

Columns 89 thru 92
-0.021386910007502 -0.021374910818742 -0.019054038929399 -0.009328843598495
0.000000000000000 -0.005339012135326 -0.009527571412212 -0.007003957769305
0.007514511701974 0.009371418955018 0.012548382283186 0.008791007243634
0.000000000000000 0.010667767407415 0.018695681017103 0.013130712733319
0.021403188847963 0.020025020163886 0.014020030981531 0.003814949142037
0.000000000000000 -0.001011069953242 -0.005686684510538 -0.007320087997640

-0.0003792249!8694 -0.004070700896766 -0.011371912695841 -0.009746133619187
0,000000000C00000 -0.014787113998714 -0.023742958779147 -0.014076327823767

-0.020257427230268 -0.016386473326402 -0.004313963613427 0.005319654784218
-0.008340190247034 -0.005585362155632 0.002448509856498 0.006939582598671
-0.C07931923190416 -0.003244878707508 0.004405804471588 0.003131304335798
0.000000000000000 -0.001746213836076 0.005877146381255 0.010802649564836
0.018615095488063 0.011616112298937 -0.006744303958088 -0.013467740084741
0.000000000000000 0.017272706364118 0.023104472516452 0.008544558070343
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Columns 93 thru 96
-0.002911721304728 -0.008981676165652 -0.011195052500623 -0.008981676165652
0.001164141143822 0.001799016835620 0,000000000000000 -0.001799016835620
0.002826131020464 0.007148205728924 0.008384317407949 0.007148205728924

-0.002721880988100 -0.004187350229245 0.000000000000000 0.004187350229245
0.002859713828053 0.010033338120028 0.013100302093136 0.010033338120028
0.001713688683701 0.002017892987421 0.000000000000000 -0.002017892987421

-0.004286231010559 -0.010070717272326 -0.011527663661072 -0.010070717272326
0.004237433142769 0.006771947305613 0.000000000000000 -0.006771947305613

-0.001941806029710 -0.010047797271526 -0.014390793714810 -0.010047797271526
0.003399382934574 0.006237863616008 0.006418736589525 0.006237863616008
0.003613045429789 0.009083751139173 0.010513091254296 0.009083751139173

-0.003438747844868 -0.003793530386194 0.000000000000000 0.003793530386194
0.000260477623347 0.009148020072049 0.015222267311142 0.009148020072049

-0.005282776028769 -0.009245538663069 0.000000000000000 0.009245538663069

Column 97
-0.002911721304728
-0.001164141143822
0.002826131020464
0.002721880988100
0,002859713828053

-0.001713688683701
-0.004286231010559
-0.004237433142769
-0.00 19418060297 10
0.003399382934574
0.003613045429789
0.003438747844868
0.000260477623347
0.005282776028769
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Appendix C. Hartmann Sensor Gain Matrix

This appendix provides the elements of the Hartmann wavefront sensor gain matrix, N,

used in this research. The N matrix represents the projections of the Zernike functions into the

x-tilt and y-tilt measurement space for each of the 69 subaperture measurement pairs. The N

matrix has dimensions 138 x 14.

N

Columns 1 thru 4
0.000000000000000 2.041935721855007 2.748145661847014 3.886464869153949
0.000000000000000 2.041935721855007 1.374072829933366 3.886464869153949
0.000000000000000 2.041935721855007 -0.000000001980357 3.886464869153949
0.000000000000000 2.041935721855007 -1.374072833894063 3.886464869153949
0.000000000000000 2.041935721855007 -2.748145665807738 3.886464869153949
0.000000000000000 2.041935721855007 4.122218493760689 2.914848651865464
0.000000000000000 2.041935721855007 2.748145661847014 2.914848651865464
0.000000000000000 2.041935721855007 1.374072829933366 2.914848651865464
0.000000000000000 2.041935721855007 -0.000000001980357 2.914848651865464
0.000000000000000 2.041935721855007 -1.374072833894063 2.914848651865464
0.000000000000000 2.041935721855007 -2.748145665807738 2.914848651865464
0.000000000000000 2.041935721855007 -4.122218497721480 2.914848651865464
0.000000000000000 2.041935721855007 5.496291325674279 1.943232434576978
0.000000000000000 2.041935721855007 4.122218493760689 1.943232434576978
0.000000000000000 2.041935721855007 2.748145661847014 1.943232434576978
0.000000000000000 2.041935721855007 1.374072829933366 1.943232434576978
0.000000000000000 2.041935721855007 -0.000000001980357 1.943232434576978
0.C00000000000000 2.041935721855007 -1.374072833894063 1.943232434576978
0.000000000000000 2.041935721855007 -2.748145665807738 1.943232434576978
0.000000000000000 2.041935721855007 -4.122218497721480 1.943232434576978
0.000000000000000 2.041935721855007 -5.496291329635093 1.943232434576978
0.000000000000000 2.041935721855007 5.496291325674279 0.971616217288498
0.000000000000000 2.04i935721855007 4.122218493760689 0.971616217288498
0.000000000000000 2.041935721855007 2.748145661847014 0.971616217288498
0.000000000000000 2.041935721855007 1.374072829933366 0.971616217288498
0.000000000000000 2.041935721855007 -0.000000001980357 0.971616217288498
0.000000000000000 2.041935721855007 -1.374072833894063 0.971616217288498
0.000000000000000 2.041935721855007 -2.748145665807738 0.971616217288498
0.000000000000000 2.041935721855007 -4.122218497721480 0.971616217288498
0.000000000000000 2.041935721855007 -5.496291329635093 0.971616217288498
0.000000000000000 2.041935721855007 5.496291325674279 0.000000000000000
0.000000000000000 2.041935721855007 4.122218493760689 0.000000000000000
0.000000000000000 2.041935721855007 2.74814566184701.1 0.000000000000000
0.000000000000000 2.041935721855007 1.374072829933366 0.000000000000000
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0.000000000000000 21041935721855007 -0.000000001980357 0.000000000000000
0.000000000000000 2.041935721855007 -1.374072833894063 0.000000000000000
0.000000000000000 2.041935721855007 -2.748145665807738 0.000000000000000
0.000000000000000 2.041935721855007 -4.122218497721480 0.000000000000000
0.000000000000000 2.041935721855007 -5.496291329635093 0.000000000000000
0.000000000000000 2.041935721855007 5.496291325674279 -0.971616217288490
0.000000000000000 2.041935721855007 4.122218493760689 -0.971616217288490
0.000000000000000 2.041935721855007 2.748145661847014 -0.971616217288490
0.000000000000000 2.041935721855007 1.374072829933366 -0.971616217288490
0.000000000000000 2.041935721855007 -0.000000001980357 -0.971616217288490
0.000000000000000 2.041935721855007 -1.374072833894063 -0.971616217288490
0.000000000000000 2.041935721855007 -2.748145665807738 -0.971616217288490
0.000000000000000 2.041935721855007 -4.122218497721480 -0.971616217288490
0.000000000000000 2.041935721855007 -5.496291329635093 -0.971616217288490
0.000000000000000 2.041935721855007 5.496291325674279 -1.943232434576981
0.000000000000000 2.041935721855007 4.122218493760689 -1.943232434576981
0.000000000000000 2.041935721855007 2.748145661847014 -1.943232434576981
0.000000000000000 2.041935721855007 1.374072829933366 -1.943232434576981
0.000000000000000 2.041935721855007 -0.000000001980357 -1.943232434576981
0.000000000000000 2.041935721855007 -1.374072833894063 -1.943232434576981
0.000000000000000 2.041935721855007 -2.748145665807738 -1.943232434576981
0.000000000000000 2.041935721855007 -4.122218497721480 -1.943232434576981
0.000000000000000 2.041935721855007 -5.496291329635093 -1.943232434576981
0.000000000000000 2.041935721855007 4.122218493760689 -2.914848651865490
0.000000000000000 2.041935721855007 2.748145661847014 -2.914848651865490
O.O000O .Xu3000000 2.041935721855007 1.374072829933366 -2.914848651865490
0.000000000000000 2.041935721855007 -0.000000001980357 -2.914848651865490
0.0000000001000000 2.041935721855007 -1.374072833894063 -2.914848651865490
0.000000000000000 2.041935721855007 -2.748145665807738 -2.914848651865490
0.000000000000000 2.041935721855007 -4.122218497721480 -2.914848651865490
0.000000000000000 2.041935721855007 2.748145661847014 -3.886464869153971
0.000000000000000 2.041935721855007 1.374072829933366 -3.886464869153971
0.000000000000000 2.041935721855007 -0.000000001980357 -3.886464869153971
0.000000000000000 2.041935721855007 -1.374072833894063 -3.886464869153971
0.000000000000000 2.041935721855007 -2.748145665807738 -3.886464869153971
2.041935721855051 0.000000000000000 5.496291325674293 1.943232434576980
2.041935721855051 0.000000000000000 5.496291325674293 0.971616217288494
2.041935721855051 0.0000000000(ý0000 5.496291325674293 0.000000000000000
2.041935721855051 0.000000000000000 5.496291325674293 -0.971616217288488
2.041935721855051 0.000000000000000 5,496291325674293 -1.943232434576989
2.041935721855051 0.000000000000000 4.122218493760798 2.914848651865470
2,041935721855051 0.000000000000000 4.122218493760798 1.943232434576980
2.041935721855051 0.000000000000000 4.122218493760798 0.971616217288494
2.041935721855051 0.000000000000000 4.122218493760798 0.000000000000000
2.041935721855051 0.000000000000000 4.122218493760798 -0.971616217288488
2,041935721855051 0.000000000000000 4.122218493760798 -1.943232434576989
2.041935721855051 0.000000000000000 4.122218493760798 -2.914848651865490
2.041935721855051 0.000000000000000 2.748145661847000 3.886464869 i 3960
2.041935721855051 0.000000000000000 2.748145661847000 2.914848651865470

C-2



2.041935721855051 0.000000000000000 2.748145661847000 1.943232434576980
2.041935721855051 0.000000000000000 2.748145661847000 0.971616217288494
2.041935721855051 0.000000000000000 2,748145661847000 0.000000000000000
2.041935721855051 0.000000000000000 2.748145661847000 -0.971616217288488
2.041935721855051 0.000000000000000 2.748145661847000 -1.943232434576989
2.041935721855051 0.000000000000000 2.748145661847000 -2.914848651865490
2.041935721855051 0.000000000000000 2.748145661847000 -3.886464869153968
2.041935721855051 0.000000000000000 1.374072829933361 3.886464869153960
2.041935721855051 0.000000000000000 1.374072829933361 2.914848651865470
2.041935721855051 0.000000000000000 1.374072829933361 1.943232434576980
2.041935721855051 0.000000000000000 1.374072829933361 0.971616217288494
2.041935721855051 0.000000000000000 1.374072829933361 0.000000000000000
2.041935721855051 0.000000000000000 1.374072829933361 -0.971616217288488
2.041935721855051 0.000000000000000 1.374072829933361 -1.943232434576989
2.041935721855051 0.000000000000000 1.374072829933361 -2.914848651865490
2.041935721855051 0,000000000000000 1.374072829933361 -3.886464869153968
2,041935721855051 0.000000000000000 -0.000000001980354 3.88646486915.,960
2.041935'721855051 0.000000000000000 -0.000000001980354 2.914848651865470
2.041935721855051 0.000000000000000 -0.000000001980354 1.943232434576980
2.041935721855051 0.000000000000000 -0.000000001980354 0.971616217288494
2.041935721855051 0.000000000000000 -0.000000001980354 0.000000000000000
2.041935721855051 0.000000000000000 -0.000000001980354 -0.971616217288488
2,041935721855051 0.000000000000000 -0.000000001980354 -1.943232434576989
2.041935721855051 0.000000000000000 -0.000000001980354 -2.914848651865490
2.041935721855051 0.000000000000000 -0.000000001980354 -3.886464869153968
2,041935721855051 0.000000000000000 -1.374072833894098 3.886464869153960
2.041935721855051 0.000000000000000 -1.374072833894098 2.914848651865470
2.041935721855051 0.000000000000000 -1.374072833894098 1.943232434576980
2.041935721855051 0.000000000000000 -1,374072833894098 0.971616217288494
2.041935721855051 0.000000000000000 -1.374072833894098 0.000000000000000
2.041935721855051 0.000000000000000 -1.374072833894098 -0.971616217288488
2.041935721855051 0.000000000000000 -1.374072833894098 -1.943232434576989
2.041935721855051 0.000000000000000 -1.374072833894098 -2.914848651865490
2.041935721855051 0.000000000000000 -1.374072833894098 -3.886464869153968
2.041935721855051 0.000000000000000 -2.748145665807706 3.886464869153960
2.041935721855051 0.000000000000000 -2.748145665807706 2.914848651865470
2.041935721855051 0.000000000000000 -2.748145665807706 1.943232434576980
2.041935721855051 0.000000000000000 -2.'748145665807706 0,971616217288494
2.041935721855051 0.000000000000000 -2.748145665807706 0.000000000000000
2.041935721855051 0.000000000000000 -2.748145665807706 -0.971616217288488
2.041935721855051 0.000000000000000 -2.748145665807706 -1.943232434576989
2.041935721855051 0.000000000000000 -2.748145665807706 -2.914848651865490
2.041935721855051 0,000000000000000 -2.748145665807706 -3.886464869153968
2.041935721855051 0.000000000000000 -4.122218497721514 2.914848651865470
2.041935721855051 0.000000000000000 -4.122218497721514 1.943232434576980
2.041935721855051 0.000000000000000 -4.122218497721514 0.971616217288494

0505 oVlfAW9C 72 1~O91 -c,14 0.0000' - '00-0
2.041035721855051 0.000000000000000 -4.122218497721514 -0.971616217288488
2.041935721855051 0.000000000000000 -4.122218497721514 -1.943232434576989
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2.041935721855051 0.000000000000000 -4.122218497721514 ..2.9148486518654-90
2.041935721855051 0.000000000000000 -5.496291329634936 1.943232434576980
2.041935721855051 0.000000000000000 -5.496291329634936 0.971616217288494
2.041935721855051 0,000000000000000 -5.496291329634936 0.000000000000000
2.041935721855051 0,000000000000000 -5.496291329634936 -0.971616217288488
2.041935721855051 0.000000000000000 -5.496291329634936 -1.943232434576989

Columns 5 thru 8
-1.943232433176658 3.446836257059080 5.230611059786413 3.936367260396866
-0.971616215888176 0.504617536635955 2.615305528008590 4.917106833871241
0.000000001.400324 -0.476122034953794 -0.000000003769260 5.244020024401139
0.971616218688818 0.504617542289836 -2.615305535547089 4.917106831986613
1.943232435977297 3.446836268366883 -5,230611067324960 3.936367256627601

-2,914848650465113 6.062141786009939 5.884437443673175 0.013408963672443
-1,943232433176658 1.158443916753478 3,922958294839821 1.647974920091261
-0.971616215888176 -1.783774803669663 1.961479146006446 2.628714493565631
0,000000001400324 -2.764514375259397 -0.000000002826945 2,955627684095551
0,971616218688818 -1.783774798015790 -1.961479151660318 2.6287144,91681012
1.943232435977297 1.158443928061275 -3.922958300493710 1.647974916321993
2.914848653265834 6.062141802971724 -5.884437449327113 0.013408158018519

-3.8864(-A867753603 11.292752846738686 5,230611061671043 -3.90954933305198.
-2.914848650465113 4.427575828648788 3.922958295782119 -1.621156993688691
-1.943232433176658 -0.476122040607658 2.615305529803222 0.013408962730129
-0.971616215888176 -3.418340761030794 1.307652764004300 0.994148536204503
0.0OU00000(1 1400324 -4.399080332620521 -0.000000001884630 1.32i061726734-423
0.971616218688818 -3.418340755376923 -1.307652767773548 0.994148534319876
1.943232435977297 -0.476122029299858 -2.615305533662487 0.013408958960863
2.914848653265834 4.427575845610566 -3.922958299551403 -1.621156999342614
3.886464870554231 11.292752869354363 -5.230611065440326 -3.909549340590578

-3.886464867753603 10.312013272322064 2.615305530835529 -4.890288907468674
-2.914848650465113 3.446836254232097 1.961479147891062 -2.601896568105388
-1.943232433176658 -1.456861615024353 1.307652764946615 -0.967330611686566
-0,971616215888176 -4.39908C335447478 0.653826382002150 0.013408961787815
0.00000P001400324 -5.379819907037209 -0,000000000942315 0.340322152317733
0.971616218688818 -4.3990803297935Y -0.653826383886776 0.013408959903188
1,943232435977297 -I.456861603716554 -1.307652766831243 -0.967330615455827
2.914848653265834 3.446836271193874 -1.961479149775709 -2.601896573759316
3.886464870554231 10.312013294937739 -2.615305532720172 -4.890288915007243

-3.880464867753603 9.985100080849746 0,000000000000000 -5.217202098940906
-2 "' 1.848650465113 3,119923062759871 0.000000000000000 -2.928809759577606
-1 ,',+.;232433176658 -1.783774806496584 0,000000000000000 -1,294243803158798
-0.971616215888176 -4.725993526919694 0.000000000000()00 -0.313504229684418
0.000000001400324 -5.706733098509479 0.000000000000000 0.013408960845499
0.971616218688818 -4.725993521265811 0.000000000000000 -0.313504231569044
1.943232435977297 -1.783774795188783 0,000000000000000 -1.294243806928062
2.914848653265834 3.119923079721642 0.000000000000001 -2.928809765231549
';.9(64(497( )542 1 9)98100103469458 0.000000000000001 -5-217202106479481

-3.88646486775360(3 10,312013272321952 -2.615305530935524 -4.890288907468678
-2.91484865(465113 3,446836254232103 -1.961479147891068 -2.601896568105386
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-1.943232433176658 -1.456861615024350 -1.307652764946609 -0.967330611686566
-0.971616215888176 ..4.399080335447479 -0.653826382002149 0.013408961787811
0.000000001400324 -5.379819907037211 0.000000000942315 0.340322152317727
0.971616218688818 -4.399080329793612 0.653826383886773 0.013408959903184
1.943232435077297 -1.456861603716556 1.307652766831237 -0.967330615455834
2.914848653265834 3.446836271193875 1.961479149775700 -2.601896573759307
3.886464870554231 10.312013294937655 2.615305532720154 -4,890288915007245

-3.886464867753603 11.292752846738674 -5.230611061671080 -3.909549333051972
-2.914848650465113 4.427575828648767 -3.922958295782125 -1.621156993688682
-1.943232433176658 -0.476122040607653 -2.615305529893211 0.013408962730134
-0.971616215888176 -3.418340761030785 -1.307652764004310 0.994148536204514
0.000000001400324 -4,399080332620537 0.000000001884630 1.321061726734422
0.971616218688818 -3.418340755376907 1.307652767773549 0.994148534319878
1.943232435977297 -0.476122029299855 2.615305533662480 0.013408958960868
2.914848653265834 4.427575845610568 3.922958299551413 -1.621156999342610
3.88(464870554231 11.292752869354430 5.230611065440360 -3.909549340590535

-2.914848650465113 6.062141786009926 -5.884437443673161 0.013408963672478
-1.943232433176658 1,158443916753512 -3.922958294839823 1.647974920091302
-0.971616; 15388176 -1.783774803669619 -1.961479146006444 2.628714493565659
0,0000G(,o]1400324 -2.764514375259351 0.000000002826945 2.955627684095602
0.971616218688818 -1.783774798015739 1.961479151660327 2.628714491681043
1.943232.435977297 1.158443928061310 3.922958300493755 1.647974916322028
2.914848653265834 6.062141802971710 5.884437449327119 0.013408958018552

-1.943232433176658 3.446836257059134 -5.230611059786441 3.936367260396930
-0.971616215888176 0.504617536635999 -2.615305528008587 4.917106833871282
0,000000001400324 -0.476122034953750 0.000000003769260 5.244020024401181
0.971616218688818 0.504617542289881 2.615305535547109 4.917106831986660
1.943232435977297 3.446836268366932 5.230611067324918 3.936367256627656
3.886464867753692 5.230611061671070 11.292752846738665 5.230611061671070
3.886464867753692 2.615305530835540 10.312013272322048 2.615305530835540
3.886464867753692 0.000000000000000 9.985100080849772 0.000000000000000
3.886464867753692 -2,615305530835524 10.312013272322039 -2.615305530835524
3.886464867753692 -5.230611061671079 11.292752846738670 -5.230611061671079
2 914848650465005 5.884437443673153 6.0621417860099.0 5.884437443673153
2.914848650465005 3.922950295702113 4.4271505`2 -A789 3.922958295782113
2.914848650465005 1.961479147891067 3.446836254' S8 1.961479147891067
2.914848650465005 0.000000000000000 3.1199230L2.. i875 0,000000000000000
2.914.848650465005 -1.961479147891056 3.446836254232083 -1.961479147891056
2,914848650465005 -3.922958295782125 4.427575828648798 -3,922958295782125
2.914848650465005 -5.884437443673186 6.062141786009962 -.5.884437443673186
1.943232433176696 5.230611059786439 3.446836257059100 5,230611059786439
1.943232433176696 3.922958294839821 1.158443916753477 3,922958294839821
1,943232433176696 2.615305529893205 -0.476122040607659 2.615305529893205
1.943232433176696 1.307652764946614 -1.456861615024353 1.307652764946614
1.943232433176696 0.000000000000000 -1.783774806496563 0.000000000000000
1.943232433176696 -1.307652764946606 -1.456861615024356 -1.307652764946606
1.94323243317669C -2.6C 15.3 r"5 5 2) 1,93 1)" Y -0I.1761 22040607(.534' --1.4 1 Iflo9893207

1,94-3232433176696 -3.922958294839844 1.158443916753513 .-3.922958294839844
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1.943232433176696 -5,230611059786466 3.446836257059148 -5.230611059786466
0.971616215888129 2.615305528008586 0.504617536635953 2.615305528008586
0.971616215888129 1.961479146006445 -1,783774803669651 1.961479146006445
0.971616215888129 1.307652764004303 -3.418340761030787 1.307652764004303
0.971616215888129 0.653826382009148 -4.399080335447494 0.653826382002148
0.971616215888129 0,000000000000000 -4.725993526919694 0.000000000000000
0.971616215888129 -0.653826382002144 -4.399080335447495 -0,653826382002144
0.971616215888129 -1.307652764004305 -3.418340761030784 -1,307652764004305
0.971616215888129 -1.961479146006456 -1.783774803669615 -1.961479146006456
0.971616215888129 -2.615305528008599 0.504617536635999 -2.615305528008599

-0.000000001400324 -0.000000003769260 -0.476122034953796 -0.000000003769260
-0.000000001400324 -0.000000002926945 -2.764514375259396 -0.000000002826945
-0.000000001400324 -0,000000001884630 -4.399080332620539 -0.000000001884630
-0.000000001400324 -0.000000000942315 -5.379819907037206 -0.000000000942315
-0.000000001400324 0.000000000000000 -5.706733098509472 0.000000000000000
-0.000000001400324 0.000000000942315 -5.379819907037209 0.000000000942315
-0.000000001400324 0.000000001884630 -4.399080332620529 0.000000001884630
-0,000000001400324 0.000000002826945 -2.764514375259359 0.000000002826945
-0.000000001400324 0.000000003769260 -0.476122034953751 0.000000003769260
-0.971616218688831 -2.615305535547096 0.504617542289835 -2.615305535547096
-0.971616218688831 -1.961479151660315 -1.783774798015779 -1.961479151660315
-0.971616218688831 -1.307652767773544 -3.418340755376923 -1.307652767773544
-0.971616218688831 -0.653826383886777 -4,399080329793624 -0.653826383886777
-0.971616218688831 0.000000000000000 -4.725993521265830 0.000000000000000
-0,971616218688831 0.653826383886773 -4.399080329793628 0.653826383886773
-0.971616218688931 1.307652767773546 -3.418340755376918 1.307652767773546
-0.971616218688831 1.961479151660328 -1.783774798015743 1.961479151660328
-0.971616218688831 2.615305535547105 0.504617542289879 2.615305535547105
-1.943232435977316 -5.230611067324944 3.446836268366874 -5.230611067324944
-1.943232435977316 -3.922958300493710 1.158443928061273 -3.922958300493710
-1,943232435977316 -2.615305533662479 -0,476122029299860 -2.615305533662479
-1.943232435977316 -1.307652766831245 -1.456861603716554 -1.30765276683124.5
-1.943232435977316 0.000000000000000 -1.783774795188774 0.000000000000000
-1,943232435977316 1.30'7652766831237 -1,456861603716558 1.307652766831237
-1.943232435977316 2.615305533662482 -0.476122029299854 2.615305533662482
-1.943232435977316 3.922958300493731 1.158443928061310 3.922958300493731
-1.943232435977316 5,230611067324962 3,446836268366915 5.230611067324962
-2.9143486.53265941 -5.884437449327087 6.062141802971684 -5.884437449327087
-2.914848653265941 -3.922958299551405 4.427575845610580 -3.922958299551405
-2.914848653265941 -1.961479149775707 3.446836271193888 -1.961479149775707
-2.914848653265941 0.000000000000000 3.119923079721656 0.000000000000000
-2.914848653265941 1.961479149775691 3.446836271193888; 1.961479149775691
-2.914848653265941 3.922958299551415 4.427575845610582 3.922958299551415
-2.914848653265941 5.884437449327118 6.062141802971720 5.884437449327118
-3.880464870554244 -5.230611065440353 11.292752869354432 -5,230611065440353
-3.886464870554244 -2.615305532720168 10.312013294937698 -2,61305 5S927201168
-3.8864(4870554244 0.000000000000000 9.985100103465401 0.000000000000000
-3.8864(4870554244 2.615305532720153 10.312013294937689 2.615305532720153
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-3.886464870554244 5.230611065440357 11.292752869354445 5.230611065440357
Columns 9 thru 12

-5,230611059786413 5.591061857732818 4.400605111548550 6,438863177073491
-2.615305528008590 1.590603866868249 3.336318680788719 -0.377233592457184
0,000000003769260 -0.000000001675601 -0.000000005389958 -2.649265844601393
2.615305535547089 -1.590603873692596 -3.336318688294167 -0.377233579359113
5,230611067324960 -5.591061874976676 -4.400605109230389 6.438863203269694

-5.884437443673175 5.976738660485351 0.920827028196673 9.373211895279704
-3.922958294839821 -0.031931098400853 4.400605111548550 0.853090930091952
-1.961479146006446 -1.220892609172569 3.336318680788719 -4.258981647056023
0.000000002826945 0.000000002376416 -J.000000005389958 -5.963005836164207
1.961479151660318 1.220892610452249 -3.336318688294167 -4.258981637232498
3.922958300493710 0.031931089261040 -4.400605109230389 0.853090949739127
5.884437449327113 -5.976738686991079 -0.920827009505755 9.373211924750601

-5.230611061671043 11.182123710194826 -9.375047827960390 12.307560616760611
-3.922958295782119 -0.047896651104931 0.920827028196673 4.355447714608811
-2.615305529893222 -4.048354638496280 4.400605111548550 -1.324632928849707
-1.307652764004300 -3.229104377773150 3.336318680788719 -4.732681313615056
0.000000001884630 0.000000005270714 -0.000000005389958 -5.868697439687165
1.307652767773548 3.22910438484-1409 -3.336318688294167 -4.732681307066015
2.615305533662487 4.048354635145064 -4.400605109230389 -1.324632915751588
3.922958299551403 0.047896630387819 -0.920827009505755 4.355447734256078
5.230611065440326 -11.182123755224223 9.375047869573013 12.307560642956958

-2.615305530835529 6.362415460343713 -9.375047827960390 5.58577224370,7031
-1.961479147891062 -3.662677838059136 0,920827028196673 1.609715792631099
-1.307652764946615 -6.458208762553568 4.400605111548550 -1.230324529098167
-0.653826382002150 -4.434031438933495 3.336318680788719 -2.934348721480840
0,000000000942315 0.000000007007293 -0.000000005389958 -3.502356784516900
0.653826383886776 4.434031449474911 -3.336318688294167 -2.934348718206315
1.307652766831243 6.458208762675530 .4.400605109230389 -1.230324522549108
1.961479149775709 3.662677820815198 -0,920827009505755 1.609715802454730
2.615305532720172 -6.362415501899911 9,375047869573013 5.585772256805193
0.000000000000000 4.755846043726650 -9.375047827960390 0.000000000000000
0.000000000000000 -4.867604900377219 0,920827028196673 0.000000000001 000
0.000000000000000 -7.261493470572672 4,400605111548550 0.000000000000000
0.000000000000000 -4.835673792653617 3,336318680788719 0.000000000000000
0.000000000000000 0.000000007586152 -0.000"005389958 0.000000000000001
0.000000000000000 4.835673804352725 -3.336318688294167 0.000000000000000
0.000O0000000000 7.261493471852331 -4,400605109230389 0.000000000000000

-0.000000000000001 4.867604884290994 -0.920827009505755 0.000000000000000
-0.000000000000001 -4.755846084125126 9,375047869573013 0.000000000000000
2.615305530835524 6.362415460343690 -9,375047827960390 -5.585772243706958
1.961479147891068 -3.662677838059147 0,920827028 196673 -1.609715792631084
1.307652764946609 -6.458208762553562 4,400605111548550 1.230324529098167
0.653826382002149 -4.434031438933516 3.336318680788719 2.934348'721480817

-0.000000000942315 0.000000007007293 -0.000000005389958 3.502356784516916
-0.653826383886773 4.434031449474923 -3.3363i8688294i67 2.934348718206305
-1.307652766831237 6.458208762675532 -4.400605109230389 1.230324522549104
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-1.961479149775700 3.662677820815214 -0.920827009505755 -1.609715802454724
-2.615305532720154 -6.362415501899849 9.375047869573013 -5.585772256805173
5.230611061671080 11.182123710194871 -9.375047827960390 -12.307560616760650
3.922958295782125 -0.047896651104911 0.920827028196673 4.355447714608834
2.615305529893211 -4.048354638496264 4,400605111548550 1.324632928849702
1.307652764004310 -3.229104377773146 3.336318680788719 4.732681313615061

-0.000000001884630 0.000000005270714 -0.00000X005389958 5.868697439687149
-1.307652767773549 3.229104384841387 -3.336318688294167 4.732681307066032
-2.615305533662480 4.048354635145056 -4.400605109230389 1.324632915751589
-3.922958299551413 0.047896630387801 -0.920827009505755 -4.355447734256090
-5.23061106.5440360 -11.182123755224255 9.375047869573013 -12.307560642956988
5,884437443673161 5.976738660485495 0.920827028196673 -9.373211895279818
3.922.958294839823 -0.031931098400766 4.400605111548550 -0.853090930092020
1.961479146006444 -1.220892609172530 3,336318680788719 4.258981647055990

-0.000000002P26945 0.000000002376416 -0,000000005389958 5.963005836164176
-1.961479151660327 1.220892610452204 -3.336318688294167 4.258981637232458
-3.922958300493755 0.031931089260955 -4,400605109230389 -0.853090949739189
-5,884437449327119 -5.976738686991194 -0.920827009505755 -9.373211924750715
5.230611059786441 5.591061857732927 4.400605111548550 -6.438863177073618
2.615305528008587 1.590603866868294 3.336318680788719 0.377233592457081

-0.000000003769260 -0,000000001675601 -0,000000005389958 2.649265844601290
-2.615305535547109 -1,590603873692648 -3.336318688294167 0.377233579359009
-5.230611067324918 -5,591061874976747 -4.400605109230389 -6.438863203269836
3.909549333051991 11.182123710194903 9.375047827960220 12.307560616760611
4.890288907468671 6.362415460343731 9,375047827960220 5.585772243707000
5.217202098940930 4.755846043726661 9.375047827960220 0.000000000000000
4.890288907468674 6.362415460343710 9.375047827960220 -5.585772243706966
3.909549333051983 11,182123710194938 9.375047827960220 -12.307560616760655

-0.013408963672444 5.976738660485350 -0.920827028196690 9.373211895279697
1.621156993688683 -0.047896651104934 -0.9208Z7028196690 4.355447714608801
2.601896568105386 -3.662677838059122 -0.920827028196690 1.609715792631100
2,928809759577604 -4.867604900377210 -0.920827028196690 0.000000000000000
2.601896568105390 -3.662677838059138 -0.920827028196690 -1.609715792631087
1.621156993688678 -0.047896651104912 -0.920827028196690 -4.355447714608816

-0.013408963672478 5.976738660485478 -0.920827028196690 -9.373211895279809
-3.93636720.)396866 5.591061857732820 -4.400605111548589 6.438863177073475
-1.647974920091264 -0.031931098400854 -4.400605111548589 0.853090930091954
-0.013408962730128 -4.048354638496292 -4.40060.5111548589 -1.324632928849709
0.967330611686562 -6.458208762553580 -4.400605111548589 -1.230324529098170
1.294243803158804 -7.261493470572697 -4.400605111548589 0.000000000000000
0-967330611686566 -6.458208762553590 -4.400605111548589 1.230324529098167

-0.0 i3408962730133 -4.048354638496280 -4.400605111548589 1.324632928849706
-1.647974920091299 -0.031931098400769 -4.400605111548589 -0.853090930092019
-3.936367260396912 5.591061857732930 -4.400605111548589 -6.438863177073619
-4.917106833871242 1.590603866868251 -3.336318680788636 -0.377233592457186
-2.628714493565631 -1.220892609172574 -3.336318680788636 -4.258981647056038
-0.994146536204504 -3.229104377773160 -3.336318680788636 -4.732681313615068
-0.013408961787815 -4.434031438933489 -3.336318680788636 -2.934348721480847
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0.313504229684419 -4.835673792653603 -3.336318680788636 0,000000000000000
-0,013408961787811 -4.434031438933494 -3.336318680788636 2.934348721480833
-0.994148536204511 -3.229104377773156 -3.336318680788636 4.732681313615073
-2.628714493565663 -1.220892609172533 -3.336318680788636 4.258981647056000
-4.917106833871282 1.590603866868302 -3.336318680788636 0.377233592457081
-5.244020024401139 -0.000000001675601 0.000000005389956 -2.649265844601388
-2.955627684095545 0.000000002376416 0.000000005389956 -5.963005836164180
-1,321061726734421 0.000000005270714 0.000000005389956 -5.868697439687161
-0.340322152317733 0.000000007007293 0.000000005389956 -3.502356784516897
-0.013408960845499 0.000000007586152 0.000000005389956 0.000000000000000
-0.340322152317730 0.000000007007292 0.000000005389956 3.502356784516881
-1.321061726734427 0.000000005270714 0.000000005389956 5.868697439687167
-2.955627684095581 0.000000002376417 0.000000005389956 5.963005836164152
-5.244020024401188 -0.000000001675601 0.000000005389956 2.649265844601293
-4.917106831986613 -1.590603873692591 3.336318688294047 -0.377233579359116
-2.628714491681017 1.220892610452241 3.336318688294047 -4.258981637232488
-0.994148534319880 3.229104384841399 3.336318688294047 -4.732681307066017
-0.013408959903188 4.434031449474892 3.336318688294047 -2.934348718206321
0.3135G4231569045 4.835673804352727 3.336318688294047 0.000000000000000

-0.013408959903184 4.434031449474892 3.336318688294047 2.934348718206309
-0.994148534319884 3.229104384841393 3.336318688294047 4.732681307066017
-2.628714491681044 1.220892610452199 3.336318688294047 4.258981637232447
-4.917106831986660 -1.590603873692647 3.336318688294047 0.377233579359009
-3.936367256627580 -5.591061874976657 4.400605109230395 6.438863203269701
-1.647974916321992 0.031931089261044 4.400605109230395 0.853090949739123
-0.013408958960862 4.048354635145078 4.400605109230395 -1.324632915751590
0.967330615455827 6.458208762675508 4,400605109230395 -1.230324522549111
1.294243806928048 7.261493471852331 4.400605109230395 0.000000000000000
0.967330615455830 6.458208762675518 4,400605109230395 1.230324522549106

-0.013408958960868 4.048354635145064 4.400605109230395 1.324632915751586
-1.647974916322025 0.031931089260960 4.400605109230395 -0.853090949739184
-3.936367256627627 -5.591061874976771 4.400605109230395 -6.438863203269841
-0,013408958018520 -5.976738686991073 0.920827009505755 9.373211924750606
1.621156999342617 0.047896630387815 0.920827009505755 4.355447734256055
2.601896573759300 3.662677820815193 0.920827009505755 1.609715802454732
2.928809765231547 4.867604884290992 0.920827009505755 0.000000000000000
2.601896573759302 3.662677820815207 0,920827009505755 -1.609715802454719
1.621156999342612 0.047896630387796 0,920827009505755 -4.355447734256073

-0.013408958018553 -5.976738686991204 0,920827009505755 -9.373211924750720
3.909549340590552 -11.182123755224215 -9.375047869572718 12.307560642956972
4.890288915007244 -6.362415501899870 -9.375047869572718 5.585772256805186
5.217202106479486 -4.755840084125112 -9.375047869572718 0.000000000000000
4.890288915007245 -6.362415501899845 -9.375047869572718 -5.585772256805152
3.909549340590547 -11,182123755224239 -9.375047869572718 -12,307560642956993
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Columns 13 thru 14
-8.354082865199837 1.561284022178192
-4.461045461240316 4.969332406948914
0.000000006574786 6.105348533022815
4.461045473571248 4.969332400399862
8.354082875074887 1.561284009080078

-5.147019464415578 -5.077125692326625
-4.378026415345557 -0.817065209726076
-2.473017237745784 1.738971078851965
0.000000003709578 2.590983173407394
2.473017244346303 1.738971073940186
4.378026419490211 -0.817065219549665
5.147019464467047 -5.077125707062106
1.468092324413839 -8.307487020423677

-0.886958981405641 -4.331430569341459
-1.537986094021138 -1.491390247607720
-1.052997078106861 0.212633944777643
0.000000001663000 0.780642007814595
1.052997080614222 0.212633941503125
1.537986094072612 -1.491390254156780
0.886958977363938 -4.331430579165100

-1.468092334186006 -8.307487033521861
4.876140711231139 -4.437747542548953
1.669077308400342 -2.449719317007844
0,166038098773543 -1.029699156140968

-0.200984982323491 -0.177687059948282
0.000000000435054 0.106316971570193
0.200984982374967 -0.177687061585542

-0,166038101177963 -1.029699159415500
-1.669077314897954 -2.449719321919666
-4.876140723459206 -4.437747549098058
6,012156840170259 0.000000000000000
2.521089405002346 0.000000000000000
0.734046163038441 0.0000000000 00
0.083019049604301 0.000000000000000
0.000000000025738 0.000000000000000

-0.083019050371454 0.000000000000000
-0.734046166261493 0.000000000000000
-2.521089412318601 0.000000000000000
-6.012156853216944 0.000000000000000
4.876140711231161 4.437747542548929
1.669077308400350 2.449719317007834
0.166038098773550 1.029699156140964

-0.200984982323487 0.177687059948283
0.000000000435054 -0.106316971570192
0.200984982374963 0.177687061585542

-0.166038101177971 1.029699159415490
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-1.669077314897962 2.449719321919642
-4.876140723459220 4.437747549098033
1.468092324413828 8.307487020423691

-0.886958981405654 4.331430569341463
-1.537986094021138 1.491390247607715
-1.052997078106857 -C.212633944777647
0.000000001663000 -0.780642007814596
1.052997080614226 -0.212633941503129
1.537986094072624 1.491390254156779
0.886958977363946 4.331430579165094

-1.468092334185980 8.307487033521852
-5.147019464415663 5.077125692326695
-4.378026415345641 0.817065209726050
-2.473017237745829 -1.738971078852007
0,000000003709578 -2.590983173407424
2.473017244346341 -1.738971073940227
4.378026419490284 0.817065219549638
5.147019464467132 5.077125707062133

-8,354082865199921 -.1.561284022178250
-4.461045461240332 -4.969332406948987
0,000000006574786 -6,105348533022861
4,461045473571272 -4.969332400399948
8.354082875074990 -1.561284009080143
1.468092324413839 8.307487020423682
4.876140711231124 4.437747542548951
6.012156840170239 0.000000000000000
4.876140711231141 -4.437747542548929
1.468092324413821 -8.307487020423693

-5.147019464415581 5.077125692326697
-0.886958981405641 4.331430569341466
1.669077308400342 2.449719317007846
2.521089405002347 0.000000000000000
1.669077308400350 -2.449719317007833

-0.886958981405655 -4.331430569341475
-5.147019464415669 -5.077125692326693
-8.354082865199828 -1.561284022178192
-4.378026415345587 0.817065209726074
-1.537986094021125 1.491390247607714
0.166038098773544 1.029699156140970
0.734046163038439 0.0000(X)O00000000
0.166038098773551 -.1.029699156140967

-1.537986094021134 -1.491390247607714
-4.378026415345643 -0.817065209726050
-8.354082865199929 1.561284022178249
-4.461045461240309 -4.969332406948899
-2.473017237745789 -1.738971078851964
-1.052997078106856 -0.212633944777643
-0.200984982323491 0.177687059948282
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0.083019049604301 0.000000000000000
-0.200984982323488 -0.177687059948282
-1.052997078106861 0.212633944777647
-2.473017237745818 1.738971078852005
-A.461045461240350 4.969332406948968
0.000000006574'786 -6.105348533022778
0.000000003709577 -2.590983173407376
0.000000001663000 -0.780642007814596
0.000000000435054 -0.106316971570193
0.000000000025738 0.000000000000000
0.000000000435054 0.106316971570192
0.000000001663000 0.780642007814600
0.000000003709578 2.590983173407425
0.000000006574786 6.105348533022863
4.461045473571221 -4.969332400399865
2.473017244346305 -1.738971073940184
1.052997080614221 -0.212633941503124
0.200984982374966 0.177687061585542

-0.083019050371454 0.000000000000000
0.200984982374963 -0.177687061585542
1.052997080614226 0.212633941503128
2.473017244346337 1.738971073940227
4.461045473571267 4.969332400399932
8.354082875074887 -1.561284009080079
4.378026419490227 0.817065219549660
1.537986094072614 1.491390254156775

-0.166038101177964 1.02969915941540)
-0.734046166261493 0.000000000000000
-0.166038101177971 -1.029699159415494
1.537986094072624 -1.491390254156774
4.378026419490286 -0.817065219549637
8.354082875074967 1.561284009080139
5.147019464467027 5.077125707062133
0.886958977363937 4.331430579165083

-1.669077314897952 2,449719321919660
-2.521089412318598 0.000000000000000
-1.669077314897960 -2.449719321919645
0.886958977363952 -4.331430579165087
5.147019464467117 -5.077125707062132

-1.468092334186004 8.307487033521820
-4.876140723459240 4,437747549098026
-6.012156853216958 0.000000000000000
-4.876140723459253 -4.437747549098004
-1.468092334185987 -8.307487033521829
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Appendix D. Optimal Controller Gain Matrix

This appendix provides the elements of the optimal controller steady-state gain matrix, Ge",

used in this research. G," premultiplies the Kalman filter state estimate to generate the optimal

control voltage to apply to the deformable minor actuators. G,* has dimensions 97 x 28.

Columns I thru 4
0.339258247919758 0.130244421813319 0.370583390863166 0.314474151321678
0.999960664585836 0.189619794128763 0.909575854870053 0.451280708081004
1.232289787422465 -0.000032549855010 1.061588016203898 0.000019672507300
0.999972007829858 -0.189660239277984 0.909606990563429 -0.451273580395381
0.338937472555964 -0.130002399249115 0.370219076330197 -0.314007681003168
0.996521655546898 0.752823260269258 0.995911150616209 1.391288591641871
1.917253597983644 0.939189973733048 1.274064345297248 1.774436408918833
2.023192606177944 0.484715519455123 0.822534917180600 0.901717186320969
1.968113833031372 -0.000047661529629 0.594980381648395 0.000067095393288
2.023245674240074 -0.484790899899605 0.822529647847116 -0.901634781705149
1.917303593457313 -0.939200768898203 1.274127888606638 -1.774495117897197
0.996520665426280 -0.752788458673974 0.996010410200767 -1.391402898053652
0.729136886044108 1.028894156937397 0.995911150616202 1.391288591641527
1.481158025364800 1.529274180159296 0.909569853293850 2.085620601573523
1.230471165637522 0.823185765904822 -0.268525985327608 0.982332943092106
1.048078041875218 0.343186225281348 -0.775302931555626 0.345468599319955
1.011359316062551 -0.000005725339577 -0.883333778995705 0.000037452457279
1.048134971249576 -0.343203847405432 -0.775389280112075 -0.345391701603417
1.230549261115302 -0,823207451393587 -0.268621338296578 -0.982280700863035
1.481177893357645 -1.529256251562521 0.909620102120099 -2.085688007469848
0.729102587471884 -1.028860724969281 0.996016887194381 -1.391376514225568
0.126146490362058 0,350279220763050 0.370583390862662 0.314474151321442
0.909639870327800 1,979536534256512 1.274064345297307 1.774436408919401
0.797285548501973 1,270443633165433 -0.268525985327516 0.982332943092218
0.627201416018589 0.647576365820464 -1.030964405261619 0.375339144916594
0.549937599768340 0.277321619971590 -1.259964359774148 0.122221819164016
0.524198018612319 0.000022292565717 -1.306795426827538 -0.000015068524321
0.549970721000512 -0.277296441430972 -1.260038569926717 -0.122222176905982
0.627250014312483 -0.647598002480591 -1.031075435902693 -0.375269765069312
0.797310283090181 -1.270501505793439 -0.268588747845387 -0,982221515924218
0.909592291977047 -1.979561849773617 1.274152746492531 -1.774406138637332
0.12613164(808892 -0.350275951860706 0.370611221404271 -0.314482629108538
0.183653711994539 1.032444883896145 0.909575854869943 0.451280708081440
0.469464724491668 2.088917023797523 0.822534917180347 0.901717186320315
0.332383422145302 1.082125378100562 -0.775302931555385 0.3434685993i9946
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0.268596140809759 0.567802596087029 -1.259964359774181 0.122221819163956
0.229974175819561 0.237445001247098 -1.374875518008038 0.028353424616996
0.217100230452356 0.000030992101424 -1.383653233193210 -0.000047076611708
0.229970427103577 -0.237407974492965 -1.374892994284507 -0.028404746217842
0.268587559645854 -0,567829037183226 -1.259991317356199 -0.122164246107551
0.332372906066985 -1,()82219615390883 -0.775323510126011 -0.345294803767021
0.469434301011418 -2,089016079267397 0.822556341555813 -0.901536509797992
0.183642076085002 -1.032459710673198 0.909592559596987 -0.451250860241505

-0.000031525725767 1,272321333788876 1.061588016204173 0.000019672507380
-0.000046161936581 2.032048989322500 0.594980381648505 0.000067095393389
-0.000005545201828 1.044213826224591 -0.883333778995802 0.000037452457299
0.000021591165449 0.541226851839984 -1.306795426827506 -0.000015068524353
0.000030016984597 0.224152839363874 -1.383653233193283 -0.000047076611695
0.000017550702044 0.000018120845264 -1.379717358399179 -0.000038510670761

-0.000011375987431 -0,224139443929528 -1.383598622046661 0.000011090173423
-0.000045718117864 -0.541270590633853 -1.306707604185751 0.000082586499167
-0.000067817448666 -1,044314773617413 -0.883255544196038 0.000137238591412
-0.000046571415842 -2.032138831876334 0.594969839107561 0.000102504116100
0.000002959748384 -1.272323852076924 1.061534509229493 -0.000003649885048

-0.183692884601172 1.032456595632342 0.909606990563455 -0.451273580396200
-0.469537733211258 2.088971815802730 0.822529647847017 -0.901634781704980
-0.332405489819264 1.082184156853773 -0.775389280112073 -0.345391701603393
-0.268571754472410 0.567836793277904 -1,260038569926814 -0.122222176906070
-0.229938314052793 0.237441130751548 -1.374892994284505 -0.028404746217869
-0.217087256483459 -0,000011745541980 -1,383598622046694 0.000011090173433
-0.230005840720726 -0.237477694797706 -1.374780336798526 0.028451315618942
-0.268674770726880 -0.567901171699044 -1.259864049265320 0.122322313238191
-0.332480196184952 -1.082257120619768 -0.775254065606369 0.345516187828225
-0.469456676685459 -2.088947499372331 0.822424513113941 0.901606949682281
-0.183610841861463 -1.032405507089655 0.909486549924083 0.451195188068814
-0.125912082648130 0.349948024851724 0.370219076330255 -0.314007681003513
-0.909650325840932 1.979588153860965 1.274127888606599 -1.774495117896941
-0.797306551692227 1.2705242656133i6 -0.268621338296514 -0.982280700863021
-0.627222371915801 0.647626542852836 -1.031075435902659 -0.375269765069334
-0,549963208937392 0.277312760043143 -1.259991317356149 -0.122164246107558
-0.524240381234456 -0.000047203293338 -1.306707604185533 0.000082586499185
-0,550033073857475 -0.277402804218950 -1,25986404.9265353 0.122322313238183
-0.627313504266851 -0.647692095309536 -1.030901088685571 0.375386914379231
-0.797070311787122 -1.270160824317585 -0.268977303244165 0,981747952475765
-0.909437250709204 -1.979376629236132 1.273819953830245 1.774139281513326
-0.126095011738471 -0.350233670574856 0.370531220540692 0.314414693968178
-0.729103179425135 1.028893134655140 0.996010410200545 -1.391402898053682
-1.481140660862826 1.529294693575316 0.909620102120127 -2.085688007469812
-1.230527217396081 0.823211304007648 -0.268588747845415 -0.982221515924273
-1.048169314139251 0,343170205153960 -0.775323510126053 -0.345294803766905
-1.011457087306163 -0.000070020531867 -0.9X1255544196091 0.000137238591400
-1.048205639327663 -0.343280980644143 -0.775254065606535 0.345516187828131
-1.230197254916766 -0.822963537116936 -0.268977303244344 0.981747952475729
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-1.481644132287273 -1.529776078507216 0,910291302390653 2.086499124326871
-0.728912275493536 -1.028679347302836 0.995707432829698 1.391033290629153
-0.996489275461331 0.752787847492683 0.996016887194317 -1.391376514225516
-1.917278116988975 0.939140849775398 1.274152746492680 -1.774406138637470
-2.023288545025977 0.484684107652152 0.822556341555824 -0.901536509797963
-1.968200848832830 -0.000048084312655 0.594969839107498 0.000102504116052
-2.023222122887610 -0.484707210213403 0.822424513113835 0.901606949682319
-1.917098724117968 -0.938980771915973 1.273819953830546 1.774139281513476
-0.996313604551249 -0.752591353134774 0.995707432829725 1.391033290629162
-0.339255081868596 0.130229096060472 0.370611221404263 -0.314482629108522
-0.999975024862247 0.189607780221487 0.909592559596926 -0.451250860241574
-1.232292226477108 0.000003055895881 1.061534509229551 -0,000003649885110
-0.999922526707279 -0.189575531340817 0.909486549924101 0.451195188068794
-0.339214130895313 -0,130191270882144 0.370531220540786 0.314414693968221

Columns 5 thru 8
0.392674428395098 0.181689482723812 0.445782934443492 0.379219291989418
1.270437274810795 0.216730914257002 1.093142468532478 0.607793316420320
1.618556502980760 -0.000048089799547 1.272079588612113 -0.000037289278403
1.270445669658173 -0.216790530002738 1.093152111399541 -0.607844075878943
0.392510778748874 -0.181361910105178 0.445368508883415 -0.378807716534256
0.473422230396328 0.820497465851682 1.033521373501817 1.250527910191491
1.527797600799846 0.674708440805888 1.356816247847528 2.128648868848440
1.897406337999417 0.155331313309422 0.745656611657904 1.332576082478851
1.894720909737190 -0.000070061388153 0.413554084747666 -0.000045726206220
1.897423111274789 -0.155442369048966 0.745722161486370 -1.332655039389444
1.527829632689093 -0.674724014328523 1.356871836597938 -2.128680930908232
0.473446522767382 -0.820444794650838 1.033511747109098 -1.250515124799040

-0.473422230395929 1.125835899488472 0.753219601762.129 0.4448316(4234859
-0.000000000000319 0.773959753195507 0.710497815460950 1.467942123415542
0.4-26251870616875 -0.450101491395121 -0.578140899581154 1.252004462303234
0.425050671590548 -0.514793248060297 -1.356392890492311 0.665895016416246
0.413446898395366 -0.000007768161520 -1.581256327417492 0.000001984814809
0.425055162744116 0.514767124586931 -1.356312010303667 -0.665899125018196
0.426265951763673 0.450066626051993 -0.578030763796296 -1.252022347856223
0.000031605172913 -0.773934944182912 0.710524507831155 -1.467944376403298

-0.473401259844410 -1.125784617023821 0.753171603667317 -0.444817959246932
-0.392674428394805 0.485600437342902 0.166791593536604 -0.191508370095188
-1.527797600799843 1.478007596170653 0.619384750492823 -0.451626806108037
-0.426251870616755 -0.629780666746446 -0.413194775383528 0.238637772798850
0.000000000000057 -1.341483673986137 -1.231486800081915 0.425174920941875
0.047930801622824 -0.926923739866534 -1.686483899274075 0.294943895995406
0.033945230867114 0,000033955041162 -1.838127462457112 0,000026436570708
0,047927691651356 0.926960914268058 -1.686433789825605 -0.294909130105789

-0,000003191646003 1.341446989608428 -1.231412009219657 -0.425185048971646
-U.4262416"/u8 i.)q9/ u.o296o90(/004-70i -0.4 131 ý 19Y1/0927 -U.23868916914)976
-1.527779474985068 -1.478044804144494 0.619324793929892 0.451589067808268
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-0.392670607436973 -0.485594068098986 0.166771673630640 0.191507607495916
-1.270437274810658 1.190782373624827 0.198959752736308 -0.952364519670182
-1.897406337999772 0.812258946576983 0.142594699948434 -1.536255301834562
-0.425050671590395 -1.477546424355588 -0.472582038866004 -0.443505259005540
-0.047930801622747 -1.837121288809020 -0.85091930111 o149 -0.022046827302043
-0.000000000000055 -1.174726632674371 - 1.078403241049088 0.071341946496632
-0.013987136895087 0.000047241979932 -1.154230070331721 0.000030005203923
-0.030008011119391 1.174781913706608 -1.078405609664129 -0.071303428947552
-0.047944201013822 1.837077309208128 -0.850926287574681 0.022030294037194
-0.425064231465815 1.477398112844155 -0.472598052368114 0.443428389494022
-1.897410161732496 -0.812407499736397 0.142556063160700 1.536167225754191
-1.270435142617161 -1.190800077941301 0.198943691845945 0.952348622633847
-1.618556502980845 1.385702225988507 -0.000044146607649 -1.354412593437994
-1.394720909737359 0.450492894426980 -0.000064316604017 -1.879617277248085
-0.413446898395299 -1.722494749820717 -0.000007131199888 .0.668397859749593
-0.033945230866977 -2.002309713291116 0.000031170849050 -0.171098282532854
0.013987136895054 -1.257326343467762 0.000043368306225 -0.003187925148811

-0.000000000000042 0.000028662248971 0.000026312046860 0,000013999312270
0.013977356909453 1.257347647463065 -0.000014071143521 0.003197631103250

-0.033962573446151 2.002241303995592 -0.000062778537040 0.171062538278103
-0.413467368779192 1.722337979067200 -0.000095731459790 0.668317791131018
-1.894737365457102 -0.450625788130129 -0.000071072483797 1.879551569327561
-1.618560154138322 -1,385699020748606 -0.000000762063604 1.354416091611660
-1.270445669657686 1.190792877795803 -0.199014480203390 -0.952381372505776
-1.897423111274925 0.812330351342281 -0. i42696649513380 -1.536239447553934
-0.425055162744033 -1.477458319917793 0.472558057424392 -0.443438680637902
-0.047927691651298 -1.837066703565357 0.850953427349652 -0.021994325358445
0.000008011119230 -1.174729212854659 1.07845398923,'333 0.071349746348461

-0.013977356909569 -0.000015327983299 1.154249627475390 -0.000015762818953
-0.000000000000076 1.174677368559422 1.078358016415817 -0.071389778626852
-0.047941901947709 1,836969642456133 0.850805590006446 0.021938200937276
-0.425071952967385 1.477346675724878 0.4724461998403-55 0.443386919071563
-1.897436240384151 -0.812287249477035 -0.142597530223681 1.536288078393620
-1.270448518340752 -1.190709053940363 -0.198906888715417 0.952438184703034
-0.392510778748655 0.485148995132470 -0.166490880703394 -0.191672248424820
-1.527829632688907 1.478068150130546 -0.619399053041469 -0.451649322042273
-0.426265951763635 -0.629660693590710 0.413162768874335 0.238718617597745
0.000003191646082 -1.341402202775005 1.231453123692610 0.425254721103758
0.047944201013858 -0.926931350357877 1.686443525843608 0.294954967004205
0.033962573446155 -0.00006g385939932 1.838064662479950 -0.000048953194729
0.047941901947820 0.926799872036794 1.686344687380709 -0.295045008179177
0.00000000000006-4 1.341304953267616 1.2313i2733824615 -0.42531173868860)

-0.426096741309639 0.630157724013819 0.413459773756031 -0.230526236097188
-1.527823954014648 -1.477740820717424 -0 619111259700105 0.451871217573740
-0,392679242583213 -0.483524735039061 .-0. 166721736330203 0.191573581057983
-0.473446522767558 1.125825413262928 -0.753171249412825 0.444778104501451
-0.000011605131130 ().773QRRoQ73819g -0 710475040698802 1 .167931073974167
0.42624767081066") -0.4500_14805547736 0.578055803681092 1.2)20547'72381855
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0.425064231465794 -0.514810691894435 1.356256739995378 0.665900384527881
0.413467368779016 -0.000104282230404 1.581112411306572 -0.000070734104918
0.425071952967412 0.514645275841066 1.356209520536194 -0.666011183318799
0.426096741309825 0.450390159524216 0.578487039498429 -1.251630753914165

-0,000000000000004 -0.774600741338373 -0.711086244863531 -1.468403954424745
-0.473430155450606 -1.125499434148806 -0.752901858149583 -0.444569254047077
0.473401259844205 0.820445180548336 -1.033474296016326 1.250467893767728
1.527779474985092 0.674643122364580 -1.356850404899831 2,128598682868911
1.897410161732730 0.155289225468996 -0.745792983988368 1.332554686708402
1.894737365456804 -0.000077420705465 -0.413676081641542 -0.000057192483221
1,897436240383990 -0.155334396386229 -0.745682593821316 -1.332598450083113
1.527823954014760 -0.674410515175446 -1.356571347029142 -2.128462584936687
0.473430155450540 -0.820151341257369 -1.033212497119263 -1.250286239367583
0.392670607436985 0.181667783564503 -0.445777087454856 0.379201780645799
1.270435142617247 0.216713418801736 -1.093158721158330 0.607780197497646
1,618560154138468 -0.000000830131608 -1.272076646190624 -0.000007094800315
1.270448518340631 -0.216673328401819 -1,093075160800813 -0.607765239259898
0.392679242583174 -0.181613385845328 -0.445713439458465 -0.379170817738438

Columns 9 thru 12
0.184921519419597 0.474430507466180 0.434087886172966 0.354344374962234
0.919608338432117 0.965582586892291 1.165105266467606 0,413310713513985
1.307828136052588 1.049356215568620 1.387037167156926 0.000022008117665
0.919624611620920 0.965621037552962 1.165123704251418 -0.413302923314786
0.185079761222358 0.473936946770073 0.433909890781873 -0.353811416562881

-0.429531864303997 0.985916778478126 0.410864490562499 1.199678807974202
0.436093290098859 0.599124530671337 0.802452916227604 0.871009174398685
1.483416440184622 -0.336082630488516 0.196006158536205 0.047840599602014
1.814968623376377 -0.674649846805381 -0.235159742921086 0.000075331423300
1.483401131205287 -0.336086494749731 0.196040110280886 -0.047748272047495
0.436115031606131 0.599204841318688 0.802508062147355 -0.871075730007002

-0.429480146733935 0.986038436943413 0.410897374189008 -1.199807741522667
-1.207516523245584 0.985916778476791 -0.410864490562427 1.199678807973885
-i.417452865103743 -0.118108659011708 -0.000000000000088 0.489558623659999
-0.230429925935206 -1.589964325757181 -0.534886088793323 -1.198394349090567
0.428251080228670 -1.604687268933233 -1.553322865493305 -1.059412002068327
0.645408593580726 -1.436776961035555 -1.969165791758215 0.000042116887911
0.428186791796483 -1.604789548802772 -1.553314938110762 1.059498453500952

-0.230507990110773 -1.590076095837996 -0.534867610912401 1.198452959704788
-1.417442195703241 -0.118044802857865 0.000028968252489 -0,489634792866226
-1.207458571062338 0.986045200811840 -0,410851864873834 ,1.199777907836219
-0.366176202289836 0.474430507466239 -0.434087886173053 0.354344374962006
-2.055434877042756 0.599124530071475 -0.802452916227670 0.871009174398821
-1.208942289962142 -1.589964325757386 0.534886088793276 -1.198394349090649
-0.410551206512406 -1.268496971863047 -0.000u00000000050 -1 .763690058459055
0.021288535854260 -0.247350321803572 -0.956291930281158 -1.1470445354 12773
0.165213428324322 0.217924544865026 -1,3750245/0846104 -0.000016905811048
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0,021237839093151 -0,247438053239715 -0 9562909805,25433 1 1470442248,2487
-0.410628261981018 -1.2686289580 9-847 0.000008445730284 1.763758997263914
-1,208990869(46(46 -1.590(38168828743 0.534878393066345 1.!98519 758447342
-2.055384-17189208 0.59923.1555340151 -.0.802454890644114 -0.870975123628505
-0.366159293241 161 0.47A1163891942692 -).434087918901953 -0.354353909971 544
• 0.580888518292319 0.905582586892811 -. 1.65105266467577 0.413310713514062
-1.286742682799380 -0.336082630488702 -0. 196006159.536314 0.047840599602115
-0.6(2991834501478 -1 .6046872689334.79 1.553322865493508 -1.059412002068273
-0.234799423461089 -0.247350321803538 0.9-56291930281111 -1.14,044535412795
-0.0'68888 I(,942199 1.314731432666902 -0.000000000 (Otl(09 -0.7061(62046563287
0.003078277790560 1.960346190452692 -0.41873..,5089259308 -0.000052377657397

-0.068895701521397 1.314710798527265 .-0.U003,) 11'08010561 0.7061044850691 i3
-0.2848101 J13687235 -0.2473821887218,6 0.956271969667909 1.147109501755699
-U.(A299) 7/0 7979255 -1.6(4711721002284 11.553301t058017548, 1.05960774286b865
- 1.2867220229274-43 -0.336057606425371 -0. 196018486467974 -0.04763711(,093289
-0.5,%'6875850589748 0.9cý560197 11669944 -3. '(,5104806z445140 -0.413277053722718

0.000036006729601 1 .049356215568639 - 1.3870371"67156665 0.000022008117546
(..(YA)44153472339.7 -0.074649846805226 0.235109742:;20767 0.00W075331423242

-0.r000!W ] 916547883 -1.436776961035192 1.969165791758559 0,0000.421 16S87793
-0.000025527295834 0.217924544865076 1.375024570845882 -0.000_16905811017
,-9.0(.0028973" 87,424 1.9603460i 96452013 0.418735089259194 -0.000052877657329
- i; C0K 1351831 i 7 17 2. 6651" '17 -173 7A -0,00,,I 0671 -0.00&0432141244-9
0.050015220663364A 1.9604.1 919608156 0.4187218268-75662 0.0000126151 4'/22
U.WI0X0!A4721(409 933 0.21803101 17469360 1.37,05C2890127573 00000930:
0.0000683012348 10 .- 1.430683286737311 l'.969145" 80810163 0.00015`)
0.00,005522537152- -0.67466373173910 0.235168 :59227 142 0.00011:
0 ()(X)00(,85(u777677 ..049290849984381 - 1.387027081699394 -0.QU.UX)L
0.5SJ13753 1 0(Y'20 .0.965621'037552480 -1.36512"312 50334 -0.41-3302-
12,168189-2401715 -t_33,08039474'.T15 -0. I•6(10 1,280842 -0.(41774S;:
0.(42995801789887 -1.004T789•548802; 94 1.55,^3349^38 11O861I 1.0594984•53-)L9jS8
0.2847058.53329605 -0.247438,35323)707 0.95o290966525,105 1.147(sA4224862332
(}.(0(8 50977 2 .5 I 3 147' 1 G79,ý', 1 2x8 0_0001 Xi I•I (•(,0105' 0.7)0 (4,4850.,939

-0.003087(49912840) 1 .9o04 I 19 19')0808('; -01.418:21826875772 0.00(M12615614772
0.06S9343560062(13", 1.3i4S46203959053 -0.00()YJ(Y9000t)'01060 -u.70(o51835735833
0.28489"057933411 -0.247222,871434738 0.95o28(.20320l2179 -1.146031ý'-. ',(-,-99
0.43 14 1u589 1l8_0 -1.6,04,,4272447 1.4508 1,5533t578838ou()6, -1 .¾3., 207
1.28075"642810792 -_1)336" 1368254880 -0.19015977-, ,824' 19).,,4 Q j9734

0.5860.,.47.......41651 -1. 10510172810502-, I., /6007475
0.3)57"/7/23,;150 ).,73930947(4)09953 -0.4390989078 1794 -0.3538 11-1 10562965
2.6554X,5130341582 t).5992&,481 !X476 -0.502508052148392 -0.!7!075730(,007o15
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0.36612939529,9301 0.474368496221076 -0.434088344749395 0.354277475364280
1.2075041'77601753 0.986038436943718 -0.410897374188401 -1.199807741522354
1.417455040600865 -0.118044802857951 -0.000028968252359 -0.489634792866330
0.230479554526383 -1.590038168828740 -0.534878393066380 1.198519758447256

-0.428176854611955 -1.604711721002380 -1.553301058617748 1.059607742866948
-0.645331278888810 -1.436683286737402 -1.969145380810251 0.000154628320393
-0.428136810547501 -1.604627244764308 -1.553305788386182 -1.059358324329191
0.230322225491835 -1.590559232058639 -0.535066888873293 -1.199060774358817
1.417898811627725 -0.117093222660910 0.000000000000001 0.490567425577672
1.2072831(4589509 0.985676010976111 -0.410866712103299 1.199391402055059
0.429518610692256 0.986045200811871 0.430851864873039 -1.199777907836278

-0.436056849791459 0.599231555340282 0.802454890644131 -0.870975123628497
-1.483331393444629 -0.336057606425252 0.196018486467839 -0.047637110093242
-1.814905175452793 -0.674663873173925 -0.235 168259227166 0.0001 15646355428
-1.483448089407726 -0.336213648254c,)7 0.196015977882396 0.047716809709736
-0.436329295133208 0.598835715676557 0.802461266171321 0.870674807909059
0.4292784.79604175 0.985676010976131 0.410866712103262 1.199391402055239

-0.184920783049761 0.474463891942705 1.434087918901942 -0.354353909971535
-0.919592L)88167356 0.965601971170091 1.165104806445047 -0.413277053722710
- 1.307831513907768 1.049290849984500 1.387027081699409 -0.000003930339307
-0.919679469786567 0.965475722141696 1.165103728155034 0.413214626007453
-0.184984487478656 0.474368496221042 0.434088344749386 0.354277475364322

Columns 13 thru 16
0.055695269997836 0.442327720974760 0.000000062935863 0.000000023401460
1.054725415986520 0.774124291943072 0.000000181502897 0.0000003406963Y
1.722308561382118 -0.000019407837835 0.000000228602318 -0.000000000005848
1.054696889841608 -0.774156650010080 0.000000185505001 -0.000000034076903
0.056155703248249 -0.442085,61094905 0.000000062876356 -0.X00000023357975

-1.398552504401856 0.715440029567162 0.0000001848(4926 0.0000001352(;232'
-0.67 1114736241579 1.934549324989554 0.00000039567C.! 7 0.0(100000168747469
1.278764180025200 1.4462507187206384 0.000000375322853 0.000000087090492
2.020797851955622 -J.),'00O0;489273042 0.000000365105179 -0.000000000008564
1.278'787504753628 -,.446277776206415 0.0000C_0375332698 -0.000000087104036

..0671159754995129 . L .( 345871678(4681 0.00(X.00352679362 -0.0000090168749409
- 1.3986419218378172 -0.715462631210536 0.0000(X) 184864742 -0.0000C00135256072
-1.398552504401352 -0.715440029567734 0.(XkX01 352o2325 0.000000-148049)26
-2.43068072850087> 0.( Y,)00•Q•090022 I 0.0000002747o9913 0.,000000274709913
-0.948(X05594634(44 G.6i195]1[478595 79 0.00000(2282(4945 0.000000147904')97
0.11 33012(,0!01338-8 G..50207739222(A22 0.00J0U194429161 0.0000000o01061441
0.4769333602319-,44 0.000 446967-1()30 0.U,00()0•I 8761 7,63 -0 00[,)I)00000001029
0.11 3400358432311 -0.5;2.0552-127oS493 0.000(Y.':)I 914439722 -0.000()0006 1664607

-0.94787S]152294329 -U.6919.,-9584523814 0.(0,0((XI022%279432 -0.00000O14/9(j8493
-2.43971 373. 1461 IM -0.(YY0.0,'70(.1759359 0.0()0 W274"', 3599 -0.00W0O0274766692
- 1.39866227'0044085 0.71 5L 3(4156S95!94 0.Y)JU()0 135255903 -G.(.00(Y00184k,5s919
6.0I559)52.,)-j97754 -44232 72019"74273 0.00000)023401460 0.00(000062935863

-0.071 i 14736241 c9 1 - !.93454932,98149 I 0.00000($J16874 7461) 0.00900{)355670087



-0.948005594633954 -0.691951847859585 0.000000147904597 0.000000228264945
-0.510696678173"708 -0.000000000000073 0.000000116352257 0.000000J 16352257
-0.097683556218927 0.126040925492532 0.000000102019031 0.000000049827322
0.072213484424467 0.000014848073086 0.000000097244076 0.000000000004005

-0.097596866741951 -0.126017409440742 0.000000102025175 -0.000000049822798
-0.510565876229792 0.000007964302010 0,000000116361272 -0.000000116356144
-0.947927056251830 0,691943471714727 0.000000147909185 -0.000000228275343
-0.671206964862184 1.934541138573620 0.000000168738643 -0,000000355674636
0.055664712500980 0.442328765113882 0.000000023398706 -0.000000062935276
1.054725415986540 -0.774124291943245 0.000000034069636 0.000000185502897
1.278764180025399 -1.446250787266423 0.000000087090492 0.0001000375322853
0.113301266613954 -0.502077392262158 0.000000061661441 0.000000194429161

-0.097683556218849 -0.126040925492638 0.000000049827322 0.000000102019031
-0.0316959"75782164. -0.000000000000(00 0.000000042662554 0.000000042662554
0.022496072986069 0.000007436070730 0.000000040274306 0.000000000005568

-0.031681159046267 0.000009405224823 0.000000042661859 -0.000000042655901
-0.097661416969956 0.126036918486573 0.000000049825730 -0.000000102023782
0.113315881320799 0.502060981904.651 0.000000061658562 -0.000000194446093
1.278736523332663 1.446240937163558 0.000000087084848 -0.000000375340651
1.054707643283774 0.774128969533544 0.0000000340674.77 -0.000000185505561
1,722308561382240 0.000019407837799 -0.000000000005848 0.000000228602318
2.020797851955562 0.000009489273158 -0.000000000008564 0.000000365105179
0.4769333M()231993 -)M0O0014469671114 -0.000(t)00000 1029 0.00(,))00187617463
0.0722134.84424441 -0.000014848073155 0.900000000004005 0.000000097244076
0.022496072986053 -0.000007436070751 C 000000000005568 0.000000040274306
0.038084815153159 0.000000000000016 0.000000000003256 0.000000000003256
0.022423473734669 0.000002682327763 -0.000000000002110 -0.000000040271899
0.072095874396291 -0.000001178377796 -0.000000000008481 -0.000000097251935
0.476825916420533 -0.000010382890527 -0.000000000012581 -0.000000187635601
2.020802135699542 -0.000022073253308 -0.000000000008639 -0.00000036512!322
1.722372663740620 -0.000011853918696 0.000000000000549 -0.000000228602770
!.054696889841275 0.774156650009603 -0.000000034076903 0 000() 185505001
1 .1-1•8 7•5,647f7, " 1.446 ...77 620 6351 -0.W,)000(X0087 104036 0.,•000000333-1,3269
.1 1340935U432278 0.502055272708476 -0.000000061664607 0.000000194439722

-0.0975968667-' 1891 0.126017409440699 -0.000000049822798 0.000000102025175
"-0.031681159046267 -0.000009405224820 -0.0M)00(.42655901 0.0G0000042661859
0.022423473734635 -0.CV "90072682327734 -0.000000040271899 -0.0 ')0000000002110
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(1.113238102122592 -0.50207910 683621 -0.0000000o 1678466 -0.000000194452832
1.278911058733216 - 1,446283181626204 -0,)00000087088999 -_.00()00037532832Q
.0548,42N409o6423 -0.774147707' ."j60 -0.00009003406i 683 -0,0X)00010 185495822
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-0.097815147074759 0.126035947850508 -0.000000102036742 -0.000000049841909
-0.510775582484897 -0.000000000000058 -0.000000116373050 -0.000000116373050
-0.947429671096340 -0.691703355964984 -0.000000147864668 -0.000000228214132
-0.670778775922084 -1.934576404055079 -0.000000168709881 -0.000000355641357
0.055765964652504 -0.442334855758409 -0.000000023391910 -0.000000062927679

-1.398649218377215 0.715462631210438 -0.000000135256072 0.000000184864742
-2.430713736146323 0.000018700759278 -0.000000274766692 0.000000274773599
-0.947927056251928 -0.691943471714740 -0.000000228275343 0.000000147909185
0.113315881320801 -0.502060981904681 -0.000000194446093 0.000000061658562
0.476825916420583 0.000010382890462 -0.000000187635601 -0.000000000012581
0.113238102122620 0.502079101683572 -0.000000194452832 -0.000000061678466

-0.947429671096230 0.691703355964971 -0.000000228214132 -0.000000147864668
-2.431537457020776 -0.000000000000098 -0.000000274860091 -0.000000274860091
-1.398271056635136 -0.715448520430300 -0.000000135220658 -0.000000184826330
-1.398662270644793 -0.715430456895114 -0.000000184858919 0.000000135255963
-0.671206964862211 -1.934541138573725 -0.000000355674636 0.000000168738643
1.278736523332616 -1.446240937163663 -0.000000375340651 0.000000087084848
2.020802135699540 0.000022073253276 -0.000000365121322 -0.000000000008639
1,278911058733225 1.446283181626308 -0.000000375328329 -0.000000087088999

-0.670778775922133 1.934576404055068 -0.000000355641357 -0.000000168709881
-1.398271056635268 0.715448520430267 -0.000000184826330 -0.000000135220658
0.055664712501009 -0.442328765113883 -0.000000062935276 0.000000023398706
1.054707643283812 -0.774128969533567 -0.000000185505561 0.000000034067477
1.722372663740719 0.000011853918704 -0.000000228602770 0.000000000000549
1.054842840966318 0.774147707885948 -0.000000185495822 -0.000000034061683
0.055765964652509 0.442334855758396 -0.000000062927679 -0.000000023391910

Columns 17 thru 20
0.000000069056158 0.000000063587216 0.000000074609541 0.000000034254216
0.0000001694944 ! 2 0.000000091249738 0.000000241387612 0.000000040860634
0.000000197821034 0.000000000003978 0.000000307531506 -0.000000000009066
0.000000169500213 -0.000000091248296 0.00000024! 389207 -0.000000040871874
0,000000068988270 -0.000000063492895 0.000000074578447 -0,000000034192458
0.000000185582515 0,000000281320953 0.000000089951912 0.000000154689732
0,000000237414818 0.000000358794102 0.000000290286991 0.000000127203888
0.000000153274816 0.000000182328770 0.000000360513969 0.000000029284867
0.000000110871291 0.000000000013567 0,000000360003728 -0.000000000013209
0,000000153273834 -0.000000182312108 0.000(X)0360517156 -0,000000029305805
0000000237426659 -0.000(Y)0358805973 0.000000290293077 -0,100000127206824
0,00000018560101 I -0.000000281344066 0.000000089956527 -0.00f,0000154679801
0.000000185582515 0.000000281320953 -0.00(,Y)008995 i 912 0.000000212255687
0.00000Y)161)493293 0.000000421716083 0.0000()(00 K)0000 0.000J00145915900

-0.000000050038327 0.000000198629415 0.000000080989375 -0.00(X)00084858372
-0,OOXXX)O0 144473398 0.00000(X)069854347 0.0000X0080761143 -0.000000097054815
-0.00X00001646(0346 0.0000O000007573 0.000000078556385 -0.000000000001465
-0.0000001444,89488 -0.000000069838708 0.0000•'0080'/61996 0.0000000;9704989
-0,000000050056095 -0.000000198618852 0.000()O080992051 0,00()00(084851798

ID-9



0.000000169502657 -0.000000421729712 0.000000000006005 -0.000000145911223
0.00000(185602218 -0.000000281338731 -0.000000089947927 -0.000000212246018
0.000000069056158 0.000000063587216 -0.000000074609541 0.000000091551046
0.000000237414818 0.000000358794102 -0.000000290286991 0.000000278651194

-0.000000050038327 0.000000198629415 -0.000000080989375 -0.(0MO00118733581
-0.000000192114494 0,000000075894223 0.000000000000000 -0.000000252912115
-0.000000234787364 0.000000024713463 0.000000009107023 -0.000000174754451
-0.000000243514074 -0.000000000003047 0.000000006449715 0.000000000006402
-0.000000234801193 -0.000000024713535 0.000000009106432 0.000000174761460
-0.000000192135184 -0.000000075880194 -0.000000000000606 0.000000252905199
-0.000000050050022 -0.000000198606885 -0,000000080988577 0.000000118716105
0.000000237431292 -0.000000358787982 -0.000000290283547 -0.000000278658209
0.000000069061344 -0.000000063588930 -0.000000074608815 -0.000000091549845
0.000000169494412 0.000000091249738 -0.000000241387612 0.000000224500152
0.000000153274816 0.000000182328770 -0.000000360513969 0.000000153136510

-0.000000144473398 0.000000069854347 -0.000000080761143 -0.000000278564248
-0.000000234787364 0.000000024713463 -0.000000009107023 -0.000000346355487
-0.000000256200421 0.000000005733111 0.000000000000000 -0.000000221473137
-0.000000257836099 -0.000000000009519 -0.000000002657606 0.000000000008907
-0.000000256203678 -0.000000005743489 -0.000000000001522 0.000000221483559
-0.000000234792388 -0.000000024701821 -0.000000009109569 0.00000034634719.5
-0.000000144477232 -0.000000069819205 -0.000000080763720 0.000000278536287
0.000000153278808 -0.000000182292237 -0.000000360514696 -0.000000153164517
0.000000169497524 -0.000000091243702 -0.000000241387207 -0.000000224503490
0.000000197821034 0.000000000003978 -0.000000307531506 0.000000261248711
0.000000110871291 0.000000000013567 -0.000000360003728 0.000000084932164

-0.000000164604346 0.000000000007573 -0.000000078556385 -0.000000324744758
-0.000000243514074 -0.000000000003047 -0.000000006449715 -0.0000001377498731
-0.000000257836099 -0.000000000009519 0.000000002657606 -0.000000237045796
-0.000000257102671 -0.000000000007787 0.000000000000000 0.000000000005404
-0.000000257825923 0,000000000002242 0.000000002655748 0.000000237049812
-0.000000243497709 0.000000000016699 .0.000000006453010 0.000000377485834
-0.000000164589768 0.000000000027750 -0.000000078560274 0.000000324715201
0.000000110869327 0.000000000020727 -0.000000360006855 -0.000000084957218
0.000000 197811063 -0.000000000000738 -0.000000307532200 -0.000000261248107
0.000000169500213 -0.000000091248296 -0.000000241389207 0.000000224502132
0.000000153273834 -0.000000182312108 -0.000000360517156 0.000000153149972

-0.000000144489488 -0.000000069838798 -0.000000080761996 -0.000000278547638
-0.000000234801193 -0.000000024713535 -0.000000009106432 -0.000000346345196
-0.000000256203678 -0.000000005743489 0.00000000001522 -0.000000221473623
-0.000000257825923 0.000000000002242 -0.000000002655748 -0.000000000002890
-0.000000256182684 0.000000005752905 0.000000000000000 0.000000221463849
-0,000000234768672 0.000000024733783 -0.000000009109132 0.000000346326897
-0.000000144464292 0.0000(0)069863969 -0.00(0)0080765187 0.000000278526589
0.000000153254243 0.000000182306480 -0.00M000360519651 -0.000000153141846
j ,n rfr, I II fA ¶¶fl t', nrNilfr,r..fln '¶'n A AL V .f , t .,,,,fl., ^A _r¶f.~ . A.ttfl~rF ' A " I
Ultll.UIJ'~JU) tJ•" / II i U' .J.UJUr )¶. 1At',•. I •..)lt'tJ -,U \AJ.J1/k..ll~ ¢."'1~ I0 /"O'tO "kJ.UJ/IJa.•,'it 'IOU L) ',

0.000000068988270 -0.000000063492895 -0.000000074578447 0.(J0C)00091465935
0.000000237426659 -0.000000358805973 -0.000000290293077 0.000000278662610
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-0.000000050056095 -0.000000198618852 -0.000000080992051 -0.000000118710962
-0.000000192135184 -0.000000075880194 0.000000000000606 -0.000000252896755
-0.000000234792388 -0.000000024701821 0.000000009109569 -0.000000174755886
-0.000000243497709 0.000000000016699 0.000000006453010 -0.000000000012893
-0.000000234768672 0.000000024733783 0.000000009109132 0.000000174731098
-0.000000192102695 0.000000075903882 0.000000000000000 0.000000252878421
-0.000000050122427 0.0000001985! 1129 -0.000000080959900 0.000000118804668
0.000000237369277 0.000000358734023 -0.000000290291998 -0.000000278600898
0.000000069046436 0.000000063575193 -0.000000074610456 -0.000000091536774
0.000000185601011 -0.000000281344066 -0.000000089956527 0.000000212253710
0.000000169502657 -0.000000421729712 -0.000000006005 0.000000145921382

-0.000000050050022 -0.000000198606885 0.000000080988577 -0.000000084849570
-0.000000144477232 -0.000000069819205 0.000000080763720 -0.000000097058103
-0.000000164589768 0.000000000027750 0.000000078560274 -0,000000000019660
-0.000000144464292 0.000000069863969 0.000000080765187 0.000000097026917
-0.000000050122427 0.000000198511129 0.000000080959900 0.000000084912795
0.000000169627731 0,000000421893722 0.000000000000000 -0.000000146036747
0.000000185544553 0.000000281269331 -0.000000089953417 -0.000000212192252
0.000000185602218 -0.000000281338731 0.000000089947927 0.000000154679874
0.000000237431292 -0.000000358787982 0.000000290283547 0.000000127191573
0.000000153278808 -0.000000182292237 0.000000360514696 0.000000029276932
0.000000110869327 0.000000000020727 0.000000360006855 -0.000000000014596
0.000000153254243 0,000000182306480 0.000000360519651 -0.000000029285448
0.000000237369277 0.000000358734023 0.000000290291998 -0.00000012-1147719
0.000000185544553 0.000000281269331 0.000000089953417 -0.000000154624476
0.000000069061344 -0.000000063588930 0.000000074608815 0.000000034250125
0.000000169497524 -0,000000091243702 0.000000241387207 0.000000040857336
0.000000197811063 -0.000000000000738 0.000000307532200 -0.000000000000157
0.000000169477770 0.000000091232445 0.000000241389748 -0.000000040849778
0.000000069046436 0.000000063575193 0.000000074610456 -0.000000034239869

Columns 21 thru 24
0.000000091551046 0.000000076678795 0.000000038723323 0.000000085766262
0.000000224500152 0.000000122896857 0,000000192569748 0.000000174555404
0.000000261248711 -0.000000000007540 0.000000273864562 0.000000189699774
0.000000224502132 -0.000000122907121 0.000000192573156 0.000000174562355
0.000000091465935 -0.000000076595574 0.000000038756459 0.00000085677037
0.000000212255687 0.000000252858900 -0.000000089945730 0.000000178231364
0.000000278651194 0.000000430416473 0.000000091319719 0.000000108308110
0.000000153136510 0.000000269449182 0.000000310633472 -0.000000060756107
0.000000084932164 -0.000000000009246 0.000000380061855 -0.000000121961372
0.000000153149972 -0.000000269465147 0.000000310630266 -0.000000060756806
0.000000278662610 -0.000000430422956 0.000000091324272 0.000000108322628
0.000000212253710 -0.000000252856315 -0.000000089934900 0.000000178253357
0.000000154689732 0.00000(.089945730 -0,000000252858900 0.000000178231364
0.000000 45915900 0.000000296820429 -0.000000296820429 -0.000000021351363

-0.0000•(0118733581 0.000000253157462 -0.000000048252969 -0.000000287429443
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-0.000000278564248 0.000000134645121 0.000000089677528 -0.000000290091017
-0.000000324744758 0.000000000000401 0.000000135151200 -0.000000259736647
-0.000000278547638 -0.000000134645952 0.000000089664066 -0.000000290109507
-0.000000118710962 -0.000000253161078 -0.000000048269316 -0.000000287449649
0.000000145921382 -0.000000296820895 -0.000000296818195 -0.000000021339820
0.000000154679874 -0.000000089942959 -0.000000252846765 0.000000178254580
0.000000034254216 -0.000000038723323 -0.000000076678795 0.000000085766262
0.000000127203888 -0.000000091319719 -0.000000430416473 0.000000108308110

-0.000000084858372 0.000000048252969 -0.000000253157462 -0.000000287429443
-0.000000252912115 0.000000085971102 -0.000000085971102 -0.000000229315446
-0.000000346355487 0.000000059638 i 64 0.000000004457907 -0.000000044715321
-0.000000377498731 0.000000000005346 0.000000034596368 0.000000039395809
-0.000000346345196 -0.000000059631135 0.000000004447291 -0.000000044731289
-0.000000252896755 -0.000000085973150 -0,000000085987238 -0,000000229339306
-0.000000084849570 -0.000000048263362 -0.000000253167634 -0.000000287442793
0.000000127191573 0.000000091312088 -0.000000430406325 0.000000108327457
0.000000034250125 0.000000038723169 -0.000000076675254 0.000000085772297
0.000000040860634 -0.000000192569748 -0.00000012289685'/ 0.000000174555404
0.000000029284867 -0.000000310633472 -0.000000269449182 -0.000000060756107

-0.000000097054815 -0.000000089677528 -0.000000134645121 -0.000000290091017
-0.000000174754451 -0.000000004457907 -0.000000059638164 -0.000000044715321
-0.000000221473137 0.000000014425465 -0.000000014425465 0.000000237673587
-0.000000237045796 0.000000000006067 0.000000000644604 0.000000354386075
-0.000000221473623 -0.000000014417676 -0.000000014427042 0.000000237669856
-0.000000174755886 0.000000004454563 -0.000000059640403 -0.000000044721082
-0.000000097058103 0.000000089661985 -0.000000134646206 -0.000000290095438
0.000000029276932 0.000000310615663 -0.000000269444856 -0.000000060751584
0.000000040857336 0.000000192566534 -0.000000122894204 0.000000174558908

-0.000000000009066 -0.000000273864562 0.000000000007540 0.000000189699774
-0.000000000013209 -0.000000380061855 0.000000000009246 -0.000000121961372
-0.000000000001465 -0.000000135151200 -0.000000000000401 -0.000000259736647
0.000000000006402 -0.000000034596368 -0.000000000005346 0.000000039395809
0.000000000008907 -0.000000000644604 -0.000000000006067 0.000000354386075
0.000000000005404 0.000000000002831 -0.000000000002831 0.000000481971990

-0.000000000002890 0.000000000646567 0,000000000003187 0.000000354397956
-0.000000000012893 0.000000034589140 0.000000000009898 0.000000039414894
-0.000000000019660 0.000000135135010 0.000000000014303 -0.000000259719712
-0.000000000014596 0.000000380048569 0.000000000011564 -0.000000121963907
-0.000000000000157 0.000000273865270 0.000000000001435 0.000000189687957
-0.000000040871874 -0.000000192573156 0.000000122907121 0.000000174562355
-0.000000029305805 -0.000000310630266 0.000000269465147 -0.000000060756806
0.000000097049889 -0.000000089664066 0.000000134645952 -0.000000290109507
0 000000174761460 -0.000000004447291 0.000000059631135 -0.000000044731289
0.000000221483559 0.000000014427042 0.000000014417676 0.000000237669856
0.000000237049812 -0.000000000003187 -O.000000)00646567 0.000000354397956
0.000000221463849 -0.000000014435136 0.000000014435136 0.000000237694346
r% r (jr.. Ulflfl. I 'A (mO A A . C1 All nr &N r%, C, n e 1 r ' , Ci r f, A A l I
UJ.UvuuJuu It V; IJ0 v kýP V.VtVAJuU'JJJJou I v - JtJ'JUV~lU ý;ltUI.L

0.000000097026917 0.000000089653600 0.000000134668610 -0.000000290080166
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-0.000000029285448 0.000000310640099 0.000000269453705 -0.000000060779793
-0.000000040849778 0.000000192584644 0.000000122891180 0.000000174536085
-0,000000034192458 -0.000000038756459 0.000000076595574 0,000000085677037
-0.000000127206824 -0.000000091324272 0.000000430422956 0.000000108322628
0.000000084851798 0.000000048269316 0.000000253161078 -0.000000287449649
0.000000252905199 0.000000085987238 0.000000085973150 -0.000000229339306
0.000000346347195 0.000000059640403 -0.000000004454563 -0.000000044721082
0.000000377485834 -0.000000000009898 -0.000000034589140 0.000000039414894
0.000000346326897 -0.000000059658610 -0.000000004435942 -0.0000Y00044693366
0.000000252878421 -0.000000085998767 0.000000085998767 -0.000000229301305
0.000000084912795 -0.000000048230416 0.000000253081897 -0.000000287536989

-0.000000127147719 0.000000091369140 0.000000430378806 0.000000108255898
-0.000000034239869 0.000000038736509 0.000000076668993 0.000000085755052
-0.000000154679801 0.000000089934900 0.000000252856315 0.000000178253357
-0.000000145911223 0.000000296818195 0.000000296820885 -0.000000021339820
0.000000118716105 0.000000253167634 0.000000048263362 -0.000000287442793
0.000000278536287 0.000000134646206 -0.000000089661985 -0.000000290095438
0.000000324715201 -0.000000000014303 -0.000000135135010 -0.000000259719712
0.000000278526589 -0.000000134668610 -0.000000089653600 -0.000000290080166
0.000000118804668 -0.000000253081897 0.000000048230416 -0.000000287536989

-0.000000146036747 -0.000000296913812 0.000000296913812 -0.000000021167796
-0.000000154624476 -0.000000089892670 0.000000252810034 0.000000178187839
-0.000000212246018 0.000000252846765 0.000000089942959 0.000000178254580
-0.000000278658209 0.000000430406325 -0.000000091312088 0.00000)108327457
-0.000000153164517 0.000000269444856 -0.000000310615663 -0.000000060751584
-0.000000084957218 -0.000000000011564 -0.000000380048569 -0.0000001.21963907
-0.000000153141846 -0.000000269453705 -0.000000310640099 -0.000000060779793
-0.000000278600898 -0.000000430378806 -0.000000091369140 0.000000108255898
-0.000000212192252 -0.000000252810034 0.000000089892670 0.000000178187839
-0.000000091549845 0.000000076675254 -0.000000038723169 0.000000085772297
-0.000000224503490 0.000000122894204 -0.000000192566534 0.000000174558908
-0.000000261248107 -0.000000000001435 -0.000000273865270 0.000000189687957
-0.000000224486329 -0.000000122891180 -0.000000192584644 0.000000174536085
-0.0000000916774,, -0.000000076668993 -0.000000038736509 0.000000085755052

Columns 25 thru 28
0.000000094964921 0.000000082416018 0.000000010378504 0.000000102879831
0.000000254888776 0.000000096130842 0.00(0000196542227 0.000000180051515
0.000000303440569 0.000000000005119 0.000090320942640 -0.000000000004514
0.000000254892809 -0.000000096129030 0.000000196536911 -0.000000180059041
0.000000094925981 -0.000000082292058 0.000000010464304 -0.000000102823416
0.000000089884365 0.000000279030110 -0.000000260612496 0.000000166402298
0.000000175551727 0.000000202585712 -0.000000125058506 0.000000449951693
0.000000042880048 0.000000011127118 0.000000238290607 0.000000336379632
-0.0fOOV 472 .~l~foO ~100000005176795?4462 OOOM01.00(0o OI(o)Av7AS4.7
0.000000042887476 -0.000000011105644 0.000000238294964 -0.000000336385910
0.000000175563791 -0.000000202601192 -0.000000125066895 -0.000000449960495
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0.000000089891559 -0.000000279060098 -0.000000260630518 -0.000000166407555
-0.000000089884365 0.000000279030110 -0.000000260612496 -0,000000166402298
0.000000000000000 0.000000113865141 -0.000000452943861 0.000000000000000

-0.000000117016431 -0.000000278731361 -0.000000176655580 0,000000160939244
-0.000000339818706 -0.000000246405826 0.000000021113062 0.000000116776848
-0.000000430792198 0.000000000009796 0.000000088873884 0.000000000003365
-0.000000339816971 0.000000246425933 0.000000021133204 -0.000000116771703
-0.000000117012389 0.000000278744993 -0.000000176631832 -0.000000160938717
0.000000000006337 -0.000000113882857 -0.000000452950012 -0.000000000004350

-0.000000089881603 -0.000000279053159 -0.000000260632950 0.000000166400071
-0.000000094964921 0.000000082416018 0.000000010378504 -0.000000102879831
-0.000000175551727 0.000000202585712 -0.000000125058506 -0.000000449951 C
0.000000117016431 -.0.000000278731361 -0.000000176655580 -0.00000016093924
0.000000000000000 -0.000000410209850 -0,000000095165491 0.000000000000000

-0.000000209206916 -0.000000266788044 -0.000000018202788 0.000000029315524
-0.000000300812587 -0.000000000003932 0.0000000! 3456582 0.000000000003453
-0.000000209208022 0.000000266787972 -0.000000018186634 -0.000000029310055
-0,000000000001848 0.000000410228024 -0.000000095141117 0.000000000001852
0.OOOCCO 117014748 0.000000278760530 -0.000000176640945 0.000000160937296

-0.000000175552159 -0.000000202577792 -0.000000125075692 0.000000449949789
-0.000000094964928 -0.000000082418235 0.0000000] 0372810 0.000000102880074
-.0.0000002548887'76 0.000000096130842 0.000000196542227 -0.000000180051515
-0.000000042880048 0.000000011127118 0.000000238290607 -0.000000336379632
0.000000339818706 -0.000000246405826 0R000000021 113062 -0.000000116776848
0.000000209206916 -0.000000266788044 -0.000000018202788 -0.000000029315524
0.000000000000000 -0.000000164244356 -0.0C0000005906369 0.000000000000000

-0.000000091606207 -0.000000000012299 0.000000004192018 0.000000000001730
-0.000000000002539 0.000000164230968 -0.000000005903608 0.000000000002188
0.000000209202549 0.000000266803155 -0.000000018198663 0.000000029314592
0.000000339813935 0.000000246451353 0.000000021115785 0.000000116773031

-0.000000042882745 -0.000000011079789 0.000000238285453 0.000000336377341
-0.000000254888675 -0.000000096123013 0.000000196538915 0.000000180052603
-0.000000303440569 0.000000000005119 0.000000320942640 0.000000000004514
0.000000051447822 0.000000000017521 0.000000370564462 0.000000000002207
0.000000430792198 0.00000000009796 0.000000088873884 -0.000000000003365
0.000000300812587 -0.000000000003932 0.000000013456582 -0.000000000003453
0.000000091606207 -0.0000000)00012299 0.000000004192018 -0.000000000001730
0.000000000000000 -O.O00000(0)0010051 0.000000007096894 0.000000000000000
0.000000091603306 0.000000000002934 0.0000000(0,178490 0.000000000000624
0.00000)0300807844 0.000000000021651 0.000000013434666 -0.000000000000274
0.000000430787732 0,0000(XX)00035965 0.0000f)0088853863 -0.000000000002415
0.000000051447497 0.000000000026898 0.000000376565261 -0.000000000005134

-0.000000303438363 -0.000000000000914 0.(X)0000320954585 -0.000000000002757
-0.0000002.54892809 -0.000000096129030 0.000000196536911 0.00(0)018(X)59041
-0.000000042887476 -0.00000001 1105644 G (X)00002382949(4 0.0000J00336385910
0.000000339816971 0.000000246425933 0.00"000021133204 0.0000•01 1 67 7103
U.UUUtfYJU2U9rzU•U22 tA.Ut)OU200 /6 /9 /2 -U.U()UtAYJXKY) 18 180634 0.U0{K)U.J(YJ2k)3 1.)
0.000000000002539 0.000000164230968 -0.0000000005903608 -0.(K))000000002188

1)-14



-0.000000091603306 0.000000000002934 0.000000004178490 -0,000000000000624
0.000000000000000 -0.000000164218723 -0.000000005929785 0.000000000000000
0.000000209204350 -0.000000266761725 -0.000000018227310 -0.000000029314367
0,000000339814970 -0.000000246393341 0.000000021101292 -0.000000116777246

-0,000000042882196 0.000000011098326 0,000000238317977 -0.000000336387167
-0.000000254888439 0.000000096108493 0.000000196564108 -0,000000180056961
-0.000000094925981 -0.000000082292058 0.000000010464304 0.000000102823416
-0.000000175563791 -0.000000202601192 -0.000000125066895 0.000000449960495
0.000000117012389 0.000000278744993 -0.000000176631832 0.000000160938717
0.000000000001848 0.000000410228024 -0.000000095141117 -0.000000000001852

-0.000000209202549 0.000000266803155 -0.000000018198663 -0.000000029314592
-0.000000300807844 0.000000000021651 0.000000013434666 0.000000000000274
-0.000000209204350 -0.000000266761725 -0.000000018227310 0.000000029314367
0.000000000000000 -0.000000410197341 -0.000000095180195 0.000000000000000
0.000000117055985 -0.000000278886363 -0.000000176548260 -0.000000160881448

-0.000000175553554 0.000000202507943 -0.000000124995901 -0.000000449957992
-0.000000094965022 0.000000082400458 0.000000010391678 -0.000000102881490
-0.000000089891559 -0.000000279060098 -0.000000260630518 0.000000166407555
-0.000000000006337 -0.000000113882857 -0.000000452950012 0.000000000004350
-0.000000117014748 0.000000278760530 -0.000000176640945 -0.000000160937296
-0.000000339813935 0.000000246451353 0.000000021115785 -0.000000116773031
-0.000000430787732 0.000000000035965 0.000000088853863 0.000000000002415
-0.000000339814970 -0.000000246393341 0.000000021101292 0.000000116777246
-0.000000117055985 -0.000000278886363 -0.000000176548260 0.000000160881448
0.000000000000000 0.000000114099776 -0.000000453103508 0.000000000000000

-0.000000089884851 0.000000278963263 -0.000000260560050 -0.000000166404273
0.000000089881603 -0.000000279053159 -0.000000260632950 -0.000000166400071
0.000000175552159 -0.000000202577792 -0.000000125075692 -0.000000449949789
0.000000042882745 -0.000000011079789 0.000000238285453 -0.000000336377341

-0.000000051447497 0.000000000026898 0.000000376565261 0.000000000005134
0.000000(42882196 0.000000011098326 0.000000233317977 0.000000336387167
0.000000175553554 0.000000202507943 -0.000000124995901 0.000000449957992
0.000000089884851 0.000000278963263 -0.000000260560050 0.000000166404273
0.000000094964928 -0.0000000824 18235 0.000000010372810 -0.000000102880074
0.000000254888675 -0.000000096123013 0.000000196538915 -0.000000180052603
0.000000303438363 -0.000000000000914 0,000000320954585 0.000000000002757
0.000010 2 54 888439 0.000000096108493 0,000000196564108 0.000000180056961
0.000000094965022 0,000000082400458 .O0(Y0000010391678 0.000000102881490
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Appendix E. Steady-State Kalman Filter Gain Matrix

This appendix lists the elements of the steady-state Kalman filter gain matrix, K, for the

28 state filter model with correlated states. The K matrix was generated as output from MSOFE

after the system had reached steady-state. K has dimensions 28 x 138,

K -

Columns I thru 4
-0.059943348169327 0.036650460213423 0.083679191768169 0.128526076674461
0.019283980131149 0.073402099311352 0.05'7799868285656 0.016275893896818
0.100572660565376 -0,036880090832710 -0.33619785308837c -0.129910886287689
0.259788483381271 0.855362594127655 0.837016940116882 0.316500037908554

-0.207298308610916 0.054775301367044 0.861950099468231 0.193780660629272
0.042516980320215 -0.107836194336414 0.245319142937660 0.232317194342613
0.165758341550827 -0.101347669959068 -0.231393888592720 -0.355406761169434
0.113991886377335 0.217648208141327 0.436197042465210 0.253728240728378

-0.183141902089119 0.111976265907288 0.255661070346832 0.392679244279861
-0.002394271548837 -0.008902597241104 0.085813738405704 -0.030975667759776
0.109832778573036 -0.003532463219017 -0.659467041492462 -0.013885100372136
0.031838972121477 -0.427666515111923 0.335355520248413 0.426667988300323

,.0.043286655098200 0.021511206403375 0.099847115576267 0.075552277266979

0.031441416591406 0.264602810144424 0.030887544155121 -0.079028293490410
0.000000000000000 0.00000530000000 0.000000000000000 0.000000000000000
0.COOO0OOOOOOOOOO 0.000000000000000 0.0000000000000(X 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 O.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000900
0.0000000000()0000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 O.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.00000000000(0)0 0.00000000000000
0.000(00)00000000 0.000(K000X000000 0.00000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.0000()0000(O000 0.)00000000000C)000

Colunns 5 thru 8
0.148104652762413 -0.034875307232141 0.108128763735294 0.001906691584736

-0.000041763501335 0.080314584076405 0.296803027391434 0.427406609058380
0.058290030807257 0.553611814975739 0.204882711172104 -0.903635799884796
f\ flý%10'7" In I W A I ; . " ()] 2 -k1 0 r-09 I ,,()OA Z! '. Wll I A 2 2799 1 .Vn71 £.)I i_2'1I'#n, 1 I
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-0.38491001"7251968 -0.071806930005550 -0.534099-578857422 0.347911506891251
0.123073972761631 0.123826980590820 -0.373319000005722 -0.644633114337921

-0.409546375274658 0,096438929438591 -0.299003064632416 -0.005272442940623
0.096033990383148 -0.293364107608795 -0.100267767906189 -0.017645852640271
0.452496409416199 -0,106552809476852 0.330360800027847 0.005825454834849

-0.123299390077591 -0.086819574236870 -0.140162155032158 0.190819323062897
0.521650016307831 -0.205270484089851 0.571102857589722 0.040917377918959
0.25230923295021 1 -0.291535228490829 -0.257840931415558 -0.265725702047348
0.045187201350927 0.142540797591209 0.039903394877911 -0.2268225699663 16

-0.067947573959827 -0.437117725610733 -0.707887649536133 -0.902477562427521
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
(1.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.0000000000000t0o
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 9 thru 12
-0.057783313095570 -0.028320169076324 0.05 1033440977335 0.063230849802494
0.3032287359213767 0.058082934468985 -0.163352265954018 -0.1371169763445854

-1.270150303840637 -1.165383100509644 -1.073284745216370 -0.393444120883942
0.943836271762848 0.794638037681580 0.84-4267129898071 0.395260334014893
0.742558181285858 0.577750384807587 0.208731055259705 -0.110177688300610
-0,386440068483353 0.163151398301125 0.730831444263458 0.4924935 10246277
0.159785315394402 0.078312359750271 -0.141120254993439 -0.174849063158035
-0.096472315490246 -0.299306154251099 -0.566881000995636 -0.332513660192490
-0.176542997360229 -0.086525827646255 0.155920103192329 0.193186357617378
0.322182923555374 0.27356430888 1760 0.183114573359489 0.027386520057917
-0.265730828046799 -0. 111779727041721 10.309323042631149 0.351416885852814
-0.258453816175461 -0.283427745103836 -0.376255005598068 -0.196410536766052
-0.312402874231339 .0.289256453514099 -0.274583280086,517 -0.105382815003395
-0.71771103,1436920 -0.396502941846848 -0.184172526001930 -0.022285683080554
0.000000000000000 0.000000000W0000(X 0.000000000000000 0.0000000000000(X
0.000000000000000 0.000000000000000 0.000000000000 0.Cy30000(xxJqoooO
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000)000))((0000 0.00000000000))O(0000 0.(00{X("OOO00000(( 0.00XX0000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000C0000000 0.OOCX0000000000000 0.0000()(00000000000 0.00~0000000CQ000)D
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0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.00000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000(0000000 0,000000000000000 0.000000000000000 0.000000000000000
O.O00000000000000 0.000000000000000 0.00000000000000 0.000000000000000
0.00000000 O100000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 13 thru 16
0.028429495170712 0.137737929821014 0.088154487311840 0.020338043570518

-0.036476179957390 0.530923962593079 0.708198904991150 0.895513653755188
0.249380111694336 0.735867857933044 0,493956625461578 0.179965853691101
0.27923846244-8120 0.250472187995911 0.105642728507519 0.034244339913130

-0.128043532371521 -0.670823037624359 -0.426880359649658 -0.091433495283127
0,431872069835663 -0.19914253056049.3 -0.587921202182770 -0.883560001850128

-0.078614711761475 -0.380879878997803 -0.243769139051437 -0.056239724159241
-0.494461238384247 -0.729645609855652 -0.553575634956360 -0.317499387264252
0.086859315633774 0.420824915170670 0.269333779811859 0.062137674540281
0.007680253125727 -0.090190932154655 -0.051522787660360 0.005915968678892

-0.093837112188339 0.189412429928780 0.089879713952541 -0.069261305034161
-0.186764165759087 0.131629720330238 0.312544137239456 0.454765111207962
-0.017076525837183 0.001478445134126 -0.003152766497806 -0.012494925409555
0.244834423065186 0.318924129009247 0.219840541481972 0.188599780201912
0.000000000000000 0.000000000000000 0.000000000000000 0.0000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.(x,,90000 X)00000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.00000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0O.OOUOOuOtOOOOOUU 0.UUUUUOUUOUoUU ,00 .00Ot~)(YJ0OO(JO(JU• 0UUU{J(J(JUUUO-J
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000(X000X)(0000)
0.000000000000000 0.0000000000000() 0.000(XO0000000)00o 0.0000(X0000X)00000

0.(X)0000000000C)000 0.0000000000000 0.OXX)(K00000000000 0.000000000000000OO.XX(XO(JOO()0O.()(JOOOO(O'X"{)O00()(. O.00(XXK)()OOOO(X}(O 00.O()()0)(X)O(-X)O0000

C(olumniv 17 thru 20
-0.042400766104064 -0.084010906517506 -0. I 1505411565304 -0.0782137960}19554
0,855304777022223 0.061034024004364 0.477368116378784 0.204989209771156

-0. 153559103608131 -0.440279722213745 -0.712362706661224 -0.600()98848342896
0.051359992474318 0.101861211061478 0.369736224412918 0.405945956707001
0.21429862082004.5 U.410069346427917 0.5306{00786209106 0.361452490091324

- ................. ................. .. .. ....._.UOO , -. t ,. , .U. . U U U .3 3467 7 96054



0.117248773574829 0.232311189174652 0.30834037065j060 0.216280713677406
-0.52,8530478477479 -0.633214831352234 -0.921554088592529 -0.849805355072021
-0.129544660449028 -0.256673723459244 -0.340676605701447 -0.238962396979332
0.047444257885218 0,057315919548273 0.041552908718586 0.002061530947685

-0.157790993851662 -0.127184554934502 0.005703.560076654 0.140924200415611
0.423163503408432 0.254126876592636 0.031705297529697 -0.134567558765411

-0.013463676907122 -0.002425661077723 0,019598521292210 0.031650546938181
0.196915820240974 0.262221U43004227 0.416802525520325 0.401391893625259
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 C.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0 000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Colunms 21 thru 24
-0.015890166163445 0.175430089235306 0.144304528832436 0.071474097669125
0.004424632526934 0.226383343338966 0.620495319366455 0.697833776473999

-0.194897741079330 0.518125295639038 0.456124514341354 0.230538889765739
0..194535419344902 0.029659651219845 -0.135030671954155 ..0.178520053625107
0.065637834370136 -0.666866302490234 -0.57678! 094074249 -0.290041923522949
0.269821852445602 0.141806587576866 -0.30028685927391 I -0.422620)94501495
0.043940283358097 -0.485108137130737 -0.399038 136005402 -0.197643667459488

-0.359619081020355 -0.379928737878799 -0.417710810899734 -0.392919093370438
-0.048548668622971 0.535982370376587 0.440885990858078 0.218370527029037
-0.019265225157142 0.08o799323558807 0.036X89377981424 0.012941746041179
0. 128137171268463 0.029192043468350 0.08921 7826724052 0.054259955883026

-0.114276096224785 -0.045095(A8616552 0.260898 113250732 0.34080122092,11349
0.0194411101700068 -0.229005306959152 -0.152300200881958 -0.0609901868700981
0.175824254751205 0.287977308u34897 0.307975083589554 0.28704!813135147
0.00000000000000 0.0000.0000000000 0.00000000000000 0.00"0000000000000
0.00 000000KK)()O 0.000000000000000 0.000000000000000 0.00000X)0000000()
0.000000000000() 0.0()00.XY)O000000 O.0)0000000000000 O.OX00000000000
0.(000000)OOOO000) 0.(,0,00000000000 0.00000000000000 0.000000000000000
0.(KJ0000000XY()() 0.000000000000000 0.000000000000000 0.0000(X0000000000
0.00(X0)000000)()0)00 0.0000000000000)(00 0.000(X)()0000000()) 0.00000000000000
0.000)00000000000) 0.000000000000000 0.00000000 0000(Y0 0.00_0)000)0000()
0.00(X0)O)Y0000000)(0 0.0000000000))000 0.00000000000 0.000000000000 (_KK00

[-4



0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
O.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 25 thru 28
-0.000358588324161 -0.066946528851986 -0.121833451092243 -0.163099780678749
0.714997291564941 0.692187309265137 0.596725404262543 0.458890974521637

-0.002638861304149 -0.217745393514633 -0.386674702167511 -0.500729024410248
-0.180397495627403 -0.156108334660530 -0.106120027601719 -0.044716380536556
0.002853065729141 0.273375242948532 0.488455593585968 0.637940347194672

-0,42501 -4 12931442 -0.352422356605530 -0.213180720806122 -0.046444904059172
0.00099 i (.25129245 0.185123935341835 0.336899995803833 0.451011657714844

-0,409828782081604 -0.450186222791672 -0.470142900943756 -0.467900991439819
-0.001095912186429 -0,204538509249687 -0.372231751680374 -0.498310625553131
0.001643848489039 -0.010036038234830 -0.029324725270271 -0.058764934539795

-0.003500863676891 -0.054764401167631 -0.078764118254185 -0.068583324551582
0.344716101884842 0,300775498151779 0.208710879087448 0.094930082559586

-0.001432399963960 0,063297107815742 0.126735284924507 0.190019726753235
0.299694210290909 0,331373751163483 0,348096609449387 0.350470960140228
0,000000(0) 00000 0,000000000000000 0.000000000000000 0.000000000000000
0.000(00000000000 0,00000000000000 0.000000000000000 0.000000000oooM
0,000000000000000 0,00000000000000 0.000000000000000 0.00000000000000
0,0(0000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.(0)0y,0o0(X)(00() 0.0000000 )0000 0.00000000000000 0,000000000000000
0.()0000O(X()000000 0.000000000000000 0.000000000000000 0,000000000000000
0.O(X000(X)(0(.X)(AKO 0.000000000000000 0.000000000000000 0.000000000000000
0.000000 000000 0.000000(000(00o0 0.000000000000000 0.000000000000000
0.(X)000Y%)00000 0,00000 0000000 0,000000000000000 0.000000000000000
0.0000000000000(O 0.000000(J00000000 00000CO0000000000 0.000000000000000
0.00000oo0000000 0,000000000000000 0.00000000000000 0.000000000000000
0.00(X)0000000o000 0.00( XX)00000000()0 0,00000000000000 0,000000000000000
0.000(i000(XXRXX)O0 0,OC;0000X0)00000 (J.0(00O(X)0(J000(O00 0.000000000000000
0.000000000000000 0,0000()(%J00000000 0.00000)000000000 0.00000000()00000

Columns 29 thru 32
-0. 1'74351975321770 -0,122346013784409 0.146971493959427 0.093235105276108
0,288224965333939 0,101976461708546 0.266284942626953 0.495136260986328

-0.513648390769958 -0,341438561677933 0.310720652341843 0,208116650581360
(0.012516547925770 0.038976501673460 -0,253823101520538 -0.437512069940567
0.661548074106598 0,44 62906691894531 -0,544442892074585 -0.361551821231842
0, 1001 4(A44934368 0. 145461 529493332 0. 111729025840759 -0,039046261439589
0.4Y2126832008362 0.338317334651947 -0,406413(018703461 -0,257818400859833

-0,410935461521149 -0,244990170001984 0,0307,6709859967 0,081233970820904



-0.532689929008484 -0.373797804117203 0.449034869670868 0.284856349229813
-0.087757296860218 -0.083488307893276 0.110505439341068 0.051490567624569
-0.026193792000413 0.023012768477201 0.037865202873945 0.063994728028774
-0.012542417272925 -0.065844245254993 -0.045933712273836 0.094733148813248
0.229155376553535 0.18.664724230766 -0.245755806565285 -0.137299761176109
0.310471236705780 0. 186720043420792 0.078545816242695 0.077226802706718
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 O.Oc0000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 33 thin 36
0.045474074780941 0.003589177737013 -0.034477304667234 -0.069714389741421
0.577420771121979 0.596641600131989 0.599313378334045 0.575464248657227
0.104801803827286 0.008741054683924 -0.079296842217445 -0.157825455069542

-0.502643167972565 -0.519310653209686 -0.526375055313110 -0.513688564300537
-0.181188806891441 -0.014992028474808 0.137135013937950 0.273594796657562
-0.099812239408493 -0.103594556450844 -0.070111930370331 -0.008150532841682
-0.125747174024582 -0.009924964979291 0.095338366925716 0.192777708172798
0.100009463727474 0.103383116424084 0.100546590983868 0.090794041752815
0.138934388756752 0.010965651832521 -0.105336762964725 -0.212994709610939
0.019537022337317 0.000747335725464 -0.015085997991264 -0.034759346395731
0.043191067874432 0.005116064101458 -0.032159231603146 -0.055887822061777
0.150094479322433 0.155426383018494 0.131344065070152 0.082926809787750

-0.061391647905111 -0.004051017574966 0.046819848699,331 0.098922424018383
0.074924886226654 0.077290780842304 0.087103337049484 0.100137904286385
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.0000C0000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000X 100000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00u000000000000
0.000000000000000 0.000000000000000 0.000000000000000 U.O00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E-6



0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000

Columns 37 thru 40
-0.099029645323753 -0.108785964548588 -0.080974653363228 0.072150170803070
0.515261411666870 0.391444772481918 0.199282690882683 0.462740123271942

-0.217903718352318 -0.230563536286354 -0.163031533360481 0.100124306976795
-0.470489084720612 -0.368058562278748 -0.195652469992638 -0.627463519573212
0.379400044679642 0.403028352689743 0.287969172000885 -0.268129318952560
0.068208314478397 0.127947375178337 0.124419368803501 0.184573799371719
0.273841679096222 0.300820380449295 0.223915174603462 -0.199513286352158
0.073956675827503 0.048785053193569 0.019074164330959 0.405157268047333

-0.302560001611710 -0.332368016242981 -0.247397616505623 0.220436796545982
-0.060012333095074 -0.080825649201870 -0.074687629938126 0.075480908155441
-0.056542675942183 -0.030107432976365 0.008787570521235 0.020878979936242
0.019137626513839 -0.041029-125223780 -0.064159311354160 -0.104109011590481
0.151151239871979 0.1809363)6121979 0.149197503924370 -0.151526704430580
0.110717654228210 0.105342306196690 0.070160843431950 -0.108321256935596
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.0000000000000 0.0000000000co000 0.000000000000000
0.00000000000000 0.000000000000000 O.C,00000000000000 0.000000000000000
0.0000000000O000 O.000000000000 0.000000000000000 0.000000000000000
0.0000000000000(R) 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 41 thru 44
0.03929411992430/ 0.014173669740558 -0.006910344585776 -0.025316398590803
0.612048268318176 0.667402982711792 0.661850452423096 0.641715407371521
0.058502778410912 0.022968932986259 -0.009037911891937 -0.037495601922274

-0.803819298744202 -0.867560088634491 -0.858979105949402 -0.836781203746796
-0.157778963446617 -0.062435463070869 0.024048734456301 0.101073004305363
0.144108489155769 0.122816629707813 0.116570591926575 0.128100156784058

-0,108658075332642 -0.039193749427795 0.019108818843961 0.070006161928177
0.507833719253540 0.544135868549347 0.538143694400787 0.526000320911407
0.120053425431252 0.043304432183504 -0.021113066002727 -0.077348150312901
0.029269885271788 0.004994845949113 -0.008873509243131 -0.019443348050117

E-7



0.040433567017317 0.028241675347090 0.002036384306848 -0.024613553658128
-0.044544868171215 -0.016603892669082 -0.011600011959672 -0.025288397446275
-0.071424581110477 -0.020547755062580 0.016054304316640 0.046566255390644
-0.144336372613907 -0.157755404710770 -0.156498521566391 -0.151577010750771
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00uO( 000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
O300'100fl00000000 0.00.00000000•0000 u.UoOOOOOOOO 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000

Columns 45 thru 48
-0.041431147605181 -0.053661826997995 -0.056175384670496 -0.041781675070524
0.606055378913879 0.543643355369568 0.425473958253860 0.238090291619301

-0.061573948711157 -0.078072585165501 -0.078652262687683 -0.054994259029627
-0.798391461372375 -0.727092266082764 -0.580467820J67542 -0.334175199270248
0.166033715009689 0.210082739591599 0.210815861821175 0.146436557173729
0.152058273553848 0.178241893649101 0.183259889483452 0.138386249542236
0.114567466080189 0.148388370871544 0.155338972806931 0.115536764264107
0.505486488342285 0.465166568756104 0.376328974962234 0.220640137791634

-0.126582816243172 -0.163950920104980 -0.171630054712296 -0.127654120326042
-0.031190739944577 -0.045399609953165 -0.056698203086853 -0.0526! 1295133829
-0.041825104504824 -0.041894003748894 -0.021338770166039 0,009759375825524
-0.052827082574368 -0.086358144879341 -0.108345307409763 -0,094005629420280
0.075617462396622 0.102629400789738 0.116036199033260 0.096092984080315

-0.142823368310928 -0.127670288085938 -0.099453695118427 -0.055271942168474
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.0000000001000000 0.000000000000000 0.000000000000000
0.00000000000000 0.000000000000(0O 0.000000000000000 0,000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.0000000000(0000 0,00000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000

E-8



0.000000000000000 0,000000000000000 0.000000000000000 0,O00000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000

Columns 49 thru 52
0.028954178094864 0.012954813428223 0.000959501543548 -0.008821797557175
0.386750340461731 0.427263200283051 0.428836852312088 0.398561447858810
0.014164083637297 0.008358211256564 0.002100343583152 -0.004158598370850

-0.601229786872864 -0.652679562568665 -0.650316357612610 -0.603241264820099
-0.111783541738987 -0.059082794934511 -0.011025194078684 0.033354576677084
0.190484464168549 0.163451939821243 0.144627526402473 0.129675716161728

-0.080065555870533 -0.035823296755552 -0,002653271658346 0,024394461885095
0.498267978429794 0.527172625064850 0.519485056400299 0,480459898710251
0.088463097810745 0.039580270648003 0.002930985763669 -0,026952799409628
0.043307978659868 0.010898220352829 -0.005409801844507 -0,013853058218956
0.00828552s254905 0.025737006217241 0.01058689311147 -0,000814865110442

-0.1430664645854645 -0. 10184091 13295746 -0.078975111246109 -0.067727327346802
-0.08008 045627594 -0,028150035068393 0,003546317340806 0.024995068088174
-0.221359759569168 -0.235613435506821 -0.232787385582924 -0,21545131504535"7
0.000000000000000( 0.00000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,0000000000000000 0,0()o00000000000
0.0600000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000O 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0()O000000)00000 0.0000()(, K)oO0x 0.,00)(XJ)X)OOO,)oOO 0.000000000000000
0.000000000000000 0.000O000OW000000O 0.00000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000
0.00000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.00000000000000 O.O0000000000O00O 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0,00000000000000 0.000(0)000000000 0.000000000000000 0.000000000000000
0.000000000000 0.000000000000000 0,000000000000000 0.000000000000000

Columns 53 thru 56
-0.017031 196504831 -0.023663954809308 -0.027966998517513 -0.027711821720004
0.360707700252533 0.316839307546616 0.2639) 5985822678 0.193471267819405

-0.009742504917085 -0.013935587368906 -0.015842702239752 -0.014176896773279
-0.547397196292877 -0.484471827745438 -0.408936202526093 -0.306036800146103
0,072087578475475 0.101952195167542 0.117675505578518 0.109768033027649
0.123266041278839 0.123139381408691 0.124528288841248 0.116775691509247
0.047095503658056 0.065436743199825 0.077335722744465 0.076630108058453
0,437755346298218 0.391884684562683 0.337309956550598 0.259907931089401

-0,052034657,48530 -0,072299025952816 -0.085446096956730 -0,084665738046169
-0.01955134A, 15870 -0.025491412729025 -0.032758962363005 -0.038847364485264
-0,02026230 30815 -0,032503012567759 -0.031574320048094 -0.014690148644149
-0.069360C . 5409 -0.0778304,78549004 -0.091099023818970 -0.097273789346218

E-9



0.041739728301764 0.056A 78593498468 0.069132968783379 0.074287496507168
-0.196111664175987 -0.175087466835976 -0.150016799569130 -0.114820316433907
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000O0000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000

Columns 57 thru 60
-0.020128441974521 0.012444825842977 0.003507371991873 -0.003012405941263
0.102620966732502 0.187571495771408 0.161674678325653 0.146926492452621

-0.008289655670524 -0.010273084975779 -0.001714645652100 0.003058528294787
-0.168184310197830 -0.331904828548431 -0.281734198331833 -0.254109561443329
0,070728309452534 -0.058436863124371 -0.019993178546429 0.012439396232367
0.085805438458920 0.118853501975536 0.,083164267241955 0.067041777074337
0.055660173296922 -0.034413054585457 -0.009698767215014 0.008330047130585
0.149689704179764 0.344793736934662 0.280129551887512 0.247022137045860

-0.061498031020164 0.038022838532925 0.010716436430812 -0.009204637259245
-0.036635845899582 0.024261066690087 0.003218021476641 -0.007625794503838
0.011203501373529 0.015028023160994 0.013086281716824 0.000648693356197

-0,080147273838520 -0.119497813284397 -0.071801036596298 -0.051438190042973
0.061584692448378 -0.045694917440414 -0.009469393640757 0,012712674215436

-0.065440781414509 -0.216901540756226 -0.174147680401802 -0.152591109275818
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
().000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000M

E-10



Columns 61 thru 64
-0.007976754568517 -0.011446966789663 -0.013246333226562 -0.012639661319554
0.129562452435493 0.1082274.31774139 0.082853414118290 0.052611876279116
0.005958141759038 0.008016247302294 0.009810903109610 0.011036994867027

-0.224129021167755 -0.188816979527473 -0.147411376237869 -0.097430415451527
0.039328269660473 0.058029942214489 0.065555535256863 0.057548262178898
0.059343039989471 0.056646954268217 0.056063'87314701 0.052563607692719
0.022057712078094 0.031653720885515 0.036629412323236 0.034951817244291
0.218027204275131 0.188386142253876 0.155455186963081 0.113724455237389

-0.024372033774853 -0.034974910318851 -0.040472447872162 -0.038618981838226
-.0.013628607615829 -0.017921445891261 -0.022377768531442 -0.026492759585381
-0.014332835562527 -0.024568684399128 -0.024421842768788 -0.010735079646111
-0.045722220093012 -0.049643315374851 -0.058552082628012 -0.064629882574081
0.027478959411383 0.037892606109381 0.045393038541079 0.048155322670937

-0.134706676006317 -0.117225088179111 -0.098176807165146 -0.073610775172710
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 65 thru 68
0.005962720606476 0.000448337610578 -0.003638325026259 -0.006507182028145
0.051450692117214 0.044564709067345 0.038842946290970 0.029903363436460

-0.014689327217638 -0.000729451770894 0.008837470784783 0.015552558004856
-0.108977548778057 -0.092631980776787 -0.080363795161247 -0.062619693577290
-0.034153532236814 -0.003632759908214 0.021199099719524 0.038630798459053
0.055816050618887 0.036907766014338 0.029732819646597 0.027771919965744

-0.016488416120410 -0.001239768345840 0.010060873813927 0.017993975430727
0.159691095352173 0.124475225806236 0.105544969439507 0.087162792682648
0.018218709155917 0.001370591926388 -0.011116929352283 -0.019882509484887
0.016802249476314 0.000152333188453 -0.009878551587462 -0.016918916255236
0.010683540254831 0.003495875047520 -0.007425640709698 -0.015094240196049

-0.083913251757622 -0.049165658652782 -0.037844136357307 -0.039171960204840
-0.030734248459339 -0.001258620410226 0.018398866057396 0.032197274267673
-0.149330362677574 -0.115318372845650 -0.097524851560593 -0.081066466867924
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E- II



0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.0000000C00000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 69 thru 72
-0.007754317950457 -0.005812264978886 -0.003019649069756 -0.002203237498179
0.017630355432630 -0.000139011142892 0.007578123826534 0.011977496556938
0.019186316058040 0.127090066671371 0.088015586137772 0.065668620169163

-0.038634542375803 -0.000120961245557 0.007000952493399 0.010117438621819
0.044184796512127 0.179659366607666 0.119574435055256 0.088964812457561
0.027519334107637 0,000196733686607 -0.010724524036050 -0.016950502991676
0.021442618221045 0,235727429389954 0.147151514887810 0.108967103064060
0.064878679811954 0.000399298529373 -0.021767076104879 -0.034403651952744

-0.023694809526205 0.235623449087143 0.1.50982884860039 0.111947119235992
-0.022095220163465 0.009367801249027 -0.000642007798888 -0.000845768023282
-0.013304563239217 0.013321916572750 0.009167045354843 0.006837501190603
-0.046010602265596 0.000590992684010 -0.033056113868952 -0.050291776657104
0,040201153606176 0.013286629691720 0.018604805693030 0.014366707764566

-0.061462506651878 0.000865232839715 -0.047213204205036 -0.074514143168926
0.000000000000000 0000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E-12



Columns 73 thiu 76
-0.002034915843979 -0.002173969754949 C.407519131898880 0.222715541720390
0.012841389514506 0.011270420625806 -0.000690010201652 0.002906289184466
0.040503341704607 0.016379265114665 0.595113217830658 0.332054674625397
0.010538135655224 0.010047932155430 0.000616236706264 -0.001443513319828
0.058136221021414 0.030033268034458 0.841890096664429 0.463388919830322

-0.018173076212406 -0.015949847176671 0.000976492709015 -0,004112984053791
0.078043960034847 0.053217958658934 -0.187735617160797 -0.108002118766308

-0.036885056644678 -0.032372668385506 0.001981952693313 -0.008347930386662
0.077321082353592 0.047807652503252 -0.188132956624031 -0.101506382226944
0.004278365522623 0.011323893442750 -0.169137850403786 -0.100636050105095
0.004256261512637 0.001800393336453 -0.240569040179253 -0.129930287599564

-0.053281836211681 -0.048411224037409 0.000770635320805 -0.005717949941754
0.002529074437916 -0.011630697175860 -0.240632325410843 -0.117571584880352

-0.079853370785713 -0.070175446569920 0.001032185275108 -0,003611200256273
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

0.u0000000000000 0.(OA•kKXMO0 0.O0O0O000000000 O 0.000000000000000
U.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 77 thru 80
0.156517714262009 0.120120353996754 0.096956133842468 0.07931()26, 161368!
0.006200120784342 0.009184882976115 0.011789949610829 0.013561623170972
0.237892344594002 0.183457568287849 0.145110741257668 0.112164191901684

-0.005139631219208 -0.009259076789021 -0.012661595828831 -0.013957137241960
0.327838063240051 0.252028077840805 0.201994895935059 0.162088990211487

-0.008774411864579 -0.012998445890844 -0.016685139387846 -0.019192405045033
-0.079495549201965 -0.061710827052593 -0.047459516674280 -0.033636707812548
-0.017809018492699 -0.026382349431515 -0.033865056931973 -0.038953937590122
-0.070463187992573 -0.053906641900539 -0.044082004576921 -0.037317100912333
-0.076179906725883 -0.059530355036259 -0.044480778276920 -0.028517808765173
-0.090282186865807 -0.069087281823158 -0.056435294449329 -0.047650247812271
-0.007778003811836 -0.007992259226739 -0.008593133650720 -0.011187074705958
-0.073349289596081 -0.054481741040945 -0.050040323287249 -0,054314546287060
-0.009020734578371 -0.014414939098060 -0.018999656662345 -0.021466668695211
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E- 13



0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 81 thru 84
0.060681208968163 1.969767928123474 1.300133466720581 0.994962155818939
0.013383945450187 -0.007462786044925 -0.002144439611584 0.001920530106872
0.076704494655132 0,306871116161346 0.209030911326408 0.164805412292480

-0.011453973129392 0.016232386231422 0.006882980465889 -0.002285791328177
0.119626432657242 0.438656955957413 0.292464494705200 0.22600559890.2702

-0.018940955400467 0.010561346076429 0.003034812398255 -0.002717941766605
-.0.018512971699238 -0.926856.577396393 -0.618224084377289 -0.477933436632156
-0.038443587720394 0.021435873582959 0.006159610114992 -0.005516493227333
-0.030304461717606 -0.935511887073517 -0.613375186920166 -0.466340333223343
-0.010856171138585 0.252901256084442 0.158947035670280 0.11568410.945992
-0.038522999733686 0.348265916109085 0.231478795409203 0.178345739841461
-0.016019124537706 -0.003840614808723 -0.006509527564049 -0.003620741888881
-.0.060192480683327 0.337350189685822 0.236432358622551 0.191210404038429
-0.01970231160j215 -0.011759574525058 0.000283096364001 0.006148749496788
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000k0000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E- 14



Columns 85 thru 88
0.804303646087646 0.671635687351227 0.573604345321655 0.495281726121902
01305544428247958 0.008845058269799 0.011790878139436 0,014213825576007
0.135871514678001 0.113879814743996 0.095481887459755 0.078556805849075

-0.011853702366352 -0.021116273477674 -0.029190639033914 -0.034966662526131
0.183894440531731 0.153751507401466 0.130506321-787834 0.110927931964397

-0.007846488617361 -0.012517547234893 -0.016686176767063 -0.020115435123444
-0.388986706733704 -0.325242757797241 -0.276001065969467 -0.234441623091698
-0.015925671905279 -0.025406306609511 -0.033867791295052 -0.040827386081219
-0.375302791595459 -0.313131749629974 -0.268550753593445 -0.234341979026794
0.090258516371250 0.074853748083115 0.066113501787186 0.061870459467173
0.144826933741570 0.121042288839817 0,102934435009956 0.087914951145649
0.002351252594963 0.009126202203333 0.014703797176480 0.017183294519782
0.160190612077713 0.134659379720688 0.111233726143837 0.087790273129940
0.009076911956072 0.010839019902050 0.012729468755424 0.015712475404143
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 89 thru 92
0.421105951070786 0.329193681478500 1.326097249984741 0.906724572181702
0.015644349157810 0.015017755329609 -0.006164656952024 -0.002510329708457
0.061022732406855 0.040601834654808 -0.118333235383034 -0.076723918318748

-0.036729402840137 -0.031801421195269 0.026081960648298 0.01 1887371540070
0.091705925762653 0.068477191030979 -0.166387811303139 -0.110339559614658

-0.022139914333820 -0.021253155544400 0.008724247105420 0.003552627516910
-0.193583309650421 -0.144255876541138 -0.314265578985214 -0.220809891819954
-0.044936385005713 -0.043136563152075 0.017707206308842 0.007210600655526
-0.202898055315018 -0.163106873631477 -0.322404861450195 -0.215613916516304
0.059705216437578 0,055413451045752 0.136640265583992 0.090321853756905
0.073317423462868 0.055553209036589 0.191623926162720 0.131781786680222
0.014632937498391 0.005623692646623 -0.013151098042727 -0.010182447731495
0.062391169369221 0.033693633973598 0.189036920666695 0.134870216250420
0,020193096250296 0.025090513750911 -0.024060234427452 -0.004769217222929
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000

E- 15



O.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 O.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0,000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000006000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000

Columns 93 thru 96
0.709636569023132 0.596034884452820 0.518160045146042 0.453546553850174
0.000362335558748 0.002966203726828 0.005290918517858 0.007169664371759

-0,056874047964811 -0.046022035181522 .0.039785530418158 -0.036047145724297
-0.000397099764086 -0.012308993376791 -0.023289678618312 -0.032152667641640
-0.083757445216179 -0.068918265402317 -0.059730723500252 -0.053283780813217
-0.000512780155987 -0.004197784699500 -0.007487729191780 -0.010146536864340
-0.177307695150375 -0.151398137211800 -0.131933838129044 -0.113750189542770
-0.001040773466229 -0.008520060218871 -0,005197510831058 -0.020593969151378
-0.165085926651955 -0.136641651391983 -0,! 18530526757240 -0.105161383748055
0.068335101008415 0.056099213659763 0.048603609204292 0.043450213968754
0.103711925446987 0.087425671517849 0,076043523848057 0.066339664161205

-0.003556548152119 0.005410465411842 0.014734324999154 0.022226888686419
0.109810046851635 0.094574779272079 0.082518011331558 0.070588096976280
0.005924230441451 0.012532517313957 0.017059214413166 0.020761912688613
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000(0000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0,000000(XX)000000 0.00O00000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000O 0 0.000000000000000
0.000000000000000 0.000000000)00000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
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Columns 97 thru 100
0.394293308258057 0.339617192745209 0.285204410552979 1.488296151161194
0.008467270992696 0.009142669849098 0.00044424630702 -0.001084392428480

-0.03387%9/9862070 -0.032946385443211 -0.032502349466085 -0.556867957115173
-0.037911783903837 -0.040078166872263 -0.037788502871990 0.030060518532991
-0.048404384404421 -0.044774957001209 -0.041560385376215 -0.787680447101593
-0.011982914991677 -0.012938742525876 -0.012799708172679 0.001535360701382
-0.095289260149002 -0.076744168996811 -0.057601649314165 0.215142384171486
-0.024321183562279 -0.026261182501912 -0.025978989899158 0.003116262378171
-0.094356313347816 -0.085617259144783 -0.077479183673859 0.200990691781044
0.039659827947617 0.036953762173653 0.034620210528374 0.002413998357952
0.057212453335524 0.048597213463688 0.039935745298862 0.004155062139034
0.026020716875792 0.024827228859067 0.0174-48022!0927 -0.011747978627682
0.057956691831350 0.044870603829622 0.031197385862470 0.004959001205862
0.024757983162999 0.030038175934553 0.037195395678282 -0.022807067260146
0.000000000000000 0.000090000000000 0.000000000000000 0.000000000000000
1.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000(0000,0 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000000 0.V 000000000 0.000000000000000 0.000000000000000
0.00000000000 0O 0.00(00000000000 0.000000000000000 0.000000000000000
0.00000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.0000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.00MC9OCJ00000 0.000000000000000 0.000000000000000 0.000000000000000

Columns 101 thru 104
1.103705167770386 0.901536762714386 0.779535531997681 0.692856371402740

-0.000805996998679 -0.000349612440914 0.000221366906771 0.000809793651570
.-0.412183493375778 -0.336100041866302 -0.290288537740707 -0.257951319217682
0.015834974125028 0,003585356986150 -0.008004620671272 -0.018705574795604

-0.582424044609070 -0.474467724561691 -0.409542858600616 -0.363875508308411
0.001140656531788 0.000494773150422 -0.000313283671858 -0.001146031194367
0.154786050319672 0.122895158827305 0.104269631206989 0.092317230999470
0,002315143821761 0.001004219637252 -0.000635858858004 -0.002326049143448
0.157281816005707 0.134587302803993 0.119821324944496 0.107117041945457
0.002626425353810 0.002766778925434 0.002742694690824 0.002500668168068
0.003016667440534 0.002416063798591 0.002062059706077 0.001827948843129

-0.010897212661803 -0,005822964478284 0.001772477175109 0.010015049017966
0,002435689326376 0.00106670c,985025 0.000402189820306 0.000264085916369

-0.005956446751952 0,002968231216073 0.007817354053259 0.010712484829128
0.00000000000000 0.900000000000000 0.000000000000000 0.000000000000000
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0.000000000000000 0.000000000000000 O.000XX)000000 0,00000()000000000(
0.000"00000000000 0.000000000000000 0.000000000000000 0,(WOO00000X)00000
0,000000000000000 0.000000000000000 0.00000000000000 0.0KWOOOOO()000
0.000000000000000 0.0000000000000 0.000000000000("X) 0.00"0000000000
0.000000000000000 0,00000000000000 0.0000000000000 0.00000000000000
0.00000000000000( 0,(Y00000000000000 0.00000000000)WX00(X 0.000000000000000
0.000000000000000 0.000000000000 0.0000000000(XX)0 0.0000000000O00000
0,000000000000000 0.0000000000000 0.00000000000000 0.00000000.J000(mXJ
0,00000000000000 0.00000000000000 0.000000000000 0.000c0000000000
0.000000000000000 0.000000000000000O 0,00X0000000000000 0.00000000000000
0.000000000000000 0.000000000000000O 0.000000000000000O 0.0(J0000000000
0.000000000000000 0,0000100000000000 0. 00 0 0000000000W (Xxi()00 0(XiX)00000000000
0.000000000000000 0,000000000000() 0.000000000000000( 0.000000000000000M

Columns 105 thru 108
0,6i6425931453705 0.541458725929260 0,469195136590,1762 0,390767616271973
0,001299732364714 0,001587360398844 0,00100i3112441 148 0,M0128241"00516

-0.229695409536362 -0.202199637889862 .0,175882473587990 -0, 14961664378&430
-0.027634136378765 -0.033978477120399 -0.03741 3,'i3 622934 -0.0373477/04172114
-0.324170619249344 -0.285704225301743 -0.24903.336167335.5 -0,21252191006741()
-0,001839397242293 -0,002246452728286 *.0.002269031I4799$ 5 -0.0(K)18148997332190
0.083343394100666 0.075871869921684 0.06980495 1548576 0,064400121R 5663

-0.003733343211934 -0.00455952.5754303 -0,004605353344232 -0,003683626651764
0.093209654092789 0.0772693529'72.507 0,059941977262497 0.041400556963921
0.002012327080593 0,001299633411691 0.00)0413294212194 -0.000(5937354872(x)
0,001642745570280 0.001479093218222 0?.00 1336782937869 0,001203420106322
0,016871774569154 0.020529024302959 0,019702546298504 0,0132811-64690852
0.000550515775103 0,001178383361.548 0.002079703841084 0,(X31159496234730
0.0 13154647313058 0,016452912241220 0.021849302574992 0,03W027221888304
0.0000000000 0.00000000 00MMO 0.00000000000)(00(XJ 0.00000000000000
0.000000000000000 0.0000000000(XX)00 0.O()0XXXYX)O9000000K 0.0(XXXK00000(X$J(X)
0.000000000000000X 0.00000000000000 0.00000J(X)000000 0.000XXX0000(
0.00000000000000 0.000000000XX00000 0.0000(XK)0000(JO 0,000000000000(XO)
0.000000000000 0.000000XX00000000(),0000(J0000000X)0,0 0 0000000 WW X )(XJO) K
0.0000000(X)0000 0.0000000000 00X)XXX (i.0000(X)0j(i000000( 0, ($XXX0XX.Mi)J))W JX
0).000000000000000() 0.000000000000(XXX) 0.00000000()((X)00000) 0.((XX)OOCXXXXXX)0(X)
0.000000000000000O() 0.000000000000000)( 0.000000000000000M 0,0(KXJ00000000000
0.000)((000000000000 0.000000000000000 0.000000000000000 0.000000000000000X
0.000000000000000(M 0,(JOOOXXX(X)00000000 0,000000000000XX) 0.0(XJO(X)0000000(X)
0.00000000000000(KM0 0.00)00000000X0000(XXX) 0,0C.J0(-Xx)(Xo)XJ0)M 0,000(JOO))((X)000(X)
0.000000000000000 0.00000(X)0000(XXX)) 0.(XJX(X)000(XX(XjO000 0,000000000000000X)(X
0.000000000000000XXJ 0,(00J(XJOO XY XX(M)00 0.0XXXJ(JOOOOO()00) 0, ()000y()0(J00()X)
0.000(X0000(X)00000 0.00(.)000(J00000XX)(), 0.000000{-XJL0000000 0.f(K-)000(X)00000X)
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Columrnrs 109 thru 112
1,606981515884399 1.121851444244385 0,874692499637604 0,720314621925354
0.004703772"719949 0.001390085555613 -0.000684961443767 -0,002191366162151

-0,770617127418518 -0.539080083370209 -0,421148270368576 -0,347306042909622
0.024473661556840 0.010469549335539 -oJ000650649308227 -0.010750364512205

-. !W2324495315552 -0,760689795017242 -0.591682553291321 -0.486426025629044
-0,006656775251031 -0.001967247342691 0,(XX3969357672147 0,003101220121607
0,495453298091888 0.34(1869694948196 0.261981576681137 0.213528677821159

-0.013510935008526 -0,003992825746536 0,001967464108020 0.006294406484812
0.481258243322372 0.344358384609222 0.274833828210831 0.230033650994301

-0,08951 1811733246 -0.057490766048431 -0.041044883430004 -0.031591817736626
-09 1209938079 11873 -0,084500290453434 -0.065908841788769 -0.054291009902954
-0.000796792795882 -0.005190685391426 -0.004343570675701 -0,000625804299489
-0,114847138524055 .0.086912617087364 -0.072858937084675 -0,062976829707623
-0,006831773556769 0.001615760265850 0,004266016185284 0.003914042841643
0,0(X)0(XYX)X)W() 0,0000000000000XD 00 000,OOO()(X)() O,(XX•)0(X0X000X)

.00,()O(1J0(XX)O(X) 0,('l0000_0XX00)00000 0,0 000CYO 0 0.000000K MY) 0000(00000)(X)
0.00(KX00,0W(XJ00V 0,0C000XX 0XXX)000 00 0.0(X)0)W0X0 )0. 0000(XX)0000(XXX0
0,000(JXOJ(X)0XX0(X) 0,00000(X)000000 0 0,000(XXX00000(X)00 0.0(00X00XX0000
0.00(00000000000 0,00000(0000 0,0(X0XX (K X) 0.000X0K00XX0000 X)
O,0(X)XJ(X00 )00(X)J 0.000,( 00000(0(X)() O.O(JXXX)00 OX0 ) 0.o M0000000)000)
0.o(Jx0o0o0000o000 0. 0 ()ooJ00OO(XJOO 0.0 )(XXXXY)00C0) 0,(0000W9X)(X X)00)
0.O(WX)0(X)O0000 ,000,000(XK)N000 0.)00000000X00000 0,0(X000X00X00000
OO()0 0)00 0~k,00000000000 X)(X) 0 o0o0 x ) 0.(000O0X)OO(X) 0,000 OO0000000000
U,0UK- OXYXJ.U)(U 0.(XXOXXOXXJOOXXXUOO0,00000X)C000(XXXX) 0.(X0X00(0X0X0XX)0
0, (XJ MU 00000 XJ0000W 0, (XJ0XKX XXJO00000 0 000000000 0000Xi 0.000XXX()(00000000(X)
000X00X0O( X)000000 0,000000000)(JMO0O OO00(XX)OO0OO(XXOX) 0,000(0)0000000)O
O,1XXXXXXX (XXJO(XXX) O,(X0J(X0O)OOO(0XK)0 0.(X0X00)0000(X00 0 -(00X0 XXX0(X)000(X)
O,00O(X00J000.A000_)0 Q,00V00(JOX(XY.XX XJ 0.000000000000XO O,0(XX00X00 00(X )

Columm 113 tlhii 116
0.612941622734070 0.530924439430237 0,463Y23 58779907 0.404223680496216

-04.13411579(44307 -0,.04506036876613 -.0.(X5592709)872S72 -0,006735598202795
-0.295652478933334 .0.255834728479385 -0,222789436578751 -0.193260163068771
-0,02(W)1897990(7036 z0,0281517300754'79 -0,034-19125737217 - 0.199262269713
-0.413718312978745 -0,358794867992401 -0.314385980367661 -0.275754719972610
0,W04828065633774 0.(XJ06377789657503 0,(XJ7914797402918 0.01Y532214142382
0.181166(48804740 0. 158090472221375 0,140890792012215 0.127272233366966
0,009799306280911 0.012944706715643 0.01(g6(4306721(0)1 0,019347097724676
0,196135082304082 0.16837304830551 1 0,142292305827141 0,116630844771862

-0.02135 1468637586 -0,023987878113985 .0.02377501688897(, -0,0251 53806433082
-0,046201094756746 -.0,40011782199144 -0.034922454506159 -0.030417535454035
0,(J50083695823 0,0079640178(0987 0.009535803459585 0.X)7330811162531

-0.054305080324411 -0,045471884310246 -0,035899262875319 -0,025333818048239
0,002407010882074 0,(X)1263033021154 1X) 1823061378673 0,0052380022166152
U,(X.00(XXJ(0K0K)000 0 OO 0,0(X)( JO)(X-XXm-" J (W)KOXXO)MYO()0 ,00()OXJU (X)000000(0)

I,-I1)



O.000000000000000 O.MOuOOOOOOOOOOO O.C; 1OOCOOOOOOOOOO 0.000000000000000
0.000000000000000 0.00000000O0066OO Uj.0O0000000000000 0.O00000000000000
0.0O00000000000000 0.000O0000000000 0o.000000000000000 0.000000000000000
0.Oo00000000000000 o.0000090000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.o00000000000000 0.o00000000000000 0.o00000000000000
o,O00W00000000000 o.000000000000mk 0.000000000000000 0.o00000000000000
0.000000000000000 O.000000000000000O o0,000a0000000000 0.000000000000000
0.000000000000000 0.o00000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.O00000000000000 0.o00000000000000 0.o00000000000000 0.o00000000000000
0.000000000000000 0.ooO000000000000 0.o00000000000000 0.000000000000000
o,0ooooooooMoooo o.00ooooooooooo 0.000oaoooooooooo 0,ooooooooooooooo
0,000000000000000 O.Oa00000 000000 0.OO0000000000000 0.O00000000000000

Columns 117 thru 120
0.339716762304306 0.733792483806610 0.518910944461823 0.413616597652435

-0,00)7762315217406 0,009023640304804 0.002505518030375 -0.001740897307172
-0.161 140441894531 -0.396411240100861 -0,282885223627090 -0.227324306964874
-0.039672523736954 0.021722964942455 0.008215680718422 -0.002280563581735
-0,233920127151397 -0.565520942211151 -0.397912889719009 -0,315729767084122
0.010985221713781 -0.012770269066095 -0.003545812098309 0.002463720738888
0.112767845392227 0.311374127864838 0.215131863951683 0.167837396264076
0.022296197712421 -0.025919226929545 -0.007196770515293 0.005000504665077
0.0883026868 10493 0.299779295921326 0.219793051481247 0.180806562304497
-0,02693030238 1516 -0,0815590247.51186 -0.0493801 72044039 -0.033391332742910
.0,025524 1)85045 195 -0,105039.529502392 -0.074167102575302 -0.059036266058683
0.000220814268687 0,.009952254593372 -0,001466841204092 -0.005620156414807

-0,013486732728779 -0,094626188278198 -0.077770277857780 -0.069799646735191
0.0 12076490558684 0.008337860926986 0.006393956951797 0.001959122484550
0.0000000(X)000000OO 0.000000000000000 0,000000000000000 0.000000000000000
0,()(X)0000000000000 0.000000000000000 0.000000000000000 0,00000000000(0000
0.0000000000000 0.000000000000000 0.00000000000000 0.000000000000000
0.00(X)0000000000 0.00000000000000 0.000000000000000 0.000000000000
0.00000000000000 0.000000000000000 0,000000000000000 0,000000000000OW
0.000000000000000 0.000000000000000 0.000000XX00000)0000 0.00000000
0,fXyJ00000(YX)00000 0.000000000()(00000() 0,000000000000000 0,000000000000000

.00000000,)))X((xjxcx 0.000000000000000)( 0.0000000)(00000000 0.000000000000000)O
0,000000000000 0.00000000 0(M 0.000000000000000 0.00X0000000000000
0,(00000(OJ00(NX)OO 0.000000000000000 0,00( X)0000000000Y,) 0.000000000000000K
0),000()X)XXX~J000000X 0.000000000000000)( 0.00OX000000000000 00000000000"X0000
0.(X)OOXIX)00000000XK 0,000000000000000J 0.000000000000)())000 0.0000000000(()(X00000
0.000000000000000)( 0.0000(XXJ(X)0000))( 0.000000000000000( 0.00000000000000
0,000000)(XXJOOO{J100 0. 00(X )0000 0.000000000000000()(X) 0.000000000000000



Columns 121 thru 124
0.342020899057388 0.288984864950180 0.248467445373535 0.215249776840210

-0.004962712060660 -0.007643529213965 -0.010067387484014 -0.012309622950S52
-0.188962638378143 -0.159810721874237 -0.136725679039955 -0.116961658000946
-0.011630089022219 -0.020068466663361 -0.027502037584782 -0.033394727855921
-0.260304868221283 -0.219822928309441 -0.189533710479736 -0.165357694029808
0.007023237645626 0.010817134752870 0.014247382059693 0.017420595511794
0.136831775307655 0.115317240357399 0.100491598248482 0.089995034039021
0.014254746027291 0.021955044940114 0.021917264193296 0.035357791930437
0.152520731091499 0.129326879978180 0.109125055372715 0.090007126331329

-0.024409085512161 -0.020138001069427 -0.019515302032232 -0.021722773090005
-0.048773668706417 -0.041203889995813 -0.035456821322441 -0.030782185494900
-0.006087097804993 -0.005199640057981 -0.004776826128364 -0.006291306577623
-0.061907667666674 -0.052943840622902 -0.042641170322895 -0.030638299882412
-0.003993857186288 -0.010177571326494 -0.015402572229505 -0.018398612737656
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.0000000000000000.0000000000000000 0.0. W 0000
0.000000000000000 0.000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.0000030000000C0 0.000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00)000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.00000000 0000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.0000000000000 0.000000000000000 0.000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.00000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,000000000000000 0.000000000000000

Columns 125 thai 128
0.182217806577682 0.139827638864517 0.221666574478149 0.165019035339355

-0.014048168435693 -0.014285837300122 0.009083637036383 0.002152012428269
-0.096814356744289 -0.071602217853069 -0.137249127030373 -0.104578904807568
-0.036294706165791 -0.033497605472803 0.013477741740644 0.004196172114462
-0.141703382134438 -0.110844202339649 -0.196544706821442 -0.144603803753853
0.019880982J15865 0.020217331126332 -0.012855186127126 -0.003045531455427
0.080533921718597 0.067120298743248 0.133117094635963 0.095217153429985
0.040351528674364 0.041034199297428 -0.026091586798429 -0.006181378383189
0.069490410387516 0.045122042298317 0.130797296762466 0.101569421589375

-0.025519115850329 -0,028305646032095 -0,047765504568815 -0.027641892433167
-0.026155479252338 -0,020189596340060 -0.062481697648764 -0.045888293534517
-0.010698161087930 -0.017486056312919 0.014015490189195 0.001287825638428
-0.016607403755188 -0.001330020953901 -0.057310033589602 -0,052018940448761
-0.017604690C45118 -0.011531985364854 0.021241841837764 0.007114490028471
0.00000000000000 0.0000000OW00000 0.000000000000000 0.000000000000000
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0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000W00(JOOOO 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000)000000000000 0.0000000)00000000 0.000000000000000
0.000000000000000 0,000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000(0000000000 0.000000000000000 0.000000000000000
0.0000000000000000.0000303 0.000000000000000 0.000000000000000 OOC)OOOOO
0.000000000000000O 0.000000000000000 0.000000000000000 0.000000000000000
0.000000(000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.0900000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0,0(X)00000000G00
0.000000000000000 0.000000000000000 0.000000C30300300 0.0030000000000000

Columns 129 thru 132
0.136764779686928 0.1 16144694387913 0,098489135503769 0.081 160083413'ý 24

-0.002685654442757 -0.006433743052185 -0.009352056309581 -0.011368140578270
-0.088029935956001 -0.074977718293667 -0.062738500535488 -0.049908015877008
-0.003471923293546 -0.010075635276735 -0,015195251442492 -0.018042145296931
-0.118878044188023 -0.100797891616821 -0.086075015366077 -0.072207108139992
0,003800745587796 0.009105049073696 0,013235052116215 0.016088219359517
0.076723650097847 0.064800672233105 0.056308794766665 0.049293994903564
0.007714203093201 0.018480105325580 0.026862582191825 0.032653525471687
0.08654797077 1 790 0,073883384466171 0.061182707548141 0.047289300709963
-0.018440965563059 -0.014935850165784 -0.015436738729477 -0.018620802089572
-0.037678074091673 -.0.031940028071404 -0.027303855866194 -0.022966323420405
-0.005183017347008 -0.008853700943291 -0.01 1756571941078 -0.015159952454269
-0).048391852527857 -0.041952162981033 -0.032300282269716 -0.019645530730486
-0.005215829238296 -0.01614.4441440701 -0.024607686325908 -0.029022434726357
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.0000000300000000 0.000000000000000 0.000000000000000
o0,00000000000000W 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.00000000000000
0.000000000000000 0.000000000000000 0.00000000000000 0.00000000000000
0.000000000000000 0.O00O0C00O000OO0 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0,000000000000000 0.00000000W000000 0.00000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000i 0.000000000000000 0.00000000000000 0.000000000000000
0.000000000000000) 0.000000000000000 0.000000000000000 0.000000000000000
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Columns 133 thru 136
0.061413474380970 0.056393094360828 0.043542593717575 0.036373812705278

-0.011985959485173 0.005774934776127 0,000373997143470 -0.003612515050918
-0.035207178443670 -0.041369613260031 -0.033853873610497 -0.028783293440938
-0,017433380708098 0.003992991521955 0.000562907429412 -0.002600301522762
-0.056461788713932 -0.060778174549341 -0.045784171670675 -0.037945184856653
0.016962554305792 -0.008172707632184 -0.000529281678610 0.005112444516271
0.041430357843637 0.056002765893936 0.040686454623938 0.033315487205982
0.034428127110004 -0.016587769612670 -0.001074259984307 0.010376495309174
0.031317293643951 0.054158128798008 0.043841857463121 0.037156771868467

-0.022513803094625 -0.030708035454154 -0.017571296542883 -0.013062535785139
-0.018044598400593 -0.038753725588322 -0.029193162918091 -0.024194821715355
-0.019204074516892 0.012959190644324 0.000215470179683 -0.007896557450294
-0.004912527743727 -0.034111827611923 -0.033119395375252 -0.029451398178935
-0.027301071211696 0.020069703459740 0.001953481929377 -0.012774786911905
O.O00000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
O.O00000000000000 0.0000000000 0,000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0,00000(X)00000000 0.00W0000000000000
0.000000000000000 0.000000000000000 0.00000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.0000000000.)O00
0.000000000000000 0.0000000000000 0.00000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.000000000000000 0.000000000000000 0.000000000000000
0.000000000000000 0.00000000000000 0.000000000000000 0.000000000000000

Columns 137 thru 138
0.029406102374196 0.021314786747098

-0,006510867271572 -0.008051437325776
-0.022396450862288 -0.014185924082994
-0.004901506006718 --0.005512909963727
-0,03119922056'7942 -0.023840608075261
0.009214201010764 0.011394418776035
0.028100755065680 0.023106062784791
0.018701648339629 0.023126738145947
0.029114006087184 0.018933344632387

-0.013364939950407 -0.016265647485852
-0.019893420860171 -0.015201377682388
-0,013791400007904 -0.018178712576628
-0.020712001249194 -0,007747321389616
-0,023485885933042 -0.027864985167980
0.000000000000000 0.0000000000000
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Appendix F. Performance Plots for Baseline Controller

The plots on the ensuing pages show the results of computer simulation of the baseline LQG

controller based on the updated truth model described in Chapteis 3 and 4 and Appendix A. Plots are

provided to demrnstratc the performance of the Kalman filter in estimating the 14 Zernike coefficient

states. The Zernike coefficients describe the phase distortion in the optical wavefront resulting from

propagation through the turbulent atmosphere. Each state is modeled with a first-order Markov process

shaping filter. Plots are also provided which show the overall performance of the LQG controller in

generating the appropriate control to apply to the deformable mirror as compensation for the atmospheric

phase distortion. Each section contains the plots corresponding to specified levels of measurement noise

as described in Chapter 5.

Section F. 1 contains the performance plots corresponding to measurement noise study 1, in which

low noise is simulated in both the truth and filter models. Filter estimation performance is shown in the

form of 3-plot sets for each of the atmosphere states. These plots correspond to Figures 5.1, 5.2, and 5.3.

The first plot in each set demonstrates the tracking capability of the filter. The filter-computed statistics

of its own estimation error for a single realization are shown in the second plot. Finally, the true error

statistics over 10 Monte Carlo runs, as computed from Equations 5.1 and 5.2, are shown in the third plot

of the set. Control system performance is shown in a set of plots corresponding to Figures 5.4, 5.5. and

5.6. Detailed analysis of the results contained in the plots are presented in Chapter 5.

Sections F.2 through F.9 show identical sets of plots for the remaining eight noise studies. In

order to keep the abundance of plots to a minimum, only the plots for states 1, 6, and 14 and the control

system performance plots are provided for these studies.
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Appendix G. Perforrmance Plots for Study 1 with Modified Covariance Controller

This appendix contains the performance plots for the modified baseline controller which includes

cross-correlations between the Zernike coefficient states. As in Appendix F, Kalman filter performance

plots are arranged in 3-plot sets describing filter tracking of the state, filter-computed estimation error, and

true statistics of the estimation en-or. Overall system performance is also presented as a 3-plot set in terms

of the incident vs reflected rms phase distortion, rms filter estimation error, and control voltage envelope

over 10 Monte Carlo runs. The plots correspond to the noise study case where low measurement noise

ks simulated in both the truth and filter models.

Section G. I shows the performance results when time-varying Kalman filter gains were computed

at each sample time. Section G.2 contains filter estimauon plots for states 1, 6, and 14 along with overall

•ystcmn performance, plots for the case where the steady-state Kalman filter gain was computed once and

ustdJ for all time, as motivated iii Chapters 1, 4, and 5.
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Appendix H. Performance Plots for Study .1 with Delayed Measurements

This appendix contains the plots which describe the modified baseline control system performance

in the preence of tirne-delayed measurements. The time delay in the measurements is 7 msecs, one full

sample period, corresponding to the maximum sampling rate of the reticon detector in the wavefront

sensor, This simulation was conducted for the measuremc.it noise condition of low noise in both the truth

and filter models using time-var, ing Kalman filter gains. Plots showing filter estimation performance and

overall contlrol system performance are presented as described in the previous appendices. The analysis

in Sv4tion 5.4 discusses the important characteristics associated with these plots.
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Appenzdix L Petformnance Plots for Study 1 with Filter- Predictor Contiroiler

The plots in this appendix illustrate the controller performance when the predictor is augmented

to the system as compensation for the wavefront sensor measurement processing delay. Plots are

presented for all 14 states of the Kalman filter and the overall control system performance in the same

manner described for previous appendices. Detailed analysis of the data is presented in Section 5.5.

Section 1. 1 contains the plots of the filter estimation error and control system performance for the

filter-predictor model using the 7 msec wavefront sensor sampling period. Section 1.2 show the overall

control system performance of the suboptimal controller assuming no measurement delays. Filter

estimation performance plots are not provided here as the results are identical to the plots shown in

Appendix G. This occurs due to the fact that the filter performs identically for both the optimal and

suboptimal control laws; the difference lies in the time at which control is applied to the system (ti vs t,-),

thereby affecting overall system performance. Lastly, Section 1.3 shows performance achievable assuming

a wavefront sensor with a 3 msec sampling period were available. Plots of both filter and overall control

system performance are provw" 'A.
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Appendix .1. Performance Plots for Sensitivity Study

The appendix contains performance plots for the augmented filter-predictor controller when the

the nominal controller is evaluated in the presence of changes in the true dynamics of the atmosphere.

Results from 10 separate sensitivity studies are provided. The first six studies simulated average wind

velocities along the propagation path of 5, 15, 35, 45, 55, and 65 m/sec. The remai:iing four studies

investigated actual zenith angles to the source of 15, 30, 45, and 60 dc gees with the controller assuming

0 degrees of zenith angle. Filter performance plots fur states 1, 6, and 14 along with control system

performance plots are shown for each study. Detailed analysis of the data is presented in Section 5.6.
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J.2 Average Wind Velocity of 15 ni/sec
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J.4 A v'cra~i' VWindl Velocity ol '45 rn/sec
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