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2for both a homogeneous version and a GRIN version of the pointed
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eeker lens. The homogeneous lens is used as a comparison
and a check for the GRIN lens. A FORTRAN program (GISL)
has been written and employed to evaluate and compare both
the homogeneous lens and many different configurations of
possible GRIN lens designs. Results indicate that the GRIN
lens has highly superior off-axis imaging performance as
compared to the homogeneous lens. The best results were
obtained for the GRIN lens with a fifty percent, positive,
spherically symmetric gradient index with center of symmetry
interior to the lens. Only very slightly inferior perfor-
mance was observed with a five percent version of the same
lens; such a lens possible can be manufactured today. GRIN
lens performance also indicates that for objects off-a is
by more than 17.2 degrees a large scale, multiple element 4,-

sensor array may be required; with such a sensor array,
objects off-axis by more than 37.2 degrees may require mirror
elements to compensate for image movement.
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.~ ABSTRACT

This thesis explores the use of a pointed seeker lens

designed using a spherically symmetric gradient refractive

index (GRIN). The design helps to solve the current design

conflict between optical quality and aerodynamic drag in-

* herent in hemispherical seeker lenses. Equations for lens

design and the evaluation of off-axis lens performance have

been developed for both a homogeneous version and a GRIN

version of the pointed seeker lens. The homogeneous lens

is used as a comparison and a check for the GRIN lens. A

FORTRAN program (GISL) has been written and employed to

evaluate and compare both the homogeneous lens and many dif-

ferent configurations of possible GRIN lens designs. Results

indicate that the GRIN lens has highly superior off-axis imag-

ing performance as compared to the homogeneous lens. The best

results were obtained for the GRIN lens with a fifty percent,

positive, spherically symmetric gradient index with center of

symmetry interior to the lens. Only very slightly inferior

performance was observed with a five percent version of the

same lens; such a lens possibly can be manufactured today.

GRIN lens performance also indicates that for objects off-

axis by more than 17.2 degrees a large scale, multiple ele-

ment sensor array may be required; with such a sensor array,

objects off-axis by more than 37.2 degrees may require mirror

elements to compensate for image movement.

4



.

TABLE OF CONTENTS

I. INTRODUCTION - - 36

II. THE HOMOGENEOUS LENS --------------------------- 40

A. THEORY 4--------------------------------------40

B. ASSUMPTIONS AND SIGN CONVENTION ------------- 40

C. HIN LENS DESIGN ----------------------------- 41

D. SKEW RAYS ----------------------------------- 49

E. RADIANT ENERGY LOSS ------------------------- 68

F. OPTICAL PATH LENGTH (OPL) ------------------- 70

III. THE GRIN LENS ----------------------------------- 71

A. THEORY -------------------------------------- 71

B. ASSUMPTIONS -------------------------------- 78

C. GRIN LENS DESIGN PARAMETERS ----------------- 78

D. GRIN LENS DESIGN ---------------------------- 78

E. SKEW RAYS IN GRIN --------------------------- 86

IV. LENS PERFORMANCE PARAMETERS --------------------- 96

V. RESULTS FOR THE HOMOGENEOUS LENS ----------------- 100

, VI. GRIN LENS RESULTS ------------------------------- 117

VII. CONCLUSION -------------------------------------- 134

VIII. RECOMMENDATIONS FOR FUTURE WORK ----------------- 135

APPENDIX A: COMPUTER LOGIC FLOW DIAGRAMS FOR
PROGRAM GISL ------------------- 136

APPENDIX B: LISTING OF FORTRAN PROGRAM GISL ---------- 145

APPENDIX C: SAMPLE TABULAR OUTPUT FROM PROGRAM GISL -- 169

APPENDIX D: HIN LENS PERFORMANCE PLOTS --------------- 182

APPENDIX E: GRIN LENS PERFORMANCE PLOTS IN THE LOW
RANGE OF INDICES OF REFRACTION
(a - 2.25) ------------------------------- 209

5



"4 APPENDIX F: GRIN LENS PERFORMANCE PLOTS IN THE
S.; ..-. HIGi RANGE OF INDICES OF REFRACTION

(a - 9.00) ------------------------------- 301

APPENDIX G: *BEST" GRIN LENS PERFORMANCE PLOTS
IN THE F/2 CONFIGURATION ---------------- 429

APPENDIX H: "BEST" GRIN LNS PERFORMANCE PLOTS

IN THE F/1 CONFIGURATION -- --------- 453

LIST OF REFERENCES ---------------- --------- 480

INITIAL DISTRIBUTION LIST ..------------- 482

,.

.1

6
.0



LIST OF TABLES

1. Explanation of Lens Shape Plot Legend -------------- 102

2. Explanation of object Plane Plot Legend ------------ 105

3. Explanation of Spot Diagram Legend ----------------- 108

4. Skew Ray Intensities of HIN Lens--------------------110

5. Comparison of HIN and GRIN Lens Designs-------------131

7



'i'o~~~~~- - - - - - - --- --' .' ." - . .'J',. .- '." " - . - - " " , - . . . . . P

LIST OF FIGURES

1. Lens Shapes --------------------------------------- 39

2. Conceptual Drawing and Coordinate System
of Outer Surface Solution ------------------------- 42

3. Ray Trace Geometry -------------------------------- 45

4. Coordinate Transformation ------------------------- 51

5. Geometry of Skew Ray Intercept with Outside
Surface ------------------------------------------- 53

6. Kingslake's Skew Ray Diffraction Diagram ------- 60

7. GRIN Lens Geometry -------------------------------- 72

8. Excluded Regions for Center of Symmetry
Due to Singularities ------------------------------ 77

9. GRIN Ray Intercept Geometry ----------------------- 80

10. Expanded View, Intercept Geometry ---------------- 81

* - 11. Homogeneous Lens Shape for N2 - 1.5 --------------- 101

12. Example Object Plane ------------------------------ 106

13. Spot Diagram for HIN Lens Design Shown
in Figure 11 -------------------------------------- 107

14. Nondimensional Encircled Energy Plot for HIN
Lens Design of Figure 11 --------------------------- 111

15. HIN Lens Spot Size versus ap for N2 = 1.5 --------- 113

16. HIN Lens Centroid Movement versus a at N 2 = 1.5 -- 114

17. HIN Lens Spot Size versus Edge Thickness at
ap = 0.3 Radians and N2 = 1.5 --------------------- 115

18. Example GRIN Lens Design with 10% Negative
Gradient at OB - 1.0 ------------------------------ 118

- 19. Example GRIN Lens OBject Plane -------------------- 119

20. Intensity Contours of the Example GRIN Lens
Shown in Figure 18 -------------------------------- 121

. .T

, ,' 2 '-.' 'i".." ''- -".".-" " "." - ". -*. . , '' .. . . -. ". . ". . ."' .. - , . ,. . -



21. Example GRIN Spot Diagram at ai - 0.4 Radians
for GRIN Lens Design Shown in Figure 18 ----------- 122

22. Example GRIN Encircled Energy Plot Corres-
ponding to Figure 21 ------------------------------ 123

23. Contour Plot Summary of GRIN Lens Spot Size
Performance for ai - 0.3, a - 2.25 ---------------- 126• ". p

24. Contour Plot Summary of GRIN Lens Spot Size
Performance for ap - 0.3, a - 9.00 ---------------- 127

25. "Best" GRIN Lens Centroid Movement for
F/Numbers of F/1 and F/2 -------------------------- 129

26. "Bestm GRIN Lens Spot Size Performance for
F/Numbers of F/ and F/2 -------------------------- 130

D-1. Object Plane at ai " 0.0 Radians for HIN Lens
Design Shown in FRgure 11 ---------------- 182

D-2. Spot Diagram Corresponding to Object Plane
of Figure D-1 ------------------------------------- 183

D-3. Object Plane at a - 0.1 Radians for HIN Lens
Shown in Figure 1 ...........--------------------- 184

.P D-4. Spot Diagram Corresponding to Figure D-3 ---------- 185

D-5. Encircled Energy Plot for the Spot Diagramof Figure D-4 ------------------------------------- 186

D-6. HIN Object Plane at a p - 0.2 Radians, N2 = 1.5 187

D-7. Spot Diagram of HIN Lens at ap - 0.2
Radians, N2 = 1.5 ----------------- 188

D-8. Encircled Energy Plot of HIN Lens at
ap = 0.2 Radians, N2 = 1.5 ------------------------ 189

D-9. HIN Object Plane at ap a 0.3 Radians, N2 = 1.5 190

p2
D-10. Spot Diagram of HIN Lens at a - 0.3 Radians,

N2  1.5 -------------------- 2---------------------191

D-11. HIN Lens Encircled Energy at a - 0.3 Radians,
.: N. , 1.5 ------------- ------------------- 192

D-12. HI. bj v Plane at a 0.4 Radians, N2 = 1.5 ---- 193

D-13. Spot Diagram of HIN Lens at a - 0.4 Radians,
.' N2 - 1.5 -------------------- --------------------- 194

~2

99
.*

*! 4' . , ' . . " . . . . - - . , . . . . , , . i ,? . . - .



D-14. Encircled Energy Plot at ai 0.4 Radians,
2 -1.-----------------2---------------------19

D-15. HIN Lens Object Plane at ai 0.5 Radians,
N = 1.5------------------- 2---------------------- 196

D -16. Spot Diagram of HIN Lens at ai 0.5 Radians,
N = 1.5---------------------2 -------------------- 197
2

D-17. Encircled Energy Plot at ai 0.5 Radians,
N2 =1.5 -------------------------------------- 198

D-18. HIN Object Plane at cip 0.6 Radians, N2 = 1.5 - 199

D-19. Spot Diagram of HIN Lens at ai 0.6 Radians,
N= 1.5---------------------- 2------------------ 2002

D-20. Encircled Energy Plot at ai 0.6 Radians,
N =1.5 ----------------- 2 ---------------------- 2012

0-21. HIN Object Plane at ai = 0.7 Radians, N 2 = 1.5 - 202

0-22. Spot Diagram of HIN Lens at ai 0.7 Radians,
2 - 1.5---------------------- 2------------------ 203

D-23. Encircled Energy Plot at ai 0.7 Radians,
N2=M1.5 ----------------- 2 ---------------------- 204

D-24. HIN Lens Design for N =3.0---------------------205
2

D-25. object Plane of HIN Lens in Figure D-24 at
cip = 0.3 Radians---------------------------------- 206

0-26. Spot Diagram Corresponding to Figure D-25---------207

0-27. Encircled Energy Plot for Spot Diagram of
Figure D-26--------------------------------------- 208

E-1. GRIN Lens Shape at +50%, OB - 0.05, a - 2.25 -- 209

E-2. Grid Plane at cip = 0.3 for Lens of Figure E-1 210

E-3. Spot Diagram for Grid of Figure E-2---------------211

E-4. Encircled Energy of Figure E-3 ------------------ 212

E-5. GRJN Lens Shape at +50%, OB =0.15, a =2.25 --- 213

E-6. Grid:-Plane at ai 0. 3 for Lens of Figure E-5 -- 214
p

E-7. Spot Diagram for Grid of Figure E-6---------------215

10



E-8. Encircled Energy of Figure E-7 ----------------- 216

E-9. GRIN Lens Shape at -2%, OB = 0.20, a = 2.25 ---- 217

E-10. Grid Plane at ap = 0.3 for Lens of Figure E-9 -- 218

E-11. Spot Diagram for Grid of Figure E-10 ----------- 219

E-12. Encircled Energy of Figure E-11 ---------------- 220

E-13. GRIN Lens Shape at -5%, OB = 0.20, a = 2.25 ---- 221

E-14. Grid Plane at ap = 0.3 for Lens of Figure E-13 - 222

E-15. Spot Diagram for Grid of Figure E-14 ----------- 223

E-16. Encircled Energy of Figure E-15 ---------------- 224

E-17. GRIN Lens Shape at +5%, OB = 0.20, a = 2.25 ---- 225

E-18. Grid Plane at ap = 0.3 for Lens of Figure E-17 - 226

E-19. Spot Diagram for Grid of Figure E-18 ----------- 227

E-20. Encircled Energy of Figure E-19 ---------------- 228

E-21. GRIN Lens Shape at +10%, OB = 0.20, a = 2.25 --- 229

E-22. Grid Plane at ap = 0.3 for Lens of Figure E-21 - 230

E-23. Spot Diagram for Grid of Figure E-22 ----------- 231

E-24. Encircled Energy of Figure E-23 ---------------- 232

E-25. GRIN Lens Shape at +25%, OB = 0.20, a = 2.25 --- 233

E-26. Grid Plane at ap 0.3 for Lens of Figure E-25 - 234

E-27. Spot Diagram for Grid of Figure E-26 ----------- 235

E-28. Encircled Energy of Figure E-27---------------- 236

E-29. GRIN Lens Shape at +50%, OB = 0.20, a = 2.25 --- 237

E-30. Grid Plane at p = 0.3 for Lens of Figure E-29 - 238

E-31. Spot Diagram for Grid of Figure E-30 ----------- 239

E-32. Encircled Energy of Figure E-31 ---------------- 240

E-33. GRIN Lens Shape at -10%, OB = 0.30, a = 2.25 --- 241

. • . - . . • , . . , , . - . *



E-34. Grid Plane at a = 0.3 for Lens of Figure E-33 - 242

E-35. Spot Diagram for Grid of Figure E-34 ----------- 243

E-36. Encircled Energy of Figure E-35 ---------------- 244

E-37. GRIN Lens Shape at -25%, OB = 0.35, a = 2.25 --- 245
E-38. Grid Plane at ap = 0.3 for Lens of Figure E-37 - 246

E-39. Spot Diagram for Grid of Figure E-38 ----------- 247

E-40. Encircled Energy of Figure E-39--------------- 248

E-41. GRIN Lens Shape at -5%, OB = 1.00, a = 2.25 --- 249

E-42. Grid Plane at ap = 0.3 for Lens of Figure E-41 - 250

E-43. Spot Diagram for Grid of Figure E-42 ----------- 251

E-44. Encircled Energy of Figure E-43 ---------------- 252

E-45. GRIN Lens Shape at -10%, OB = 1.00, a = 2.25 --- 253
E-46. Grid Plane at ap 0.3 for Lens of Figure E-45 - 254

E-47. Spot Diagram for Grid of Figure E-46 ----------- 255

E-48. Encircled Energy of Figure E-47 ---------------- 256

E-49. GRIN Lens Shape at -25%, OB = 1.00, a = 2.25 --- 257

E-50. Grid Plane at ap = 0.3 for Lens of Figure E-49 - 258

E-51. Spot Diagram for Grid of Figure E-50 ----------- 259

E-52. Encircled Energy of Figure E-51 ---------------- 260

E-53. GRIN Lens Shape at +5%, OB = 1.00, a = 2.25 ---- 261

E-54. Grid Plane at aD  0.3 for Lens of Figure E-53 - 262

E-55. Spot Diagram for Grid of Figure E-54 ----------- 263

E-56. Encircled Energy of Figure E-55 ---------------- 264

E-57. GRIN Lens Shape at +10%, OB = 1.00, a = 2.25 --- 265

E-58. Grid Plane at ap = 0.3 for Lens of Figure E-57 - 266

E-59. Spot Diagram for Grid of Figure E-58 ----------- 267

12

I * *. . . .. " ,. ,. 
- -

.
-

" " " . - -



E-60. Encircled Energy of Figure E-59 --------------- 268

E-61. GRIN Lens Shape at +25%, OB = 1.00, a = 2.25 --- 269

E-62. Grid Plane at up = 0.3 for Lens of Figure E-61 - 270

E-63. Spot Diagram for Grid of Figure E-62 ----------- 271

E-64. Encircled Energy of Figure E-63 ---------------- 272

E-65. GRIN Lens Shape at +50%, OB - 1.00, a = 2.25 --- 273

E-66. Grid Plane at up = 0.3 for Lens of Figure E-65 - 274

E-67. Spot Diagram for Grid of Figure E-66 ----------- 275

E-68. Encircled Energy of Figure E-67 ---------------- 276

E-69. GRIN Lens Shape at -5%, OB = 3.50, a = 2.25 277

E-70. Grid Plane at up = 0.3 for Lens of Figure E-69 - 278

E-71. Spot Diagram for Grid of Figure E-70 ----------- 279

E-72. Encircled Energy of Figure E-71 ---------------- 280

E-73. GRIN Lens Shape at -10%, OB = 3.50, a = 2.25 --- 281

E-74. Grid Plane at up = 0.3 for Lens of Figure E-73 - 282

E-75. Spot Diagram for Grid of Figure E-74 ----------- 283

E-76. Encircled Energy of Figure E-75 ---------------- 284

E-77. GRIN Lens Shape at +5%, OB = 4.00, a = 2.25 285

E-78. Grid Plane at up = 0.3 for Lens of Figure E-77 - 286

E-79. Spot Diagram for Grid of Figure E-78 ----------- 287

E-80. Encircled Energy of Figure E-79 ---------------- 288

E-81. GRIN Lens Shape at +10%, OB = 4.00, a = 2.25 --- 289

-" E-82. Grid Plane at up = 0.3 for Lens of Figure E-81 - 290

E-83. Spot Diagram for Grid of Figure E-82 ----------- 291

E-84. Encircled Energy of Figure E-83 ---------------- 292

E-85. GRIN Lens Shape at +25%, OB - 4.00, a = 2.25 293

13

. . .-



E-86. Grid Plane at ap = 0.3 for Lens of Figure E-85 294

E-87. Spot Diagram for Grid of Figure E-86 ----------- 295

E-88. Encircled Energy of Figure E-87 ---------------- 296

E-89. GRIN Lens Shape at +50%, OB - 4.00, a = 2.25 297

E-90. Grid Plane at ap = 0.3 for Lens of Figure E-89 - 298

E-91. Spot Diagram for Grid of Figure E-90 ----------- 299

E-92. Encircled Energy of Figure E-91 ---------------- 300

F-1. GRIN Lens Shape at -5%, OB = 0.05, a - 9.00 ---- 301

F-2. Grid Plane at ap 0.3 for Lens of Figure F-i -- 302

F-3. Spot Diagram for Grid of Figure F-2-303

F-4. Encircled Energy of Figure F-3 ----------------- 304

F-5. GRIN Lens Shape at -10%, OB = 0.05, a = 9.00 --- 305

F-6. Grid Plane at ap = 0.3 for Lens of Figure F-5 -- 306

F-7. Spot Diagram for Grid of Figure F-6------------ 307

F-8. Encircled Energy of Figure F-7 ----------------- 308

F-9. GRIN Lens Shape at -25%, OB = 0.05, a = 9.00 --- 309

F-10. Grid Plane at ap = 0.3 for Lens of Figure F-9 -- 310

F-1l. Spot Diagram for Grid of Figure F-10 ----------- 311

F-12. Encircled Energy of Figure F-11 ----------------- 312

F-13. GRIN Lens Shape at -50%, OB = 0.05, a = 9.00 --- 313

F-14. Grid Plane at ap = 0.3 for Lens of Figure F-13 - 314

F-15. Spot Diagram for Grid of Figure F-14 ----------- 315

F-16. Encircled Energy of Figure F-15 ---------------- 316

* F-17. GRIN Lens Shape at +5%, OB = 0.05, a - 9.00 317

F-18. Grid Plane at ap = 0.3 for Lens of Figure F-17 318

F-19. Spot Diagram for Grid of Figure F-18 ----------- 319

14

. *.,



F-20. Encircled Energy of Figure 7-19 ----------- 320

-F-21. GRIN Lens Shape for +10%, OB = 0.05, a = 9.00 -- 321

F-22. Grid Plane at a - 0.3 Radians for Lens of
Figure F-21 --- ------------------------------ 322

F-23. Spot Diagram for Grid of Figure F-22 ----------- 323

F-24. Encircled Energy of Figure F-23 ---------------- 324

F-25. GRIN Lens Shape for +25%, OB - 0.05, a - 9.00 -- 325

F-26. Grid Plane at ap = 0.3 for Lens of Figure F-25 - 326

F-27. Spot Diagram for Grid of Figure F-26 ----------- 327

F-28. Encircled Energy of Figure F-27 ---------------- 328

F-29. GRIN Lens Shape at +50%, OB = 0.05, a = 9.00 --- 329

F-30. Grid Plane at = 0.3 for Lens of Figure F-29 - 330

F-31. Spot Diagram for Grid of Figure F-30 ----------- 331

F-32. Encircled Energy of Figure F-31 --------------- 332

F-33. GRIN Lens Shape at -5%, OB - 0.20, a - 9.00 ---- 333

F-34. Grid Plane at p= 0.3 for Lens of Figure F-33 - 334

F-35. Spot Diagram for Grid of Figure F-34 ----------- 335

F-36. Encircled Energy of Figure 7-35 ---------------- 336

F-37. GRIN Lens Shape at -10%, OB = 0.20, a - 9.00 --- 337

F-38. Grid Plane at ap M 0.3 for Lens of Figure F-37 - 338

F-39. Spot Diagram for Grid of Figure F-38 ---------- 339

F-40. Encircled Energy of Figure 7-39 --------------- 340

F-41. GRIN Lens Shape at -25%, OB - 0.20, a - 9.00 --- 341

F-42. Grid Plane at ap - 0.3 for Lens of Figure F-41 - 342

F-43. Spot Diagram for Grid of Figure F-42 ----------- 343

F-44. Encircled Energy of Figure F-43 ---------------- 344F-.F F-45. GRIN Lens Shape for -50%, OB - 0.20, a - 9.00 -- 345

15

.



* o -

F-46. Grid Plane at p- 0.3 for Lens of Figure F-45 - 346

-A F-47. Spot Diagram for Grid of Figure F-46 ----------- 347

F-48. Encircled Energy of Figure 7-47 ---------------- 348

F-49. GRIN Lens Shape for +5%, OB - 0.20, a = 9.00 --- 349

F-50. Grid Plane at ap - 0.3 for Lens of Figure F-49 - 350

F-51. Spot Diagram for Grid of Figure F-50 ----------- 351

F-52. Encircled Energy of Figure F-51 --------------- 352

F-53. GRIN Lens Shape at +10%, OB - 0.20, a - 9.00 --- 353

F-54. Grid Plane at p= 0.3 for Lens of Figure F-53 - 354

F -55. Spot Diagram for Grid of Figure F-54 ----------- 355

F-56. Encircled Energy of Figure F-55 --------------- 356

F-57. GRIN Lens Shape at +25%, OB = 0.20, a - 9.00 --- 357

F-58. Grid Plane at ap M 0.3 for Lens of Figure 7-57 - 358

F-59. Spot Diagram for Grid of Figure 7-58 ----------- 359

F-60. Encircled Energy of Figure F-59 ---------------- 360

F-61. GRIN Lens Shape at +50%, OB - 0.20, a - 9.00 --- 361

F-62. Grid Plane at ap = 0.3 for Lens of Figure F-61 - 362

F-63. Spot Diagram for Grid of Figure F-62----------- 363

F-64. Encircled Energy of Figure F-63 -------------- 364

F-65. GRIN Lens Shape at -5%, OB - 1.00, a - 9.00 ---- 365

F-66. Grid Plane at ap = 0.3 for Lens of Figure 7-65 - 366

F-67. Spot Diagram for Grid of Figure F-66 ----------- 367

F-68. Encircled Energy of Figure F-67 ---------------- 368

F-69. GRIN Lens Shape at -10%, OB - 1.00, a - 9.00 --- 369

F-70. Grid Plane at p - 0.3 for Lens of Figure F-69 - 370

F-71. Spot Diagram for Grid of Figure F-70 ----------- 371

16



F-72. Encircled Energy of Figure F-71 ---------------- 372

__. F-73. GRIN Lens Shape at -25%, OB - 1.00, a - 9.00 --- 373

F-74. Grid Plane at a_ 0.3 for Lens of Figure F-73 - 374

F-75. Spot Diagram for Grid of Figure F-74 ----------- 375

F-76. Encircled Energy of Figure F-75 ---------------- 376

F-77. GRIN Lens Shape at -50%, OB - 1.00, a - 9.00 --- 377
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F-79. Spot Diagram for Grid of Figure F-78 ----------- 379
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F-82. Grid Plane at p = 0.3 for Lens of Figure F-81 - 382
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F-89. GRIN Lens Shape at +25%, OB = 1.00, a = 9.00 --- 389
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F-97. GRIN Lens Shape at -5%, OB = 2.00, a - 9.00 397
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F-98. Grid Plane at a = 0.3 for Lens of Figure F-97 -- 398

F-99. Spot Diagram for Grid of Figure F-98 ------------ 399

F-100. Encircled Energy of Figure F-99 ----------------- 400

F-101. GRIN Lens Shape at -10%. OB = 2.00, a - 9.00 ---- 401

F-102. Grid Plane at a. = 0.3 for Lens of Figure F-101 - 402

F-103. Spot Diagram for Grid of Figure F-102 ----------- 403
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F-105. GRIN Lens Shape at -25%, OB - 2.00, a = 9.00 405

F-106. Grid Plane at ap = 0.3 for Lens of Figure F-105 - 406

F-107. Spot Diagram for Grid of Figure F-106 ----------- 407
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F-110. Grid Plane at ap = 0.3 for Grid of Figure F-109 - 410
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F-114. Grid Plane at ap = 0.3 for Lens of Figure F-113 - 414

F-115. Spot Diagram for Grid of Figure F-114 ----------- 415

F-116. Encircled Energy of Figure F-115 ---------------- 416

F-117. GRIN Lens Shape at +10%, OB = 4.00, a = 9.00 - 417

F-118. Grid Plane at ap = 0.3 for Lens of Figure F-117 - 418

F-119. Spot Diagram for Grid of Figure F-118 ----------- 419

F-120. Encircled Energy of Figure F-119 ---------------- 420
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F-122. Grid Plane at p M 0.3 for Lens of Figure F-121 - 422
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F-124. Encircled Energy of Figure F-123---------------- 424

F-125. GRIN Lens Shape at +50%, OB - 4.00, a - 9.00 ---- 425

F-126. Grid Plane at ap = 0.3 for Lens of Figure F-125 - 426

F-127. Spot Diagram for Grid of Figure F-126 ----------- 427

F-128. Encircled Energy of Figure F-127 ---------------- 428

G-1. "Best" GRIN Lens Shape with 50% Gradient,
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G-10. Grid Plane at p 0.4 for Lens of Figure G-1 --- 438

G-11. Spot Diagram for Grid of Figure G-10 439
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G-13. Grid Plane at =p -0.5 for Lens of Figure G-1 --- 441

G-14. Spot Diagram for Grid of Figure G-13 ------------ 442

G-15. Encircled Energy of Figure G-14 ----------------- 443
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G-17. Spot Diagram for Grid of Figure G-16 ------------ 445
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G-19. Grid Plane at ap 0.7 for Lens of Figure G-1 --- 447
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G-21. Encircled Energy of Figure G-20 ----------------- 449
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G-22. Grid Plane at a 0.8 for Lens of Figure G-i 450
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H-27. Encircled Energy of Figure H-26-------------------479
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LIST OF SYMBOLS

Equation
Nuffber

Synbol in EOEMN Mtere First
Equations Synbol Introduced Definition Units

a A 113 Parameter of gradient IrMiimensional
index function

a 41 Defined by Equation 44

A 24 Defined by Equation 25

A 137 Defined by Equation 138

A1  161 Defined by Equation 164

A 2  160 Defined by Equation 161

A3  169 Defined by Equation 170

AS 179 Defined by Equation 184

A6  178 Defined by Equation 181

AS AB 30 Line segment frmn A to N"dizns xal
B, from nose to apex
of cone

b B 113 Parameter of gradient Nondimnsional

index funticn

b 41 Defined by Equation 45

B 24,137 Defined by Equation 26

B1  161 Defined by Equation 165

B2  160 Defined by Equation 162

B5  179 Defined by Equation 185

B6  178 Defined by Equation 182

BF B? 2 Line segem nt fron B to NoimnsioMla
F, focal 1enth

c 41 Defined by Equation 46
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C 24 Defined by Equation 27

C 137 Defined by Equation 139

*C 1  161 Defined by Equation 166

C2  160 Defined by Equation 163

- C6  178 Defined by Equation 183

d 41 Defined by Equation 47

d ERROR 142 Error parameter in Nondimensional
meridian plane ray
intercept with outside
surface

D D2 72 G ital length of Ncmdimensicnal
skesw ray in 1Dbo.F=Xous
lens

DO D3 95 Geometrical length of bndimsional
skew ray from oon to
image plane

DYW(J) DEDN(J) 20 Slope of nonal to out- NOndinensional

side surface in the0 meridian plane at the
Jth point

EM r(J) MW (J) 21 Slope of outside sur- Nndimnsional
face tangent in the
meridian plane at the
Jth point

DCN I 51 Slope of normal to out- Nndimensional
side surface in the
nridian plane.
interpolated value

e E 108 Spherical GIN scalar Nondiwusional
invariant

e 41 Defined by Equation 48

f (x,y,z) General function of x,
y, and z

f 82 Partial derivative of
X function f with respect

4 to x
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f 82 Partial derivative of
function f with respect

* to y

fz 82 Partial derivative of
function f with respect
to z

186 Summation index

53 Unit vector in the x
direction

I3I Numer of angular incre-
ments in lens design
algorithm

IA Fraction of absorbed Nondimcensional
radiant energy durng
transmission through
the lens

Ii 17 Angle of incidence with Radiansrespect to local norml
at outside surface

I' iIP 16 Angle of refraction with Radians

respect to the local
norml at the outside
surface

12 12 12 Angle of incidence with Radians
respect to the local
normal at the inside
surface

I I2P 10 Angle of refraction Radians
with respect to the
local nonmal at the
inside surface

I R  102 Fraction of reflected Nondimensional
radiant energy at the
surface interface

ITNTNCTY 102 Fraction of transmitted Nondimensional
radiant energy at the
interface

I. NTNCY(G) 190 Intensity element of Nondimensional
intensity smunation
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Iav GVE 190 Average value of ray Nndimensional
intensity

j 53 Unit vector in the
x-direction

J 4 Ray Nutber index

k LK 63 Direction cosine, x-
direction, of outside
surface normal

. LUP 83 Direction cosine, z--
direction, of inside
surface normal

k 55 Unit vector in y-
direction

K CK 58 x-direction cosine
of ray exterior
to lens surface

K' CKP 63 x-direction cosine
of ray inside the
lens

K" 92 x-direction cosine
of the ray after
refraction by the
lens

1 LL 64 y-drection cosine
of outside surface
norrial

1' LIP 84 y-direction cosine
of inside surface
normal

L CL 58 y-direction cosine
of the ray external
to the lens

L' CLP 64 y-directiai cosine
of the ray internal
to the lens

CLPP 93 y-direction cosine
of the ray after
diffraction by the
lens
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i 122 Generalized z-direction
coxsine of the initialray direction in GRIN

m LM 65 z-direction cosine of
outside surface nonnal

m 38 Generalized slope of
a lirne segmt

m' IMP 85 z-dixection cosine of
inside surface nomal

M (4 58 z-direction cosine of
rwy external to the lens

M' CMP 65 z-direction cosine of
ray internal to the lens

w M"PP 94 z-direction cosine of
ray after refraction
by the lens

n 108 Generalized local value Nondimensional
of the gradient refrac-
tive index

no 109 Generalized value of .40dimk* ual
the gradient index at
the initial intercept
point

N2 125 Local lens inte-ior Nondimensicnal
value of the GRIN

N 186 Generalized nth value
of sumation index

N, Nl 1 Hcmzogeneous index of Diondinensional
refraction of medium
1, exterior to lens

N2  N2 1 e index of Norndimnsicrial
2.- refraction of mediun

2, interior to lens

• N3  N3 12 Homogeneous index of NorAdzesional
refraction of medium
3, behind the lens

55 Normal vector-at the
point of intersection at
the outside surface
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N 53 Normal vector in the

i m meridian plane corr

ponding to N'

N. 80 Generalized surface
normal unit vector

Nti 104 Ratio of indices of Nndimensional
refraction at an
interface

N 148 Unit normal vector
to plane of skew ray

N= 149 Defined by Equation 150
Npac NPOY 149 Defined by equation 151

Npo z  NPOZ 149 Defined by Equation 152

CB OSYMB 126 Line segment from the Nondimensional
canter of synuetry of
the GRIN function, ,
to B, the origin

Os U2 Location of the GRIN Nondimesional
canter of synvetry on
the lens axis

P0  120 Generalized initial x-
direction cosine of the
GRIN ray

P1  76 Defined by Equation 77
P2  76 Defined by Equation 78

P3  76 Defined by Equation 79

PAR1 PAR1 40 Defined by Equation 41

PA2 PAR2 40 Defined by Equation 42

PAR3 PAR3 40 Defined by Equation 43
121 Generalized y-direction

cosine of initial GRIN
ray direction

Q 5 Perpendicular distance Nondinensional
between ray and line
parallel to ray through
the origin at B in
Figure 3
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QP 37 Line segment defined Nindinsicnal
by Figure 5

-P' 37 Lime segment defined Nmurienwsional
by Figure 5

r RAD 108 Radial coordinate in Norndinsional
GRN from 0s

RD 108 Initial value of r
at ray intercept point

r0  146 Uit vector in direction
frmi Os to intercept
point on outside surface

re. ROX 151 x-direction cosine of r0

rOY 150 y-direction cosine of r0coy
roz ROZ 150 z-direction cosine of r0

156 Unit vector frcu O to
point of homogeneous
intercpt on inside
surface*

~Prg RAW 160 Gecietrical radius from Ncndiensional
Oto cone during iteh

ation for the inside
surface intercept

rpI RAD 174 Radius to inside surfaca Nondimensional
intercept as found by
interation

rll 103 Reflection coefficient Nondimensional
for parallel E vector

r 104 R1flection coefficient Nondimensional
for perpendicular E
vector

R R 2 Maxinum inside radius Meters
of cone easured frui
the lens axis

R PAD 33 Radius of circle in the Nondimensional
y-z plane

R 57 Unit vector in the ray
direction
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62 Vector in the directwnx
of refracted ray

RzM, ,113 Maxi==u possible radius ~Ndtiumruional
in GRNq

S S 51 Line sequent in the Nioimensicmal
meridian plane; see
Figure 5

Sr ST 51 Incluive line segniert bioninsional
in the meridian plane;
see Figure 5

T T 14 Edge thickness of the Nondimensional.
lens

U U 17 Direction of the ray Radians
with respect to the
lens axis in the
meridian plane

U' UP 13 Direction of the ray Min
inside the lens with
respect to the lens
axis in the meridian
plane

*U" UEP 4 Angle between ray and Radians
lens axis at the focal
point in the meridian
plane

v 11untgato variable Ndndinsional

x 22 General x-coordinate Nondiensional
along lens axis

X130 General x-coordinate Nondingmsiona1
in the grid plane
(tilted)

1Xl 2 Absolute value of any
quantity x

ONo40 x-co~ordinate of outside Nondmxnsional,
surface skew ray
intercept

Xi ,cr 69 x-coordinate of inside Nondinensional,
surface intercept
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xX 95 x-coordinate in the Nondimensinal

ml image Plane (spot
Diagram)-

XIH 130 First x-oordinate of Nmimnuionsl
imginary ~ -

interc in GR fI
design

Xp X 135 x-coordimte of the Nondimwesiwal
first intermediate
point on the GMNl
ray durin iter.ion
in the design algorithm

xH Xi 141 Second x-coordinate of Ncrdiuwuicmal
imaginary haz .ous
intercept in GRIN
design

x- 143 Successive values of Nondimensicrial
P xp during iterartion.

52 x-coordinate of ray Nondimensicnal
intercMpt in meridian
plane

0! 2-1 (J) X1 (J) 14 x-cordinate of the Jth Nondimesicnal
*ray on the outside

surface in the meridian
plane

X2 (J) X2 (J) 5 x-coordinate of the Jth Nondimnsional
ray on the inside sur-
face in the maridian
plane

y 22 General y-coordinate Nondimensional
(vertical)

y 31 y-coordinate in the Noxdimenional
tilted grid plane

YO YO 49 y-coordinate of outside Nondimmional
surface skew ray
intercept

Yi YI 170 y-coordinate of inside Nondimensional
surface skew ray
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YiM YIN 96 y-cordinate of the Nional
sam ray in th imge

___ plane (Spot Diau)

YJ.H 131 First y-coordinate of Nondinuensional
imaginzy HI inter-
cept in GRIN design

. (iteration)

YIHYlP 37Se~id y-wordinate !Nmdivensicnal
1of imnqnary HIN

intercept in GRIN do-
sign (iteratian)

yp YP 136 x-oordinate of the Ncndimensional
first ine te
point on the GRIN ray
during iteration in the
design algorithmn

yp YP 144 Sutesive values of Nndizwmional
yp during iberation

YCETR 186 y-coordinate of the Nondiziuwional
image centroid in the
Spot Diagram

1i YmhI() 186 Individuay-cordiates Nmensiicna~l
of image plane rayintercept

Yl(J) Y1(J) 15 y-coordinate of the Nonditunsional
Jth ray on the outside
surface in the meridian
pLane

". "Y2 ( ) J2 (J) 5 y-coordinte of the ray Nondimensional
on the inside surface in

the meridian plane

z 32 General z-coordinate Nondimensicnal
(horizontal)

z 32 z-coordinate in the Nondinmwional
grid plane (tilted)

z0  ZO 50 z-coordinate of the icndinvamional
V. skw ray on the out-

side surface

zi  ZI 71 z-coordinate of the Nordinansional
skew ray on the inside
surface (cone)
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Sm ZI 97 z-coordinate of the Nonwsmesional
skew ray in the image

,plane (Spot Diagram

ALMHA 2 Cone half-angle Radias

A-APM 30 Grid plane tilt angle Radians/Degreas
with respect to the
laws axis

8 BEA 2 Total angle between lens Radians
axis and the point of
nui z= radius of the
con; emasured at the
focal point

y GN44 29 Nose half-angle Radians

(opaque region)

6 120 Defined by Ekution 124

AU" DLU 3 Angle between successive Radians
rays at the focal point

Ax 52 Incremental dange in
x; see Figure 5

•- Ay 52 Incrsmntal dharge in
y; see Figure 5

EPSI.QI 109 Sign function (±1)

ZETA 134 Angle between instantan- Radians
eous GRIN ray direction
and the lens axis in the
meridian plae

120 Defined by Equation 123

8 108 Generalized angular up- Radians
ordinate of GRIN ray in
the plane of the ray

81 1 Generalized angle of Radians
incidece with respect
to the local onoral

82 1 Generalized angle of Radians
refraction with respect
to the local rxnnal

"- 80 THTAD 108 Reference (at surface Radians
i c in GUN
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eH.L EMWI 125 Iteration trial value Radians
of e

8 T 125 Total angular GUN Radians
coordinate

e THEM 173 Trial values of 6 Radians
P" during iteration

e6'N 173 Revised trial value Radians
of 6 during iteration

ii 54 Angle between meridian Radians
plane and the point of
intersection on the
outside surface

7r PI 13 Proportionality factor Radians
between the circum-
ference and the
diameter of a circle;
3.14159...

. 0 r MBAD 189 Spot size; RM radius NbndienVsional

a y SIGMY 188 Standard deviation of Nondimensional
y-coordinates of rays
in the Spot Diagram

a SIGMRZ 187 z-standard deviation Nondimensionalof rays in the Spot

PHI 57 Angle between skew ray Radians
and the outside surface
with respect to the
surface nornal

* PHIP 61 Refraction angle be- Radians
teen skew ray and the

*'. outside surface norml
" *i PHII 90 Angle of skew ray inter- Radians

cept with respect to the
inside surface noral

"5 PHIIP 91 Refraction angle of skew Radians

ray with respect to the
inside surface nra1
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*PSI 118 Angle betwee slow my Padians
dixecticn and radial

7. directa h=w 05

*PSIO 109 initial valu of reians
anigle 0$ at point of

cetpt at oiutsides
surface
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'-*-" I. INTRODUCTION

Historically, the design of tactical missiles employing

passive or semiactive infrared (IR) seekers has involved a

difficult compromise between aerodynamic requirements and opti-

cal or seeker requirements. Whereas aerodynamically the mis-

sile nose region should be sharp in order to reduce drag,

optically it should be hemispherically shaped for image

quality and as large as possible to increase aperture and

therefore acquisition or tracking range. Some IR homing mis-

siles designed for very short range anti-armor missions have

totally ignored nose drag in order to optimize seeker per-

formance while other designs for longer range missiles re-

*quiring high cruise velocities and greater aerodynamic

efficiency have used the blunted ogive as a compromise. There

have not been any IR designs which have ignored optics in favor

of aerodynamics; nor has there been employed a pointed seeker

lens with the desired optical qualities.

In order to increase the performance of optically guided

missiles beyond the current state of development, the conflict

between aerodynamic requirements and optical restrictions must

be resolved. Significant improvement in missile performance

by increasing thrust is not likely due to the highly advanced

state of propulsion today. One way to resolve the aerodynamics-

optics problem is to design a pointed lens which has, if not
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imaging quality, enough optical performance to allow the

reduction of tracking data.
The lens must be in the general shape of a cone or ogive

with half angle compatible with the design free stream Mach

number in order to maintain an attached shock wave. Such a

spike-shaped lens might also be used in the diffuser portion

of an optically guided ramjet with nose inlet to conserve

stagnation pressure. A diffuser-lens may benefit by a semi-

isentropic spike shaped lens.

Poor optical performance due to the pointed shape of

sharp lenses has precluded their use. Gradient Refractive

Index (GRIN) materials, however, permit the lens designer

the freedom to spatially vary the lens index of refraction

to compensate for a traditionally poor optical shape. Al-

S-" though the use of GRIN has seen widespread use in fiber optics

technology, it has been used infrequently in lens applications

until recently. Lens designers are discovering that multiple-

element photographic objectives may be redesigned using a

two-element gradient lens [1]. It should be noted, however,

that such GRIN lens have not yet been successfully fabricated

even though large index changes in glass have been accomplished

by the diffusion of doped electropolarizable ions (2]. Ex-

tensive research is being conducted in the creation of ever

* ilarger and more precise gradients. A total change in refrac-

tive index of approximately five percent is currently

attainable.
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At the Naval Postgraduate School, Frazier [3), Terrell

(41, and Amichai (5] have studied GRIN as applied to the

sharp lens problem. The brief introduction by Frazier was

followed by Terrell who designed a sharp lens having a coni-

cal outside surface and a variable inner surface using a

homogeneous index (HIN) and then also briefly touched on the

GRIN application. Amichai extended Terrell's lens to the

GRIN case and included preliminary results from this thesis

in a computer routine intended as a framework for lens

optimization by following researchers.

This thesis investigates the design and off-axis per-

formance (skew rays) of a GRIN seeker lens having a variable

outer surface and a fixed right circular cone as an inside

surface. The variable outside surface is determined by the

character of the spherical gradient employed and varies from

a pseudo ogive to an approximate isentropic spike as shown in

Figure 1. First, the theory of the HIN lens is developed,

followed by the design of a homogeneous lens intended both

as a comparison and a check for the GRIN lens theory and the

design which follows. Lens performance parameters are dis-

cussed and results presented for both the HIN and GRIN lenses.
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OUTSIDE CONE

(a) Terrell's Lens With Conical Outer Surface

- INSIDE CONE

N.N

4i (b) Lens Shapes In This Thesis With Conical
Inner Surface.

Figure 1. Lens Shapes
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II. THE HOMOGENEOUS LENS

A. THEORY

Snell's law is the cornerstone of contemporary lens de-

sign in homogeneous optical materials. In the HIN case

Snell's law is used in the familiar form

N1 sin 61  N 2 sin ()

where Ni is the index of refraction of the material corres-

ponding to surface intercept angle ei , with respect to the

surface normal, at the interface between surfaces. Lens

geometry and the relative values of N. determine the resultant
1

optical behavior.

B. ASSUMPTIONS AND SIGN CONVENTION

In order to simplify the design and analysis of the

seeker lens problem, certain assumptions have been intro-

duced. Although energy loss upon transmission through the

lens at each surface is calculated, it is assumed that the

light is monochromatic radiation, time dependent

electric and magnetic fields. Light impinging upon the lens

he is assumed to have a planar wave front as if propagating from

an object at infinity. The presence of a shock wave attached

to the lens is ignored as are any other regions of expansion

:i or compression in the flow field about the lens [6]. Further-

more, the index of refraction of the free stream is assumed
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to be equal to that of the interior space behind the lens

even though computer routines were written with the flexi-

bility to process unequal values.

The sign convention used is a right handed system with

spatial coordinates positive to the right, up, and out of

, the page as seen by the reader. All angles are assumed

positive counterclockwise from point of reference unless

otherwise noted. All linear dimensions are implicitly non-

dimensionalized with respect to the maximum radius of the

right circular cone forming the inside surface of the lens.

C. HIN LENS DESIGN

The lens design procedure consists of calculating both

the loci of points forming the outside surface and the slope

0of the surface at each point in the meridian plane. It is

convenient to approach the problem by placing a point source

of light at the design focal point F and calculating succes-

sive refracted ray paths U' using Snell's law at points Di

on the inside surface in Figure 2. Points E. are formed by

the intercept of the refracted ray and the slope of the out-

side surface as extended from the previous point El_1 . The

tangent to the surface which will refract the ray in the de-

sired direction, U, may again be found from Snell's law.

The accuracy of the calculated surface increases as the

spacing between points decreases or as angle AU" becomes very

small. The final ray is parallel to the lens axis and point

Dn corresponds to point B, which is the origin. The area
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formed by the triangle ABEn is opaque to prevent rays from

scattering through the opposite side of the lens.

A particular lens is begun by specifying the focal

length BF, the cone half-angle a, the indices of refraction

Ni, N2 , and N3, the cone radius at the edge R, the ray

direction angle U, and the total number of rays to be traced.

The thickness, T, of the lens at the edge (E1 D1 ) must also

be specified in order to define which of the family of possi-

ble outer surfaces will be calculated. In general, angle U

will be taken to be zero in order to investigate objects on-

axis at infinity. R will always be set equal to one and to

nondimensionalize all linear dimensions every length is im-

plicitly expressed as a ratio with respect to R. The angle

an 8 at the focal point is measured from the lens axis to D and

.. is expressed as

R(2

tan 181 = (BF- R.cotan ) (2)

Thus, if I+l is the total number of rays to be traced, then

Au" = a/I (3)

and

U" = 8 - J'AU" (4)

where J is the ray number. To begin the lens design the
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coordiantes x2(J),y 2 (J) of point Dj must be found. Here

the subscript 2 refers to the inside surface where xI (J),

yi(J) are the coordinates of E on the outside surface.

Following Kingslake [7], Q in Figure 3 may be expressed

as

Q = BF sin U" = x2(J) sin U" + Y2(J) cos U" (5)

But,

y2 (J) *= x2 (J) tan a (6)

so that

BF sin U" x2(J) [sin U" + tan a cos U"] (7)

Now, x2 (J) and Y2 (J) are

BF sin U"-x2(J) [(sin U" +tanct cos U"] (8)

y(J) BF in U" tan a

2 J  sin u"+ tan a co. U"]

Looking now to find the incident angle Ij which the ray forms

with the inside surface at D it can be seen that

BF - x2 (J)
* . tan (+I ) = YI(J) (10)
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Substituting into Equation (1), Snell's law, the refraction

angle 12 can now be written as

-1 N3) s n 112 = sin-[(-)sin I ] (12)
2 N

°

2

The path of the ray inside the lens may now be expressed

in the form of the angle U' where

U' = (--) - 12 (13)

To this stage all rays are treated the same. Now, however,

a differentiation must be made between the outermost ray

which defines the edge of the lens and all other subsequent

rays.

For the outermost ray the thickness, T, of the lens at

the edge can be specified which yields x (1) and y1 (l)

immediately:

xl) = x2 (l) - T cos U' (14)

Yl (l) - Y2 (l) + T cos U' (15)

At point E we may write Equation (1) again to obtain

• . N1

.I = sin [( 2) sin Il ]  (16)
2
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where angles I1 and Ii are the incident and refracted angles

at the outside surface and are not yet known. Angles I1

and Ii may be found by first noting that

U + = U' + 1 (17)!1

then substituting Equation (16) into (17) and rearranging

terms to obtain

N

=U' - U + sin-l[(N1 )sin II] (18)

2

It can be shown after some algebraic manipulation that

Equation (18) may be solved for the angle I1 in the form

-l sin2 (U'- U) 1/2 (19)
=sin- 1 2 (19

[os(U'-U) - NI/N2] 2 + sin2 (U' - U)

Angle I' may be found, if desired, by substitution of Equa-

tion (19) into Equation (16). Of more importance, however,

is the determination of the slope of the outer surface and

the surface normal. Now that angle I1 is known these slopes

may be written as

DYY - - tan(U + 1) (20)
DYDXN (J) = dx normal

and
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iDYDXT(J) surface - cotan(U + L) (21)
tangent

Equations (20) and (21) may be evaluated by using Equation

(19) for II.

Now that all the parameters are known for the first ray,

the remainder of the points Ej and the respective slopes

may be found. Each successive ray is traced as before by

Equations (4) through (13). Equations (14) and (15), how-

ever, may not now be used since the lens thickness along the

ray can not be specified. Instead, the intersection of the

ray and the surface slope from the previous ray is used to

define the new point E The intersection is found by first

writing the equations of lines representing the ray and the

surface tangent. For the ray:

y = -x tan U' + y2(J) + x2 (J) tan(U') (22)

For the surface tangent:

y = x cot (I1+U) + y1 (J-l) - x1 (J-l) cot(I 1 +U)

(23)

Equations (22) and (23) are solved simultaneously to yield

the coordinates of Ej which are

yl(j) C A+B (24)
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where:

A cot(I1+U) cot(U') [Y2(J)+x 2 (J)tan(U')] (25)

B - Yl(J-l) - X(J-l) cot(I,1 + U) (26)

C - 1 + cot(Ii+U) cot(U') (27)

and

x1(J) - cot(U') [-Yl(J)+y 2(J)+x 2(J)tan(U')] (28)

Now Equations (19), (20), and (21) are used to calculate I

and the slopes at Ej. Therefore, the remainder of the lens

surface may be generated. The opaque region at the surface

is formed by extending the slope of the surface at EK to

intersect the lens axis. Here, K refers to the last ray.

The nose half-angle, y, thus formed is given by

tan - = 4isurface, E (29)

D. SKEW RAYS

A skew ray is one that begins from an off-axis object

point and enters the lens either in front of or behind the

meridian plane (z , 0). For every skew ray, there is a

corresponding mirror image skew ray on the opposite side of

the meridian plane so that two skew rays are traced at the
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expense of only one calculation. These two skew rays inter-

sect at the same diapoint.

Large numbers of skew rays are traced through a lens

in order to study lens performance at different obliquities.

The procedure is to superimpose a grid over the lens aperture

and to trace rays through the intersections of the grid,

through the lens and onto the image plane. An image plane

spot diagram and an energy density plot are then constructed

for study.

To accomplish this, the aperture grid has been attached

to the nose (opaque region) of the seeker lens at station A;

see Figure 3. The plane of the aperture grid is tilted

relative to the lens by a variable angle. A transformation

between the grid coordinates and the lens coordinates has

been derived to connect skew rays from grid to intercept with

the outside surface of the lens. Referring to Figure 4, it

can easily be seen that

X = [x + AB]cos - y sin p (30)

y = [x+AB]sincap +y cos(% (31)

p P

= z (32)

where a is the tilt of the grid plane, AB is the length of
p', p

the opaque nose portion on the x-axis. Both z and z' are

,. positive out of the page.
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The three dimensional lens outer surface is generated by

rotating the array of outer surface coordinates in the merid-

ian plane through 2ff about the lens axis. Each pair of

coordinates x1 (J) ,yl(J) thus describe a circle in the y-z

plane of the lens. This circle transforms, however, to an

ellipse in the grid plane given by the equation

y' = Ex + ABI sin a ± R2 - z' 2 cos Lp (33)

where R is the radius of the circle in the x-y plane. R

may be expressed by the familiar equation of a circle

R = y2 + (34)

in the y-z plane of the lens, or by solving Equation (33)

for R in the grid plane

2 y'

R sz2 + - (x + AB) tan ap) (35)

With the aid of the foregoing groundwork, the x,y,z coor-

dinates of the ray intercept with the outer surface may be

found. To see how this is accomplished, first refer to Figure

5. The skew ray will pass outside the circle formed by rotat-

ing some point x1 (J) ,yl(J) and inside the next circle formed

by rotating xl(J-l),yl(J-l). In so doing the skew ray will
41
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intercept an imaginary cone formed by the two circles.1

Now, the y',z' of the skew ray in the grid plane and a

trial value x(J) from the array of surface points are sub-

stituted into Equation (35) and a value for R is calculated.

If R is greater than yl(J) but less than y1 (J-l) than the

appropriate circles have been found. If not, another trial

qalue of xl(J) is picked. Inpractice the x1 (J) corresponding

to

yl(J) = z' (36)

is chosen as the first trial value and subsequent trial

values are x1 (J-l), x1 (J-2) and so forth.

The equation of the cone passing through the two circles

may be derived by again referring to Figure 5 and noting

that

QP = QP' = V 77 = R (37a)

QP = y = m[x - x 1 (J)] + yl(J) (37b)

where the slope m is given by

iRecall that a straight line between points Ej was used
to form the outer surface in the meridian plane. These
approximations are valid only if the spacing between points
or circles is very small.
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M -y(J1 -y 1 J (38)x (J-1) x x(J)

and therefore

R 2Yji-) Yji][ X -X(j)]I + y,(J)}2 (39)x 1 (J-1) - x (J)

By equating Equation (39) to Equation (35) and solving for

x, the expression for the x-coordinate, xO, of the outside

surface ray intercept may be found. After some algebra, this

reduces to the complicated relationship

-PARi v&AR1 PAR3 (40)=e PAR 2 -PA PAR2

where:

P1 ab +ce b 2AB-c 2d (41)

PAR2 b -c
2  (42)

PAR3 =a
2 +b (AB)-2abAB +z'- (e-cd)2  (43)

and where

a -y'/Cos aP(44)

b -tan a

p
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Y1 (J-1) - Y(J)

. (J-l) xl(J)

d sx (J) (47)

e - yl(J) (48)

It has been found that the plus sign in Equation (40) gives

the correct values until PARI/PAR2 becomes greater than

x1(1) at which time the negative sign must be used. It now

follows from Equations (31), (32) and '40) tat the y0 and

z coordinates of the intercept are

= co+A) tan cc (49)

and

z 0  =z (50)

The next step in tracing the skew ray is to ascertain the

direction cosines of the ray inside the lens after refrac-

tion at the outside surface. This is accomplished in a

series of steps beginning with the determination of the

angle 0 which the skew ray makes with the normal to the

surface at the point of intercept. Angle 0 may be found by

taking the scalar product of the direction cosines of the

56
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skew ray and the surface normal. Thus to find *, the surface

normal must first be obtained.

As might be surmised by the reader, the direction cosines

of the surface normal can be found by taking the gradient

of Equation (39) with Equation (37) substituted for R.

Several orders of magnitude m.y be gained in accuracy, how-

ever, if the normal Nm is found by interpolation in the
m

meridian plane and then rotated to the point of intercept by

angle P as in Fi4ure 5. This interpolation procedure involves

multiplying the ratio S/ST with the difference between

DYDXN(J) and DYDXN(J-l) and adding the product to DYDXN(J).

DYDXNpIM (DYDXN(J-) - DYDXN(J)) + DYDXN(J) (51)

where subscript PIM refers to point of intersection, meridian.

Values of the slopes of the normals in the meridian plane,

DYDXN(J), are given by Equation (20) and S and ST are the

linear separation oi points P", PIM and P", P respectively.

S/ST is given by

2 2 1/2S [(R- Yl (J ) ) 2 + (xpI - X ( J ) ) 2 ] /

ST (Ax2 + Ay2 ) 2  (52)

Therefore, the normal vector, Nm' in the meridian plane is

Nm (DYDXN pIM)I + j (53)
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and since

tan 0(54)iYO YO

the normal vector at the point of intersection on the

outside surface becomes

"iCYX~ -1 -1 Z

N, = N )i + cos(tan -)j + sin(tan -)k (55)
UYDNPIM Y"O

and

DYDXN 2 + 1 1/2 (56)
I ^M

Now the scalar product of the skew ray vector, R, and surface

normal, N', may be performed to find *. Since the acute

angle between these vectors is required, the dot product

must be written

A

R-N" = jR" cos(r-0) (57)

Substituting Equation (55) for N' and noting that

R - Ki +L + Mk = cos a ip- sin a (58)

the left side of Equation (56) may be expanded to

COS 1
R'N' " DD I sin a cos(tan - -) (59)DYDXN PIM 0
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" Solving Equation (56) for the angle * and introducing
-. " :. Equation (58), the expression for angle 0 becomes

Cosa -1z
P - sin aP cos(tan- )

-1$ DY PIMTr-cos o z-2 2z10 -2 -10 1/2i
DYDXNpIM +cos 2 (tan-  0) + sin (tan-I  0)]/

(60)

Now that the acute angle, *, between the ray and the outside

surface normal is known, *', the angle between the refracted

ray ihside the lens and the surface normal may be found using

Snell's law.

N1
= sin (- sin 0) (61)

The next step is to ascertain the direction cosines K', LI,

M' of the refracted ray inside the lens. Following Kingslake

[7], Figure 6 shows the optical vector relationship between

R, the skew ray, 1', the refracted skew ray, R', the surface

normal, and the indices of refraction of the two media.

Algebraically this relationship is written as

NR' = NR + (N2 cos NCos)N' (62)

By resolving Equation (61) into component form, the direction

cosines of R' may be found. After rearranging, K', L', and

M' become
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SK ' N1 N1

K' = NK + (cos co - o )k (63)
2 N2

N N
LI 1 L + (cos 1 - Cos) (64)

2 2

M N N
= M + (cos N2 Co )m (65)

R22

where K, L, and M are given by Equation (57) and k, Z, m are

DYDXNp-1
k - (66)

-1 0
cos (tan-0

-0 (67)

zo! "s in (tan- 1 7 0

MU (68)I 'I

Again, IN'I in Equations (66) through (68) is expressed by

Equation (56).

At this stage in the process of tracing the skew ray,

the coordinates of the external ray intercept x0, y0 ' z0

* are known as are the direction cosines K', L', M' of the

skew ray inside the lens. The next step is, of course, to

find the ray intercept with the inside surface (cone) and

the direction of the ray subsequent to refraction. The

intermediate steps are similar to, if not identical with,
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the foregoing. one major difference, however, is that the

inside conical surface may be expressed analytically and the

Maw intercept coordinates x1 , yi, z1 may be found exactly without

approximation. Proceeding, it can be seen that if xi,

z. were already known, Equations (63), (64), and (65) could

be rewritten as

K' = 1 0 (69)

y. -

= 1 (70)D

z.i - z0
=4 0 (71)

where D is the distance between surface intercept points.

Upon rearranging:

xl DK + x 0  (72)

=i DL' +4y (73)

z. DI D + z (74)
10

Furthermore, there exists a relationship between xtha yi, and

b.3.j'z. Zi which slreby town expreion for1 the inde(5 coicld

surface:

2 + rw2 t2a 0 (75)
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where a is the half-angle of the cone. Substituting Equa-

tions (72), (73), and (74) into Equation (75) and solving

for D, it is seen that

D = 1-23+(76)SP2 P2

2. 2

where

P = L'y 0 + M'Z 0 - K'x0 tan
2 a (77)

P2  = L'2 + M' 2 - K' 2 tan2  (78)

and

P 2 + z0 x 2 tan 2 a (79)
P3 =YO 0 0

Correct values for D are obtained by using the minus sign in

Equation (76). Now that D is known, values for K', L', M',

x0 , Y0 , and z0 are substituted into Equations (72), (73), and

(74) to yield the coordinates of the inside surface intercept

point.

In the case of the inside surface, the gradient may be

used to obtain the surface normal at the point of intercept

*| since this surface has been expressed analytically. If

Equation (75) is denoted by f(x,y,z) then

N. = (80)

3xiYiZi

,263



where N. is the unit vector in the direction of the surface
1

normal at the point of intercept. Here,

k+ (81)

or alternately,

Vf f i + f j + f k (82)
f y z

Thus, the direction cosines of the normal k', 22, m' may

be expressed as

'fx

k' = (83)

S, =-Y (84)

f
me= ( 85)• l f l

where:

22
-x 2xi tan 2 (86)

fy = 2y i  (87)

fz = 2zi (88)
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and

2 4 2 21/2 (9
2f = 2[X tan a + y? + z] (89)

Now that the two unit vectors R' and N' are known the inci-

dent acute angle of the skew ray with the inside surface,

O il may be ascertained by again taking the scalar product as

in Equation (57). Thus,

i -cos [K'k' + L'Z' + M'm'] (90)

and using Equation (1) again

0! sin [(-sin oi] (91)
N3

where i is the acute angle between the skew ray and the

surface normal after refraction at the inside surface.

Direction cosines K", L", M" of the skew ray after refraction

are found analogously to K', L', and M' in Equations (63),

(64) and (65). Here, however, N2 , N3 , K', L', M', Dip Vi,

and V, V, m are substituted for N, N2, K, L, M, D, 1I',

and k, Z, m respectively. Thus

N N
K" = 2 K' + (cos cos (92)

3 i N 3.

N N
L3 LI + (cos cs Z' (93)

N3 N3
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and

=. N2  N2

M' + (Cos *i - cos *i)m' (94)
N3 1 N 3

Finally, the skew ray intercept with the image plane may

be found. The image plane is treated as another surface

along the path of the skew ray, and the intercept coordinates

Xim' Yim' zim are easy to find. Equations (72), (73) and

(74) may be used again in the form

xm = D'K" + xi  (95)

Y D'L" + Yi (96)

Zim = D'M" + z. (97)

where D', in this instance, is the linear separation between

coordinates xi , Yi' zi at the inside surface and Xim ', Yim'

z im of the image plane. Furthermore,

x. = BF (98)
im

is the equation of the image plane. It follows that

(BF - xi )
D = K" (99)
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after substitution of Equation (98) into Equation (95).

Therefore,

BF - x.
SYim [ K" ]L" + yi (100)

and

BF - x.
z. = K IM" + z. (101)-I zim -K1

Hence, the skew ray has been traced onto the image plane

at the focal point of the lens. The Yim coordinate of the

corresponding mirror image skew ray is the same as Equation

(100). The z. coordinate, however, is the negative of

Equation (101) since the mirror image ray is behind (when

viewed along the z-axis) the meridian plane. After tracing

a complete set of skew rays through the lens a spot diagram

may be plotted. Clearly, the number of rays to be traced

depends entirely upon the incremental size of the aperture

grid chosen. According to Kingslake [7], at least 100 rays

4- must be traced to give a fair approximation of the actual

image. In addition to the spot diagram, an energy density

plot may now be constructed by counting the number of rays

within progressively larger radii from the image centroid and

then plotting the number of rays as a function of radius.

Here, each ray is assumed to contain a unit, nondimensional,

4i an amount of radiant energy for convenience.
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E. RADIANT ENERGY LOSS

_In reality, each ray loses intensity upon transmission

at each interface. Of the total amount of energy contained

in each ray,a fraction IT will be transmitted, a fraction I

will be reflected, and a fraction IA will be absorbed by the

medium into which the ray is propagating. Since it has been

assumed that absorption is negligible, it must be true that

I T + IR = ( (102)

Furthermore, the relative amounts of transmitted and reflected

electromagnetic energy may be calculated by the well-known

Fresnel Equations which state the dependency of IT and IR

upon the angle of incidence and the indices of refraction

at the interface. That IT and IR are further dependent upon

the orientation of the electric vector with respect to the

geometry of ray incidence is fundamental to the boundary

conditions which govern the form of the Fresnel relations as

derived in Hecht-Zajac (8]. Since this thesis examines lens

response to monochromatic radiation, the indices of refraction

are not considered as a function of wavelength; further, the

electric vector orientation is assumed to be rapidly and

4 randomly changing with time. By time averaging field com-

ponents,it may be seen that the reflectance is

1 2 +r 2 )  (103)
22•IR = ( r (103)
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where

cos (N 2 - sin2 ) 1/2

r2 2i 12 (104)
cos + (Nti - sin)

and

2 (N2. 2 1/2N ti Cos 0 - - sin
r - 2 2 2 1/2 (105)
- ti cos + (N ti -sin20)

Here, Nti is the ratio of the index of refraction of the-ti
transmission side of the interface to the index of refrac-

tion of the incident side. From Equation (102) it now follows

that the transmittance through the interface is

it  
1 - IR (106)

The total transmittance through the lens is simply the product

of It at the outside surface with that of the inside surface

where is substituted for 0 in Equations (104) and (105).

Total internal reflection of the ray may occur at the

inside surface if the incident angle becomes too large.

Following Reference (7), this occurs when angle i is equal

to or greater than n/2. Thus, Snell's law becomes

N 3
sin N (107)

i N 2

and any ray with Oi equal to or greater than this will be
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totally internally reflected. In this thesis such rays are

__; labeled "failed rays" since they fail to intersect the image

plane. If N2 is 1.5 and N3 is 1.0, the incident angle for

total internal reflection is 41.810, or greater.

F. OPTICAL PATH LENGTH (OPL)

The optical path length of a skew ray is an analytical

tool with which the researcher may ascertain the phase of a

ray at the end of the path. By so doing, the image diffrac-

tion pattern may be constructed which shows the addition or

subtraction of amplitude depending upon relative phase. Since

each ray must begin with the same phase, monochromatic radia-

tion is used for diffraction experiments. OPL is included

here only as a matter of interest. The calculation of optical

0path length is simply the sum of the geometrical path segments

of a ray multiplied by the corresponding index of refraction

of the medium for that segment.

r

70



III. THE GRIN LENS

A. THEORY

This thesis assumes a spherically symmetric, inhomogene-

ous, isentropic medium in which the refractive index varies

from point to point but is independent of direction at each

point. The refractive index is a function of the coordinates

of the points of the region being considered. The problem

of describing the resulting curved paths of rays in such

GRIN materials has been solved long ago in the form of a

single second order vectorial differential equation. Marchand

[91 has shown that the solution to the differential equation

in the case of spherical gradients can be written in polar

coordinates in the plane of the ray as

r dr

e 0 + e r" 2 211/2 (108)
r0  r[n2r - e

Here r0 and 9 are values of r and e at a convenient reference

point on the ray and lel is a scalar constant along the ray

given by

e = n0 r0 sin (109)

Referring to Figure 7, r is measured from the center of

symmetry of the index function; angles e and 80 are measured
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counterclockwise from the lens axis; angles and 0 are

measured counterclockwise from the radius vector to the

instantaneous ray direction vector. e is the sign function

expressed as

= sgn ol= ±1 (110)

where

I ol n/2 (111)

In Equation (109), n0 refers to the index function n evaluated

at r0 . The form of n has been chosen as

n = n(O ,r) (112)

where Os denotes the position of the center of symmetry on

the lens axis (shown in Figure 7) and r is the radial coor-

dinate from Os to the point in question. This form allows

the study of the effects on lens performance as Os is changed.

More specifically, in order to allow the analytical

integration of Equation (108), the expression used for

4 n(Osr) is a generalized version of that employed by Luneburg

as described by Marchand [9]. Here

21/
n [a + r 1/2 (113)
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q7

whereas Luneburg used specific values for a and b. Generaliz-

ing the index function enables the strength, or percent change

of the gradient to be varied as well as the algebraic sign

of the gradient. If the parameter b is negative, a decreasing

parabolic gradient results; conversely a positive b yields

an increasing parabolic gradient. By visualizing a plane

wave front passing through a spherical gradient, it may be

seen that the negative gradient results in light rays bending

forward at the center, as shown in Figure 7, whereas a posi-

tive gradient has the opposite effect. This principle was

used by Wood, as related by Marchand [9], in constructing

simple lenses having plane faces and a radial index. The

Wood lens acted as a converging or diverging lens depending

* - upon the sign of the gradient used.

072Additionally, it must be noted that if the parameter b
is equal to zero, Equation (113) reduces to

n -Va (114)

4- which is a HIN lens having constant index of refraction.

This fact has facilitated the correlation of GRIN and HIN

computer trace algorithms.

Equation (108) may be integrated by a change of variable

using the relation

r 2
v = (-) (115)
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which leads to the solution

~fin[ 2 2 ~ r 2e /r -a
6~~~e2r2 a si-1e r a si-

Va7 / 4e a i 2 22.a +4be 2 /R Va 2 + 4be /Rz j

(116)

Equation (116) gives e as a function of r. This equation

can be easily solved for r as a function of 6 in the form

r 22

a2 + e sin -2c(1-e 0 )+sin- 2 e 0

LVa2 -ibe 2/Rz7
zz

(117)

The instantaneous direction of the ray at any point r,6

may be ascertained by using the invariance of e. Hence,

e enrsin = en 0 r 0 sin (118)

and

I n 0 r 0 sin 0

= sin - 1 [ io  ] (119)
nr

Furthermore, the orientation of the plane of the ray may be

easily deduced since every ray in a spherical medium is a

plane curve lying in a plane through the center of symmetry.
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Using this fact, Marchand [9] has shown that a suitable

conversion from coordinates r and e in the plane of the ray

to global Cartesian coordinates may be written in the form

x = r(6 - + n p0 ) (120)

• y r YO
r(6 - + n q0)  (121)

r0
0

z = r(6 ro + n £0) (122)
0 0

Here P0' q0 , Z0 are the initial direction cosines of the

ray at r0 ,80; x0 , y0 , and z0 are the Cartesian coordinates

corresponding to r0 ,e 0 . The parameters 6 and n are given

by Marchand as

= sin e/sin %0 (123)

= cos e - n cos p0  (124)

It should be noted that Equation (117) may become singu-

lar for certain rays where p or i0 become very close to zero

or i. This singularity may be more easily seen in Equation

(123) where n becomes indeterminate as both e and %0 approach
zero and/or r. In practice these conditions occur when O

is located either far out in object space, coincident with

B, or on the image side of the lens; see Figure 8. Positioning

76



()OB ()OS

AN/N

E XLUEED
REG ION REGION DUE TO
CALCULATED SNUAIYI
IN THIIS EQUATION (108)
THES IS

VT! OB

--AN/N

Figure 8. Excluded Regions for Center of
Symmnetry Due to Singularities

K 77



the center of symmetry at these locations has therefore

been avoided.

B. ASSUMPTIONS

The aforementioned assumptions for the HIN case also

apply here. Additionally, it must be assumed, as depicted

in Figure 7, that the GRIN lens could or soon may be fabri-

cated from a sphere of dielectric material with the required

spherically symmetric parabolic gradient.

C. GRIN LENS DESIGN PARAMETERS

In the HIN lens, the available design parameters are

basic. These include: F, R, T, a, U, and N2 . Parameters

available for varying the design of the GRIN lens, however,

include those of the HIN case but expand the index of refrac-

- - tion variable N2 into Os , a, +b, and -b. These additional

lens design parameters greatly expand the lens designer's

power to bend radiant energy to his will.

D. GRIN LENS DESIGN

The GRIN lens design procedure, although paralleling

that of the HIN case, is somewhat more complicated in that

the rays are now curved and che index of refraction varies.

Accordingly, the same design process is used but with more

intermediate calculations required.

The additional calculations arise since the intercept

of the GRIN ray with the surface tangent cannot be solved

in closed form, and an iterative solution must be used.
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The reader will note that Equation (117) will yield r if

(e-e 0 ) is known. Hence the iterative procedure is to

"guess" (e-60) based on the HIN coordinates X1H'YlH which

are calculated as in the homogeneous lens. Thus

8 H = eT - 80  (125)

in Figure 9 is used in Equation (117) to find point p. The

tangent to the ray path at point p is now extended to inter-

cept the surface tangent again using the homogeneous inter-

cept relations to find xlHYlH. The prime superscripts

indicate successive iteration values. The distance d is

employed as a measure of the error of point p. If d is not

0"  within an acceptable margin then Ofis calculated based on

XiHYjH and the procedure repeated to find p' in Figure 9.

If d' is not within allowable error then the iteration con-

tinues until it is acceptable. In practice, this iteration

procedure has proved to be extremely rapid, rarely requiring

more than three iterative steps before converging. Slight

modifications, however, must be introduced to handle a posi-

tive gradient. Furthermore, if 0 is located outside the

lens proper, a decreasing angular increment must be subtracted

from eH to ensure that each radial vector rH, r , ... inter-

sects the ray during iteration. These modifications to the

intercept iteration procedure are recorded in the program

listing for program GISL (for Gradient Index Seeker Lens).

Refer to Appendices A, B, and C for a full description of GISL.
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With the overall iterative intercept procedure now being

- clear, the mathematical details of the GRIN lens design

follow. Referring again to Figure 9, the GRIN ray is traced

as in the HIN design procedure to obtain the cooruinates

x2 (J),y 2 (J) on the inside surface in the meridian plane. Now,

before Snell's law can be used, the index of refraction must

be found at these coordinates. Using Equation (113)

n2  [a + b(-) 21/2 (125)
2 z

where

r 0 = V(x2 (J) + OB)2 + y2(J) 2 (126)

and where

Rz = V(x 2 (1) + OB) 2 + Y2 (1) 
2  (127)

Furthermore, by inspection it can be easily seen that

0= T- U' - 0 (128)

U' is identical to the HIN case and

%Here Equation (125) must be substituted for N2 in

A - ;n (12)2
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-1tan-(J2 (129)
0 = tan [Y2 (J) + OB

In Equations (126) through (129) OB is the line segment from

O to B and is defined as a positive quantity to the left
s

of B for algebraic ease of manipulation. By substitution

into Equation (109) the scalar constant, e, of the ray can

now be found. Furthermore, since angle U' is now known

coordinates x H'yl may be calculated using Equations (14)

and (15) or Equations (24) through (28).

For the first ray defining the edge of the lens, Equa-

tions (14) and (15) are employed, and, since no iteration

is required, angle (6T-e 0 ) is used in Equation (117) to find

r immediately. Here

Xl + OBcos eT = 1H (130)

T ~r H

and

= , OB2 2
rH -(x +OB) + YH (131)

Thus

xI (1) = r cose - OB (132)

and
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y1() = r sineT (133)

are the coordinates of the first point on the outside

surface. Since e is known, Equation (119) is employed to

find the angle p. Angle C in Figure 10 is employed to

translate p into the ray direction with respect to the lens

axis by the relation

= - (* + T) (134)

Therefore, by substituting ; for U' in Equations (19), (20),

and (21), DYDXN(l) and DYDXT(1) may be found. Here again, N2

in Equation (19) must be replaced by n2 as given by Equation

i (113) evaluated at x1 (I ) ,Y1 (l)"

Now that the first point on the outside surface is known,

along with the surface tangent, the remainder of the K number

of rays may be processed to yield the balance of the outside

surface. Each subsequent intercept between ray and tangent

must be iterated. Thus, unlike the first ray, once XlH, YlH'
lH YlH'

4 rH , rp, p, and are known, XlHI and YlHI are ascertained by

the substitution of the coordinates of point p for x2 (J),y 2 (J)

in Equations (24) through (28) with U' replaced by . The

coordinates of point p are

x r cos - OB (135)
p p T

yp = r sin a (136)
p p T
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Therefore

A A+ B (137)
Y1H C

where

A =cot(1 1 + U) cot [y p+ x ptan C (138

B =yi(J-1) - xi(J-1) cot[Ii+ UI (26)

C 1 1+cot (I + U)cot~ (139)

and

0I~ 1= -1 si 2 (;_U)-U
1i- sin 2 .2 (140)

Note that n2in Equation (140) is found from Equation (113)

evaluated at r P.

Additionally,

X1H o + x tan] (141)

4 Now the error, d, may be evaluated as

d = ~x~- XH') + ~1H - 2(142)
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Here d is compared to 1 x 10- . If d is larger than this

value then the entire procedure is repeated by substituting

XlH ' for XlH'YlH and so forth. Once the error criteria

are satisfied

x 1 (J) = Xp (143)

yl(J) y p (144)

and the next ray is processed. Correlation between GRIN

(with b set equal to zero) and HIN design procedures run

with identical parameters has shown agreement to the fifth

and sixth decimal places.

E. SKEW RAYS IN GRIN

GRIN skew rayQ are handled analogously to the homogeneous

case with the same coordinate transformation from grid plane

to global coordinates being required. It is only after the

initial directions cosines of the GRIN skew ray K', L', M'

are found that the differences between GRIN and HIN appear.

The only exception to this being the use of Equation (113)

in Snell's law for refraction at the interface. Since the

GRIN skew rays display curvature in a plane through 0s, K,

L', and M' are constantly changing until intercept with the

inside conical surface. Therefore, not only must the plane

of the skew ray be analytically described, but the final

values of K', L, M' must be found. Due to the nature of
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GRIN rays, the procedure for finding the ray intercept with

the conical inside surface is different from both the HIN

case and the iteration procedure employed in the meridian

plane due to the multiplicity of the geometry encountered.

The Newton-Raphson iteration routine has been found to be

ideal for this purpose.

To begin, the magnitude and direction of the initial

radius vector r0 from Os for x0 , y0, z0 must be ascertained.

The magnitude is given by

2 221/2
r 0 = I(x 0 + OB)+ y0 + z0] (145)

Therefore the unit vector in the direction of the intercept

0! is

x + OB^ Y0  z0
r0 -r 0  0 k (146)

The plane of the ray may be fully described by the vector

normal to the plane. Two vectors, r0 and R lie in the plane

of the ray. R is the unit vector in the initial direction

of the ray after refraction and described using direction

cosines as

4A A A A A

R K'i + L'j + M'k (147)

Thus, the plane of the ray may be described by the cross

S.product
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4q

N = rx R (148)Np0  r0

or

A A A' A

N =N i + N j + N k (149)PO PO x PO y PO z

where

Np r MI - L '  (150)

N = r zK' -r OxMI (151)

and

N = r L' - K' (152)

POZ Ox O

In Equations (150), (151), and (152) r0 x, roy, and roz

refer to the x, y, and z components of r0 in Equation (146).

Furthermore, the angle t0 between r0 and R may be found from00
the dot product as

0 = cos (r0xK' + r yL' + rOz (153)

Now the scalar invariant e may be found. Substituting known

values into Equation (109):
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e= e[a + b( Z) 21/2 r0 sin (154)

where RZ is unchanged from that found during previous calcu-

lations for the lens shape by Equation (127).

With the foregoing groundwork established, the intercept

of the ray with the inside surface may be calculated. The

Newton-Raphson iteration scheme requires the calculation of

the radius vector from 0s to the cone by geometrical methods

and the radius to the ray by GRIN theory. The difference

between the two radii is then divided by the difference

between the derivatives of the two functions. The resulting

quantity is subtracted from the trial angle, p, in the plane

of the ray, to give a new trial angle '. The process is

pcontinued until the difference between radii is less than

1 10g. The first trial angle is measured to a reference

HIN intercept as if the material were homogeneous since the

actual GRIN ray curves only slightly. The coordinates of

this HIN intercept point are designated XiH, YiH' ziH and

are derived using the HIN equations as before. To obtain

the first trial angle, the scalar product between r0 and

r iH is used. Here

2 2 2 1/2

ril = [(XiH + OB) + YiH + ziH] (155)

and
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XiH + OB ^ Yi A ZiH ^

•ri = i + - j + - k (156)iH rlH ril iHri5

Thus,

8p cos- (rOxriHx + r yriHy + rOzriH z] (157)

where r iHx , riHy, and riHz are the x, y, and z components

of r iW' respectively.

In Equation (117) 8p is substituted for (8-80) to yield

r as required by the iteration procedure. The geometrical

radius, r g, is not so easily acquired. First, note that the

equation of the plane of the ray inside the lens is given by

.. o N(x-X 0 ) + N Fy(y-y0 ) + Np=z(Z-z 0  0 (158)

Secondly, the equation of the conical surface is given

by Equation (75). The combination of the plane of the ray

and the cone yield the loci of possible intercept points on

the inside surface. In Cartesian coordinates, the sum of

Equations (75) and (158) is

X(Np x -x tan2  ] + y[Np 0 y+ y] + z[Np0 z + z] - NpoxX0

-Np 0yy0 -Np z 0  = 0 (159)

Equation (159) must be transformed into coordinates r and p

9p
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in the plane of the ray. The transformation is made possible

using Equations (120) through (124). Upon substitution,

and after solving for r Equation (159) becomes

2 A i-B B2 1 0""rg + + C2 (160)
9. = A A 2  C=A 2

where

A B2 + 2 -A 2 tn2 (161)2 1 B C 1  1tnc

B B BN + CIN +AN + 2A2 B tan a (162)2 1 poy 1 poz 1 pox 1

C OBN + OB2 tan 2a +N ox N2 pox pox 0 poyY 0

0I + Npo z (163)poz 0

and

A-(x + OB) + nK' (164)1 r 0

~6Y
0

B = -+nL' (165)1 r0

• 6z0
C = 0 + nM (166)

Here, 6 and r are found from

4

-= sin 9 /sin i0 (167)
p 

0
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and

6 = cos - cos 0 (168)

which follow from Equations (123) and (124). The plus sign

in Equation (160) yields the correct values. Now that r of

the ray and r of the surface are known, the derivatives of

r and r g with respect to 6 at e must be found. It can be

shown that for the ray

3

-dr F r + sin- (A3 )] (169)d68 2e co [-2 3)]

J p

where

S2e /r0 - a
A3  0 2 (170)

a + 4be /RZ

The derivative of r is somewhat more complicated. Withg

persistence, however, it can be shown that

B1 2 -2 1 B2 +L 2 + _[
d6= 2d 2 d61 + 2 2A [ 3]de2A 2  4A 2

(171)

where A2, B2 , and C2 are given by Equations (161) through

(168) and

= 1 2 B 2  - 2 A 2 2  2 (172)
3 2-( B2  2 2 7a-
3 "

2A 2  A2
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Therefore, the r and e to the intercept are found by

iteration of revised trial values

(r-r
= (173)

p dr dr

In practice the quotient of differences in Equation (173)

is reduced by a factor of 1.3 to slow convergence and provide

stability. The number of iterations, however, rarely exceeds

five.

Values for r and e are now *ransformed into Cartesian
P

coordinates xi , Yi' zi by substitution into Equations (120)

through (124). Next, the values of the direction cosines

K', L', and M' at the intercept are needed. The angle ip

between the radius vector and the tangent to the ray at

intercept may first be deduced from the scalar invariant,

e. Hence

-1 e
= sin (n 2rPi) (174)

Where e is known, n2 is evaluated at rPI; rPI is the

radius to the intercept as found by the iteration above.

Three constraints on the direction cosines may be written.

These are:

1) The scalar product of the radius vector, rPI, and the

instantaneous ray direction vector, R, at intercept.

2) The scalar product of the normal to the plane of the

ray N and R.
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3) The sum of the squares of the direction cosines must

sum to unity.

Mathematically, the above constraints are written as

(xY + OB) 'y z.
r i  - K' + -- L' + r M' = cos i (175)

N K'4+N L' + M' = 0 (176)

Pox pOy POz

K'2 + L' 2 + M' 2 = 1 (177)

To find K', L', and M', Equations (175), (176) and (177) are

solved simultaneously. It can be shown that the solution

leads to

2
-B6  + B6  C6

6 4A 66

Le = A5 - B5N' (179)

1/2

K' = (1 - L' 2 - M' 2) (180)

where

Npoz 2  2 2Npoy N

pO

+ (N POZ)2 + 1 (181)
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2NpoyNp z A _ + ( N p z ) 2 ] A 5 B  (182)

B6  = NP X  NPX 55

C6  - [1 + (pOz)2 ]A5  1 (183)
pOx

and

N P 0 X cos
A = (184)
5 N PB 4 - Npy A4

B5 = NP0 XC4 - NP0 zA4  (185)

5 N PB 4 - Npy A4

Furthermore, in Equations (184) and (185), A4, B4 , and C4

are the coefficients of K', L' and M' in Equation (175).

V Now that the direction cosines of the ray are known at

the point of intersection with the inside surface, the index

of refraction, n 2 , is computed by substituting rPI into

Equation (113). The remainder of the skew ray trace to the

image plane is identical to the homogeneous procedure.
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2 N z 2

2poy POZ - + N 0 z
* .. B A ] [N' ]A5B (182)

6 Np5x Np5x

c6  - 1 + P ]A 5 -1 (183)

and

"Np~ Cos
A = (184)

NpoxB4 - Np0 yA4

B N p0 xC4 - NO0 zA4  (185)5 NpOxB4 -Np 0 yA4

Furthermore, in Equations (184) and (185), A4, B4, and C4

- are the coefficients of K', L' and M' in Equation (175).

Now that the direction cosines of the ray are known at

the point of intersection with the inside surface, the index

of refraction, n2, is computed by substituting rpi into

Equation (113). The remainder of the skew ray trace to the

image plane is identical to the homogeneous procedure.

9
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IV. LENS PERFORMANCE PARAMETERS

The function of the seeker lens is to focus electromag-

netic energy either reflected from or emitted by the target

onto a detector. Angular displacement of the target with

respect to the missile body axes as well as target angular

rate information are both desired outputs from the seeker.

Hence, it is not only important just to be able to detect

the target by focusing energy into a spot on the detector,

it is equally important that this spot be as small as possi-

ble to enable the precise position of the spot on the detec-

tor to be discerned.

The ability of a lens to focus an object to a small spot

does not guarantee the quality of the image. For a FLIR

optical system extensive effort is expended to obtain an

image with minimum aberration (10]. Seeker optics, however,

are generally non-imaging devices where the pressure of the

different aberrations does not detract from the function of

the seeker as long as a tight image is maintained [11].

Accordingly, the most important parameter by which seeker

lens performance is judged is that of spot size at different

obliquities. Since the image found at the focal point is not

*. necessarily circular nor equally dense, the standard devia-

tion in the y and z directions with respect to image centroid

is used to define spot size.

-. Therefore, once the coordinate pairs of all the skew rays

have been calculated in the image plane, the first step in
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"" the analysis of lens performance is to calculate the image

centroid [12]. If the spot diagram is composed of N rays,

the centroid location, yc is

Y1 N

c i 186)

Since there is symmetry about the x-y plane, the z coor-

dinate of the centroid will always be zero.

The next step in finding the spot size is to find the

standard deviations of the spot diagram in the y and z

directions. This is accomplished by summing the squares of

the differences of the intercept coordinates with respect

to the centroid and then dividing by the number of rays.

The standard deviations then, are given by

.'

a2 1 Z Z2 (17

and

2 _ 2 (188)

The spot size, a is now defined by

. = a +(189)#:.?-.z ay
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Of further interest in appraising lens performance is

in _the energy density of the image as a function of radius from

the centroid. In nondimensional form, this is simply the

number of rays in the spot diagram within a succession of

circles of increasing size overlaid about the centroid. Here,

each ray is assumed to carry a unit amount of radiant energy.

This type of plot facilitates the comparison of different

lens designs by detailing the distribution of energy within

each image. Clearly, it is desirable to have as much energy

as possible concentrated very close to the image centroid.

Between two lenses with equal spot sizes, the preferred lens

has more energy concentrated within a smaller radius.

Every ray, however, does not deliver an equal amount of

* energy to the focal plane. It is prudent, therefore, to

include as a performance parameter the average ray intensity.

Again, for N rays, the intensity I of each ray is summed and

normalized by N to yield

"1 N
"-a = 1 ii (190)aav

Finally, each lens design is checked for "failed rays".

The reader will recall that these rays fail to intercept the

image plane due to total internal reflection, total external

reflection, or failure to intercept the inside surface within

the bounds of the lens. Hence, a lens design with fewer

"failed rays" or no "failed rays" at all is a preferred lens.
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Although there are many other performance criteria by

which lenses are compared, the foregoing parameters are more

than sufficient to judge the merit of preliminary seeker

lens designs. It should be noted, however, that notwithstand-

ing the fact that the image centroid and standard deviations

were used as stepping stones to obtain image spot size, they

have significant meaning of their own. The standard devia-

tions a and a inform the lens designer as to the horizontal
y

and vertical spread of the image. Image centroid location,

YC ,at increasing obliquities is of obvious importance since

excessive displacement will cause the image to miss the

detector entirely and would dictate the necessity for a

second lens element to dampen the movement. Furthermore,

since Line of Sight (LOS) measurement accuracy to the target

is highly dependent upon the linearity of yc as a function of
4c

the lens tilt angle, lens designs which exhibit a greater

degree of such linear behavior are the preferred designs.

To summarize, it is sufficient to note that although

spot size is the most important of the performance parameters,

every other parameter has a significant impact on the

performance of a particular lens.
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"... ~, V. RESULTS FOR THE HOMOGENEOUS LENS

The performance of the homogeneous lens in presented

, primarily as a comparison with which to compare the performance

of the GRIN lens. Here, the relationship of spot size to

increasing lens obliquity and lens thickness are presented

as well as the image centroid movement as a function of

obliquity. Additionally, the reader is introduced to the

four basic computer plots used to display the results: lens

shape, object plane with superimposed skew ray grid, image

plane or spot diagram, and energy density. These plots were

generated on the VERSATEC Plotter using arrays of data points

produced by program GISL on the IBM 3033 mainframe computer.

To begin, Figure 11 shows the homogeneous lens shape.

The first of the four basic plots, the lens shape plot, pre-

sents the lens side view in the meridian plane. The outer

surface (curved) and the inner surface (cone) are constructed

by connecting the points xl (J) , yI(H) and x2 (J) 'y2 (J)'

respectively, by straight lines. At the apex of the lens

about the lens axis is a trapezoidal region which represents

the opaque nose area. In the legend are listed the lens

design parameters and the significant calculated dimensions

of the lens. Since all linear dimensions are implicitly

normalized with respect to the maximum inside radius, R,

the lens may be scaled up or down by multiplying each dimen-

sion by a factor of R /R. Beginning at the top, the

parameters listed in the legend are explained in Table 1.
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TABLE 1

* '-"" Explanation of Lens Shape Plot Legend

PARAMETER TYPE OF PARAMETER MEANING

F1# DESIGN F number. F/# = F/2R

F DESIGN Focal length from B.

OSYMB DESIGN OB. Line segment g to B
(positive to left).
Immaterial in HIN

R DESIGN Maximum radius of cone

ALPHA DESIGN c--cone half-angle, radians

T DESIGN Edge thickness

U DESIGN Incident ray offset angle
(design) *, radians

I DESIGN Number of iterations.
I+l - number of rays

N DESIGN Free stream index of
refraction

N3  DESIGN Index of refraction of
interior lens cavity

A DESIGN a in n (r) = /a+b(r2/RF,

gradieAt refractive
index function. N2 = /a-
in HIN.

B DESIGN b in n2(r). Zero in HIN

B CALCULATED b effective = b/R2

% Index DESIGN Percent change in n2 (r)
from r = 0 to r = R

% Inside CALCULATED Percent change in n (r)
along inside surfaci from
lens axis to edge

% Outside CALCULATED Percent change in n (r)
along outside surfaie
from opaque region to edge

102

S - - •-.. . ...



Table 1 (Continued)

PARAMETER TYPE OF PARAMETER MEANING

% Across CALCULATED Percent change in n (r)
across lens from lets
axis to outside surface
at the thickest point

STATION A CALCULATED x-cogrdinate at nose of
lens

GAMMA CALCULATED y--nose half-angle 9f
opaque nose region,
radians

TSURFL CALCULATED Total outside surface
length from Station A
to the edge

Refer to Figure 2 for clarification
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The HIN lens shape has a convex outer surface with maxi-

*u.. m thickness on axis of almost ten times the edge thickness.

Although the lens has a good aerodynamic shape resembling an

ogive, the outer surface is not a circular arc nor can a

single analytical function be fitted to the array of points

describing the surface. Note that the nose half-angle, y,

is almost identical to the cone half-angle, a.

All lenses have been designed with a cone half-angle of

450 which is approximately the maximum angle for which aero-

dynamically efficient lens shapes may be designed, consider-

ing a free stream Mach Number not to exceed three. Without

exception, overall lens performance is more severely degraded

as angle a is reduced.

Table 2 explains the legend of Figure 12, which is the

second basic plot. Here the lens is depicted as seen from

the skew ray grid plane. The lens tilt angle, ap, causes

the equally spaced (in J) circles descriging the surface of the

lens to appear as ellipses. In Figure 12, the grid spacing has

been reduced from 0.1, which is normally used, to 0.3 to

allow identification of individual rays for correlation with

the image plane spot diagram. Although the small number of

rays used is not sufficient to given an accurate definition

of spot size, the number is sufficient to describe where

rays in the object plane are being focused in the image plane

by the HIN lens. The skew rays in Figure 12 have been numbered

in the order in which they were proces *d. Actually, only

rays 1 through 19 were actually I:acd; 20 through 33 are
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TABLE 2

* :Explanation of OBJECT PLANE Plot Legend

*PARAMETER TYPE OF PARAMETER MEANING

ALFAP Analysis a Lens tilt angle,: rgdians

Rays Analysis Total number of rays
processed

Failed Rays Analysis Total number of rays
failing to pass through
the lens*

Failed Rays are indicated on the plot by a diamond
superimposed on the grid location of the ray.

mirror image skew rays. Ray 30 corresponds to ray 14, for

example, Here, the lens has been tilted by 0.4 radians, or

S- 22.9 degrees, and 33 rays have been processed of which none

have fa.41--d to intercept the image plane. The staircase

pattern has been added in this case in order to show the

resulting distortion present in the image plane (Figure 13).

The Spot Diagram in Figure 13 is an example of the third

basic computer plot; see. Table 3. Unlike most Spot Diagrams,

this example has the individual rays numbered for comparison with

Figure 12; also the resulting distorted staircase pattern

is sketched. By cross-referencing individual rays between

rFigures 12 and 13, it is possible to recognize where certain
areas of the lens are focusing rays in the image plane. Rays

1, 4, 20, and 22 about the opaque nose region form a coma

tail which contributes most of the image spread. Rays 33,
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Figure 13. Spot Diagram for HIN Lens Design Shown
in Figure 11
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TABLE 3

Explanation of Spot Diagram LegendRow
PARAMETER TYPE OF PARAMETER MEANING

ALFAP Analysis , lens tilt angle,
radians

SPOT SIZE Performance ar' see Equation (189)

Y-CENTROID Performance Yc, y-coordinate of
image centroid; see
Equation (186)

SIGMA Y Performance ay, y-standard deviation;
see Equation (188)

SIGMA Z Performance az, z-standard deviation;
see Equation (187)

RAY COUNT Performance Number of rays striking
the image plane

WO, 18, and 19 from the bottom portion of the homogeneous lens

are imaged at the top and are widely separated from the core

of the image. In general, the regions of the lens which

have been found to contribute the bulk of the widely spaced

rays are the immediate nose region and the lower portion of

the lens.

Furthermore, the distortion present in the image of the

staircase pattern clearly shows that regions closest to the

nose yield the greatest distortion. Horizontal lines are

rswitched end for end and tilted approximately 45 degrees.
The upper portion of the lens performs the best. Rays

3, 7, 11, and 15 in the meridian plane are focused on the

YIM axis in a fairly tight region; rays 10, 14, 17, 27, 30,
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and 32 about the upper periphery in the object plane are all

focused within the image core.

Table 3 explains the legend of the spot diagram. It is

seen that the standard deviation in the y-direction is

approximately five times that of the z-direction. This

elongation of the image is not readily evident in the spot

diagram since the ordinate and abscissa have not been plotted

with equal increments. This results from the great disparity

between Spot Diagrams of the various lens designs studied.

It is important, therefore, for the reader to take careful

note of the relative sizes of the yIM and ZIM axes.

Of primary importance is the spot size in Figure 13. The

value for spot size is adversely affected by the poorest

performing regions of the lens. Were it not for these

errant rays, the spot size would be considerably smaller.

The image intensity pattern is benefitted, however, by the

fact that the rays spread the farthest from the centroid

contribute significantly less energy per ray than those

being focused in the core of the image. Table 4 lists the

relative intensities of the primary skew rays plotted in

Figure 13. It is seen that the high intercept angles experi-

enced by the rays closest to the bottom of the lens and, to

a lesser extent, those near the nose, result in higher

reflectivity and lower transmission through the lens.

In the legend of Figure 14, the average of ray intensity

is given. The Spot Diagram Energy Density distribution may
. -.. be seen at a glance. The fraction of energy (number of rays)
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TABLE 4

Skew Ray Intensities of HIN Lens

a) Numberical Order

Ray Intensity Ray Intensity

1 0.746 11 0.919

2 0.789 12 0.918

3 0.921 13 0.910

4 0.892 14 0.887

5 0.877 15 0.918

6 0.811 16 0.916

7 0.920 17 0.910

8 0.917 18 0.640

9 0.904 19 0.576

10 0.870

b) In order of Descending Intensity

Intensity Ray(s) Intensity Ray(s)

0.921 3 0.887 14

0.920 7 0.877 5

0.919 11 0.870 10

0.918 12,15 0.811 6

0.917 8 0.789 2

0.916 16 0.746 1

0.910 13,17 0.640 18

0.904 9 0.576 19

0.892 4
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Figure 14. Nondimensional Encircled Energy Plot for
HIN Lens Design of Figure 11
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shown as a function of radius from the Spot Diagram centroid

is normalized with respect to the total number of raysw

traces (Rays, in Figure 12) regardless of whether all of

the rays successfully intercepted the image plane. Thus

the fourth basic plot may be used in conjunction with the

Spot Diagram to further define the image concentration with

respect to the centroid.

The response of the HIN lens to increasing tilt angles

is given in Figures D-l through 8-23 where the index of refrac-

tion of the lens has been set at 1.5. Whereas the spot size

at ap 0.0 is very small, that at p 0.7 radians is quite

large at 67% of the lens radius. Figures 15 and 16 summarize

spot size and centroid locations for the lens. Spot size

growth, although somewhat irregular at the higher angles,

is pronounced. Furthermore, the centroid movement is seen

to be an approximately linear function of a p until

ap Q 0.3 and easily exceeds the radial dimension of the lens

at higher tilt angles.

Figure 17 shows that the HIN lens may be slightly improved

by increasing the edge thickness, T, by a small amount. The

lens may be otherwise tuned to improve performance at certain

tilt angles by designing the lens with U slightly greater

than zero. These performance improvements are practically

insignificant, however, and neither lens tuning by the param-

eter U nor T produce improvement across the spectrum of tilt

angles. Instead, an improvement at one ap usually has resulted

*. in a degradation at others.
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Finally, the homogeneous lens is shown with index of

refraction of three at the intermediate tilt angle of 0.3

radians in Figures D-24 through D-27. The lens shape required

to accommodate the higher index of refraction is seen to be

thinner and displays less outside surface curvature than

the HIN lens with N2 = 1.5. Spot size is significantly re-

duced. Since infrared lenses such as germanium generally

have fairly high refractive indices, improved lens per-

formance at these higher values is encouraging.
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VI. GRIN LENS RESULTS

The performance of the GRIN lens is similar in many

respects to the homogeneous lens. The relationship between

characteristic regions of the GRIN lens, such as the lower

lens portion, and where these regions image bundles of rays

is identical to the HIN lens as depicted in Figures 11 and

12. The growth of spot size with increasing a and the

respective movement of image centroid typical of the homogene-

ous lens is clearly displayed by the GRIN lens as well.

The measure of the superiority of the GRIN lens, there-

fore, lies in the successful correction or improvement of

the deficiencies seen in the HIN lens. Here, the reduction

of spot size is of primary concern.

As a modest example of the ability of the gradient refrac-

tive index to reduce spot size, the GRIN lens design shown

in Figure 18 is examined. This lens is very similar in shape

to the homogeneous lens with N2 = 1.5. Note, however, that

unlike the HIN lens, the nose half-angle, y, is slightly

larger than that of the cone, indicating more outside surface

curvature. The object plane for this lens, at ap 0.4, is

shown in Figure 19. Here, the error in focusing rays present

in the image plane has been superimposed over the grid plane.

y Icoordinate error contours (with respect to the centroid)

are shown in the left half of the plane and ZIM contours in

the right. These contours vividly show that the largest
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LENS SHAPE

1.

F/o F/2
LL" F - 4. 000
z

OSeYMB - 1.000

A - 1.000

RLOHA - 0.7853975

z T - 0.050

S "U = 0.00000

I = 1008
NI = 1.0000

N3 - 1.0000

A - 2.250000
B - -0.427500

BEFF =-0.0855000

-ZNOEX - -10.000

X !NSIOE - -8.2397
% 1UTSIDE = -9.2302

Z ACROSS =1.0913
STRTION A =-0.43525 7

,AMMR - 0.8068293

TSURFL - 1.7399152

_ a I I n I I I I I t I

-1.0 -0.5 -0.0 0.5 1.0

X-LENS PXIS

Figure 18. Example GRIN Lens Design with 10%
Negative Gradient at OB = 1.0

118



-, -m rz- . .. . . -CD

CL IM4 f-4 O

o 1 CI

o 0 . g

-9 x

9 WK Abi

* +a A e L m0
+ x x 2 4w0

E~ w,LLJ L.Lj x x x x

Z + 4.X + ~ vx

004

0 w

-nHO 0)>

Z x Ir -0 +0+ -4

LLJ x +0 x D 4)4

-n A. 4j C
-K 0

x 4 1 -

0119. a



* . " • - . . . . - • • " , " ' • " - -. *, * -• L . -. . .-

errors in both y and z stem from the nose and bottom of the

lens. The best performance is contributed by the upper

central region. The reader will note that negative errors

in z occur below the y= 0 plane of the lens and that nega-

tive errors in y straddle the y0 = 0 plane.

The corresponding intensity contours are displayed in

Figure 20. Of significance here is that regions which perform

relatively well in y and z error also perform well in trans-

mitting energy. Regions of the lens which are characterized

by relatively high angles of incidence, therefore, perform

the poorest and have the most to gain from better combinations

of gradient index and OS

The Spot Diagram, Figure 21, displays an image pattern

virtually identical with the HIN lens in Figure 11. The

GRIN spot size, ar however, is slightly smaller by approxi-

mately 2% and both y and a are correspondingly smaller
y z

which indicates superior performance by the GRIN version.

Image centroid for the GRIN is displaced further than that

for HIN. The average intensity transmitted by the GRIN lens

compares favorably at 0.88 as opposed to the average inten-

sity of the HIN at 0.85. Further evidence of superiority

of the GRIN lens is seen in the form of a steeper slope to

the Encircled Energy Plot (Figure 22) than that of the HIN

lens in Figure 13.

Although the example GRIN design displays marginal

superiority, some GRIN designs do not. In particular, it
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SPOT DIAGRAM
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Figure 21. Example GRIN Spot Diagram at a = 0.4
Radians for GRIN Lens Design Shown in

*I Figure 18
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"Now SPOT DIAGRAM ENERGY DENSITY
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Figure 22. Example GRIN Encircled Energy Plot
Corresponding to Figure 21
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has been found that as the center of symmetry of the index

function, 0s , is moved further away from the interior of the

GRIN lens, performance deteriorates.

Two series of GRIN lens designs have been examined at

the intermediate tilt angle of 0.3 radians in order to define

the spectrum of lens performance. Both design series explore

the GRIN lens for 0S inside, outside, and far outside the

interior of the lens. The first series, Figures E-1 through

E-92, are GRIN designs in the "low range" of refractive index

with the index parameter "a" set at 2.25. This first set is

compared to the HIN lens with N2 = v"-- 1.5. The second,

or "high range" series is for a = 9.0, as compared to the

HIN at N2 = 3.0, and are displayed in Figures F-1 to F-128.

Both the high and low range lenses exploit gradient changes

o of 5, 10, 25, and 50 percent both positive and negative,

where possible. A negative 50% gradient in the low range

is, of course, not possible since an index of below 1.0

would result. The center of symmetry was not located at

x > 0 due to the aforementioned singularity encountered at

very small angles.

The lens shapes of the GRIN designs shown vary widely.

I The outside surface may be either convex or concave and ex-

hibits a thinner profile at higher values of refractive

index. Although all of the resultant GRIN lens shapes are

superior aerodynamically to the hemispherical seeker lenses

currently in use, the convex version of the lens has more
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obvious applications for a Sidewinder type tactical missile,

whereas the concave lens shape is more applicable to the

diffuser of a ramjet with nose inlet.

object plane diagrams show that for lens designs exhibit-

ing smaller spot size, fewer or none of the skew rays failed.

This fact underscores the success of GRIN in controlling image

deterioration contributed by the nose region of the lenses.

Although the lower lens and nose regions still create the

largest of the image spread, the extent is reduced.

Figures 23 and 24 are contour diagrams summarizing

spot size performance of GRIN lens designs in the low and

high range respectively. From these diagrams, it can be seen

immediately that the best performance is obtained from lenses

having the center of symmetry inside the lens. From this

fact, it may be deduced that large changes in refractive

index are desired along the surface of the lens rather than

across. Except for isolated regions at -5%, increasing

gradients produce smaller spot sizes. The positive gradient

in the high range, however, has an almost constant spot size

from +5% to +50% where an improvement of only 0.6% is seen.

In both the low and high ranges the positive gradient at

50% and at OB = 0.05 has proved to be the best performing

combination. Again, as in the HIN lens the high range

exhibits the smaller spot size.

The best GRIN lens is now further examined over the range

of obliquities up to 0.8 radians. Furthermore, since it has
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been determined that placing the focal point at x - 2.0,

improves spot size performance at lower values of ap, another

series of plots is given for F/i. With the focal point at

x - 1.5, severe degradation results; for F - 3.0 only modest

differences with F/2 are evident. Appendices G and H show

the performance of the "bestu GRIN lens at F/i and F/2.

Here it may be fully recognized that the resulting be-

havior of a "good* gradient refractive index seeker lens is

far superior to that of the HIN lens for < 0.6 radians;

see Table 5. The reader will note that there are no failed

rays even at 0.8 radians (45.8 degrees). Although centroid

movement at F/2 is slightly greater than the HIN lens, by

changing to F/i, this can be corrected; see Figure 25. The

F/1 version, moreover, displays a range of spot sizes signi-

ficantly smaller than that for the F/2 lens below ap - 0.54

radians or the HIN lens below 0.68 radians; see Figure 26.

That the lens displays more desirable performance with a

shorter focal length is a surprising but highly desired re-

sult. Since seeker optics systems are volumn limited, any

reduction in the lens focal length is beneficial to the final

* design and packaging requirements.

It is significant for the reader to note that centroid

movement beyond a value of ±1.0 exceeds the physical dimen-

sions of the lens radius. If the interior of the lens mount

is of similar dimension, it follows that the requirement for

YCENTR to be less than ±1.0 restricts the F/I lens to approxi-

mately 0.65 radians of tilt whereas the F/2 lens is further

restricted to less than 0.3 radians. The superior performance
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TABLE 5

Comparison of HIN and GRIN Lens Designs

*

Performance Parameter or Feature HIN GRIN

Shape of Outer Surface Convex Concave

Fraction of Failed Rays
at a - 0.7 radians 0.143 0.0

Linearity of Centroid
Motion; a for Ay/y 0.4 radians 0.8 radians
deviation of 10%

Spot Size for a

a - 0.1 radians 0.190 0.029
pa 0.2 radians 0.247 0.063

= 0.3 radians 0.442 0.112

Ca = 0.4 radians 0.466 0.201
p
a = 0.5 radians 0.637 0.313

a = 0.6 radians 0.632 0.490

a - 0.7 radians 0.667 0.688

p = 0.8 radians N/A 0.947

Spot radius for 80%
of energy @ a = 0.4 Does not 0.28
radians P attain 80%

within 0.50

Average relative intensity
of skew rays @ ap = 0.4 0.82 0.44

radians

"Best" GRIN lens with 50% positive gradient, 0. = 0.05,
in the F/1 configuration.
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of the F/2 lens above 0.54 radians is, therefore, unusable.

Attempts to improve upon this performance by increasing the

edge thickness, T, or by slightly adjusting the parameter U,

as with the homogeneous lens only produced uniformly degraded

performance in every respect.

Although the "best" GRIN lens resulted from a positive

50% gradient change in refractive index, it has been noted

that this configuration was only slightly better than the

same lens with a positive 5% change. Furthermore, since

refractive index gradients of five percent or better have

already been produced, it is entirely feasible that if the

precise parabolic change could be controlled, this lens could

be produced today.

Despite the obvious success of GRIN in controlling spot

size growth and image centroid movement, a penalty in the

form of reduced ray intensity has been paid. That increasing

spot size performance is tempered by a loss of intensity may

be seen by comparing "good" GRIN encircled energy plots with

that of the HIN lens. Note that the HIN lens with N2 = 3.0

also loses - 50% to intensity; see Figure 44. This loss in

intensity is partially offset, however, by the GRIN lens

with an increased number of rays transmitted and by the re-

duced spot size.

One drawback to the use of the GRIN lens as a self

sufficient, single element lens is still that of the relative

sizes of image and detector. Hence, even though GRIN has
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significantly reduced spot size below a Z 0.6, that size is

still significant at tilt angles above 0.3 radians. In order

to use the lens without a secondary focusing element or

mirror arrangement, a large composite sensor array would be

required.
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VII. CONCLUSION

Gradient refractive index materials may be employed to

design a pointed seeker lens which exhibits optical per-

formance far superior to that obtainable with conventional

homogeneous optical material. A fifty percent, positive,

parabolic gradient index with center of symmetry interior

to the lens was found to yield the best performance although

a five percent version of the same lens was only very slightly

inferior; this lens may possibly be fabricated today.

For objects off-axis by more than 0.3 radians (-17.2

degrees) a secondary lens element may be required unless a

large scale multiple element sensor array is employed. With

such arrays, objects off-axis by more than 0.65 radians (37.2

degrees) may require Cassegrainian or other mirror elements

"' to compensate image movement.
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- . * - . . . .

VIII. RECOMMENDATIONS FOR FUTURE WORK

This thesis investigated a spherically symmetric GRIN

seeker lens with inside conical surface. Future studies

should investigate:

a) The elimination of the singularity problem by

modification of the theoretical equations for GRIN

using numerical techniques. See Reference 13.

b) The optimization of the GRIN lens with both inside

and outside curvature.

c) The effect on lens performance due to an attached

shock wave.

d) The effect on lens performance when the object is

no longer in the far field and wave front curvature

must be taken into account.

e) The performance of the lens using wavelengths corres-

ponding to atmospheric windows.

f) The effect of a radially symmetric gradient index

on lens performance.

g) The feasibility of adding an anamorphic gradient-

index lens located on the missile body to increase

off-axis tracking/acquisition capability to 900 and

beyond. See Figure 1 of Reference 14.
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APPENDIX A

COMPUTER LOGIC FLOW DIAGRAM FOR PROGRAM GISL

This appendix together with Appendices B and C describe

the FORTRAN program GISL. GISL may be used to design either

a homogeneous (B = 0), or a GRIN lens to the user's specifi-

cations by changing the design parameter where indicated by

comments in the input section of the program. Additional

software required to run GISL and plot the results are not

described since these system-dependent procedures do not

apply elsewhere.

The flow diagrams which follow provide the reader with

the information necessary to follow the fundamental logic

of the main program and subroutines of GISL. Not shown is

Subroutine DIRECT which has been derived from Subroutine

DIRECT as described by Amichai [5] with only slight modifi-

cations.
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APPENDIX B
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-%Now. NN % NN~e ~ ~ t
0000Q00000000~000000t00n Not'..0000

WAMeM0eA 0004 V~tWWV~l00

*~ * 0 0 u'f no.4Z.
= 00 0-. >.)u OCI)( a

* *I-.iD 0.a. 0. 4 >j
*J @* 0 .. W eI w J* 0 0@.a Y. . ftq>-t

*W W '. 0 .(X-WMP4 0'-X - 40 0 OZ u
*)L, wl Zo0 oF.f.04oL Cnu>W QZ,4 C0

*CX 0 ...JI.D , eA0t. 0-K > ZL~ 0. -- L:

*C)L PVo "Z:- ft.00- 0JIWO . 0U . 04WC
>4.-I O-l- 7- T *.Z

*U -0 *a~ *Z0o L~4I

0. .N - Z -GC -CL 0 >) .- I 4 . ZIj
* ZLL L"3 P 0Z CLT %0-W 0n Pifl- ~r o C .C
*-= xtj CL44 0.l~0. *..... ~
* 3 0.. .J- (341 * .. 41-

* -. 0.Z OO .- ~ J"xx .4 9.

* * ax.)f - 04~0 4.P 0~- 0N. ..Il N)rj S. MU
* ..iuJ 01 of>-4 -Z"""x 0049"0 WC0.I- oo. *01

C - Lh.. 0".JV) ~ o ft&Z-40> s-a ..o. z. 9, ~ u 4
* *0 - o S. .em 000 .&i&.a.... .wLI-. O-..MC

* e- 4 .... C.L.u . -. L.. ft.C..Z0.Vn0 CM-014
* ~ ~ ~ ~ ~ ~ ~ ~ ~ 4 4-4 * U9-l-00Z~. m0q.~~U .l.

* ~ ~ LLA WC *t-C w4 0.CL V)M0I.0.%f0O.IU '..0.c) Z
* 3 -OCL .. J2- -- a41 .--l-l (CH0X -1 aWO Z -.0L
* * iLz = 44)(->o WCLM o.'-10.-Z *Z)Cwn'- z. s. =- I.

0-4-*j4 -Z- .~-0. -=-0 -4t0 -:j Z ~%=j- >L.

* -K. =V04 =00l>0*'.. U- *-.
* * ~oCLV-4aw 0 04 4m)

*x * fZQ vft0>I L . -.0 4c- *Z acqw C

* * * * ~ c MWj;Q. jrQ4j ~~0~3j~-. * .W> 0.u4 - -=wh

* -eQo 0z~-uQQ so."o s-1 WZ-Zen0.0.ac '-Z 0 =Z 0=

-Cef* 0 -ZL * omo-.. -KO 2 .sxnzo
*~~9 *U 1-9..Z.J-- tn -- C0Z U a -lLLU.40)X 0 >2 V

* ~ tJ we 1-04-w 00.4.4.AU(~~ -~ Jz
*i *i w~iu wa "- 4XLztz z I-OV ZL

145



V) ozl

us f- 0UX

V) 5-. uuj Z2 uc

cc 0 .s-l U. 0
L U w s-I Oe
x I- *I---

.I.- 2cU-
-, 1- I- 00 L q 2 u we 4

atW CAR 14 L s..

LA.I )Z zi wj 0 x
Ld W.- 5-. wfl Wvp 0
4L =< U '~ -i-

2L - _j w5 ocw 2~

wo_ LU L
3- (110 4- Z0 U.v

UO wZ W WI W> -4T-U

WI- MU .t o Z)(

LU 4c- zso 4 xx4.L .

1.- 0.4 CX at i L. wa IUOZI
0- ccxO 2 0O~ >12 z v)o2z_

(L OWl 4 4f 00 C-. ( 49"- $- = M~u .
0. Iz: 4A I W A Z - 5-

4i d L.L j =w w CA.W dt(rWL U-l-W .
4 0.4- 0 -1 0 xa .. (5woW. -w "sZ>
I- XLL 2 4 Z w " - 5 - W V)N'I- CLins.'4 Z

.4 il LU LUI 0 4 £1 (- Z Z2 ~ -o-
oW M 4A1 2 - I'55 - L z5 Z4-.J(

w 4112w Z9 LU #- Z 5--". 0 I- J.W -
C. ..J) xn . z in-UC) n. uw b .sCILz. w*
4 )-U.0 (D L ~.I0 Z f0 4 *O0 (A P-O mo

14 4 Iwe (%Au.. -4 L U a m 11 ZlI O-QW LL! a I
CA. o . mto 1% wli0 w V) _J M<4I U1 . CID C =LZ0 I(nl

a PO C 0 0 .- .0 W 3j m a 50Q. (55-Cin- _tA
V) of 3 P~x U. x <M>~- I- L. tn)111 cx ZU.in Z 2 IL. %J

WW LUC -0. LL5~0 awM 2wL~ -UL 3L-,in W@
L0. )Al- Wsa. ZZ0 0& 0 mmma'~ 4cI- 0 JLQ M I- 0ZI0%

4cZ 8 .4 S 0o M V 020 W)L " - in ..JZL oxl.-w>i(.5 w5.4%

'Wo U >49)" >Win 2 Lu N W0~c m ZIf'U.Ox W) UJOCI- 0 00-0-cs- I 049"~s
492Wu 4M in0 L Y. JOq9o400oTO~le.".N LU Ll. & 20L =O4LLwS.-WCX all S0.m 0. cg 4 *~ s" 0. 0 .IJ 0 0 P"-0.-4 Lul q0. zp4!I x.-4owt5 IS

1-4 ~05 I--.1I- 0LOZv-'XF(.-o- OCY. I-''W U)U)II-I
OWZ= ov)( CL&..J 0 It 2-jz 11 m1 Ifx ofIXOZ2 ZZ'lsIc~irxW
F-inn SU IiW 0 .-s U. -. 4-0.-WwI-I9I M-IZ 4Iin.Z 0

z

146



Ov4 Mr ,j cc ()I%4 Ov-4m t %01'. cc.4.~4. -% Ov--cntw. 0-4 04 .

QLV)

aLLw 0
X D

4 V)

*i v-4U.-

z . Qr
LU Wjo. u we .

LU > UJ' ( C 0 C
3 LUC . z -.
10- Z - -44 .4
Wj W.J-. .J 4

cc4 j x:1 4Z

I-Lu > 1% LU 9

0: U. 49 X -

v4. 4L zO I. a a

0 dqi = z b-O
KcU.a Z I- 9- 0. v-4

04 ~ U. Itc~*
ZU. >w a.l Z 4U X0- VI

ZO oJ- -4 ZA (A e~a 1

ML -u 0I aU 0 11 %<
W W- .)W 0 LU I- .ML W t

1,- 1-- Z4/ P~-4 441 C /L *C O F- * -
4U Q. X U.1 ZI- z At o *'%41 it- -n

w 41 Ow x Z I- x C 0- CC W)xz C-L L /
I- w- Z )4 a. V) 0. I--C~~ *

0u( wx m I Z at .~ - MZ/) aJz o
WO ILCO C) z -. 4o LL -r 0x

4 U. LW U 411 at 4) 0 '-Z a(\J'.
Q ; ot-i 1-w ao Lu a aZ4-2 00 o

Z .0 v) Ujm "z Q W <(I-4L 0JZ +
(A 0-Ut.WZ~u- OL' 4c 0% SQ-0 I.* ,J xp

Z. -, 0 U.A*'.J4 (DW CC I- 0-0 W) XZ I-u-N-... jtAL
Z 4/)- -t wj- W~ *~w aw oC e-.O. I % O O. 44')Opr.J .. J

Sc a- a Li. 0i 11 .M o - x V)UWZ0~a0 O .00.0 ifif I-Ia- -(xZ4a.'a1
Z z of 4 It co0Z cZW"fl x P-C - OZ 1I ac 4 .of-c 1 II:C 11 > -- isII lX

I- Qih. 1,4x%;-.I WM-J-J .'(wz9-Zm is~ a-..w4.0 If W-v.w---

a. 4Lml'D w ww U .43.-. U

147



00000000000000000000000000000000000+

Cf
0z'~ O O

* ~ ~ ~ ~ ~ ~ ~ ~ ~ . z.4.44.44d4~.WI.P4444

0000000000000000000000000000000
V~~O) UE./) fl~l4/~~4f~jVIfl~I~f 4d)d) WZ4~ UW#/WV~ 1jW(36V

OC.DQM

N .
co +

>0- - n IN
V) -.1

UU 9L a

ox 9. < 6. >
l' a 0 t

Co I 0."CLV
0~I 4 O*-0 L4

0~I + 0 4f4 m 0 .W --

LUCL 11- 4 . f .0..

Ill W Z4 -j 9>Z CW a a)4z

tn k- nn x - + -+. -1 91- NJ-'
V) <U .rw VM-0 OILU)I
o Mm MM 4 4 0=il wz I- U A *-100-v a a %N n

oc V- 0 -. O= N* -4.g* --
ox W 0 aa = of--) aa a- -t I

(A)0"1 X0 aaOIV 0.4 1 Z-l--o- .
o + o+ - 0 tLz

0- -0 -ULO ap< W I1p. I- <I U.44CLULL...''
a+4 -0. ~ n~- I WO.. h 0 .NIW- ..JII0O 60Z - -LU 9DQX O
Wi<i II -O cjm o u **1 ZO) trl-w 1 0' 1Z 4 c. L It- 0._0.aL

-. 49 -)-) =g I- @.. Z- W < 0 49<0 4 *US1- O-- w a 0ouo 0 4V4-

C ~.I- W a 0.W Z9..2..t~ IM

a a a aW aU)~a..wUN WL~4~a .~ ,...~(A a
0~9C LrZ %.0 N*ZZZ.'W0II........~a 0 -n-Z-

*K-* -Z.1--0*~i-- )l~ u.*Z-O ~148'-



0000000000000000OLD OLD0000000 0000 000000000 0

~d. )4/ #W4I~ ~fl~ U d~ V~flJ) ~flJ uV fllV)d'I) VJ~(/4I)U~U q/V
~~~~~~6 ~ ~ - 4 ~ ~ ~ - 4CL

o I-* I (
No - 011 1-

cmwe- (6

0 *j0. 4U

X> O- 0 4 a- 0.

N.cc 2j ao I.-04 .

>...... 4- >. ii - .
-"4 I- .= 0. 0 (-
*~ ~ 0 z4' 4 _j-ZQ0

00 *1- a) 0: I- flg- Q- ~ a
-4- X =* a 0 0 __V *2

0- .LD 00 aZJO C-00~ MZ
OT a - 004- 40 w< 44 0

CL~~~ ~ ~ Ix 0.1 . I. 4,(oI--Q0UJ. 0

-. W" I-e) V% go . - .- 0 M. WNI-I- 0 Goo

I P" > * +- Cc WJI- *-- O-C.. lZ Ua,'
LL (AO4 i*-Z V)4/) 00 "M- I=W CLZ(. Mi 0' 4._ U411

* -0 0.'M"4-0 I ~f II MMI MM00Ie wZ4.. *.IQ
-0w-4 WUZM>0*I- 81* -0 (A I.- * eJ~ - QO0.3m- Ca

4 eN)I- 0"'+4...~ +Q W+ C- =0 ItW Z '1 IW:WL

I-N .IN N*J -0a(.0 << >)v4 d *oC-,4 Q- ~i'"1t tZO00CU 0
0Z4I ~ a * 'i' ixocz4. V- 91 V. LA *.Z* *Z OUJa

* Z ..+~ 4 I-4- 0.00 *==ao-MZ40.-&~
.40 _ *-.-+CL0 00 +4- 11 9- uja'00C~e--Il. Ze-
X .r " 0'.'. 0eW( 9 a e ~ f 0-- 1 *.%~- .UJ-~0.0. _j *-
CL-24C- I-MZM-J-0wL 00 "04.. O.0- fl* otlz- I - 1/*-I.-U'
..JXs- I .. )0.OZqIwZ ~i 4 *1 - " %%LJ o"XwZ .DC. .w
v4n JfL:)~ **t-Z.-4q41 * P- WC L.0- WJOC *v"4,0./)XuUJ.CL"W 40 0<=

COC I "1 Z041-0 ZIg-j.4'.- *I-I-0WWU*Il /c "4

1" la1 c %-t V) of0 M4 II1 '-'00 1I OcV)I- Got I 4 I 040c 1I =v
~I0..J. o fr II 11 4 - . 1~0 . s . U u if 11 -JI.- 0.WJZW0.-0

0.. U~tlW ZO 41- .0.w II~.~W-I' *..J..~0.. .J W2 ~'co
N4N0Z~f0.LLII 4 W""4UU.0ZZU.U. U."44U~L"4"4WZU.0uU~u.'-

149



m %t UN 0O0000o0o00A000t Lon0%O00o0 0w0O0000 4Lo oc 000 0

NN

CL CL*

* a

-LOILWz -1 +,L
*j44-t ;cI4X 0

C9101 0 z- 0-4

- a <1-4 -3a
0.0I.-Mji MN--L wf~Mt 0

+.JO 0 * 0.
~Q0 a

0.0 m . 0.a-qf
XZZC v4a -Z Qm* - - n op

fa.4C.4 PO4 U" *aa -O= - "-

Ox -- +N' 0. a a

*0 0 *1-Z - az Iwo n act
WP.JP(I#.J Z-UaOdl. a )LP:V) j.+ -ao G

(L 0 4Qa -v =110 -j M .4L
I LULLALI~~ *a -4- cU I" )(a

P".J.O.* ..41 x 1 <w if O.1 aC
CL OC If * >T1&z 11% ~ =04P. Za-91 *vs- j it ii.- ~

*fP4.11 1-49 4 x .0> = & nf-n f-IA W W p..j Waa W-
-wQD444 L1~.I-L U 11 a2( )* 1-- E1)f If00 fm ~ j ~ xj 1 o-M- x v4

UJCVCC.0 CIO cy40 0 If COO-

4O 04UW4
-000* 4I~Z-- - IOwI/WO9 L.

04 l- w4I-.* Wlflw.LUC)0

0. g UJ~~PJe-l- ~ f4~U U-. C%0. U.



Nftl~~r. .rw~ C0i m M MIops r . .%P(Iv~ nQMC

CL

0 x

I,_ 0

z >_

u a U

NL 14. 0. x
P- o ~-O L

o c L OU-
U,. LL 0. IL0

Ix ~ ~ ~ -N L00U(1 L
D I M- Cool- LLU %1 0c

- 1 q * Z soW 0 w n02. 1 . 0Ca0
_j -U.. l--C c U. 0

4c 4c0 *4 V) NON"Jo zCU>
z 0 * If -Q x~z )1*, (.DJ 0 N-j 4
4 *** .Nw. - -1~ 0+

axZ wx-:e x-O 0 2i- I~D -C (. I
04c V) ~ NN NNP.44 - V)-F-a 0"

-3c NO =Zwx x Q. * 4,%J 0 m"
464: *&' X NNNU. Z :[ VO.* CDUJ-. P

I- 66i '%%) 4c LL LU C 0 e ( C64.4c - r. n C

4-: cc 0 * 049o".'-0 LU 0' 0VWWj -ZN I-
01.) C~wI-ZcgNN(XXU. + 0LI I -= s-.w 'I

-+0 LL -. ONZZZO 4c a 0. +W"Q--- -~D (
E-.C NI 0240- IX- -r4 atW 4 U .9 0 silo. 0

4dzf oC. *40W(%)CwnZ 1- - 00 LL 0- 90 Q-4 U- A 4.( -.
1-00 X (YcocNI I 3I LI O1 j *1 4. (D O.C I- I - Cx'-V J ~
<v- 0 % W 'w. ZZ O If 0.JX )-w~4 00-1 O M I. 11 * <QW--0= X

N >.- 0 0~i *)X .. rNf x MIX# 41 1 0> If = )--OZ~L-eJI ".4
<TZW z IfW4 _ Wx. I- 44m0 x U. O0- > 34fl).II4)

z = I-- "- U.N0..J.JZZZ.._J f~t4- ZL.~ql-L0 - N.>

<ZV)M In' WWA m~m W U.u.00l4-..0U. 1Vut )IJS.
(oLjI- Z ZO.0Z0 ("qq4w0ZX~xx~u" di.

151



OO~o~o~o~o~oOO~oOOOOOO~oooO~~oo~O~oLc,

0~ 0a ~ u'4N ~ -~ Q 0~ 0 '~ac

o00~0o00000c00000oOO0O00O00000O

VIV W E))nJ ~ l )V 4 l f '

0 W -

z. Z 4mo

)I )I , w I- - .

ar W

0 ~ 00 0-0 L(3o a W I-
* wo >Ww 0

Q In0Ga > 0-044 0+*0 ac-O -

(j 0 0 AJ 00-bN o OC 0 r e-4 - -U) 00-

419 O4 On 0Zp II 0.<-0 W 0-
ftwzpw-z -o (-30 N P- =4-~ ". . '3N-if3'N

-- )- N 0 -) - I * ,Go cc-J Qm 1 - >itao ;I
* 00 (30 0 *- 'nlxz~ rz"Zz iz,)o.-w Mo-O o.

ou. 0 f Qu. 4. 010 49 L (0 if' LLJUL. 0 I 0 41
Qp uz .O 0.am 0moijct- Q-Q.-...0 UM-"U

I., N ow -T in 0*- 0%I-1

* - I) '3~ N 3 (34i~W)-O'152I



CNI

U.

0 ~ ~ L( C

* z
*x

93.- w e

=4 z U."i C

4 x~j% I >.

4c-- *C -a-~ x v
w* 0-4 0 -1. coa0I I

CL-00 N 14/72 - Z ,m.0 op.I U;
WL * *0- 0 4. 1- )- %%% N
I-q * 0 *tU W* -0 Z U4MrC

0j~ ONMO* IA wm 3 0 0 w w tn 0
u< 0*WW C 0QW4Z 0 * - 01I- U W

CC f ** I + low) af4o**0 0I. APz ZL.80
LI X CL ~ ( ON*O- X)O '. 4.s~," No

Z I ('44(%j~ve-. I.; I ). 1a "44 I-*

-L I o**4 . 40.LJ -cmo3. a so Op" L ~ 4U .

01 Z--0 if 0*. a a~~ 0000 Wo - 00."z %o-l
if- 0L 0a.0 uI4FlJQO 0 0f01- 1-

0.~~~~ "q4 U *.-.4 C LW 9
0Z-4 1I f1 cc V-1 N)CjJj1 11 *C0nx zU -0 Zt w' 0 it ON
0.11 t 4W O0 I <494404p4.)( C L~J"J.J

W..J % N~00-4~0 . 0.>N 0OQ NWQWQO. U Id.*

a W*tfl~ '-w-I* >- 153



o0000000000 0 00001 C000O00 coto~

LU

U a 4

aca
7 LL Q c

W I- - N~

0 LU*a
*4A LU

I- Lu aZ* (.
D -1 L 4x

A 0-~ 44.JU.
Za U. 0.4L .. r-.

0II--
0- Zj -Z 4- a*

4 pja-a 0 1.-* 4 '-
a 4Z az LU. ON a: W a- Z
IA. N Q~ "PC. IA +. 4 - Z 1%.,&A* Z 4 #6 Z z C I C** v.-
ofa&aL 04d7 + - N aX*a 1 t

dm w 04"4-LU N Y . ZO*a.N = r
.C3 )I-- jin*z 0 -.. *-om

.52 + "b" X - *O.n"*E1j
*4 NY nZ~ a-~fl.. 0' 0fl OSK
IJW * Z )C ZJZZ .L j.z~gcL + WZ'J...ZI--Om

itJ z 4 I-0m c I at r44XO u r*c*0.o 0>"
30Z 0(.IOZ 000V *j~j -OT =ll*Na ON+C+

v~j oz OOZq a* cc I I I COOOO * +p' +P a1- zlejK
WZog -0 LL *0.u a )-Z 00.0Q.0Q..~x orjar4Ni . iW

a~o.-~ooz 4- K..J0ZZZWWN-* N*.a-**
In 0 x~cawx...ji cz ul tjwwz%~%%IflVtcz* * * * .- N-ste~j

% JILZWW..w. a - *0.OZZ* C0o* * *-X)r.No * -I% *0CLJ
u Lw4ZO-%wC44"- I J.CZO z H N

"Qj~~j4"4cwm po ~ N rWP>IlN NH N 0'fl'fl II N N N 9=N X'>tJ,
00-1 10-01.0 l-Xj5~uj~vm- N CLI W 0 XI-F4

DZL U ZW(.DN

154



0,

if

LU00
0.o I C

W.I.- a. .a.%
F-4 tua Y.C

4 U 0.L N

w LL&At1 0 I1u, *

+% aC.J 0 0.
* 1 00 a +.JO aO V) N.

0*. x 0 1--03 a-w r CLI- 0*--
+ 0. 0.400 1w ti a % ( W x z

00 1 O% 0 OLI- *a * I
*)Zo -IU.Ow4 O-wau -. r4 C-I

0 V 1..)' U..a 0.4 -. + I I-.C 0.
-Jnl-43r Z 4CM4.(0 0 W.0 wdv; 00 O

.4.CO OC C OW 00..J a - ** 49

*Z -%1X0 C4 D td.'- 0-4

WO1' -*LJ 0 1 Z0 Ilxr4W 4aI4LC.

I-It'-eC'(0 U).04-Sf * .. U Da '0 OC 0.. Ud CL C *

0 *+(fL .j 0 N-0"tflZ *oddW~~U)~ Oxzq 40. %- x 0.04
40 00.z-L 00 1-0 E/00%.a 0 ...J * 4

Z%. ~ -J *M LU-qqgw0 *1 0e *ui 0. I *I4'J@Ja .O L. .qfz
4 .43-L * 0 n*** 0 .0Z~

0. *l--W 049 OC1-LLL.LUIU)-LI-0 -" a 0 WC I-NO1-
.O)-%%4lJI/) 00.0.U. *43CLf44 W- .uUPC)mv~w % usa CL Li '. 4 UWN04

* VWS.~4 *00*4 o- .J NWI..ww'~ 0I 0J4.~

~~ uJ %n~w N NI

In

155



00000000000 0000000000000000

0X

0 L-
0 0 -

CL 0Uw >

0x ox.

*%w oJ 0 z.)-0
OZ 0x at< .L

o-C t Z J CLU J LLqLiL ""0 ZI jI
C pO"0 WP zgW~ u9

.j SICD 4-. 4LMQ 0 .z DL

*O L - LA. ~ u UPAL.C~ UZIt .C(O C

M 0.WZo *- xLwUWw * -0ZX Io

* *0-j W Ie - w X 4-J I WI$-O U

- 4.4 CL W Z 0 %0%

. -. OZU P" IU GUIr UWall.'S~ S

gulj-~ iu m - U w%-
Z0'0-.A .JO-z 00.I 4:g> 6/)W -+ X- -w* - on

M* 0 0. >..J..Jo.0O. ZI. 4.00 00
CLs... 0g V) U W- 0. xA NNO X c L Q (Do.JE UWCfI.iE 0.0

5V.-u40xU I- ZI- 04" Z- xcbwa-J I--*).~U 0 lW

*-w.-(LM 01 41-Id)J 21 Q 0~ 11 If ZI I-..-.0 %
- zW M Z. Z.-.UV-4.*0CIZ0..

.611-~~~~~~ ~~~~ .0 Wz4 I#0 0j ~ .~r.. 0

-JI--W~~~~~~ LI4 eL U .J*r

*-0D-J W4 I- NZ-i..Id) II , IW156 I



am cc

0

%0 %0 a

V-T

04333 49 ac 00- ~ o

Z0 0m 0 afNt~a

+ f-. > . 0m 00 0 -
0 0 0 0 4c - 3i

'0 '.0 m '0 a, CY 0 0 .%L c.I A

Z Ll U. WL IJ U wj No

0 4KK )0 4~ a- 0
-N> -M' -0>o w >

*(X )-I OLU - Z 4- 1Z- -Z4% >. aoz

0Z 4IL If If 0 0U

W 4 LN N I

a kZ U 1utaj af~ ~~~

UJ (N ~ 4 Ww't~I157C



13 N

co- 0

C.,CD

CL 0

m~4 0.4L

a ac c~ 4j 0 0
G. a. 43 * 4

cc * & ao

Q)) (3 (4c 0 xr
%0 0. )- -Jal. 0 :

a CA 4 ). 0 4 -e z
oz pn oo IT 0% CL - -

a > aO "o 4/o 4ft n

0X. 0j a. at~ WAn %0 )0
t-* lo0 o 1-j -. O W O UQU. u

I-C z 0: sm co- I.-o P".j 2J14 Z - 0
w * a- 0 ocz 0" 0' 0. ix - . 4( -4%

a.)'. '0 Ow4 V'0 OX W .4 *a a4
WO06MI 01- Ow. '0 Jo- X~w J0% a

J1 0 0 H I-.- W '
CLaPv ZC 0(3 - w~a - *

00404 aJJ au 3Y 0 o 4 a ac -O so J 0
01L1 aL L3 rU xw) uj x.

wZON *a aa .a WaaWM 0
.- lNQ >. 00 -= - -I NQ-4 i

L~w ww 0.jw 11. * OZOZm 0 0 J.OZ00
N-a. Z3.xmozw i' WO 0 0% Z .a00a'af.

Lil " OCo UL * 0 0ecvwmo00w O-

WV1O204.1 1-WW~~~iw~
cm)* III3O~c -

4~1-4en-Z4~Z~Z158 JN.. I ZZ . N-L



LU W

co 0 Z I-

Ln -.
.4 I., (

cc ~

4A. Y. 1 a

* 1/)

I -L2

U) +-

cc *

a4L- Z 4 Z

2*u.- a fl -n p
4-40 0- 0 2 -Z Z

Z~U0 0 I-- u' .~* ~ W -

I *ct ') 00 MX% 0~ ~
-j n' cc 0O I- - E -r

LUUZ f.- w 4 0 0 V- A 0.wwZ* o-# d c If N of if
I -Q -5Zs -- .4 ( - IIC! - .

cog4*0 LL! 3 Oz~ 19 W 0 ( V)(~e4

WUO-a0 0 an *U 9.4 **"a 04.4c~
if~ IC g if -C- I-- I-4 o"+ i-=P- 1-c-. z z

z QI w 0 (3af 0005.-I- (3*-.5I -*-'
oc:0 aov * V. f. Q W- > -I.-o'. U)'*w '- - W
0 IuzwuQ+. + I.-* W0l4 lcaz 49CL* J-lb 4a(3Z .JU-i.. 0..

WX) x dc cc+~ 4O co z -%w>. LCCOZO -xw. ZZ Z MZ

*u On amwv sQ Xg z -4 v-40 I W.J%. 4K *-403-. 44z< o-4<

02w*UJ2~u.W0~-1 0 II 1.110.'0 I4ri W 4-

ZMFQZ WwW..Z z 0 (.J-Z I a U.ZWW1 0i-UWW0Lmrlmx->

4 .J- -z o -:i ,d0.o. U; i tIIc xx 4d 4dj

159



000000000000000000000000000000tin000000-

-0 4u %t

* 4- LL

CC C

U- -. L LC.

u 0. od .. I

LA <* U. -

W4f : * CD~

U.
z~~ ~ ~ z .1 Z ( 11

:D I- 0j .J0 0

>~ 01- wcWUjLL

I. I4 U CL V)
a c 1Y _u =X0

I- (DO-- U 0 4~0) 0 . * Nu-(v

0 z at-fl U. ZN~ 40
Z. Ou 0w) 0 Ln _

UJ DI z QD 4L 4c g.U- P" -1
-I -~ 0 z ,.1- * 4 )

U.1 J ~'% aO at - V'- (

C. a _Oz 0 *~ (z C . W 0
LA V *c U. <4 0 2,.j . .

a moif10 iloI 3. 0C C100 1. 02 -.- Z * am- W.
w0 fl*J -r io- -JW 10 CL Cn a.d~ "ftwo

N 4a9fW III a-0.49% IO wO .00" 0 -. 1- m "W * 1 W4911 " .W L

jI0 U-4Z 0oZ LnZZw +O3C3L zoix'o Gw 0 owl-f' "CC P-crw

t- 11 1- 1

U% 0 (n In IQ '

ODc.c oC# Q



NmwnQ^Q%0PPNMUO1 o s4NMOLNN ~o0dMI4nr aO NqwrQ-w

~00 ~ O ~ O O 0 00o. >. 4

0.n0. r-%

a-C (N- W ~ (P L

a- - CL 0 LL-4 >
ae.x) j6- at~. -

a. aa CC r- Z -X-c M 4 u

x~~ r-. 1 4 0 WUU.w I--..
O-.. - 0 >4 4 _

aO 0.0 (%..J .

4.)~~l ZUJ(.D obN I- 2/
- J=* 0' U.WZr UXe0s 4
oz -LI~ .- Ig - WILL# o~ X l%.~-.
Z -. - 0 CLs- 4c2x -QC: ** >. 4 m4%a

<.009 -ou-/ 0 2Wl. %.)- *
CX (L LII - a >. '4 ) *c M

MI J0.0 J o-Xma 0~J~. agU. < _q=.

Z 0.)(U. 4XI.-n XW(J .. WI1.1-
CO-- U'% %.WU NCM V)V)- Nb-

oz a a)cX.MIXN '~. WWL )-*-
P-6 w Ln tiro OZ X -L 0. e -- - *9-

071 LL" ~ ~ 4- X. Zr4LA

co (Of a+ zoI -.u a) 49- 0 .Z
Z LO 1914 a at 4-z0 1 Czi U. i- WI>

- 4- 0D W. 4 - ZO - *~ CLIZ 04-
0uo wt-9 - .. Ei- T W~ LA X. f- U.> 4w n.

<P, *M N .- *0W- 4 fl.4~z 91C'%1& NU) W -

CC.- .I- A mm~a cr ILI~ =~ P-. ( 4- 1.111z 4C/) 1-*I0
a.- LLO 4p aJ co M ft LO 0 /)(oft94.1 - .00 U. ~ a 00

oa Dm4 x X- *Z~t zs.%t CD Z. ZN0..JU J2 P.4 z
-(%j.U ZI0u-zo a e 0 w<1 CX, N.IX)aD LU.1 MwU

or9- Wp qz-4I.- M.. aa * .. U 9P.4W a N e-W U4d <V a % P
a W 0,~ -IWU -1-- W~WJ lo9-"W*,)9 . -eWA * 0~ - O)OM-. mae a

>.(%i Q0~ a..-t.-WU Q - - a - S ~ a % O'UJ f O.JU 3s.i~ a s*..

w4 p.4p4 al_ m oq W 4.)I -Z a ja W0. Z% aU 04-.LU.0. NI.. am )W U.~ a a
1.Z 9-. ~ 0w- s-sJ 0'q4z ~cO.X ZWLO .jf4c f aD vr o-.X 401) %c.a r-

s.W(DW4mW Us-sa -"U-m A.b5 ma .43a ~l wi 4MIa a . 0.
0. C Z 3 U 9-ItO.. . 2 C0-. U wI) W ll P .~ .--

a 0 aZ 00Z . 1i '-0. Zcwe-wg-WW0.4 l- 911- W..JN C-a U >.OH4 -"
V-lwooo 0a.s 4W4- WW4 44 aa.G - 0 e 4.4. a Z400 44JI-L

21-. Z50%4 Z's-s.6)',-..C. is SWz a1 0.0 X*JJQ cx - S.

w-O Q.X=- - l-Ze %9A1 v4- Z - its- p.5mmW .4. 11) p.45- - >-
ZLLw "lJ'Q 01 - m N- NWN oll If 0

UJUJO 4O 0' -0' 0'0'Q QU' (3%0c 00<
X-V Nxxz ac "Cv4(%z 4rCXL z oja C=gtOCC I

161



00000000m 00000000000000000000000

Q 04 cr4- Z OS.4 Z0 -0-. ZW lfLL. 14

.4 xz I-ff UJXCOL.-4 Y=-0 W*J-Z- WO VN*M
aU.. ca I-- U4-'"Q-(A QC 'ZO o M Z *CL*
I.. Cf. z VlC! "~ ~ Z 111- mu. I-t-o'fl

-D >.)I. - U1U.OM Wu Z <4Z Z *Z*
MV WnL 4.. X0c 0.- 1,-L.-..O ce O-iww 6- *0*
0, LI U. or (~i 1 (3 .f - (0/,49) c.LUJ "C0

0 4 -. 0 )( --.. ZV1m -t *Z Z0 0 *.
cz xZ -m uxxmen '%CI,)C><.Vw4) .*
zrk V-.4 U,>- CIO- .. JW~4E LIU £/)CrxZ1- - *
No .1-4 UJ m --(r =Xap 1 -1.I~ 4 t*

- 4c . '0 Z.- , L%%- U. - zi,- -0 CC w 3
LL4 LC - %%.WA w Z I- .J.~ on % r--. %.. 0.4-W)( *<*

C CC it.. - C- LU'C iLL CL *>LL' % 3zw)( - CC**

>*o V0110 If F, -X. CwjtuQ- ~ =. " Z .rC*0
(r I---Z Xzxrp-4 U""-. * ~ w C fl.-..W%.% *- */%*

V1.- 0 4~1 J) V) 0 4c 0 - "NW OLIN *-
QCj Xx Z. LU 4-)-A- QCZC.- ..j V)> to crl-Qx U.S*I - a < *LD*
ZwL up- 040..JLJ4 Za wL W... <0 X- '-.JZ-.O -
D .1J -.J> U.......j-0c%CfoLQW l-<ZCQ. q J "~-O.wu..-q w t 4
Ou. -.1 Zw WI6L.u. %. Q>U-L <Z z'I4 _j %.N.LL. W. *xi*
mCw 0 1-0 ~wg...L)O Z< 4 > a.-*--*0.*UN*

(9LL ". W Ua (D -L 0 .JW (a a t.- * Wee- LI *N*
W Lf XCA %-d4'r CIE~ q.-=l> 0 0-(YU7 *.
0...iU t - 4.j..xw *.Z f Zw OcI-(t.- uI -0*=l-W C.L-

O~z 4 %.LQ LLZZ% 11.2 'O3L 0C.D~ Cx6v) 'A - .-. U.OZ -*
F-tQ I'-W Ui.~II 1-411 U...4)(Z- Z 2 -E * 'It*

DI.W -.j 9UP- I-WIU- 0 L)LLA CZ b-0 0 mcn- 0L-l * A* %%
C.JI-* XL. 0CL0. 21-9I- ocxWWjZ w C- -- C'.--. oft -~ *.

zwo .4UfW -XWO~Zn-'-V)L V) 11 11-%--1-1% (
IC'- U L.IP-*. WWuju".qu~ LU=- 0.- sl->Z q-UL)(Z I%.**

Co. V/) mIzclt ..J 4Z..J4~cA-%--PCL -00 0 (O.J%4 N<%fl*

U-4 WJ (r 10-- 1U w - . J.LL..4W1I- s~L1 ~ a *.*
1X., U) *CZ C1-t- WJ0...JXIJ Ill -JLU.7ZU J .J+ 9 Zc...OVA *X**

WUC < CmZ- 9-CC>- 044 -in.-. W4-- -W4-c 4. W-r--W-.. -4m *CO-
1-4- x .4 I,-I-4<QcZLIzW%WP -U..Z Ce QX LL..2LP %0~~U.- -It

Z. U.- - IX-sUXOZ0) - (-4 1 EUL 4U...UW 1- -0 * .*
XP- 4 0, a C33"O"LIW1 0 .. i <1 Tr~fN- WX -4 *.4

>(~-~'r -XpI-32x 'dlcx imA -azo. "at W <(D e I~clI-..le**%%

- . wx 000 0 .0xzzwu.,mv)m NI-W *Z<< OCX~U.U. W)- * ***
r-I- F--4 ,-or-p-.I I-2w I,-< 04-CUJ2'-") <0.0 a, - W(ra. *X-*

* 0 - U..-U. U. *LA. YP4XU;C t44-LU (C.J.) '- Z- C -1WJ4 I-4 o*
00 2 NNJ" NONLL4-0 20 ')---JX )- 'U'-)L4Z*.(
P"'- - ft4 * oC.1-c WU4%.W....J 4-" -- 0 .-- 4L --4 o

U. LL t *4 - U.t C1C-W4Vt).I 0-4 of--~I 0
4 ~NN -,46 0~.4" -flJ. . c-4c002cJ-ac i4**

-. XX> ** IA *'Z. 9 -4Z)C -T0XIA WVI0.wV0 *V) Z*-
"-4 . -44v -40"9-) X>- Z awz 0" -N% Nw - a WJ UW- -4 -*

xx .- ?rr_ - *e0%.0x C 1-Cc~xx.- 1 04-40rx)Xx ce-cb2x X*X*

-- -4 * ~ 4*4<-L' r-r

UU. LLU. >ILL.4..LULU. Ou.1-9-34q LLU.U. U--AU.. rlU U. U.U. *str*

00 - 4'-4('4'i 0 Ma0 0000 0 a
00)a0 0000 0 0O-O ( 000 0a0 00

162



z
z
0 cfl

I-- z o

ZZ 4

MI-4 LLW
LL. ci

Z) (Y.

0L ZV) V

(.)_ *1j.- 0

cf.~ 0w0U -

z~ ~ V)ou I.<

U. lAWU + WU Cc -Ic
0 a 20Q. ..J0.L -u.

> W-.t <v) LL. -

weI- I-_Z cI.) 0W tD)-
Q.~ L * D- V) * 4JLJ L;.V) '9-
zxY' wj 0 WOW~L -u *

.-. Z9 9--IC 'U I 0
)- W~ Z . W<- M<4 no%%

LflO. 0'r . 4 i.9- * 4c 0.- DW-
= Z v)(14.1/ 41% _I-Wi- Z NW4~l

l-I."..4 WWu 161. I-w' WW PO ~r.4
0 20. 1-0 .4/ 0 * /V-M __j -Q

V c at o f .4p" -o w _4 W- I- WA .. *

1-WU) IAO.-. 2*0 %.4 40 (w ON-
- L.C, o.-.s -% * t-- 0-CL .. Z. -J* CJ
.Z Lc* -ic N-IU. rn-- oac (A* =

a2 WW -...0.* .4 22 ,-iO +V+ CLL - -
w:ZWW'J (it" . It 1(3 CL I (%I U<~ L1 WWL

4 - a. s.0 I t3- '. LflO* 40 m. -
4WU %QC 0-.-- 4 &P.- 9-*' j* Ju.j -I.- L.JD*
Qxw -wxw " W) 0.Z 220 joc =0 0< W*O

10- (wwrifj 2 I.I-C Mix OL 1/99- 's0. 0
x( 0 wrjt,%i1z C'1-O ;:.:-m -f "0 W..*. Z > o- Wjd4(%j
Wi~z oc=. Zo- 6-mZ N e_ - __W >-0G- w-
004X z - C 4w9.- ZXX I *ur'j- 01-u. 49 .1.J
=Zr CXU 4% x o4mv-l *('iI-..JV)** . &L

wj4co 40Y WZ41%6 WL* '0.L-'' 0./ WWV LUJ MAV)
W(/91/) Z -~ -+w Lu - -LL.. -E *4 0" ./9- W9I-. Z.j~ n -0=
ZI-- -Z<4 2)I- ;Z., x( z 9-W-Acz I w ZW4< .- 0 41,-<

.9Z I.- a - 0-<.J P.-Zw%. =.Z90Lw 1-4 1,-z= m11
1-04 =MZ9-Z io-mW m0.WZ N.. ,I..ju- *Z~Zm I.-MV =<WZOZ
=<I.- 0 owm Z 20 (30 24Wu4maififiII,49.'-II M> 0 301/>

w ZC .WQIIWZ_ W40. 04ZI.J -O.- W0W 11L ow<vWZ040VI-.a w

163



zz

z
V) 4

43 zZ
4. 0.4 A 0

wz w 0
zI- 4K 4ck .

z I--IP x <z
Z LLJUU) W 0 o-
4 Z4 C= NC C
* 3'-' I- Q N .- 40 L f.

CL I-w wZ **xLUU cNX+ .0 .4P
o L 0.j .IxI LL V'.) z0. *

Ne L N I j Lu c Z-)*mX Q. "- wZ4 oz
UAL Z-u -Nwj 0 >VL o>1-

WU 4a'- IAJ _j cI-+~-V)4 I*S0 I 0.*
N -t* V) ~ X 4 C0.0. * Q J

ol0 0 ) P1 L**R (o w%-40 4)_<L 0-Z c .- * -4
Zz < L*1- <W S-* 4N J >Z0 - W -. Z -X 4

:14 NCj - C.q -z oN I- -440. M4 P"2w> O_
0W4 ft -0. 0 CQt W..00J- p~j <

W sw c- Co. w4Wb 0-a.-.Z ala Z CA z I-C ._E

). -u f~f W-.. =Ujc *0 1-W X 0.C VM 44
*tOZ O- %-a Z4U. U * *0 4zZ - a* wz 1

OZ'-Q- .. z Q-x LLN 1..J-( u. CC LL OC --W W
9U.) L.J At 0..u 3JWW no- N0.4 £0.-tr l, ) + I4% 007'.U. 4~ 40. *A V0..J * *.0 u.iAiz :OO = - Ci

14*0* 0.'- 0.0.l- g'-0.wL *Jt)z. flcX.. +-0
0.+.DgN--cI* wu 9-wOl ow o 0 J >4fl .e-4r.. 40 ft0 =4l

J 1= t 1 1U W q 1- 1.. 4t tUW =S1 0"* *.0004Q
Oz+#--4 zW<+Z AClA~ =0.N0.0.*- 80=6-1.1 z4zu U0000.w z

ZZ*4a W*~ IA.. 49-- MV)*.. W m Wi0.9- <.q.- 4-4
CCMA* mI--. LL. Z0.J- 4c.I 0.ZO WW 11

4N..U,~~ ~'A-i0.ca E.0 .' Ww 0."" 4- QW A-0M<WQ0..
* ~ ~ I -* e W. . *A.1W 9-9 w.-OOLOL.-

-~ ~* '.'Pa ~ ~ oLu~ *~j.J ~ %*164J



0 ~ ~ ~ ~ q ' coo 00200Ccc OSOcc o 0O000O 0000004@-

OoooO~o~e~ 0O~oo o~ooooo~ooo~o-~.~..-.u.

* LA.

+ - *V)W 1/

oz 4 .-

+ * 0 U= .C
0 *ul- -A CL

CLM N0

*L 4*d + 4 4JA ~

Z~~C 0 U..N08

8. q4 *0 NC~ WLuj iLL 8.
dc~ cc. 00- 8. 0C-oW Q.

... J4LC C * CY4(N% U)z U(LZ * 00-

4'%C U) Q *.. *0c4 WU. "L> 00~0 CL 1. Nr4 D
4 8.W I-C iL8.11. 0 @t*f

ZQZI I.-W *%w*4 -IZO.. C40-* -
<+i= WOW N*.-* -if.- Q.. OZ 4U)) I -~ 16 CL AM..
I.-Nj-.n Z'-L'- I 4CNiAc :)Z *Tj ft CLCL) *N~Q cr U 39 M
* * I#-.U) i)+ .U. 1<(%* Uog.. Cl-at( WWO.L >-*a* 0 Wa..
Cc* Wj* '-0.O-JxO.0 00 -. 'o x Ciw. u Ni%*V)) I Wj

>-"OJ CoI--Z%.J1..o1..J0N ->e '1%. >0 % Z~ Cf. 0X o
9)4L *0 U .** 8-- w e I- o.D- '-)(a( I ct -. .4
0%%Orr.I.O I An'WwUUOZ I.- cr *cr* 0 Oj > %.w *-
wN *I- *~ * NON 1- Wu .- %

w+ + **Nmfl ac s-cf 0 "4 %,...L W) '"0 -
0*.~W4~ 0V0~**0 *0 -4 00.- )ty - we00 U)V) .

8.1A*O*0Z~a~t0)N .** 0 %8.O L.L> ac-U)Wo C 8* U.t.
.4N 0 i-u*0 N-Nxf CL W 0 80.~ at L0.A%..) -44 M.K
*Le LIJ mcW Zo-' 0, ZZC~a-0.-CL ovflD zc

>Z 4--%4-.U)* **J- 0*o uoZDtecm' ,..,M Z C 0 + OUCOIt 0f 1 M I 1 )U)
IVICICO .NJ1flC<5..j4j * q SICtN4 If cc Mu 00.0NI ~

'1 L"CIALLC4. I 0 0 N 11 1 U)Op-: OU WX. of Z- 7 IS H N .wiZfw
:) -%w I J5.JWJ 11 11 01 (%)N H 11* 01-a WO ~ 4 ~ . tJ Z

00 OI.LmW.J ;U,)u Wmh--Is. MCL 0 QW-

165



0.

0. LL 0 -Z -t
CL +

cc a O+ C

0.c J'. a Z
Cf *(J_ s. * 0. A

01%.. 0 0%rN * Xc- 4
ON-d 00 * 0.C~ 9* . - 0.

ov4 C. *L4%. (L xm 4 M0$a
CLO. C . -4* 1% 0 z 4Q Q

zZ (Az.~ *i x z~- - t
F.4(L u CLI i 14&L0.ea*O0 . 1-

cmx c xIZc>a.I .Zt*+ .I -ux CLv .*
0.o6W cLoo UOXLL-Z.XL- 0.uac "~

-wo 0.*M * *(d0

0.w cc CL c .ZL 0.0.C 0 q(o00 "%.LL

* L.>* >Q-J* >%.J0 .. OL
CNVa"4*0.V *d WNL. * C ZL I 0.X (*Z 0.%W 0 J

-J *1 *0.'.Jzm zz -- *1 ZW.. 11 X.X.
~~~~~~~~~1 I e4-Q*CL.C** 0L0* LQ**

1%..m. C OLj%6 )-L.J U ZU.P.JaL a >IJQ.P- * .aLLL

9.. aU~. U~aU. 0%%.*.0. 00J.U.~ ~.Z

~ ~e>~fa0. O..tl 166~0



__~~~~WN~ 00 0 0 0 0 0 0 0 0 0 0 0 0 000-4N00000LI0%or,,0C00

0.o 4

4 ~.-.0

C. ZU04U 0.

ox M0 ton . L
cm s-a- I- - I- -

*C<,.U. 0#j - -

* 04W- .LI NA ..J P
I.- aIs- x 00 IL U..

x c ~WZ P- - z
WUcc - W. Lwda m - 0 1- 0
0L 03%, 1-- 0. 1- LjW) I.C'>.tPJ 0 P-0
Z an Ci z - = 4.-.0m 0 1A

0"4 tu 2 . . a. I--
0.W ZO 0.. 0. 0 ~ 0
Z NLIZ 0C1 -0)cw 0 C, 0 0

QI .- *. 1 ( UI a Z *-A0X ACZZOZ V-4 C.D
f *t-.JC 0- * LLUC ZV)m>) WWWWW.0 0

W. Z 9 OU.N* Q+ IA.I-Z -Wu C -0 ~ I -"
0.. 0""A0.* "4I0.M 0.L LU #fl 0-4 a-LUWOWL 0QC2

+~ a-Z* 0 1 .* Z U..e- .F'QLdow Uo W0.049 OWOa
I ~ ~ ~ j £fNN.-%N.r wO x(- =--W0- 4ncZo

LI 00 %*04W0.0.- WW..... 0 . 1-00'4
.~ O.IL~LIJN I.-( W00. waw ad. WI-J*

Opp QU" *Q I > POWZ "Wqq.CL %U. .1-A. *LIZ- We-i
U. (ZL-* NLIOL. LW.-*I, goo0. 1-'I-DW

W~Z*w.LJ2 ."Z z-40i M0w.wOU a-.iucdo . 9= OZOW

4 .. 0 *0.LLOC aLN N U4 M U =ZZZW oz0.-J-JU-j0a i -w4W9LOcZZ0-N Z
CLO-clo Cq0wN.D kil - a-.A Coo Q-i P" s- .- 0 a 4'-

UW10.2 1 II f369.LUQQI0. sio-u coxZcx- QZ.-J -JU I wW 0.JI--Z-vIw Z
WLL.0.0.0.0LL Z = W. z0L0z Ow4Zs-,gxzW= 11LIZCO..J(

167



00000
~O~0~e~J
00e4w~w4

- --
~CD0(D

0
p

II,-

wz
I--Jz
-4 L~I
~a. -

I-

~Qw

0~-t-z
Ow
u-~-0wz
~4.S~L~W

0

4.
'U

168

I



APPENDIX C

SAMPLE TABULAR OUTlPUT FROM PROGRAM GISL

- N- U f s

In %0 fl- co .0 0 0- 0
N% .4 04 m u- I Q '0

II ~ c 0A.14 IV 0 Q 0 e

Q 0c a N in 0% .0
(n *%.00 0 0n 0000

If %* %t - r- f- a -4 - CD CO -O
*- (;, 40 (;W 41 6u 0V ON 0

* * 0 0 0 t C0 0 00 0 0t

* o a . x 4 "4 V-4 V- 0n 0

* *9 . 0 CO '0 Q N N

* *0 1-- w . 4 .fn w -. 40
*4 *4 04" ON IOo0040000 04 .

*9 * 0 0- M- n,,fl-. m " Go 0 n 0 0 -

%n = 0v- Z * 0 %0 (1 0 *%r ONO ea,'
*.u - 00 00 0-2 0.. 0~ o'.o (W . - . '0 0 %0 O
*j NJ a~ r- fl P- I- r f. f-N

C 01 oe NO 0%(-- C0- 0.4- 0ON- 00f. 00- (" .
* . *4 0 Nc lc aW w ( ocQ! too. CooSK (.0 00 NO4

CC V* Ul 0u- 47 0 t @n0 11%0 V.0 04% 0%Q0 -t0
* * " 00 000.-40Na 00If 0.00N7.
* 1-- - 0 7.- I u1 p- 0 V.- m~7

in~ "" 0 a90 0 %V-4 O'r 07- a~P .-.r4 t Nt' VN W %1p
* a 0.N 4c %. I.A N 00 00% eo *c &% 00 en 0

m w 2 0 - N m' %0 00 '40 .0 C
* cc *I' - . ' or -- r-- Mr. M- or - cr UN

< L w' 0'u-4 00' O-0 %t.- P t.O Of-J*,.C
*. 't 0 Q 0 0 t'L 0' 004c 0' 3 .0 %t.

C t4 i - 00 00 W P- a0 00 --t No 0.0
8* ..- 4 m~ m P07 0 ' 0 ~ - 0 00P4 'm

V) COD u-4w0Z NO Nl- (0%0 . A to WN' rV
* ON N0ZC OIO 07- 4Of 0% -47ON LAP

a* *L *f ,-.o 0..I r,-0 00u4n &
* a- *4 of-. 0%0omin L o r -. " 0(%j 0o

* *0 N 0%0 00 0 70 00 Ce t0 NO 00
M ., Z~ 00 -N 1-40 Qo 0I' 00 -l U"ll

C" w w 0 . N 0 0 0- 91,a"' 0'N 90
*~- j. *) 0 11 O' 0 0 .' t 0. 0

*D 0 WOL ... t 4 "r 4 W4 0 0
* ~ ~~9 I- 0 z 0 r0a00 0 ! LA NI-O-
*j 49 *k 0. 10 0. C14'. 0, a%~ a. N. L

LIa 1- 04 0. m' A~ .0.10.1- .
* %a 6ii %a I. IV 0 - 04 0' 0%

m * 0 U. (11 N, 17% 0 01 0% 0% C
* * (fLlI-) 0 00D'g
* ~~ ~ 0 *n LAc;)0 0

*~~( *n I- 0- w00 2 0 r
* * W a~ 40(r .1 u-I U" LA ILL,

* * ii ZZ 0 - . 7- 0 0 1-69



a 0 o a 0 rt .4 U in %U -6 P"4 f- p- 0 en NO
NN 4r M IA 4 -4 G0 in N ul 4 0 A 0 in

* 0% Im N 0 a, 0 ' 4 4 ~ N
-t IA I- %a 4 . 0% "4 0 0 0 V4- %t r-

0o q4 0 0- M1 % A 0 P- 0 0 - N %t &n
o 0 @-1 .4 -0 I' we - "- N N N N

O 0 0 0 0 0 0 0 0 0 0 0

0'~% vi tn0 I 4. - 0 I N cc to.~" 0 I
'0~~I -4. "4 0' '0.N(' f. I 4 a%~ -. "

(Vn '0 OD 0 N % 0 M' - tA P- 01 N 4 .
0' N IA C, N IA 0* 04 IA 0 "4 4 r- "-4 -t4 t

00 O )%%t 01m 04 00 00 "-4IA '% " 40 040% C%19-6 NO u9.4 mevI (no
%r -4 ZtI in .~ -t .-o ~ IAquc N uio wAQ u,,"4 ino in i U w IA4 IA'Q IAU' invs%

C.0 gO'*% W4 'N *6-4 OM1 *%4 00' op.$ 0.. SA SOJ Sul ON% 0
ON 00% 0?,-00-4 0N OC0 OD 00IAona M o" 00% 000 o- 'D

O q4 (Y. a, 0% 01 4% 0 00 w 0 0 O P- r r- I'-
ICE' ON LAN ub" 4N MN 'tN 0'N 4rN 0% " -tN ON UlN 0%" 4N4 ON

00 m(1 wAO Ir- 00 ow IAO inm 00w Nw lAO r-wow 00 ,j N l wc 00
-O0e 'ein..0N 0.0 r. i'.Oc ~ "4 00.

00 P- 0 Inc mo~ 640 Q'0 P0 '40 No 00 00o %00 .40 "-40 cr. 0 1-
.0 N U' w4 m, U %0 C11 0 P.- M 0 %- -t 0 r-

UQ0% D4 CD 0 COO%r-P- -4 .IAP--.O % '04.00 Q I~t CCi nIA%0 4O9
NP- NP" NN NiA. NO% N. N4 f COC4nI NM, Nv4 NO% N..4 N'JI NO 044 NOJC
00 SM( otn S 0t *41 00 *0 *"4 s0 (;o 00 '- oN.4 *0 of', .4
00% 00 0"4 ONU Of" 0%r 0%0 Or. 00a 0Y% 0 04 ON aON4 0m 0-r

fl g 0 0 Or 0 co 0o 0 Go 0 a, 9 0% 0% 0% 0%
%O.O'.~r- N'- *P. 0 1,r- Mt%- w11 NP P P.- cnP. "-p- r .. 4r.- NP.

tACO "4D000 -4 C 4C0 NOJG NO O 40 0 00 0NCO '00D ONO COO%00 OW 0
a, 0 N 0 "-4 0 0D 0 N% 0 (T 0 "4 9 %0 a P. 8 '40 " N %t 04 M 0f Q 0' N e N
P.O IAo NO 00o Inc "40 P.O 0 C10 r-O NO ?- O -40 lAO 00o NO UlAO
'4. a0 0 0% "4 M, 4 '0 r- 0% 0 N MW It '0 P.
MW% NM ,40A QI o% W-0 lP. %0"4 IAnt %As) rfP. Mt' Mr- .494 0(3'
0-4V a4 .0 %% 04 O C"4 .0 CO.0 O0C 000 0~tW0 G0"4 CDP- W0 Q0%

ockS~ *, 04 0- o~ OD %tofn o* 04r 6.0 *CI s0 84? 91.
04 'tCC 0-00c 00 or-- 0%0 ca 04t cc"' ON 0-4 00 00 00, 00D

0 a, 0 ".4 ".4 N M' r4 LA %G r- O0 0% 0 0 "40
OP.- "411- cc c4% 0 loco 00 .00O40 4ng *D g 0W tAeO NCO 0%0% NO'% n()(

0% 0 N4 0 "4 0 0 . N a M(' * "4 a -0 0 r. o .0 o N 0 4t 0 (Ir 0 0" 9 M 0 Na
r-O a eAo No 00o inO "40 r- NO r--O NO P 0 O 00-oLm c NO LnO
It '0 go 0% "4 fn' It. %0 P. 0% 0 N M( %t %0 P.
fn0 NO "40 00co OLn C% r- 00 P-M 10M, 0(a0 Ln -4.0 ((O"4 NO'( I"4. ON
a-I (;%n M00% 0% N (I'M CO 00%0 00% CN 00A CDC' 0nO 0 GON CUM Q ONW(-

*otA 00 .4-- of'- oa% .0 00 W.3 OO *in 04-4 of- 04-4 *in 0P. 00
0(y, 400 040 04 ON 0"-4 00% 00 ONO OON0 O:P- OWN ONO0% 0.0

a0 LA 4r mn N% "4 0% co P. IG3 I en (N -4 (4 d)

)0% (n P. - 0 N a cc co c N * P. 0 0~ C P.0 .- r- a '0pI .N..0..

" t 4R in w1 "4a~I N -r %0 w 0 N 'r
P. 0 4 4n mv M "4 "4 0 0% 00 P. P. '0 IA
0' 0% 0% (71 C' 0 % 0% 0' Go to D 0 D go 40

0 P"4 0% c It '0 MI '0 "-4 N Go iA 0% 0 0
'0 '0 0 0 N a, 0% N 0D P. P. 0 N 0o -4 w
IA C, 0 P. 0 a, IM 0 No P"4 N% M' N co 0%
IA M( Nk M% %.i~ 0 N OD P. N '0 0% N
C, 0 P4 4 N (1t L4 4n aA IA0 P. P.- P. 0
0 OD P. '0 IA It M, N4 4 0 a, 0U P. '0 IA 4

O 0 CD cc 0 CD go G 0 0 Go - 0- 0l I- I,

(71 0 "4 N mr --r IA '0 I- co U' 0 -4 N n IV

170



M' 14 0 1.. 0 -W r-- UN * M 0 0 IN 0
o A V" '0 -j W' W CF. PA-6 f- N4 W
o4 0cNc N 0 It N 0 0 p4 N I% ccol No Q% 0' N10 0 c~ - 04 Q - .

W W' I.J -l F 4 W - W 11. N in IA - 0
AA NY Mf M M On en % t 4 I -t It4

VI Q M- "4 "4 - %- go In MI 17 p - "4 r- p
*- 0r 0- 0r N 0 0 -r 0N 00 6D 0

(0 0 M 0M f0 0 0- 0n 0 0 0 0 0 0 04
-- a' (n IVI 0 V-1 (Ti 10 0 N ur- - 0 V

W4 40 44 U) f-- N 4 Nc %0M f- a, N -* 0' - cM0 0
'U10 U 0 p4tr (f V- 0 ~ 0nr Nn %r tri V-Q 0'C in r %oUNOV- No
o0 of of- 0W * 0 0t OU 0% OW ecu 00 0- N~ of* 0'M

0, OMr ON 09- 0000D 00 00'% 00' 00% 00 00 0.-I ON OM 01(1
F- ff- f.- I-V- V- Vl- %0 .0 %0 1- I*- PI- PI. P- -

-. M % ' jQ N 0' *N U'N WN G'N 4rN QN rN Q%04 *N 'NQ% rN "' *N N
00 NOD 1510 I'-O 00W( N N GO1 f- OD O NW 1(10 P-m 0W f~kO tA W V-CI
M a -1 0' 0 0 0 * %' V 0 A 0 (" N* 0 0 '0 a

lAo Mo~ 00 ag0 .00 -r0 NO0 00 r- 0 IC, 0 t'to % 00 -0 -r No
*' 9-1 W 4r p4 o U,% N M Uli N U% IA% N V. so
W4 V%- tM40' m~ (lienl NO NV- NO .40 '40 V4,- 00% UMI Otm CI' 0 (P.-
N -D0 N%0 NM (4%0 N"J4 NO10 N'? N.- NM~ NO NIAN Ni-I Np-4 NOJ -410 OWN(
SP4 *0 et4 *0% 0(c. of- s0 On~ *p4 ow .- 0 . 0 .4 0.0 .0 .0'f

a, a%0 0 at 0' 0% 0' 0' 0' 0 0' 01 0%. a, c'
w1- 41'- IAV- 0 r-- 4f%- 0r- NV- or- NV'- 0 t- .41- 0% r- .tr- OPr- n r- MrV.-

00 m'- M0 P'- 00 ow w 0 w (~ 40 Ig,0 wo Q0 w M 40w LMO 0NO
a 0 () a' U% IA 0 . '0 o S"4 o (4 . "4 . U fA a '0 N S IA 0 2' 0 0 0

r- 0 00 9-40 (no0 -to lAO 0 .00 %00 O &n o Mo P-4000 00 o% -0
W 0 "-4 N MI %r IA s0 P- cc C% 0 W4 "4 N4 M'

O0 a 00 V -0 '00 1(.0 .-t 0 MM NU- r-IAi 00-4 OP4 0% rl 00.4 P- 0 4)1%-
t-I VN 1V-c r-- V -V- V-N V-Wl V-%t V-4WM Vf-cyN r -U Q%~' am~' NO'n 0 '40

frN *CI ofIn *0 eV ou', e en oN opt4 ev-I ev4 qP4 em1 G.4 . of%-
00 0or- or- 0!l- 0%0 0%0 00 0%0 010 0%00ONO0C0 0.0 0.00ONO 0.0

N fn1 r IA% %0 f- W 0' 0 P4 M M~ %t I% '0 f%-00 IA0 -0a' -40 '0a N0% .t 0% NO' M 0 00 r- 0 00 '00 00 LA 0 4 a
"4P4-I VP4 C% P4 ww 0"4 Wu.* 0'"4 WIAv4 %t"l N0NJ ONy V-N IA N IAN IAN '0N
0 o0o0 o0 0 0 ~ Le "4 o 0 N 0~ U' IA o ' 0 0
F- 00 ccP40 cno 40 IAo %00 .00 '040 IAO0 40 mo 0 40 ON0.00 t'o
0 0 p4 N MV 4~ Il 40 V- cc 0% 0 "4 9.4 N M~
00 GC00 V-W% 0N NIA- %.N 0n W N-4 41 OtOtA00 W0Vf-dl0W
- f- V*-N V -%0 VI-.- P-0 fl-0 th- I V-' 1V-r. V- G -N r- %0 '00 '0L(N '0 a. Q

o0M oo O- O4t0.4 OP-0 %t00 0:80N OW042'00 O%0ON Of-P- No %2' MI N 0 0 W. I Ln (1 J (- 0' M '0
(pI UIn NO WN %ON 0~ IA ( fI%- W- N' Vr - - N %V N. 0It 0'? W I 41M N M 9"4M
%0.4 Ml. 1%-.4'0 % V-.0 -T4 %U 0% 41 "m4.0 %0%0 -T .0 An1. 0.0 w N'%Q c%004%0 In..a

V-* 0 M IA 0' V 0 0 0 P- -* 0' -4 0 0 Q V- (In-
.00 1(10 %t0 No P-40 00.00 MO (P0 400 -40 *-Oa NO a -0 -40 WIC

'0 0r 0 flI - 0' 0 -r A 0 0 -4
10 W~ e41 NY 740 0 0 N- GoI ' f

0 W Go W Go 0 V- V-P 'V - r- V -V
O 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0m 0 0 0 0
'0 p - IA Mo '01t 0 N'.~
Mo %0 0% "4d 0 1% 0 0 V 0 -0 - 0 p- 0

V- 04 04 IA (n N IA %~'0 I 0 t- It '
IA 0 o% ".4 NY Mo to N "4 0L A N (r IA
w W Go 0k 0'% 0' 91 0' U% a, W' go 0 - t-
to N o 0' 00 P- IV IA -4 Ml N P-4 0 0' W

- NO- V- V V 0 '0 ' 0 a0 %0 NO '0 0 '0 in IAl
O 0 0 0 0 0 0 0 0 Q a a 0 0 Q

0n 0v 0 0n 0 0- 0I 0 0 0 0 0

N N N- (4 N (n M4 P)~ fi m4 (0 M (11 ( ~ '

171



o cy Mt 0 - P 10 4 o M OD 0% 1- mA r': N
0' cl) OD N in r- r- 7- It. N 14 CI go M, g, 91
c In NY C 0 v-4 Mf '0t 01 Ul N % 7

o MI 0 oA 0 aA 0 9A 00 m0 4 M ON
o - MI Q4 ' - U 0 N~ M 9% %0 cc 0% - N

MA W L LA mA oA MA 10 0 %a 10 %a a 0 r- -
*. 0- 0- W4 0w 0- r-0 6 0 0- 0f V4 ow

-t r.- 0 - UN 0- 0% 7l- -t N O* 0 It N
I3 4 co U " - M Ln %4 Q 0 (%A (1 LA 7- U
MI I 7- 04 NO Go4 0 M LA 7- 0 .a

No U A do 0- go 0 P - - 0P - 0
0% 0%(N 0Otc. ON o% Oam V-41- u'N,, v"'LA oN" NMf N"' m0%Q (nN C) -r 0

mm mo N'NN am c N4 ' 04 QW amQ40W% '' - 0 Nw Ow0
640 *(J% OW *.-4 ecN. 0r- *Cc *C0 0NO OP of- 00 S04 904N
0-4 0c 0". 04 07- 00 04r 040 0m 00D 043 0'-. 07- Oam off. 0"

7- - 0D Go cc (1 0 01 0 0 P-1 N 04 MV t mA
(4)0N W N MVN 0%N M"*4% ON Mm OMq MM~(1 MMV MMI4 0(m MMjv* WM

in 0 MI a0 0 01 0 0 .0 * %r . N * V-4 & (P' 0 7- 0 mA 0 4 0 N 0 0 *0 C.
00 co0 '0 r)' a 40 0%0 -0o LAo mo 00 00 '00 40 NO 00 7-0
MV U'I %4 fit 0 Q M 0 p- 4r 0 7- -r W4 0o '4
0'4 0.0 =to W 04 04 r-0 V-IA 7-7- '0 4 %04 cm0 M W.O MA. 4WV W3 %?t
-- v .-f'I P-0% -40 -I o-7- -4N v-4 P-0 #-Of- 4MV -44 v-4" r ~- -4 "'-
00 .7- ON .4 OO 00 *- sm' 03- 61 eq% *A *Cc .0 eU% or- *Go

0 % ON 0.-4 00' 07- O&IA 0(4 00 o0 04 %TOP4 07- Or 00% 0r 00%
0 0' 0' 0o 0 0D cc 0o - e- 7- 40 0 mA mA r

r- a, f- Mr1- -d47- of- 0 r- cn-o7- ',7- P-s7- Or- 07 - 47r- -r 7- IA7- 0, f-

f-e 0 a 0'a * 4 . m a 0-4 q m. . 0- . 't . m 0 cc 0 (a 04 M 4 . 0 a -.
030 r-0 NO (00 M aco N 00 O 40 00 -r0 0 00 00 00 00 C
It It m LA -4 %Q P- P- - cc cc go 0v 0D T 7%
Ul WOW m ' 0 tlN7- V"4WI co00% 0 1 OM 7- '4.w0 lf,- .4u4 (I'44 (\N "'Cen 00

60 eN sin .0 go *M4 O'4 .0% 004 OM eam 0.0 of- t7- *f- 0,0
Of 0- 07%- 0ll- 07,- 00 00 00 00CO 00% oot 00% 00% 00% 00% 0Do 00%

0o (j 0 -4 N (1 't Ln '0 ?7- 0 0% 0 '-4 N M
.2 0 04 4.-. M.-~4 4- 0.. 4UN-4 a4'.0%-4. r-,- ('J4 0.-a 0%4 UIN U)" O0N ON

7-IN 90"' 7f-N In" .-NC- mN '0N m"I 7-N 7--NM PN ON -t N PiN s-iN rN
7-.0 .0" 9 m Va LA. (,n.- (41) CC a (09 0 r a( a 0 @
00 -0 NO 00 coo M cooO '00 9J'0 NO -to %00 0D 0 (Do 00 o0
4 t t In L 4 %a I,- I- f-- 0 W 0 0 0 0' 474

LAOc-o t 40UNCO .0 o7- 0%0 WN-O OW m0A'4 -r0f'MN NM -- 0,0
490 404t Q% l1a ION. 4Q0 LA Ina LAN ol~t qlA- LO' LA0k LAN mAO mAo

0 0t 04 0CC 04P 00 0*cc 0%0 am4 00%O O' 0em' *a, M 00 0-?
oA M4 Nm N ' 7 3 1 -4 0 o P- LA M4 N'

7.-M4 W4M P-M~ r- (t41 t~ 0? IAN 7-N1 ON\ M41 o"N Wj'-4N 4-' . ov-4 (1)". N"J.4

(4n m I 0 UN 0D .CC Q LA-r 0 Oa 7 0% .L
al0 NO a l-0 a 70 00 P-0 NO N0 (No 4-0 0%O 0 coo NO 0%0 o
N t mA a P- 0% 0 P4 N M4 -3 t k4 LA 0 7*- 7-

- 9' 0 1%- 40 %Q mA It M N 4 a 0 , Go I-
*0 . 00 ) %a 0 a 10 %0 W% W,

0% 0 0% 7*- M4 0 N - LA - , 0% r 0% NL
-4 M! 0% P- LA M4 N 0 0 0o I- 4 - in 7
M4 LA N Lm M 4o UN go LA 0 A 0 'o0
p- 10 l LO -41 Nt IAM ' 0 0 ' c -
7- '0 4~ IA M -r P4 N- m -V-4 - A
m- 4n LN m m4 N - 0 N' 0IVA4 m

O a 0 0 0i 0 0 0 0

N4 M4 M, QA I,- 0Go 0 - 4 4 ' 0

1.72



aj f--~ WN r- .q c t f

Q M ii0 0 1 r- 4 %a' ey a- %Q Mt at M 4.M

NO In an in 40 so c0 0% No N . 0 - q. 0 0
Ul% cc) 0% in W4. r- -t 0 .0 N o .f -

No f- all 0 N r M. U' r- cc0(' ('l U
I%- - r- f'- 0 0 0 0 (a cc 0' (7 )s 0 a, (1

a 0 0 0 0 0 0 0 0 0 0 a 0 0Q

0 n 0 % 0 0M 0 0- 0r 0 0 0r 0 L" QJ -

.0 .4 V P 1 - %t N1 a, r- V"- a, r' - %r N4 a,
N r IC '0 - 0' "4 01 It N0 0o 0 0.4 (w) I r- a

c0 0 4N 4t 10 oll "4 MO U' - N It %0 w 0
1 P- 0 M No 0% MO %0 () N .0 0' N U' ( N

4.4t. N 4 U'4. ino, IU'n M'( %0%r 10M O M .O l P0 r- 4 a0' COW, C04 U%(N,

Or 00 Om 04 N 0 SO J oPv SO n I4 O.4 0% Or* 004 OM SON SOlem.
O"4O(64 ON Cm On or-0 0"4O( O o "4 Ca. Ow04 OMVor-

NO f'- w 0% 0 -W P1 I~ P r- co 0 "-4 (1) '0 cc 0
MMl COMi NM M M(1. (t ?-' ('.I4* 04t C-4 P.4. NIAt( 11-m ('Jtn r-kn Nin4 P-.O
000 NO0 inoQ 1-40 0OD ('JOC 'no l- 00 NCO mD P-CD UOD NOC 11CF 0

f7o tnS 0 c" V"4 00 00 00.Da4t..M 'l.4 "0 90 P 0 -4 .% N.(% 0.0
nO (no .-40 CIO r*- Q t.0 NO 00 (00 %00 MCr r40: (P' r-0 LnO MO

w4 In v-4 0 U% (% 0' in NN''A ' 0' Q0 1
4.-4 MO MU%1 EO.-4 NU% NV% NiJn -4..4 "440 "4fP OMO ON~ Q0% 0%%n UO 0.V
-o 4O -0 "40 -4P- "4m 0-4V P-40 -4 r "-4P 40' "40 "-4400 0.-4 ON
$0 0M SOD ON em0 oa 0.0 .0 .4. .4 Or-$ 00 ON1, *U' SOD ON
04. 00 0"4 Om' 00 0-4 Con of- 00 04 ON 0. 00 Of%. 04. 0"4

4. m n N P-0 4 0' 1r 0 i N .4 0

COC %t0"P40 000 0 O0 000f-r C a 40'00 M~OD -0 Moc.0W
p- 0 (1' *0 % o9 p * . C; '0 N(% 0 Ml" 0 01 0 0 0 U l a , 0 OD a.- 0 0 0 0
or,0 00 lAOO n 0 00 M. aO r0 40 00w -o NO O 00 wo -'0 c('10
OD Go c 0o OD 0g f- I'- %Q 0 Ln Ln .3 M0 M0 C4

4. N t4.0 4.0-t It.0 %to0 r%0 4.0 4'r4- Tr- 40 M 04 (1 M .me o 4 i4. Mtn
6Mt 0O O.in O0 04 or- Sa. - 0" .0% .0% oOM .. oN *No s0 or'-
0c, 00' 00c 00 0r*- 0%0 0U' 06" 0V- 00 01' 0f- OWN ONi 00' 0.0

4.~~ M' '0 r- 0 ' 0 "1 04 ' ' 0 1-

CON 4N "4CPN ON" IAN N UNv Cott! P-N% ItN mON .- N~ l-(N mON "ON %DN
r- a'C a .0* 9- .0 0 'U 0 0 a C * 0 0 m' 0 U'a 0 * O 0 Go,. 0

010 co0 r-0 InO (no 00 r- 0 M 0 000 4.0 000 NO lAO 00 '-.0 NO
0 co c0 c Go 0 1,- p- NO so W% V% -4. Ml M N
0aP- 004 ?-Nm 40O UNN 4.r' r4 (NP- "44. 0i'N 0%.-4 W0 r-U LA Ow4 mD trl-

OC40 N . 0 .. a4 .t ONc ON 00 .% OM Of- 0-4 owI 00% *o~ 0.0
0 U% 9'- '0 -r N -4 M' 7'- .0 r ( m "4 CID 0 0

NO- 'CC 00 "40 P-O 100 N0 rO% ('40% MO0P "40N 0'0 V w0% ('0 0'0 P-0

.0 * N~ 0 N% 0 .0 0 tr * 0D 0 in e0 C * N,* 0 0 * N1 e aD * I*- * 0' * m' s Co
tro 0 .400 00 4.0a f-0 00 NO1 4.0 u .AO LnO 4t.0 MO " V40 IDS0 .00
00 0' 0' 0 0 0 "4 " " 4 "4 "-4 "4 4 0 0

W0 I 4 It cO N "4 0 ' 0 p- a0 M'4 (

P0 0n 0 0 0a, 0 0 0 0 0 0
0 1 In0 0 CV 0n O 0 f* 0 0 0I 0 0M
4. -t 4. N- 01 M- .0 0'1 M- M4 U 0 0

0n N I, 0n CO %0 0o 0 Lin 4.- in OD GoC 0

M' N 0 a% "4 No 0n M P0 c 10 U' (- U 0 go
CO 0 0 ' Go '0 W% M 0 -D1- 0 n .0t N 0

M. M ~ M (In M ( N N N4 N N N

0 0 0 0 00 0 0 0 0 0 0 0 a 0 0

0l 0r 0A NO -00 0 0 0 0 0% 0 0 0%

Q' U'1 0 ' 0 ' 0 . 0 '0 10 '0 l- r- I*-

173



in NO ffl (n 0 0r M 04 0 IC It OD 04 a, c

o Mn MW' a0 CO 0 in 91 Ln -4) o ItC
- 0 0' ~ ' 0 in 0 0 % 0 0m' 4 ~ C -

CO 01 %t 0 NO N1 r- N o M CO - CA, F-4,. LA 0
on -% aO IA q0 0 N -r LA f%- go 0 V-6 N

o 0 0 0 4 p.4 F4 - N1. C1 04
N V N N N N N N N N N (

4 0 09 0m 0? %Q cc 0f N 0 P0

I' t 0 .3t 0 -r CV N 7 p' - Ln N C'
o PN al P4 M- Go -j Vn . 0 ' - M LA 10

(In UC% C- 9' V4 m0 '0 0o 0r 1 0 0, V-4 M LA
W% Go P4 -t Co 4 It P- '-4 4 - 0 M0 r- 0 (n
orq' a. CO o- 00 ON g-iin .40 -im4(0 N' "I'- m o 0% oo' m 4n~ 'tM -t

@0M (:O14J C-O P-O C-0 C-0' (;-O (;W'. (;C4 8M C C-st C-. 8r 0 C-CO~q8

ONO Go 0 0to 0 0 O C %t ON ON 03 f- ON 0a* P.-
mO W%' CD 0- - f- - T W N NO 0 %t a, 0 CD
N1 P0N' - N.0-0 -rNCcOC -0 -0% NOD 94 NCO~O 94 ~0-4

0* NCU togo P-O 00 N W LAOD r*-O 0W NCO IACO F-0 00' "U' tf\ ' P.'og
0' in P 0 fnO a No Co m0 00-0 0 -40 O0 0 No

We, 0 00o .00 %r C NOa 00 pwo LAO M 0 .-00 (JO -41i -,t 0Cb0 0 0 WO
0 10 M0 0 fl- IT 0 Cl- r P- C- %r V-4 0o tn r-4

mm4 0(0 wso 0. -in r-'- r-0o .0'.' .Q. 'n LALA tno LAO' -t o -r 4 w -4
ON OM0 00 a m( 0.3r 00 00 0w OW\ 0 w0 ON or-- OLn 00 QP 0.0O

0'GO0-40A Ow O'4 omOO'tO4 0.4ON 0Oor-O0OM c u o--
OD C- 4n M, N 0 0o '0 It N 0 1,- LA\ N 0 f%-

OWN Iw%'wL tm winO LA0LA.0'tN'tN't't0't Or m M (0 MN"
r-00 00 UNO NCOCO0 400 NO00 .00C NO 4to 00C 00C MC 000 W% CCMOD

00 *A A 0'' a'0 0CD0 M(0 No 0~ '40 '40 (D o .(.0
0t 'o'o0 MO 00! 00)CO LAO 0-0 f*O NO14 '00 00 Clo LAO 0 00

- 0 0' 0 r- a0 It (9) N 0 0' P. '0 IV N 0
MQ C%4 O N U% V4 CON rC-U' .o~r Mi..o '?.0 ()%r v-(0 00 Q'U 0N 04 - t 'WIn
COP. M00 9% M. NO aNN4 NP4 NO Nm-i "r- NC- NQ N'lw -40J -'0 V-st V-*

*024 04 em OC00% OQ *a, qeC- .00 to oOM oN0 o't 4 or- 04

Of" 0(1' Otn 00 OLA 00 0lt 00 ON 0. OP. r 00' 00 0'-' 0.40'.'
CD0 p C P . - n M M f

OMr~ NM0 NM0 %04 q %t P-44 r %t N04 -, M 04 '4-3 N\J %t -t 4 ' W4W t 04 t
'4 N MA NNj OltlCN .4,N .Q 'ON N'N 4 M ON ON M(N CON LN MMN

0~~C (% *n in 0 '0 ' 00 N o L '4o ' o 'to 0 0 'o (.8 0
't 'to 't 0 No 00 00 LAc "-c P.O NOa '00 00c NO LAO 0 00

.4 0 0% 0 f- %0 - f" N 0 0' r. .0 It N 0
gOLA(\0ONOmn'LA -- w-a- mLPO'LL 'r '0 MOON 0'00 Gf-0 a-
MrP. MN MO.? N-r N't N't NC- NN NN% NOM NN "'r V'4C- "4"4i -40 -~4m

8(a0 o00 oOON OWN .00 a4 --r94 00% 00 00 Q 41 ar 0 9.0 oLA O.0
0a 04t 00 0( Mor-. 0-4 0.0 0.-1 OLM 00 0.0 a-40 ON "0 0'r

wl M0 V- 0 fm P. In 't N V- 0' GD 0 kA fn Nm
C-O 00D ("0D P-l0(OP M OP. Wt- = ff OP.C Of-- %Of- N-.0 7-0 M %0 Qt 10 0'10 0.0
'JAWW cow% %ULA 'Gin f4L ((LA NtA Cl'in OWN NWI cow% LWN 4U8 '-4kn Lin DA

-t0q00 't a0 't a. a000 0% a 00 m 0 F*- ( 'Ja P-o 0 Mo
^1O f-O NO '% 00 @0 -*O M00 -t 00 NO P-0 0D0 'to 0 0C 't 000
0 0, 0' I= C- F .0 LA n( N 0 a, 0o I0 't
-4 0% P. 10 i'% .t (n ~ 0 a' t 0 n 1

IQ M4 (0 Mn' M CO L" 4 0 C 0 N N N N% N
LA 0 10 M It r tw 0 0 0% 0 0 0A n 0 0P

O. 0- 0) 0r 0 0 0 0U N 0r 0 0 0n 0 0 0

OD In (0 0 CID .0 a0 a' 0 P. 0 LA Nc ' 4
0. -0n ' 0 0' Mt 'U4 No %0 N1 r LA fn 0

N. NGo - - - - 9-4 0 0 ( 0 0~ 0r m

0 0 0 0 0 V-0 o- 0 0 o o 0 o

M. ( % Ln ma Co 0' 0 - ~ N n -Z tn LA 0 fP. w
r- G 0C 0 0 Go Co Go 0D CE

1* - 174



V- 9-r r 4 A 0 .- V-4 % w JAI 0-

co r- M4 NO UN 0 N ' (I N1 10 .0
N l% Go "4 fn LA r- Go 0 0' 0% W r-
-r j'n a0 (a 0' 0 N m' -4' LA IQ

N N N N NM (4 m mn en1 n 114 mn
(V N% f N NM 0 N N~ N NM N N~ N N

.4t "4 0 uL, el 0 10 (" 0 ' .* 0%
r- In 0.4 W' r- 4 N4 0 fl- '4 N 10

%2 0 N (n mA I- u' V- N %r .sj OD 0%
P- 0 N 0 0 0 M LA r- 0%

'0 0 MI . 01 N No 0% N n Go C1 N in
.jtn tn r- t~ LAO iu m ou 0,O oD-t .0v- r- W P r- OD %C 00 L
% 0A r-O r-M r- %a r-%' r'No r, 0A r r- ' r- r-O r-9- r-N(%

eu) emn . 0%0 *('J O4 .0 *V-4 
a' Q 4 0 4 ItA Or s

Of- 00, ON Of'- 04 ON ON~ Om am- 0ca 0' 00 or-
W r Q% 0'IA " rl- (n 0 0 IN 01 W

f-4N ON r4m' amtl "4-4 '0L Q -4LA .0,0 "4,0 Q4r- 00M w0 -a'
01-1 NOMA r-f-f 00% NO Ao ('-0' 00 NC% OM f'-0'h 00'
" ,4 f 0 U * I't * LA 0 .4 0 c a 0 0 0 0 M LA . 0.- 0 a.

'G0 mo "40 U10 -0 La n (0M0 00 M0 '0Q0 -r 0 No 00
Go 0 N QJ LA N V' I"J N 0' Q0 (1 0
0) 4' mmI mm( t'j..t N-6 Nw "-40' P"4f- rwG% 0 ONO O 0r 04 10
Oam I 0 00 0 00 Q. Q% P4 00% 0(O amONj04 -4
so ON~ 01r- O4. Or Or- au 0 0 0.4 of.- cI .0 * ON N
00OONOam 04 .O mON OOONN0 m mOO% L0am CN

Lm (No 0' '0 m0 0 ('- .4r 0 fl- It. 0 1P-
CNA NC% (" 4 N"4 4 4- %4"4C7 0 W0 00) (00' C0 a%40' N 00

00000 .40 0 000 .OD0 c '0m m'. Nr-- Lnr 0 - o

r-o r-o r-O '00 MO '-40 f-0 ('(0 ()0 NO a A tooco 00W %0 '3* CN 0 M LAI (4 0 W LA N 0
-7 Mao CV1 NO' -40 04 0- o.0 I'-0 Q04 LAt M" 0 MOD (%j orVIc - 11
"40I "'IM -"N '-4a' P"4r- 0(4 or- or- am 0M 0? o- a' 00Og

OMA ."4 Op" O4' ON O-t s0 .00 em0 00 ON OW OW <
O000 r-0Or 09-40of- 0 m or-0 N OO a04 Om LA

(0 N N Nl N1 "4 "4 0 0 0' Go cu r-
4.4 t m4 (4 N 4 m.4 0A4 04' 0.4 04 (11M C M'1 .a01 (0 0 ('1.0

ON %"j' ON "4N" ON~ ON P- N '4N M N NN LAN m ' OvC(0N b-4A.-4
r- .0 Cc (M 0 0 0 01 a N 0 '0 * MI . Nj . %t 0 f- * N 0 0 *
r-0?- 0 f- 0 0 ma 40 r-0a MO '. ,elo o (0 0 -46A L
W .0 -t N 0 W LA MI 0 Go LA Nm 0) I-O'"4.
-40 10N1 PNO'40- "N 00 00 - 0. In~r ba' ci NO am or Ld"if
Om( *4 "4 9.0 Off% ONt 00 of*- 00 t7% 00.0 or- OM OM

0OOOmOAlONOOOOO 010 amOlt 04Ot'm0.4 A'
".4 0' W r'- '0 4r (f) N -4 0 V' go r- N4 Of-

'0.0 0r 0 "4*M4 L%9 .COL NIA a-L ML 'OL LAL COL 0 r0 r-'4 -'' A' (I

"40 NO Mc0 (n0 "40 0,0 '00 "40 '0 0 0 NO 0 0 a C- _j
m0 "4 a, ?'- LA N 0 w Ln NV 0 I- .4. o"D
m N'. 0 01 W r%- '0 4' (n (N. "-4 0% cc zu-j
N N NM "4 - P-4 "-4 "4 "-4 -4 -4 0 0 IWQ

0 0 0 0) 0 0 0 0 0 0 0 0 0 I-WIxu..

0 4 m0 "4 "4 0fAl' - 100 0' '0 Q4A
4 LA t ?,- V-4 at uLA 0% m 0 N 0% z~ 4TV

It It 0 .4' It '0 N o N '0j M0 N < Z L I--
'0 0o 0' 09 1*- 0 '0 N0 Q0 a0 V- 0o a, 0 C
r- 4t 1*- 0 ((1 '0 a, N LA 0c It P' - 0-4u- wZ
"4 0 0 N rn .4r LA t- (0 C% " N (n I.- -jWC9t
0 0 0D 0 0 0 0 0 0 40 -4 4 Q -.4 -C -j

0 0 0 0 0 a 6 0 6 0 W e U L IWO
0 0 0 0 0 0 0 0 0 0 0 0 0 LI) VI.j

I I I I I I I I I I I w0(:Z <
V' 0) "4 N4 MV -r LA 0 r- 0 U%' Q - jwqrp
cc (' (P UP q' a% 0' 0' (.r U% 0' 0 li t/) WLC.XW

175



-a -- MI '0 - - -
M- 0 0 0 0n 0

NO04 001 =a 0. No. ,to =a
-~~~~ 1F 0- 1 C~ 0 1 ~ (W (
NO~0 04,i(0 OtO~

> a"- Lno. 0-4 -z-4 -40NE-' M

'4 0 f.0 0, 0 0 0U - 0- 0

l'- 1 0 1 N C N 0 0 0 f to
ccU19-0-1 4 0fA0 00- N 1o f --

0 7- co PO N t M ('9 (~Q 0 JO 10
*~~~ ~ 10 co a. r-+ + . I4.C'1 A (rH 0

0 ao 4- a. >W F-W- Own aw mw N- -)M M %
U)II- N-4 4Otn Ulm 10 -4 Nr MN ...CM M

tfl 0 co)tV N o f44 -oA stn 0-T ..0'4 (n
lN- C.-CT zF z- 0-4 amJ amI om am a

*OL Q. Y . 0. ,- 4 0.0 0. 0.0.0
*0-9%-- If% &0 't0 0j 0 0 0 %

a - WU -, 'no 4 coo NI M(o - 001-4
* Z I- LL r-- -r. a, F- 0 1 01

2 -cu 4 ee '0 VN 0(7 F-,0 Q o 0
-- OLCI a - ON- A of- -4 F- 0

VL x COD - M. 4 WA' OW F-0 N F-N N 1' ?-
(1 I-L W cl- 0 )- A1-0 NI 00W 100F cooU 401 WIC~ '0

If' 0 IM 1l-M - Il '... IN M.- 1 0t - .0' etA .
4- 0-4 ~w 0 Mt 00 "W Onin .0 0(f -- 0 ON 0

-OWK L 6 WII- -4 W %V 04 0 W4 m rF*- m0'
<+tr.0 -I *Q0 X 0NLAO-t'Otfl4O) 004LA 0~'~l0

OtfI- WWW 0) -4 > u s o - I -
z*x WW-!, .. 00 of-* 0 0'.-1 10 O-ht a- .- l% F

I.-0 )IW " 0nr'9 0?L4 N- 0 0-40 -4 4
U.1W 0 c aI 01- 01 01 of of

0i 0, OLA O7- CNO OF-C I0 C 0 0U'
41-WUJLIO < awO 00 I'? IN I'? '0 .- r Ot
IZOMIw Usa: 0 M0'- F-N0 ON - 0 'f rrl0 MO" ILA 7()

EA4Z3c u4-4 0 0. 0a -j C cn P-48"(4
cr0 , ) .J4 <L0% CL Q) w 00 '00 LO 40 LO

<I-JLI6w Lrrr I i 00 LALA O.iO 00% 0 C) '
Uwz zm = 0 >--r4 In' ('4 m 00 of-' 0

cowwolm~u w < 0 II l 0s- *A .4 .9 00% 0 O .0
W(CL-ZZWVcc4 0 0 L 0 O 0 0.0 0 0 O( 0

Zww WW)O. V L Q-. >. 0J .4 4
COX Z.X...J'-PP <0a 0- 0- M0 0M OM M- z

.. u40" ZO)o,. at )ON0-i 0.; 8- 0,- Osj 4 j 8

WU 40 0 0 0 0 0
C..) -. U 14 0 0 00

4 49LLW .I-4 0 W 00 Oe F- rn 176-



%0 V4 -4 P4 F0-4 # r -1 '0 V4-0 '

+ W + It + C+ + No+ .4. +0r+ +. +-4 + +- 0'+ +
" 0'P U-41.. P-OW WLA u)Lwa V-4Wj C'Lw Lu ' N W N LU '0W %Q OWM
0 1=."440% MO 0 Nmmw%0-0 0 m- G' 0 0-4c'C(no
o =- 1- =lAM 0 uL0 CDV- 0O , Ln 0 0%.-1 r- c 0 CON 100,
v-4 VIP= f*-'~ M Q4 0- 'UN .4ON qv- - 'NM Q.-4 -4 Ir G 00

M 0A -t 0 LA. oP01-0. 0 r-a .* .OD= e 1=0. 0P
0- NOLAC 00W 00 NO0 LAO 000 00 NO LMO 00 NO LA 1

of *I at *1 *1 Ol 0 *1 *1 e 01 at
o 0 0 0 0 0 0 fz a %J QJ 0 uj

V.. 0 -T M' M1. W 0' w (vJ M N. IA IT
'0 ON V0 1=0LA %-4 LvLAO't.0 0~0 r4kO 40 M4 f--0
Q LA QO 00 Wo 0 Lno mo 1=0 ("JO %-10 CDC "o mo -O0
+ CO+ r + '0+ W + 0+ *t + (%+ '0+ r=- + t+ 0'+ mi + r=-+

UJ ,L .4W LW 011. -tW P4L 1-W NWJ OW) OW tW OWU .-4W NW
0 t %Q CC0 a'N 0%0 a)N% m(- '0Ln MO1 P-40 COW Lo MC (P.-4
W (AOC NMM P-.ILA LnCO Ln' -D AN '7%U WO Wm4 P=0 'U'0 Vvo4 r-=1
r- 0-4 00-4 ON% 0-4 eoN *@.4 O'? 0-4 *- 9c% 94 OVj 0-40
* o. 00 0. 0. . * 0. 0a 0 00 00* O 00 0.

o0 0a a 0 0 0 0 0 0 0 01010 t0
-4 '0 P~- 0 0 -r U' 1 N 0 0 r- 1 Ln I
M 0 Go -" CC Go (0 -.4 111 r- It %0
U-1 0 N cr 0 ,-6 m P4% 1= . LA 1=
r%. N Q0 W IA1 Q Ln -4 LA ml 91 LA. -

N ,40 OfN O.-4 r.4 M %r OM f'A) 0J 00 1=..4 %7-4 0r- W0 P"4
M) ry- r-4-4 W? 0'o ru' 0. Wo~f WM 1 'f00' - M= -1= - W0 00a

--T IT" '00 IOM -4 W)..-4 '01 r- P-M U'N W%.0W0 0'LA LnM '0.-4 0% ?
0' .0' 0f- OW e,4 SM4 0f-4 0'? 0.. 00' *.-1 *0% *j OD
, oo OMO' C 0001=O-,O4 00 Of-0t- Or-$O00ON at,
.'4 0 ~L W '0 '4 P-4 LA 0% W '0 '4. N4 '0
LrA m'. -r -t Om '0.,+ LA'? '0t -m 0%(4'. men m m w* '0%t .r m

O ' - ' -D 4 01 * P-4 0 1=- 0 .4 4 =* 1 0 e WC
0 00 00 =o LA a mo - aNo m 0 ina U'.Nooo

Q r-4 0' 0P IT 1=- 0 '0 0'. 0 C' 11= 0-
LI 0.0O LA 4. m' "4.4 r- 0 NSJA 0' N'j 0 M(0 N W. 1=0.-

1-40 NO 0v-4 10 '70 1=0'% 0'?r 1=- '0 M 0 "4 1=-0 r~'N
-T' ((' mo"N' '0 NOM4' U). %'rt- OD ON W,00 ' 00 M'.

ON 09.4 o' G, OM' 0%0 .00 0 *U-j 0 C 0 *V-6 0('.
On'.ONqOr- a OLAONO.J*0 0.00Or1 a0 Om am'

a% (4'. 0 r- (in '0 P- 0 1 10 1 It
0 N'-4 LA,4 000 W00 Q' -l 1A9. 0 0'0 '-40 '0-4 W00 LAN ,40

O G' 0 0 0 '-4 0 0' a 01 N * 0' 0 P- 0 D 0 W N oQ 0 0 -4t 0

C '00 Q0 c) NO r*-0 (11O C ' ()% =0- NO 0 ON Q%0 -to 00 c0'0
0)' 0 0' 0 Vi' a M' M4 (4'. fl- r-- 1 ) 1. r-

r- '00 Nfl 0000WO '-41%- #-4M4 W= W%'00- LAWOf*-1 Nt- (-h 0
W rm, -tO m".0 ,.4in r 10% NO -to i-N -qp- (4.Lm q -4,o m4,m00 m~'.t LA.- w1 LALA WiiLA -CO 1= Z'0 C%- %VA 0? 'N %'' omr X
1-

4  
*,4 *( oN% 0.4 so .0' ON~ 907- 00 0'r 00 0.-4 0(%

O0%t.00 ON ON 0%0o o mO o O 00 0O W0NO0O-.
p- '0 W co r- 0 .4' m1' - (4. 0 m4' I" M .
It LSaOLA.O~ 0 -r c0'0-t 0r a m4'aO m 0'0 00' Li

a Q 0 000 .0 Q*0 00 0 0.0 0 & 00 0L
.- 4 0-4 0'-4 09.4 P-0 0-4 0'-4 0r-$ '-4 a' 0'-4 0V 00 00rD
1 010101 1 10 0 ) f 1 1o

0 a 0 0 aI0 01 0 01 101 a/
0%Ow0'0 0f-4 m4'OW000 0Cm' 4100.4.00 LA 0m OLA 4
f-4 M.4. l0'% 0'OQ 0.0 M1=- '00 0'?- ON4 MU) '0LA 0w. m '00W
'0 0,4 *in Ov-4 OmW' 0.4 00' 00 OM~' eu Or- 0-4 *0) O~7
V-4 0(6' or" 0'? 0-4 0("J 00 OLA 00 0 OLA 0 0-4 0r- ON3
LA P4 LA 0' %a 0 0. '7 u W% 1'. 03 '0 '0 LU

-OM Or OLA O(OOLA)O0N 0..4 CC'0ON 00-T O O0O00ti
.0 OLA 044 0.-4 0.0 a m OLA 00 0%0' 0%'1 r- 0 0,0 00o OLA U'
'0 0.0 oLA 0am' OLA oLA 0' Otr" 0' -? 0"? -.r OM ON 00 C

00 0 0 0 a 0 0 0 % 0 U 0 -- 0 04 u

C36 0 a 0 0 0 6 0 V% 0 Q 0
c %0 0 0 0% - 4 m4 M. 0 M

I I I (
U' 0 '4 N M' -r Ul 'Q r- Q0 iS 0 -4 .

p.4 4 -j 4 14 - p4 ( cr.4 N '

177



%t. 0 0 N ...4 -4. ~ 0 -
I- oLA ~r r- r- r m~ NOA-4

N r-4~L .t' Aj 4 .
S 0 co M (1) " (1 cfl Q 0 -i - r'- -

w- "- Q '0 r r- 0% %J UN -O ' - in Go '0 cm '
Z mA- mn LA (1*rrn 't 'r (4 tn fn fin t 'r

* 0

'oO4 A %0 nA' m4 -4 A '0 .U
n MC' 0, 1-~ w w -400 '4 O O
-n ,4 enL OD cm r4 O4 L n -N m0 ccenN r

- LA P-- Nv r- r- ur 1%1 (I P- LA CQ '4. ' - '

4 ' N q-L 0 4 -4 F" 0 4 -I 0 9 d

* 6 00 0 0 0 0 0 0 0 6

(l) CC ' r'- %t 0 0 (n Go r'. (1 go f. Co r UN.
LAN tn CO ON Q O C 0% 00 or f%. Q% Q n M
4. .- 4 - f-0 r- 4 '. " 0 ao 0 LA 'r. '411

0 OLA M'0 '0 en 'tO'% N Q0 '?r (nN
> OD co OD . n Qf W W 0 t.4 m' n '0 '

* 0 6 0 * 0 0 0 0 0 0

LA U N 0' . 'o UN (co4. N 0'L LA r- N4 11 w
w u o' LA c% in 00 m. L r- o0.o P-

0 LA LA OD .4 M' '0U-r' A LA N .1 N r4. 0 r~
r4 A 0 f - t. (n~ M- Ln 0 0 go LA

d00>00000000000000 u<I
> 0 00 0 0000 0 Q x I

P4 0 0 0 0 0 0 0 0 0 0 0
> 0 .J 0000000 LX0

* 0 0 0 0 0 0% '0 0 0 tn).c)-

0 0 0n 0 0 0 0 0 0 - .0L LA
> ~ 0 aOO OW O a NJ O

0 000 0 o 0 a 0 a% U' 0 0 < U.LLA

000 0 0 0 0 0 0Z 01 0' 0 0 w wwwt
*o 'o 0% a% *% .r *o * a .o*

g ~zzz
v4 v-4 N. r4 P-4 r4 (NJ 0' 0 ci tI J -4

W>.L 444w

-q4 N (" 'I MA '4) r- u V 0 -4 N m1 4. U'l '0 I' 0)
MCC c~ N N~ Nvr N N4 N N mn mn mn ml mn m m e Z

178



Co c

4 .4t

0

* c

o I

o z
-~ (3LU

0 1,
0.0 0

zj It >t
... '4 - In

P-.

U).

-0 =. m L
In I--l z

If V-~4 Uj o- -
U. 0 4A~ =-

4 n 0 - LU rI. O O O O ut 1 t
z 0 L

(j U I'. 44
0 Il l- ~x CLw

t- VU W ) Q. W

H~ - -U -4 -00-00 0 0



*,0%%0.00%0%0 000 000600006WCOCO 00 0 00 0 00 00 0 00 0 0

0002 00000 00 000 000000000000000coo00000 000000000000

180



0-

cf. ::I

CL a

WW LU caw

ww
c-

0. I

CL-. CA(f
Q IA %00,0 Q %,0, IV 0 % %0%0 ') %0%V %,0 Q % (A J.4/-C

tnU U)'%I tnIU'WMULno~nl I Uo IUn~U'% waLi-a

*1 0 % 0 6 0 %0 010 0%0 10 %ON %a 0D 0000 j~w
LntO 0u,%ON O&MAL OCtr Otn O(uI Cn U'%) oU Ul -

P. < IUo&n 4
0~O~QQ% J Zc.,J0-t 4

Q10O%0~'~4 .i~ '

7 CLCgt-
C ZW~U.L

t''t l C.6 Co 0.

r-(c~ ~ ~ ~ 400 Go Coc I oO ooO %C ,( j pq ,9 V

le I.- "

181



APPENDIX D

HIN LENS PERFORMANCE PLOTS
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APPENDIX E

GRIN LENS PERFORMANCE PLOTS IN THE LOW RANGE OF
INDICES OF REFRACTION (a = 2.25)
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Figure E-87. Spot Diagram for Grid of Figure E-86
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Figure E-89. GRIN Lens Shape at +50%, OB = 4.00,
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APPENDIX F

GRIN LENS PERFORMANCE PLOTS IN THE HIGH
RANGE OF INDICES OF REFRACTION (a -= 9.00)
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//
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ALPHA - 0.7853975

Z T - 0.050
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NI = 1.0000
N3 - 1.0000
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_ TSUAFL = 1.5082450

- 2 . 1 1 1 1 1 I , , , , i l l I

-1.0 -0.5 -0.0 0.5 i.'.
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Figure F-I. GRIN Lens Shape at -5%, OB = 0.05,
a -9.00
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Figure F-3. Spot Diagram for Grid of Figure F-2
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Figure F-4. Encircled Energy of Figure F-3
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LENS SH:PE
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z
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NI a 1.0000

LLJ N3 a 1.0000

A a 9.000000

8 a -1.709998

BEFF -- 0.8133187

X'. INDEX a -10.000

X INSIDE a -9.9898

Z OUTSIDE a -9.9880

% ACROSS --0.0021

STATION R -- 0.1242398

GRMMR a. 7856737
TSURFL a 1.4945280

-2 . I , I t I I I I I I ! ! ) I
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Fiqure F-5. GRIN Lens Shape at -10%, OB = 0.05,
a = 9.00
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307

: , ,_ =. , , :._ ., '. . .-'., ,,. .. ,, .. ,.,_... . . . .. . . ..L.U. . " ' . _ .



SPOT DIAGRAM ENERGY DENSITY

0.8

0.6

LUJ

LL 0.'4
z
LUJ

0.2

IALFRP -0.300000

AVERAGE RAY INTENSITY -0.573309

0.0 0.1 0.2 0.3 0.L4 0.5

AROIU3S FROM 1IMPGE CENTROID

Figure F-S. Encircled Energy of Figure F-7
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"w LENS SHAPE
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z ~F - 4. 000
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cl-- 0.T - 0. 050
0.U U- 0. 00000

I = 1008

S_ N - 1.0000
" C N3 - 1.0000

A - 9.000000

8 -3.937500

BEFF --1.8727696
-1, Z INDEX a -25.000

% INSIDE a -24.9805

Z OUTSIDE = -24.9888

RCROSS =0.0111

STATION A -- 0.0963399

GAMMA a 0.7859350

TSURFL - 1.4718830

-2. I I I I I
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X-LENS RXIS

Figure F-9. GRIN Lens Shape at -25%, OB = 0.05,
a - 9.00
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Figure F-11. Spot Diagram for Grid of Figure F-10
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Figure F-12. Encircled Energy of Figure F-il
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LENS SHRPE
2.

1. /2

F/o = F/2

LLU F = 4.000
7
(I- OSYMB = 0.050

R = 1.000

_LPHR = 0.7853975
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O. -U = 0.00000
I = 1008

_ Ni = 1.0000

N.3 = 1.0000
A = 9.000000

8 = -6.750000

BEFF =-3.2104672

-1. - z ." ~ INDEK = -50.000

Z INSIDE = -49.9777
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% RCROSS =0.0296
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GAMMA = 0.7861-68

TSURFL = 1.4514110
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Figure F-13. GRIN Lens Shape at -50%, OB = 0.05,
a= 9.00
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2. "LENS SHAPE
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Figure F-17. GRIN Lens Shape at +5%, OB = 0.05,
a = 9.00
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Figure F-20. Encircled Energy of Figure F-19
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LENS SHRPE
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Figure F-21. GRIN Lens Shape for +10%, OB : 0.05,
a= 9.00
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Figure F-24. Encircled Energy of Figure F-23
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Figure F-25. GRIN Lens Shape for +25%, OB = 0.05,
a = 9.00
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Figure F-28. Encircled Energy of Figure F-27
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.'--i 2. LENS SHAPE

1.

F/m - F/2

SF = 4. OO

as'(MB - 0.050
Q_ R = 1.000

RLPHR = 0.7853975

T = 0.050
0. U = 0.00000

M _I = 1008
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>-- 8 11.250000
- 3EFF -5.3507808
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GAMMA = 0.7844750

TSURFL - 1.4452940
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Figure F-29. GRIN Lens Shape at +50%, OB = 0.05,
a= 9.00
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LENS SHAPE
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Z T = 0.050
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STATION A =-0.1452899

GAMMA =0.8087112

TSURFL a 1.5112720

- 2 . I I I I I I I I I I
-1.0 -0.5 -0.0 0.5 1.0
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Figure F-109. GRIN Lens Shape at -50%, OB = 2.00,
a =9.00
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Figure F-ill. Spot Diagram for Grid of Figure F-11O
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Figure F-113. GRIN Lens Shape at +5%, OB - 4.00,
a= 9.00
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Figure F-117. GRIN Lens Shape at +10%, OB 4.00,
a = 9.00
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-w LENS SHAPE
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GAMMA = 0.7726912

TSURFL = 1.6297380

-L.0 -0.5 -0.0 0.5 1.0

X-LENS PXIS

Figure F-121. GRIN Lens Shape at +25%, OB = 4.00,
a =9.00
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LENS SHRPE
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Figure F-125. GRIN Lens Shape at +50%, OB = 4.00,
a = 9.00
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APPENDIX G

"BEST" GRIN LENS PERFORMANCE PLOTS IN THE F/2 CONFIGURATION

2.

F/v F/2
LUJ

Z F - 4. 000
cc aSY8 0.050

R . 1.000
ALPHA -0.785397

z~ Ta 0.050
CC 0. U - 0. 00000

I -1008
NI - 1.0000

U N3 - 1.0000
air A - 9.000000

8 - 11.250000
SEFF -5.3507808

-1. *_.% INDEX - 50.000

% INSIDE - 49.8086

% O3UTSIDE - 49.96180
Z -ROSS --0.0530
STATION R --0.0504100
GAMMA 0. 7844750
TSURFL U1.4452940

-2. II I

-1.0 -0.5 -0.0 0.5 1.0

X-LENS PXIS

Figure G-1. "Best" GRIN Lens Shape with 50% Gradient,
OB - 0.05 and a 9.00 in the F/2

Configuration
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Figure G-3. Spot Diagram for Grid of Figure G-2
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~433



SPOT DIAGRAM ENERGY DENSITY
1.0

0.8

- 0.6

(f-

z

CD

0.2

0.

ALFAP 00. 10000
AVERAGE RAY INTENSITY - 0.440352

I' . I I ' I I 9 I I I I I I I I I I

0.0 0.1 0.2 0.3 0.4 0.5

ARDIUS FROM IMRGE :2ENTROIC

Figure G-6. Encircled Energy of Figure G-5

434



0 !

/. ~ ~ cr U') +++

LL- )--

-j C CC

LL-

-4

+ + + * + + * I t + +0

. i +I+ ++4- +4--4 + U,)

+ +  . . . . . . + 0

+,+ ++ + + + +

++ 4. .4 . +4 + + . + . .C

C 4

:. + + + n + +++ *- + +•

j 434

- -. + . -
++ +-4 + + . . .4K+ + +

cc uL+ + + +4 ... 4 . + + I L
- U + + + +-4 + 4-- . 4-.+ +

+4-m + + + . . +- . -- +- + + +

4-~ + 44 4------- 4 *

+4 + 4 4 7 - -+ + C

+ + . 0 . .-

+ + *# +X I

4354



SPOT DIAGRAM

-0.4

.K 3

.0.

ALFAP •0.20000

-0. SIM*3-0000W

. RAYJ$UN =3A3W3 AAE

j vvN A

ALFAP -0.200000

SPOT SIZE -0.1071555
Yr CENTROID z -0.6531398

<.0 SIGMA T - 0.0084686

SIGMA Z - 0.0030137

RAY COUNT -328

-1.2
-0. 15 -0. 10 -0.05 0.00 0.05 0. 10 0.15s

Z-IMPGE PLPNE
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APPENDIX H

"BEST" GRIN LENS PERFORMANCE PLOTS IN THE F/I CONFIGURATION

" &' "2.

i:'.,

LLJ F/us - F/I

F - 2.000
Cc OSYMB - 0.050

" - 1.000
RLPHA = 0.7853975
T = 0.050

2 u- 0.00000

I = 1008
NI =1.0000
N3 = 1.0000

j A 9.000000

8 - 11.250000

BEFF -5.3507808
-1. " I INDEX - 50.000

IN5,OE - 49.886
OUTS1DE - 49.9680

ACROSS =-0.0530
"TAiTION R w-0.0504200
AMMI- 0.7844750

T'-'FL - 1.4502770

-LO- 4S,-:

A

Figure H-i. "Best" GRIN Lens Shape with 50% Gradient,
OB - 0.05, and a - 9.00 in the F/1
Configuration
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