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I
CHAPTER 1

SEQUENTIAL FIXED EFFECTS

I ONE-WAY ANALYSIS

OF VARIANCE

I
1.0 INTRODUCTIONI

This f i r s t  chapter of the thesis wil l  consider

I both the f ixed  and sequential analysis of variance

I tests . For the f ixed sample test the discussions consist

of the s tat is t ical  model , the optimum properties of the

test , and the operating characteristic (OC) function.

Each of these concepts i~ important for the consideration

of the sequential  analysis of variance test.

The sequential analysis of variance test (termed

SANOVA) is f i r s t  discussed front a historical  perspective.

Fur ther  discussions consist of the experimental procedure ,

the test s tat is t ic, and the test s tat ist ic decision rule

I or regions. The OC and average sample number (ASN )

I func t ions  are also def ined . These func t ions  are extremely

helpf u l  for designing SANOVA tests.

I
I
I 
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1.1 ONE-WA Y FIXED EFFECTS ANALYSIS OF VARIANCE

Ana lys i s  of var iance, a term introduced into statis-

tics by R.A. Fisher (1918, 1925 , 1935), is a statistical

t echn ique  for  ana lyz ing  measurements  depending upon

several k inds  of e f f ec t s  operating s imultaneously. In

general , this  technique consists of a body of tests of

hypotheses, methods of estimation, etc. ,  using statistics

which are linear combinations of sums of squares of linear

functions of the observed measurements. The simplest case

in which  analysis  of variance is applied , is the one-way

c l a s s i f i c a t i o n, in which the observations depend upon only

one f ac to r .

In the one-way layout , a population is stratified into

m subpopulations according to some characteristic or factor

and n 1 independent observations are taken from each of k

of the  m subpopuiatiort s ( i  = l,...,k). Let the jth

observa t ion  from population i be denoted by ~~~ where

i. = 1,... ,k and j = 1, . . ., n . .  Given that  population i

has mean I~i+a j, and standard deviation the statistical

model employed in the one-way layout is

x. . = p + e + e . .  , i = 1,” ,k; j = l , ” , n .
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with the parameters 61’”~~’
6k satisfying the following

condition

fl
161

+. . . .+nJ~6J~ = 0

The parameter 6~, is referred to as the differential

effect due to the factor at level i.

The usual hypothesis of interest is whether

~
1 

= = = 6~ = 0, which is equivalent to the hypo-

thesis of the equality of the k means. The analysis of

the effect of the factor depends upon whether k < m or

k = m. Eisenhardt (1947) was the first to differentiate

between the two situations. He used the terms Model I or

a fixed effects model as the case where the sample con-

sists of all groups in the population , i.e., k= ni, and

Model II or a random effects model as the case where the

f interest  is in the population from which the sample caine,

i.e., k <m. This thesis will be concerned with only

fixed-effects one-way analysis of variance.

The analysis of variance technique requires several

assumptions. Specifically , it is assumed that the

observations from each of the subpopulations are random

variables distributed normally with mean ~.t + and stan-

dard deviation a = a. for all j. In other words, the
1

model may be expressed as

I
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x.. = ji + 6. + e.. i = 1, . . .  , k , j = 1, .. .  , n

x
3 “ N ( ~i + iS. , a)

e.. “~ N ( 0 ,  a)

and

cov(x11 , X~ m ) = 0.

Wi th  this  model the hypotheses

H0: U1 = = U k vs. H1: not all means equal

can be tested with the following s tat ist ic

F 1 = ~~n~ (~ 1—~)
2/(k_l)

~~(x~ .-x1)
2/(N_k)

i=l j=l ~

where
k

N =  ~~~i=l 1

— 1 ~i= —

~i j=l ‘~

— k n
x _ : r ~ ~ X1 .

i=l j = l

This statistic can be shown (Kempthorne, 1952) to be dis-

tributed as a noncentral F variate with (k—l, N-k) degrees

of freedom and noncentrality parameter I’tA, where

k k k
A = ~ 6~~

2n~ = ~ (U i — ti) 2fl i with ~ = -4— • ~i=l i=l i=l

a 2 a 2

and Fi =
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The density function of a noncentral F variate with v1,v2

degrees of freedom and noncentrality parameter A is given by :

f Cx )  
e~~~ v1~~ l ~~

½v 2 x ½v1-l

V ,V ~~~1 2 B(½v1, ½v 2 ) (v 2+v 1x)~~~’f ”~’2~

~~ 
1½~ Ix 

1~ 
r(½(2j + v1 + v2))

j=O [v2 + v1xj j !r (~ti2) r ½(2j + v~
)

(Johnson and Kotz , 1970) .  ( 1.1.1)

If the null hypothesis is true , the distribution of

F is a central F distribution with k-i , N-k degrees ofcal

freedom . Hence , if the hypothesis is rejected whenever

F al is greater than the lOO(l-a)% point of this ciistri-

bution , that is

Fcal > Fk_ l ,N .k , l_a

then the significance level of the test will be a.

• The operating characteristic curve of the test, that

f is , the probability of accepting H0 is given by

Pr{Fcai ~~. 
Fk_l ,N_ k ,l.,.a)• Since Fcal ~~~ Fk_ 1,N_ k , j~~ 

the

OC of the test is characterized by the parameter ~ = nA, i.e.

OC ( A )  = Pr {F k l ,N .k ,~~ 
F

~~~1,N .k , 1_a J

Several sets of tables and curves have been prepared

from which the OC curve for selected tests can be obtained

(Tang 1938 , Pearson and Hartley 1951, Lehmer 1944, Fox

1956 , Fix 19 4 9) .  Most of these tables are entered with a

different parameter than ~~~~. Appendix A contains a

I
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computer program which will calculate the OC curve (as a

function of A) for any given test.

Ori g ina l ly  ANOVA was derived from a distributional

point of view , but the F-test has been found to possess

several optimum properties. Hsu (1941) showed that the

F-test is UMP amongst all tests of size a whose power

depends upon A , and Wald (1942a) proved that the F-test is

best when one is interested uniformly in all alternatives ,

as expressed by uniform weighting on spheres. As far as

ANOVA is concerned it is immaterial whether the value of

A is built up by a number of small contributions or a

single large one. Situations where instead the main empha-

sis is on detection of large deviations should not use

ANOVA since the test is no longer optimum in these cases.

1.2 SEQUENTIAL ONE-WAY FIXED EFFECTS ANALYSIS OF VARIANCE

Wald (1947) first presented , and systematical ly

studied , the sequential test of a simp le hypothesis aga ins t

a simple alternative. Let 11
~ 

denote the hypothesis that

the popu lation densi ty  is f0 (x), and H
1 

the hypothesis that

it is f
1
(x). Constants A and B are chosen (A > B), and

a f t e r  each observation in a sequence the corresponding

likelihood rat io  is computed :

A = _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

f 0 (x 1) f
0

(x 2
) . . . f 0

(x~~)

II
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I
The procedure is then as fo l lows : r e j ec t  H 0 if A~ > A ,

accept H
0 

if A n < B, and obtain another observation if

B < P~ < A. A and B are chosen bO as to make the prob-
L 

ab i l i t i e s  of Type-I and Type-Il  errors equal to a and B

respect ively .

Exact values of A and B are difficult to obtain.

However , Wald (1947) proved that for small values of a arx~ B
A~~~~l - B  and B ” ~ B

a 1 - c t

Since the hypothesis about the equality of K normal

population means with common unknown variance is a composite

mul tiparameter hypothesis with a nuisance parameter , Wald ’s

theory of the sequential probability ratio test cannot be

direc tly applied. To deal with problems such as these ,

Wald introduced the method of weight functions which ,

through the notion of a prior distribution for unknown

parameters~ essentially reduced the basic problem to test

hypotheses in one parameter families. A difficulty with

this procedure is the choice of the weight function .

Cox (1952) devised a unified method under which sequential

tests can be obtained for  composite hypotheses.  The basic

idea behind Cox ’ s procedure is to consider a sequence

formed by transforming the original observations , the

t r ans fo rma t ion  chosen so that  the new sequence depends

upon a s ingle  parameter . Although the d i s t r ibu t ion  of the

transformed values {Tn} depends upon only a single para—

II
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meter 0, the sequence {T } may not be independent. Cox

gave conditions under IThich the following factorization is

possible

,T )  = f(T I0)f(T21 . . . ,T )

where f(T
21 ...1T~~) does not depend upon 0. When this

factorization is possible a sequential test can be developed

to make a decision about this single parameter 0, using

only the transformed values {T~~}. The test for discrim-

m ating between the hypotheses

H 0 : ® vs.  H 1: 0 = 01

can now be constructed by considering the following ratio

f ( T  0
A 

= 
—-

~~~
---—-

~~
---

~ f ( T ~~~0~ )

Joh nson (1953) applied Cox ’s method to the follow ing

one-way fixed effects analysis of variance problem . An

experiment is carr ied out in stages , and at each stage a

fixed number r., for i = l,.•. ,k, of observations are
1

taken  from each group . Denote the jth observation on the

ith group at the nth  stage by ~~~~~

Let
k

SSB = n ~ r.(X.-~~)
2

n i 1i=l
and

k r1 n
SSW = ~~ ( X .  •

n ijs 11=1 j=l s=l
wi th

r
= 

_j___ 
~si ~1 n r .  lJs

1 j=l s=l
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— k n
~ r

~ ~
1 i l  j =l  s=l
I

N = n~~ r 1i 1

and
SSB / ( k — l )

F = ( 1 .2 .1)
n SSWn/ 

(N_ k)

I The distribution of the sequence {F~~} depends only

upon the noncentrality parameter A. Apply ing Cox ’s theorem ,

a sequential test for discriminating between the hypotheses

H 0 : A = A~ v s. H 1: A = A 1 , A 1 
> A~ 

(1.2.2)

for  a given a and B is specified by the decision rule

f ( F ~~ A 1) 
< B

Accept H0 
if —

f(F IA 0 ) — 

1—a

f (F IA 1) 1—B
Re jec t  H if > —

f 
f ( F

~~IA 0
) a

otherwise continue to the next stage. (1.2.3)

I
An equivalent test was derived by Hoel (1955) using

Wald ’s method of weight functions. The weight function

Hoel emp loyed was a genera l i za t ion  of that  used for  Wald ’s

I sequential t—test.

I
I
I

I I
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The same sequen tial test ( i . e . ,  the test s t a t i s t i c  of

(1.2.1) and decision rule (1.2.3) of the hypotheses (1.2.2)

L has also been by Hall , Wijsman and Ghosh (1965). Their

deriva tion involved apply ing the principal of invariance.

They showed that test statistic of equation (1.2.1) is

unchanged by az~y of the following transformations : r

( i )  X . .  = C X . .  C > 0
iJn lJn

(ii ) X~~.. = X . .  + cu n  lJ f l

( ii i)  an orthogonal t ransformat ion

A lso , they were able to prove that the sequential test

was UP4P for testing the hypotheses H
~~
: A 

~ 
vs.

Ii i : A > A 1, by showing that the density f (F~~l A )  possessed

a monotone l ikelihood ra t io  (Lehman ( 1 9 5 9 ) ) .

In addi t ion , they proved that  the vector of s ta t is t ics

T = , , . . . , SSw } was a transi t ive  s u f f i c i e n tn 1 2 n

sequence. Th is f inding is of importance in later chapters

of the thesis.

As p rev ious ly  explained , the sequential  test is carr ied

out in stages , where at each stage a f ixed  number 
~~~ 

fo r

i = 1, . . . , k , of observat ions  are taken f rom each group .

Throughout the remainder of this thesis it will be assumed
3

that at the first stage two observations from each group will

be taken (this is so the statistic SSB1 will not be zero on

I
I
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the first stage). Each subsequent stage will result in one

observation from each group being taken (i.e., r .  = 1 for

all i). All future discussions will pertain to this parti-
L

cular testing situation.

As in the fixed sample test, the density of the statistic

• ~~~ (F~~JA ) , is that of a noncentral F variate and is given

in equation (1.1.1). Therefore , the decision rule of equa-

tion (1.2.3) requires calculating the ratio of two noncentral

F densities. For specified values of a, B~ A 0 
and A

1 
the

decision rule can be reexpressed as :

accept H
0 if A I

1—u

• reject if A > _ l-B

continue otherwise

where A (K - l )F

- ~~~~~~~~~~~~ M[T ‘ ‘ 2(K (n-l) + (K_l)F~)]
A — R(F ) = 

1W-l K-i  A 1
(K _ l ) F~

M[T ‘ 2 ‘ 2 (K (n-l) + (K_l)F
n)

and M (x,y,u ) ,  known as the conf luent hypergeometr ic  f u n c t i o n

i s def ined as

r (y) r ( x+ t )  U
t

M (x,y,u) = __________ —

t=0 r(x) r (y+t) t!

Since the above decision rule is a function of the

statistic , ~~~ the equations may be solved to obtain a

decision rule in terms of that statistic. That is , two

I
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critical values of the statistic may be found ; F A and

F R such that  R (F A ) = ~/(l-a) and R(F R
) = (l-B)/ .

When these critical values have been calculated for all

stages , F~
A 

and F~
R
, n = 2,... ,m0; the sequential

test can then be conducted by comparing the statistic ,

of equation (1.2.1) against these critical values. In

summary, at every stage n the following decision rule

is applied :

accept H if F < F
A

0 n —  n

reject H if F > F0 n — n

continue if F A < F > F Rn n n

The test is usually performed using the somewhat

simpler statistic
SSB

Vn SSWn

The relationship between the two statistics F~ and

V is simplyn (N-K)V -•
= F

(K—i)

Conducting the test with the statistic V requires trans-

forming the critical region as well (e.g., vA = (K—l)F~~’(N-K)).

Tables of the c r i t i ca l  values have been prepared for

selected values of a, B , K , A 0 and Ä~ by Ray (1956)  and

B.K. Ghosh, et al. (1967). However , these tables are in terms

of the test s ta t is t ic  G
n = Va/K. Appendix B of this thesis

contains  a computer program which calculates the cr i t ica l  values

of V~~; Vn
A and V~~~, for specified values of a, 8, K , arxi A.
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As with all statistical tests, one important

property of the test described above is the Operating

Characteristic Curve . The OC curve for the above test

is strictly a function of A , and is given by

OC (A ) = Pr {accepting H
0: A = A

0 
if A = A }

Wald developed an approximation for the OC curve

of a sequential probability ratio test of f(X ,®0)

against f(X ,01) provided the equation

E0{[f(x ,01),f(x,o0)]
h
} = 1

has a nonzero solution h = h(0), and the {x1} are i.i.d.

However , since the above test is conducted on the trans-

formed sequence {v~ } which are not independent , Wald ’s

approximation is not valid. Bhate (1955) developed a

conjectural formula , similar to Wald ’s approximation for

the OC curve , when the {x~~} are not independent.

Ghosh (1970) suggests that substituting the sequence {v~}
into Bhate ’s formula may yield a useful approximation to

the OC curve . The result of this substitution yields the

following approximation to the OC curve.

If h . (A ) is a nonzero solution of the equation

f
~~
(v
~ ~~~~ 

,V~_ 1 ;A 1) 
h~ dF(V~~V1,. ~V~_ 1 ;A) = 1
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and h . (A) h(A ) for all i > 1, that is h
~~
(A) varies

very little with i for a given A, then

eA~~~
t) _ i

OC(A) ~~ 
.

— 

e~~~~
)_eB~~~

)

Where

B~~~ Ln~~~L
a 

— 

1-a

The crucial point in the use of the conjecture lies

~n the verification of h~~(0) ‘
~~ 
h(0) for various values

of i. Also it must be noted that this approximation is

only valid for infinite Wald regions.

The only other alternative , to date, for obtaining

the OC curve for this type of test is to employ Monte

Carlo techniques.

Also of interest in a sequential test is the Average

Samp le Number function. For the above test the ASN function

will be defined as:

*ASN(A ) = Expected number of stages until a decision

*is reached if A = A

As with the OC curve , Wald ’s approximation to the ASN ,

is not valid due to the dependence of the {v
~ } 

sequence.

No general formula (exact or approximate) for the ASN for

composite hypotheses exists, but Bhate (1955) has developed

I,
I
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I
I a conjectural formula along the same lines as that for

the OC curve . Ray ( 1956) has applied Bhate ’s conjec tura l

I formula  to the one-way f ixed  e f fec t  analysis  of variance

test , and obtained expressions for A = A 0,A 1. Agai n ,

I as with the OC curve this procedure is valid only for

g open Wald regions.

Since the reg ions are open , it is possible to

progress through a large number of stages before a

decision is reached . The number of stages will always

be finite , however (Johnson , 1953). One way of assuming

f terminat ion within a reasonable amount of time is to

truncate the test. Truncation involves altering the

Wald regions so that by some stage m0 
a decision can be

made.

I This thesis will be concerned with developing

procedures to obtain the ASN function and OC curve for

a SANOVA test with any given set of truncated regions.

The following chapter contains a derivation of SANOVA

for the case k = 2 by the Direct Method of Sequential

Analysis (Aroian, 1968).

I

I

(I
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1. 3 CONCLUSION

This chapter has served to introduce the SANOVA

test. This thesis will pertain to obtaining the OC

and ASN functions of such a test. Currently , only

approximations exist, such as that of Shate (1959),

considered in this chapter. The next chapter will

derive the first exact procedure for obtaining the
4

OC and ASN of a k=2 SANOVA test.

A



2.-i

2.0

The major advantage to performing an analysis of

variance sequentially is the possible reduction in sample

size over that required for the fixed sample test. Since

the sample size is not predetermined in a SANOVA test,

the experimenter would like to be assured that the sequen—

tial test can offer an equally discriminating test with

smaller sample size than the corresponding fixed sample

test. As previously discussed , such assurance can be

obtained by examining the OC and ASN curves of the

seq uent ia l  test.

In this chapter an exa ct procedur e is deve loped for

obtaining the OC and ASN curves of a SANOVA test.

This  procedure is the f i r s t which yields exact results

and is versatile enough so as to be used for tests with

general regions. It is hoped that the procedure will be

I an inva luab le  tool for designing SANOVA tests.

In a SANOVA test the decis ion of acceptance can be

made at any stage i , i = 2, . . . , m
0

. Thus , the pro-

b a b i l i t y  of accept ing the n u l l  hypothes i s  must  be calcula-

ted as the sum of the probabilities of accepting at each

• m0
state , i.e. OC = 

~ 
P7~

1. Of course, these
i=2

• p r o b a b i l i t i e s  w i l l  depend upon the state of na tu r e  A .

I
I
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Unlike the fixed sample test, these probabilities

can not be obtained by simp ly integrat ing the d i s t r ibu t ion

of the test statistic. One must remember that in sequen-

tial analysis the statistic at stage i only exists when

the statistics at all previous stages have had values

within the continuation region , i.e., FA
3 < F .  < FR

J 
‘

j = 2 , . . . , i - 1. Thus , the distribution of the

test statistic at stage i is not a true probability

distribution since its total probability content is not

1 (rather • Were this distribution known it

could be integrated to obtain 
~A

1

~ 
Unfor tuna te ly  this

distribution cannot be obtained analytically .

However , the procedure developed in this chapter

obtains a “truncated” density at stage i—i . Rather than

utilizing the density of the test statistic F
~ i this

procedure utilizes the joint density of the s u f f i c i e n t

statistics at stage i (i.e. each of the K sample means

and the pooled estimate of the variance) . From this joint

density the densi ty of F
~ 

can be obtained which then can

be integrated to yield 
~A

1

The joint density at stage i is obtained from the

joint density at stage i—i by applying Aroian ’s direct

method of sequential analysis. This consists of determin-

ing the mapping of points at stage i-i to those at
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stage i (where a point represents a value of the vector

of sufficient statistics). This mapping describes how

the statistics at stage i—i are changed by the new

observations to yield statistics at stage i. Thus for

any given point , A , at stage i, there is a region of

j points, P. at stage i-i which can be mapped into it.

Due to the nature of a sequential test, some points

in P may result in a decision being made at stage i-i.

If so, the point can not be mapped into A , since the

test would terminate at stage i—l. Thus, for a sequen-

tial test the region of points , :1 , which can be mapped

into A must include only those points in P which lie

in the continuation region at stage i-i. Ultimately,

this restriction will yield the desired “truncated”

density for stage i (i.e., the total probability content

is

As previously mentioned the statistics at stage i

are transformations of the statistics at stage i—l and

the new observations taken at stage i. Suppose that the

required number of sufficient statistics is n , and tha t

the number of new observations taken at any stage is K

• (assuming one observation from each population would imply

a test for the equality of K means) . The above trans-

r formation would then be a transformation of n + k random

variables (the statistics at stage i and the K new

I
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observ ations) to n random variables ( the stat i s tics at

stage i). Since the dimensionality of the two sets of

random variablesis not the same, K surplus random

variables must be introduced . These K surplus variables

will be judiciously selected functions of the statistics

at stage i-l and new observations . This introduction

of surplus random variables makes the transformation from

an n + K dimensional space (the statistics at stage

1-1 and K new observations) to an n+K dimensional

space (the statistics at stage i and K surplus van —

ables) . The joint density of the statistics at stage i

and K surplus variablescan be found by calculus.  The

procedure is essentially equivalent to transforming vari-

ables in mul t i ple integrals.

Finally, the desired density (of the joint distribu-

tion of the statistics at stage i) is obtained by per-

forming a multiple integration of the joint density of

the statistics at stage i and K surplus variables.

The region of integration will be over all points con-

tained in the set of points H.

The above discussion has given a brief outline of

the “exact” procedure developed in this chapter of the

thesis. The following sections describe the procedure

in greater detail.

I
I
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2. 1 THE DIRECT METHOD OF SEQUENTIAL ANALYSIS

/ \ ro ian  developed a gene ra l  theory  f o r  ob ta in ing  the

3 properties of a sequential test exactly (Aroian , 1968) -

To determine the properties (usually only the OC

curve) for a fixed sample test one needs to know the

d i s t r i bu t ion  of the test s ta ti s t ic  for  a g iven samp le

— size ri for different values of the parameter being tested.

For example , in the f ixed  samp le ana lys i s  of va r iance

test where n observations are taken from each of k groups ,

the test s t a t i s t i c

k 2
~ (x1—5~

) /(k—1)

F i= 1
cal — k n

~ ( X .
i=l j — l  ‘~ ~

is distributed as a noncontrol F variate with (k-l,N-k ]

• degrees of freedom and noncentrality parameter F~ = r A .

The OC curve for a given value of the pa rame ter , ~~~, is

then obtained by i ntegrating this distribution over the

~icceptance region. For fixed sample ANOVA

OC(~~) = 1 
~~~~~~~~~~~~~~~~~~~~~~~

Acceptance region

where f v (X) is the noncentral F ‘1c~nsity function.
l ’2 ’
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The d i r ec t  method recognizes  as i ts p r imary  p r inc ip le

that observations are taken in stages in sequential test-

ing , and tha t for  th is reason a way mus t be found to
I-.

ca l cu l a t e  the d i s t r i b u t i o n  of the test s t a t i s t i c  T , atn

stage n.  In most cases T is not independent  of

T 11 T 2 ,~~ ~ , T 1, so tha t  the marg ina l  d i s tr i b u t i o n  of T~

must  be obtained by i n t e g r a t i n g  the j o in t  d i s t r i b u t i o n, i . e . ,

h n (T n ) = f~~~~ f 1h ( T 11 T 2 , . . . , T ,_ 1 ) d T 1+T 2
. .dT~~_ 1

Since a sequent ia l  test is terminated  whenever any T < T Am —  m

or T > T R ; i t  is not possible to have a va lue  of T ifm —  m n

any T .  T~ or T .  -~ T. R i=2,~~ 
.,n-l. Therefore , the

( l ir e c t  method considers only the truncated d i s t r i bu t ion

t (T ), wheren n

= Pr {T 2
A T 2 

T 2
R , T 3~ < T~ < T

3
R
,. . ~T n l

A 
<

T < T  R T t }.n-i  n—i  n

M~i t h cm a t i c a l ly  f is not a t rue  “ d e n s i t y ” f u n c t i o n  since

f f  ~4 1, but  w i l l  s t i l l  be r e f e r r e d  to as a dens i ty .

When T~ is dependent  upon T~~_ 1 in the fo l low ing manner

T~ = g 1(T ~~~1) +

w i t h  X ( n )  r ep resen t ing  the new o b s e r v a t i o n  at stage n , g 1 and g2
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a r b i t r a r y  f u n c t i o n s , f (T ) can be obtained f rom f (T ) .
n P ~ 

n—i

I3ahadur gene ra l i zed  the dependence by i n t r o d u c i n g  the not ion

of a t r a n s i t i v e  sequence of s t a t i s t i c s  (Bahadur , 1 9 5 4 ) .

A t r a n s i t i v e  s u f f i c i e n t  sequence { T }  is a sequence such

tha t fo r every n > 1 the condi t ional  d i s t r i bu t ion  of

T +1, given the set of observations up to stage n , is

ident ica l  to the condit ional  d i s t r ibu t ion  of Tn+i~ 
given

T n~ So, in general, whenever T is t r ans i t i ve  s u f f i c i e n t,

f (T ) can be obtained from f (T ) .n n n— i  n — l

Ins tead of obta in ing  f ( T ~~) via in tegra t ion  of a

j o i n t  d i s t r i bu t ion  the di rect  method obta ins  f (Tn n
d i r e c t l y  from f 1(T 1) ,  due to the t r a n s i t i v i t y  of T~~.

At  each stage n , the di rect  method ca lcula tes  the

probab i l i t y  of accepting H 0,  P A
n , and the probabi l i ty  of

r e j e c t i n g  H
0 , P ’, by i n t eg ra t ing  f n (T n ) over the

app rop r i a t e  regions.  In mathemat ica l  terms ,

p n f (T ) d T
A j  n n fl

T < Tn —  n

I
R j  n n n

T > Tn —  n

These p r o b a b i l i t i e s  depend upon the s tate of n a t u re  0,

since the distribution of T depends upon the parameter 0.

So fo r any g iven 0, the OC and ASN curves  may be calcu lated

as:

F
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OC( 0 ) = 

~~~~~

ASN (0) = 
~~ 

i ( P 1 
+ P

R~
) = 1 + 

i~~l 
~~~

where m0is the truncation point of the sequential test.

U s u a l l y  the densi ty  f
n

(T
n
) cannot be obtained from

fn_l (Tn_l ) anal y t i ca l ly, so that the procedure must be

performed numerically . In numerical terms f
n

(T
n
) repre-

sents a “grid” of T values calculated for each n from
n

a “ g r i d ”  of T values.n-i

The dir ect method has been used in a var ie ty  of

appl ications , including tests for the mean of a normal

d i s t r i b u t i o n  w ith the s tandard devia t ion known (Aroian

and Robison , 1969) and unknown (Scnmee , 1 9 7 4 ) ,  and tests

of the s tandard  devia t ion  of a normal d i s t r i b u t i o n  w i t h

mean known and unknown (Aroian , Gorge , Goss and Robison ,

1975)

The fo l lowing  section contains a discussion of the

app lication of the direct method to SANOVA .
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I
2 . 2  APPLICATION OF THE DIRECT METHOD TO SANOVA

I
SANOVA is based on the statistic

v~ = n 
i~ l ~~

i(n)~~~(n)~~

2
’ i~ l j~~l 

~~~~~

In order to solve this problem by the direct method a

transitive , sufficient sequence {Tn} 
must be used .

The sequence {Vn} 
is not transitive , so one must use

the multidimensional transitive sequence

2
lTn J — l~~l ( n ) ? X2(n)? ‘~~k ( n ) ’5 (n )

where

n
x. = x .i ( n)  j= l  ~~

and

k n I x .  1

s 2 
~ I x . .  _(n ) 12

(n )  i=l j = l  [ iJ 
~ J

( H a l l , W i j s m a n , Ghosh , 1965) . S i m i l a r l y ,  one must  now

work with the joint distribution f ( X l(n) ?X2(n)l
~~~~

Xk(n)I

From this distribution P
A
n and 

~R 
can be obtained

by a k+l dimensional integration ,

n 
= fff A f

~ n~~~l ( n ) ’ 2 ( n ) ’ ’ ( n ) ~~~~
l ( n ) (n )

where A is the region in k+i space such that

II
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v = ~ { X .(~~) - n k ( n )  
~> /S2 (n )  ~ 

L
k 

[X 1( )+ + X  1)
n

k J ,~
L.

and

= f . . . f . . . f  f(X ...x s
2
~~~)dx . dS

2

R

where R is the region such that V > V
n —  n

The problem lies in obtaining f~~(T~ ). If the first
-4

stage at which a decision can be made is n
1 

> 2, then

and S2 are al lsince X1(n
1

) 2 ( n
1
)? ”~~

1Xk ( n
1

) (n
1)

independent

2f (? ) f
‘~l 

~I] 
= 

~ 
(x1 , , . . . , ~~~~~ )

1 (si) (n1) (nl )

— [X
l(n )

_n
lPl] 1X2~~~~

_fl
l~.i 21 1X k ( n l

) _ 1
~i~ 2]

J”~L
a2f 2 — 1) (~~2 )X

where

~ (X) = e~~~~~

Iis the standard normal density function and
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I
f
~~

2 (X)  = , X > 0
v 2”~

”2 F ( v/ 2 )

is the density function with v degrees of freedom .

Zince the power of the SANOVA test depends only upon A ,

the density f (T ) for given A can be calculatedni ni
by assuming u1 = = = ~~~ a = 1 and

The probabilities and p
R

1 need not be obtained by

integration of 
~n 

(T ) since the distribution of V is
~~ n 1

known to be related to the noncentral  F-dis t r ibut ion ;

k ( n —1)  *1 V~ ‘
~~ 
Fk_l ,k(fl l) (n1A ) . Therefore

(k— i)

I’kthl~
) v A

I ( k — i )  n 1
~~~~~ =

~~~~A j 0 fk_1 ,k(n~~ I),n,A * dX

and

= fk_l ,k ( n ~~~~) , n1A
* dX

k ( n 1
..1)V~~~R

(k—i)

These integrals are evaluated by the methods discussed in

Appendix \.

I
r
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To determine f (T ) the direct  method w i l l  ben +1 n +1

app lied . Since {Tn} is transitive,f +i (Tn + i ) can be

obtained directly from 
~n 

(T~ ) .  Suppose the following
1 1

relat ionships exist between the elements of T 
+1 and Tn1.. r11

=

Xk( +l) =

S
2

(
~~~~~~~~~~ 1) 

=

where and g2.,i=l ,... ,k+l are arbitrary functions ,
and X 

+ is the vector of new observations from1)

stage n1+l. The statistic T +1 defines a transformation1

which maps points in the 2k+l dimensional space of T
n~~

X
(fl +l)

to the K+l dimensional space of ~~~~~~ To make the

transformation from a 2k+l space to a 2k+l space , the

following additional variables will be defined

El(n +l) = g 2 k+2 (X (n1+1)
)

E~~~ 1
Ek(n +l) = g2 2k+1~~~(n1+l))
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I
where the functions g21,i=k+2 ,

...,2k+l are arbitrary
functions. Since the transformation is now 2k+l to 2k+l,

the joint distribution of Xl(n +l)~~~
•
~~l

Ek(n +l) can be

obtained. From this distribution the joint marginal

distribution of X ,.. ,S2 will be obtainedl(n1+l) (n1+l)

by integrating out El (n + l)~~
•
~~
•l Ek ( n +l) • To obtain the

j o i n t  d i s t r ibu t ion  of T and E , one must firstn 1+l n 1+l

obtain the joint distribution of T and X 1 +l)~ 
Since

~fl ]

X (n +1) is independent of T , the joint distribution is
1 1

simply the product of the respective densities; i.e.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = ~~~~~~~~~~~~~~~~~~

f(X (~~~ 1))

Then under certain conditions (which for this general

discussion will be assumed to be true, but are dependent

upon the functions g1. and g2~~
) the joint distribution of

T and E is given by
n1+l n +1

¶ 
f(T

~~ +1,
E +1) = ~ (ul(T l X ( + l ) )? ... ? u2k+l (Tn~~

X ( +l) ))

f
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where ui (Tn IX ( +l)),i=l ,
...,2k+l is the set of inverse

1 1

transformations and I~J I 
is the Jacobian for the transforma-

tion. As previously mentioned the density of (T
1 n1

can now be obtained as follows

f ( T ) = f f . . . f  f(T ~1, E ÷ 1)dE 1( 1) •~~~
dE k (  1)

*where R represents the integration region in k space.

The direct method restricts the set of points

Tn~~
X (n +l) to be mapped into Tn + i~ 

to include only those

points for which V~ 
L 

< V < V
n 

u~ This entire procedure
1 1 1

can be represented diagramatically as shown in Figure 1.

The following section contains a complete derivation

of the direct method procedure to obtain f (T ) fromn n
f
n_i (T n_i ) for the special case k=2. £his discussion will

specify the functions g1.,g 2
.,u~ and derive the integration

region R
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FIG U RE 1

The Direc t Method Logic

_____________________________________________________

Star t  w i t h  the d i s t r i b u t i o n  of

the sufficient statistics at stage

f (T3 
___________________________________________________

.1~Form the joint d istr ibut ion  of the

s u f f i c i e nt stat istics at stage

and new observations from stage n1+l

g ( T  , X ) = f (T ) — f ( X
n 1 n 1+l n 1 fl

1 
n 1+l

1~
Find the inverse distribution of the

statistics at stage n
1
+l (T 

÷~~
)

n1
and the k+1 surplus variables (E

f(T 1, E 
~~~ 

= J x

~ (Ul~ T~~~~X
’

i 
— U 2 (T~~~~x +l ))

r
Integrate out the surplus variables

E~ +1’ the i n t e g r a t i o n  region being
1

i ~ res t r ic ted  to include only those po ints

• T for which v 
L 

F V Un 1 n 1 n 1 n 1
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2.3 DERIVATION FOR THE CASE k = 2

This secti.on will derive a procedure for obtaining

the properties of a SANOVA test for the special case when

k=2, groups .

The hypotheses of interest in this~ case become :

H
~~
: ~

j 1 = ~‘2 vs.  H 1: 
~~ ~

The invariant SPRT translates the above hypotheses into

the following

A < A~ H 1: A > A 1

where

( —~~

A = 
1 
22c~

and A
0 is usually chosen to be zero.

The test s t a t i s t i c  used for  the sequent ia l  test of

the above hypotheses becomes

V = T /Dn n n

where

4 T = n~~ (~ • (n )  (n ) ) 2 
= 1x 1 ~X2 (n)’ 

2

and

= 

i~~l j~~l 
(x i j -x i(f l ))1
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To conduct such a test requ ires the speci f i c a t i o n  of the

f o l l o w i n g  q u a n t i t i e s: the n u l l  hypothes is, A ; the
0

dlt e r n a t i v e  hypothes i s, A
1; and a set of reg ions

V A I V R I i 1 , ~, m 0 (m
0 being the test t r u n c a t i o n  po in t) .

The regions may be any type (Wald or modi f i ed  W a ld )  tha t

s p e c i f y :  accept H 0 if at any i , V i < V~~
1 and r e jec t

l1
~ 

if V. > V~~~; otherwi se contin ue samp l i n g . The

proper t ies of such a tes t consist  of the OC and A SN

curves as functions of A; i.e., OC (A) , and ASN

( A ) , A
0 

< A A
1.

The d i rec t  method involves ca l cu l a t i ng  for  a g iven

A f ( T ) at each stage n , f rom which the probabil i t ies

and are obtained . Once the quan t i t i e s  A R

have been ca lcu la ted, the po in t s  O C ( A  ) and

ASN(A ) may be obtained . The following discussion will

p e r L i n lo o b t a i n i n g  
~ A

1
’ P~~ and thus the OC and ASN

f o r  i g i v e n  s t a t e  of n a t u r e  A = A . U n f o r t u n a t e l y ,  the

statistic V is not transitive , and in order to conserve

al l  the necessa ry  i n f o r m a t i o n , one must  resor t  to a t ransi-

tive s u f f i c ient sequence , such as {T } = {W , Q , R }  where

W = xn j = l J-~

n
Q = ~ X

2j = l

R = ~ 
2

i=l  j = l  j

r
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The reduct ion f r o m  Tn 
-
~ V~ is performed at each stage

in the f o l l o w i n g  manner

Vn — n n 
. (2 . 3 . 1)

2 [rARn
_ W

n
2 _Q

n 2]

The direct method involves calculating , for every stage n,

the j o i n t  densi ty f n (W n iQ n~
R n )

~

Suppose the f i r s t  stage at which  a decision can be

made is n > 2. The densi ty  of f (W ,Q , R ) is obtained1 —  n 1 n 1 n 1 n 1
as fo l lows :

Let

W = n X1

Q = n 1y

R = D 1 1

where

x =~~~~

Y = 5 ~2 ( n 1)

2 n, —

D = ~ (x. .—x. )
j = l  i=1 ~~ i ( n 1)

Since the quantities X , Y , D are all independen t, the i r

j o i n t  d i s t r i b u t i o n  is given by;
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I
I (X , Y , D) = [X

2
2(n _ l) (D n

) .~~2] ({(__
1

l)] 
. ______

since th i s  procedure is being used to f i n d  the  p rope r t i e s
*of the test when A = A , and the test is i -v a r i a n t  w i t h

respect to A , we can let U 1= 0 , a = 1, and

=

So th i s  densit ~ may be expres’sed as

f ( X 1y ~D~~ ) = X
2

2 (n _ l) (Dn )
~~~(~~~~~

Xl(n ) ) *~ (~ 
(X 2 (n )

_
~~~~~~~) .

1’rom t h i s  dens i ty  we can de termine  the j o i n t  d i s t r i b u t i o n

of W ,Q , R . The set of inverse t r a n s f o r m a t i o n s  is
~~ 

n 1 n 1

g i v e n  by

x = n1 n1

= n1 n1

D = R _ ! . W 2
~~~~~~Q 2

n1 n1 n1 n1 n1

w h i c h  has a Jacobian

_L 0 0n i
1 -J 0 0 — 2n l

--~- W --~-Q 1n1 n1 n1 n1

I
I
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2— 2 0

Since this transformation is one—to-one

= (J~~
X 2

2~ l)E~~~ 
~ -w 2 1 Q 2]

~ 
(1W ) )  . ~~r-~

— 

~~~~~

From t h i s  dens i ty , F (W ,Q , R ) w i l l  be obtained ,
2 2 2

where  n 2 = n 1+ l .

F i r s t  consider the fo l l owing  f u n c t i o n a l  r e l a t i o n s h ips

between the s t a t i s t ic s  at s tage n1 and stage n 2 :

w = w ÷ , c  ( 2 . 3 . 2 )n 2 n ln

Q = Q + Xn 2n

R = R + X
2 

+ X
2

n 1 ln 2 2n 2

The s t a t i s t i c s  are changed f rom stage n 1 to stage n 2 by two

new observat ions, X ln f rom group 1 and X 2n f rom group 2.
2 2

Since X and X are independent  of W , Q , R , theln 2 2n 2 fl
1 

fl
1 

fl1
j o i n t  d i s t r i b u t io n  of X 1~ , , W , Q , R is s imp ly

f P
n
1

(Wni
?Qni

l Rni
? X~~

2 
i X

2n ) = f n1~~ n1
iQn1~

Rn1
) ~( x ) .~(x /x* )

E q u a t i o n s  ( 2 . 3 . 2 )  r epresent  a t r a n s f o r m a t i o n  f rom the 5

dimension al space of W , Q , R , X , X to the 3n1 n1 n1 in
2 2n

2
d imen ~n o na 1  space of W , Q , R . A trans fo rma t ion  f romn2 n2 n

2 

_______ _____L
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5 d im e n s i o n a l  space to 5 d imens iona l  space can be achieved

by introducing the surplus variables Z and U , yielding the

fo l lowing  t r a n s f o r m a t i o n, T:

w = w + x  (2.3.3)
n 1 in~

Q = Q + X
n1 2n

2

R = R + X 2 
+ X 2

n1 
in

2 
2n

2

Z = X 1

U =

The set of inverse t r a n s f ormations , T 1
, is then g iven by

= 
~‘ 

— z  (2.3.4)
n 2

(2 = (2n
2

R = R
n 1

x = zin 2

x = U2n 2

This transformation has a Jacobian matrix of the following

form

1 0 0 0 0

0 1 0 0 0

J = 0 0 1 0 a ~~[i  0

0 0 0 1 0 L~2l B 22

j 0 0 —2 Z —2U 1

I
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so that

I~ I I I I B22
— B 211 01 = I I I B~ 2~ = 1B 22 1 = 1.

Thus , the jo in t  d i s t r ibu t ion  of W , Q , R , 2, Un2 n~ n2
is g iven by

t (w , (2 , R , Z , U )  = ? (w —z, Q -U, R
n 

—Z2-U2, z, u)
2 2 2 1 2 2 2

( 2 . 3 . 5 )

The margi nal jo in t  d i s t r ibu t ion  of W~ , (2 , R is obtained
2 n 2 fl

2

by integrating (2.3.5) with respect to U and Z over the

appropriate regions. Ordinarily this region consists of

all  possible values of U and Z , —~~~ < U < ~, —~~~ < Z < ~~;

so that the marginal is obtained by

f (w n2 
‘0n2 

,R )  f f  ~n1~ 
[Wn2~~ ? 

~n2~~ ’ R ~Z 2
~U 2 , z, u)dzdu
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I
By substitution this integration becomes

f(w , Q , R )
-~~ ‘

~2 
n2 n2

= 
~~~ 

X
2
~~~~_~~ ~

R - Z 2 
- u2- ~~ (W -z) 2- ~~ (Qn2~~) 2J

~ ~ 
~L (W~~

_
Z)] ~ [T~ ~~~~~ ~

n
2 )] 

-

• 

~~ 
~~ (U_/~~~

] 
~dZdU

Since the chi-squared density function is only defined

for positive values , the integrat ion reg ion of U and z

must  be chosen so that

p — z 2—u 2— —
~~
- (w .z)2... _L (Q — U) 2 

> 0n1 n
2 

n1 n2 
—

Therefore, for a given value of U , say U* , the range of

allowable Z values is g iven by the following roots.

W I i 2 2 1 /
= 

+ / n 1 J 
___  ~~~~

‘2 I I * ~ n2
l imi ts  — 4 lR~ 

- ____ - I- ~ U‘
~~ n 14-1 ~ 2 n 1-fl n 1+lJ \

( 2 . 3 . 6 ) .

Let the smaller root (the lower limit of Z integration)

he denoted and the larger (the upper limit of Z) by Z~.
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The l imi ts of the U in tegration are given by:

2
U = ~ 

+ I ~ lB W n 2 
Q~~2 2

l i m i t s  — J  I ~2 — ____ — ____

n1 ~ n
1
+l L n 1+l

(2.3.7).

Let the smaller root (the lower limit of U integration)

be denoted by U
L 

and the larger by U~ (the upper limit

of U ) .

It should be noted that equations (2.3.6) and (2.3.7)

W 2

have solutions only if R - ____ - > 0.
~~ n 1+l n 1+l

If this  is no t the case , all  the above l i m i t s  ca n be

regar ded as zero , so that f (w , (2 , R ) = 0.
n2 r~2

For a l l  po in ts  R n W , (2 , such th a t

W 2 
~ n

2 2 ~ 2 ~ 2

R — 2 - > 0, the joint density is obta ined by more
n2 n 14-l n1

+1

f(Wn~~
Qn p R

n ) 
= 1U L~L

U f~~~~(W —Z , Q — U ,R - Z 2-U
2
,Z,U)dZdU .

(2.3.8)

A



I
2—25

The result of this integration yields

L
f(W , Q , R )  = 

(n
1
+1) 2 

X
2
2(n)[Rn (n~+ 1) 

Q
n
22]

~{~~~~~~
(ni~

i-i 
wn )] ~(/n l

+l
’
~~ fl~~~1 (Q~~

2

- ¶/c~’)))

This is the density which results if the first step

at which a decision can be made is n 2 
= n

1 
+ 1.

However , the direct method restricts the set of

Points (W , Q , R , X
2 

, X
2~ 

) to consist of
fl

1 
fl j• 

fl~• 
n
2 2

only those points such that v A < V < V R . The limits
n1 n1

in equation (2.3.8) do not consider this restriction.

The result of applying this restriction involves altering

the U and Z limits of integration . The integration region

consists of all point U,Z such that :

t}
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( 1) R
n
2 

— — U 2 — ~L (w~~—z )
2 — 

~~ ~~~~~~ 
>

IW — Z—Q +ul2
L n  n .., J( 2 )  V n

1 < 2 <
A 

2[n 1(R~~ _ Z 2_U 2 )_  (w~~ —z )  2_ (Q U) 2]

From these constraints integration limits U
U I U L 

and Z~~, ZL

can be obtained , such that

f n2
(Wn2

iQn2
i Rn2

) = 

J

U
UJ 

ZU f~~ (w —z, Q —tJ, R —U 2—Z 2, z ,u) dzdu .

Explicit  expressions for  these limits can be best derived

geometrically.

n nLet VA = V A 1 and V R = V
R i. such that at stage n 1

H 0 is accepted if

[w~~ _Q~~ ]2
< V (2.3.9)

2 [n R -W 2

~~Q 
2

i n
1 

ri
1 n1
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and H
0 

is rejected if
1 121W -Q
L n 1 ~ 1

2 2 
> V

R (2.3.10)

2{ni
R
n

_W
n ~~n1 

]
t

Solving the above expressions , when the equalities are

sa t i s f i ed, yields the following two surfaces:

B :  R
n 

= 

(2V A+ l)W n
2+ ( 2 V A + l) Q 2 _ 2W Q

2n V
l AS

R = c w (2 ~-2P W Qn
1 A n 1 A n

1 A n 1 n1

arid 

B : R = 

t2V +1)W 2
+(2V~~~~)Q

2 2 W Q

R n1 2n
l
V
R

R~ = CRWfl
2+CRQ fl

2_2P
RW fl

Q

where
2V +l

c = 
A 

and p =A 2n 1V~ 
A

with similar expressions for C and P
R R

The surface is an elliptic paraboloid since the

discr iminant , D

¶ D = 4P A
2
~

4C A
2 

= 4(1_ (2V
A+l)

2
)

will always be negative for V
A 

> 0.
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Si m i l a r l y  the su r face  B
R 

is an elliptic paraboloid , usua l ly

containing the surface B
A
. All points lying between these

two surfaces constitute the continuation region , C
nl

Next consider the surface induced by the transformation T.

This surface contains all points in T~ space , (W ,Q ,R
~ 

) ,
n1 

n1

which can be mapped into some point in Tn space
2

(W = a, (2 = b , R = c ) .
n
2 

n2 n
2

Since

a = W + X
1

b = Q + X
n1 2n

1

c = R + x  2 s- x 2

n1 in 1 2n 1

this surface is given by

C = R + (a—W )
2 

+ (b-Q )2: p
fl1 n1 n1

The su r f ace  P is an inverted elliptic paraboloid.

The intersection of the continuation region C , with

the mapping surface P, determines the integration region for

equation ( 2 . 3 . 8 ) .  This region is shown in Figure 2, and

depends upon the point (a ,b , c) as well as the regions

V and V
A R
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FIGURE 2

THE DIRECT METHOD INTEGRATION REGI ON

Rn

Mapping SurfaceAcceptance
Surface

Rejection
Surface • .

• . •

• a
• , S

—Integration
• V

RegiOn
• •

•

J

W fl



I
2— 3 0

I
If thi s r~ qion is projected onto the W~ , (2 axes one

~~

obtains the set of all W , (2 points for which
1

W , Q , R are cont ained on both the c o n t i n u a t ionn 1 n 1 n 1
su r f a c e  and the mapp ing surface. Let this set be

denoted by H;

11 : {w Q } s.t. ( W , (2 , R )  • C and ?.
1 1 1 1 1 1

The integration region for U and Z , for  a given point

W = a , (2 = b , R~ = c wil l  consist of a l l  points
2 2

U , Z such that the doublet W a - Z, (2 = b - U is

contained in the set H. Let this set be denoted by G ,

G: {z , U} such that (a-Z,b-U) f H.

Since there is a one-to-one relationship between the

sets G and H , the l i m i ts U , U , Z~~, AL 
can be found by

inspection of the set H.

An analytic expression for H can be found by

projecting B (~P and 13 (~P onto the W , (2 axes.
A R ri

1 
n
1

Since

R = C W  2 + C Q  2 2 p w  (2
R TI

1 
R n 1 R n

1 
R fl

P : R = C - (w a _a) 2 - 

n1~~~
) 
2

the projection of B flP onto the (2 ,W axes is obtained
R TI

1 
fl
1
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by su b s t i t u t i o n, y i e l d i n g  the  curve RE:

(c+i) w 2
+ (c +l) Q 

2
-2aW -2b~ -2P W Q = c — a 2 -b 2

R n
1 

ri
1 

n
1 

R n
1
n
1

Similarly the projection of B
A 

f l P  on to the Q , W axes
nl nl

yie lds  the curve AE:

(C~ +l)Wn
2
+ (C +l)Q

n
2 _2aW _ 2}

~~~~~
_ 2P

~Wn
Q
n

= c _ a 2 _ b 2

1 1 1 1 ~~~1 1

Both RE and AE are equations of an ellipse ; and since

the coefficients of w 2 and 
~ 

2 
are equal the axes of

n1
the ellipse are rota ted 45° . Thus , the set H cons ists

of afl points which are inside RE and outside AE .

Figure 3 shows the integration region for a particular

case. Many such integr ation regions can ar ise depend ing

upon the values of a ,b ,c,V ,V . However , the region wi l l

always be one of the following :

I. A point not possible at step (n+1).

Th is consists of a l l  poin ts (W +1, 
~~~~~ 

R~~~1
) such

w +~~
2 

~t h a t  R +l  - n+l  
- 

~+l 
< 0 , wh ich  means

~~~~~~ ~~ ÷ l ’  R +i ) = 0. A l l  f u t u re d iscuss ions about

integ ration regions wi l l  pertain to all points possible at

step (n +l)

*
For examining the types of integration regions that can arise ,

the following less cumbersome notation will be used: n = n 1.
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2 V +nV +1 
~

- ,/~ ‘( a -b )n v  1
2

RE _____ ___________

(~
.iJ~) [ - 

/ 1 (a + b) n ]  + ~~ R LW _
2(n+l) ( nV ) n 2 ( V  +n V + 2 JR R -

~ c a 2 b 2 n ( a + b ) 2 nV (a -b) 2
________ 

R
- - + 2 ( n +l)  + 2 ( V R + rtV R +T) ç

Note that RE will only be defined if the fol1o~’ing inequality

is satisfied

2
C-a 2 -h 2 

+ 
fl (a+b) 2 nV (a-b)
__________ 

R
2 ( n + l )  + V i V ~~ iT > 0

or

a2 b 2 ( a — b ) 2nC — 

n+l 
— 

n+l 
— 

2(n+l) IVR
+nV

R
+l) 

> 0

Whenever t h i s  inequal ity is not satisf ied , B never intersects
R

P. This means that none of the points that can be mapped

into a , b , c lie in the continuation region , resulting in

[(a ,h ,c) = 0.

RE is an elli pse with center at

/~~
‘(a+b) n

= 

2 (n+l )

+

R

2(V +nV +1)
R P
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II. Case when only a decis ion to r e j ec t  H
0 

is poss ible

at stage n.

When V
A 

is a number less tha n ze ro it is not poss ible

to accept H
0 

at stage n , si nce the lef t hand side of

equation (2.3.9) can never ~~ less than ze ro. Assum ing

V <co, the only  d e c i s i o n  t h a t  ‘ in be made at s tage n , is the

dec i s ion  t. G reject 11
0
.

IL  no dec i s ion  could  be made a t  s tage  n , V R =~ 
and

V < O , and as p r e v i o u s l y  d i scussed , the  set H cons is ts

of a l l  W , Q inside the following circle , RE
fl n p

(w~ _
~ 2~~)

2 
+ (Q -

~~~
-
~f J

2 

~~~ 
-

This is the set of all W , Q coordinates of all points J
w~ ~n ’ 

R~ whic h ca n be ma pped in to the po int (W
~ ÷ 1 = a ,

~n+i 
= h , R

~ ÷~ 
= c) and which  s a t i s f y P

[~ _ Q ]2
0 < —  TI

2InR - w 2 - ~ 
2]

[ 
TI TI

Once the ~~~ limits of the set H are obtained , the

U, Z l im its are ob taine d by the fo l l owing  rela tionshi p

between the sets H and G

U = b -

Z = a - Wn
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t
For the case when no decision can be made at stage n , these

l imits become those given by equations (2.3.6) and (2.3.7).

Wheneve r a decision to re jec t  H
0 

at stage n is poss ible ,

a set of po in t s , W~~~, Q * , R * , in W , 
~n ’ R~ space exist

such that.

* Q  *12
V (W *,Q * ,R * )  = r 

n_ ~~ —~1~~.V
2InR *..4~J * -Q *n ri n

Since these poi nts are not included in th e set H , the set H

now consists of all W ,  Q inside the following ellipse , RE:

(cR
+l)w

fl
2+ (C +1)Q 2

_ 2aW
fl
_ 2bQn

_2P
RWnQTI 

= c-a2-b2

To compare the two curves RE and RE consider the following

ro tat ed  coordina te  system :

Q = Z~i[Q +w 1
n 

2 ~~n nj

= 4’1-Q +W
2 L ~

The curve s in th i s  new coordi nate system become

I /~~n (a+b) 
2 vTn (a-b)1

2 2 2
RE ,,: - 

2(n+ .1) 
+ I 2 ( n + L j  

= -

and
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R E :  ~~ [~ - - 2 (a+b ) n12 
+ 

( V~ +nV~ +l~ [ — 
2 ( a_ b ) n V

R
~ / L r~ 2 ( n + l)  J nV / [ 2 ( V

R
+nv

~~
1
~
2

( 2 nV (a—b)2

— ~‘ c— a 2 -b 2 
+ 

n (a+b) 
+ 

R

2 ( n + l )  2 ( V
R
+nV

R
+ l)

Note tha t  RE will only be def ined  if the fol lowing inequal i ty

is sat i s f ie d

2 nV (a-b )2

C-a2-b2 + 
2(fl+l) 

+ 2 ( V  +nV +1 > ~

or

2 2 2
- 

b 
- 

(a- b) n 
> 0n+l n-f l 2(n+l) (V

R
+nV

R
+l

Whenever  this inequal ity is not s a t i s f ie d , B
R never intersects

P . Th i s  means tha t  none of the points  tha t can be mapped

into a, b , c lie in the continuation region , resulting

in f(a ,b ,c) = 0 .

RE is an ellipse wi th  center  at

n
= __________

2 (n+l)

/21(a-b)nV
W = _ _ _ _ _ _

n
2 (V R +nv R + l )
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-
and minor axis along the W axis. The circle RE

contains the ellipse RE ‘
. This can be seen by sub:tituting

the ellipse enci points into the equation of the circle.

L Consider f i r s t  the end points given by

/
~
‘(a-b)nV

- 
= 

2 ( V
R+ n V +  

~~ 

2 2V~~(a+b)n a b (a-b) n
= 

n+ 1 
÷ — C {_ 

n+ 1 
- 

n+l 
- 

2(n+1) (V
R
+TIV

R
+J

Substituting these points into RE y ields

n a 2 b2 (a-b) 2n 1 n2(a-b) 2

Ln+ 1 n+l n+l 2 (n+ l )  (V +nV + 1) 2 ( n + l ) 2 (V +nV +1) 2

a 2 b 2
= —~~ C - ——— - -------

n+l ‘i.. n+l n+l

which simp lifies to

n2 (a—b) 2 1
_ _ _ _ _ _  _ _ _  1
2 (n+1) 2 (V

R
+nV

R
+1) LwR

+TIV
R
+u

Since th is  quan t i ty  w i l l  always be less than or equal to zero ,

this set of end points will be contained in REQ .
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Nex t consider the set of end points g iven by

nV [ flV a2 b2 (a-b)

L 
= 

2 ( V R +nV R + l )  (V +nV +1 
C — 

n+l 
— 

n+l 
— 

2(
~~

l) ( V R+nVR +l) c
p’T(a+b ) TI

fl 2 ( n + l )  a

Subs t i tu t ing  this  into RE yields the following expression

2

{_G - 
H(a-b) 

/
~

_
(a_b)v /’ii

i[ 
]

2 (n+1) (V R+nV R +l

where

nV
H = 

R

VR
+nV

R+l

and

a 2 b 2 (a-b) 2H
G = C - — - — -

n+l n+l 2

The above expression may be rearranged to y ie ld

(a-b)~’~~
’ ~~~~ I —

2 j  [(n + l )  (V +nV +1)

Since this quantity will always be zero or negative , this set

of end points ~.‘ill also be contained in R E .
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Since a decision to reject H can be made

at stage n, the integration region is reduced to

4 the set of all points contained in ellipse RE ,

as shown in F igu re  3. To determine the U

i n t eg ra t ion  l imi ts  on the integral (2.3.8) first

requires find ing the (2 limits of RE.

Le t t ing  Q~ be the maximum value of Q~ and
U

Q the mi nimum value of Q on this  ellipse, the
TI

integration limits for U are given by

U = b - QL flu

U = b - Q
U

(2 . 3 . 1 1 )

Explicit expressions for Q and Q for given
L — -

a,b ,c ,VR may be obtained by not ing th at at both

po in t s

dW
TI

=

dO

dW
Therefore an expression for must be found and

dQ

examined to see at what points it approaches infinity.
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dW nThe (I -~ r 1vat1ve is cjivcn by
dQ~

~~12~~~~
÷P

R
Q n) 

+ 

2b-2(C +l)Q

dW
~ — _____  

+ L (C R
+1)

2 
(CR

+l)

dQ~ 

— 

C R+l - 1(a~~
Qn ) 2 

fa
2+b2_C_2bQn+(CR+l)Q

2
~\1*

I (~~ +i)~ (CR+l)

In order for this derivative to approach infinity the

denominator must be equa l to zero. Equating the numerator

to ze ro y ie lds ,

1L 5~~~~R
Q
fl~~

2 

- (a
2+b 2_C_2bQ

fl
+(CR+l)Qfl

2
~~1~~ = 0

I~ 
(c~+i)~ (CR11)

and solv ing for  Q
~ yields

— 

b (C +l)+aP 
+ /1b (C_

+l)+aP
_1

2 
+ [a

2
— (C +l)(a2+b

2—c)1— 

(CR+l) ~ R J ~~R C
R
+l 

~~ 

- 

~ ~R 
(c +1)2

( 2 . 3 .  12)

The larger root will be Q and the smaller will be Q~ .

The limits W and W depend upon the value of Q .
L U

For a given value Q = b - U ; Q  < Q <  Q
~ the limits for
U

Wn can be found by solving the equation of the ellipse RE ,

yie ld ing



I
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= 

(a+P RQ) + [1~~~ RQ12 
— 

a 2+b 2 _ c_2b Q + (C R+l ) Q 21

(cR+l) ~
_

1~~
’ 

(CR
+l)

2 C
R
+l 

J

(2 . 3 . 1 3 )

Letting W be the smaller root and W the larger, the
L U

Z in tegrat ion l imits  become

Z
U 
= a — W (2.3.14)

Z = a - W
L TI

U

In summary ,  whenever VA 
< 0 and y

R 
< ~ the integra-

tion l imi t s  U , U for a point Wn = a , (2 = b , R~ C ,

can he obtained from equation (2.3.11), where Q
~ 

and
L U

are values obtained from equation ( 2 . 3 . 1 2 ) .  The limits

Z L and Z U depend upon the value of U ; for  a g iven value U

the limits are obtained from equation (2.3.14) where W
TI
L

and W~ are obtained from equation (2.3.13).
U

I

- -

-

~~~~~~~~~~~~~ 

--

~~~~~

- :-.
~ -~~~~~~~~~~
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II I .  Case when only a decision to accept H~ is possible

at stage n .

When V R = a decision to reject H
0 
cannot be

made at stage n. If V
R 

=

2V +l
c = 

R 
= —

R 2nVR

and

P = = 0
R 2nV

R

I
so the ellipse B

R 
becomes :

R = (l+—~-) w~ 2 + (l+~~~) Q 2 .

The project ion of B
R

flP onto the W
n~ ~n 

axes yields , RE:

(l+~i~) W
2 

+ (l-s- --~-) Q~
2 

- 2aW~ - 2bQ = c - a2 - b2,

which is now the equation of a circle with  center at

a na= 

1+-i- n+l

— b 
- 

nb
1+— n + l

n

and

I nc na 2 nb 2radius = i — ________ — 2
~f n+l ( n + l ) ’ (n +1)
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The equa t ion  for  AE is s t i l l  given by :

(c +1) W
~
2 

+ (cA+l) Q~
2 — 2aW - 2bQ - 2P

A
W Q  = c - a2 - b

2

wh ich is the equation of an ellipse with center at

b (C A+l)
Q = _ _ _ _ _ _ _

4 (C A
_P

A+1) (C A+P A+1)

a(CA
+l)

W
n 

= 

(cA
_ P

A+1) (C A+P A+l)

In this situation the set H consists of all W , (2n n
which lie outside the curve AE yet inside RE.

By equating the left hand sides of RE and AE

4 one obtains the following equation :

w 2 + Q 2 - 2 w 0 0n n r i m

or

(W n
_ Q

n)
2 

= 0

This means that the two curves, A.E and RE , wi l l

-? intersect only at the points where Wn 
= Q~~.

Subs t i tu ting this into RE yields

2 ( 1 +I) Q 2 
- 2 (a+b)Q = c - a 2 — b 2

1
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Solving for Q yields

(a+b) ÷ ~I(a+b) 2 - 2(l++) (a
2+b

2
-c)

2(l+-~--)

At this  point, it must be noted that there are a

var ie ty  of ways in which  the curves AE and RE can

intersect.  The above derivations have shown that  when

only a decision to accept H 0 is possible at stage n ,

the curves will intersect along the line W = Q .

The specif ic points of intersection are given by the

previous equation. This equation may yield zero , one ,

or two dis tin ct in tersection points , depending upon the

va lue  of the d i s c r i m i n a n t ;  i . e .

(a +b) 2 — 2(1-4-!) (a 2+b 2—c)

This equation reveals that the number of intersection

points depends solely upon the point a, b , c.

Each of the intersection possibilities (i.e., zero ,

one , or two in tersection poin ts) indica tes a d i f f e r e n t

geometr ic relationship between AE and RE; which means

th at each resul ts in a d i f f e r e n t  Ti, Z integration region.

Thus , to obtain the entire density (i.e. the density at

all points) requires deriving the integration regions of

all the possible intersection situations. Each of these

possibilities will now be considered .
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I
Whenever the fol lowing condit ion occurs

(a+b) 
2 

— 2 (l+-~--) (a 2-’-b2 — c )  < ~

t
the two curves RE and AE will never intersect.

This indicates one of the following geometric relation-

ships must exist :

(1) the curve RE contains AE

(2) the curve AE contains RE

(3) the curves AE and RE contain no points in

common , given they don ’t intersect.

Situation (3) will occur only if neither curve contains the

other ’s center . This is equivalent to satisfying the

following inequalities (i-f they don ’t intersect) :

n(a-b)2 a2 b2

2V (n + l ) 2 - - 
(2 .3 . 1 5 )

and

((a
2
+b

2) n ~ 
~ 

1 
- - - a

2 
- b

2
’

~ > 0
n+l / L 4 [ ( n 1 + 1 )~~A+h 1 2 J /

(2 . 3.16)
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When these inequalities are satisfied the set H cons1st~-;

of a l l  W , Q~ contained inside RE. This is shown in

Figure 4. The Q~ end paints of this circle are giverS by:

nb ~~~nc na2 nb 2
— + — — 2 

— 

2 
(2.3.17 )

n+l 
— n+l (n+l) (n+1)

Le t the smaller root be denoted by Q~ and the lar er

by 
~n 

then the U integration limits are g~ ven by
U

= = (2.3.18)

- -For a given value of U , say U the Z integration

limits are given by

:U = := :nL (2.3.19)

L fl
u

Where W and W are the smallest and largest  val ues of
TI TI
L U

+ ~~~~ ~ na 2 — 2bU * — ~~ 2n+l n+l n+l (n + l ) 2 n-fl 
(2. .20)
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I
FIGURE 4

I
$

Integration Region
When Neither a DecisiOn to Accept

I or Reject Can Be Made

Wn

Ellipse RE

1 

1f l L Q

°

~~~~~~~~~~~~~~~~
QnU
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I
I These limits are identical to those in equations (2.3.6)

and (2.3.8); which is to be expected , since si t ua t ion  ( 1)

is a case where  a l l  po in ts  W~~, Q~~, ~~~ which can be mapped

into the point a , b , c, lie in the con t inua t ion  region C -

I
Situation ( 2) will occur whenever the center of the

circ le  RE is a point  i n s ide  the el l ipse AE ; and the

following pc-m t on RE

= [na ÷ — 
2 

- 

2 
1

I ~c V n+a n+l ( n+ l ) 2 (n + l ) 2

= 
nb (2.3.21)

n
~ n+l

is in s ide  the ell ipse AE. This  is equ iva len t  to s a t i s f y -

ing the following inequalities:

n(a-h)2 a2 b2- _________ — c — — — < 0 ( 2 . 3 . 2 2 )
2V~~

( n+l ) 2 n+l n+l

and

1 _____ (a-b) + 
i /~~~c 

— 
na 2 

- 
nb2 1 2  

a
2TIV

A j (n+1) ~~ ~! n+l (n+ 1)2

( 2 . 3 . 2 3 )

Since the second inequality can never be satisfied ,

si tuat ion ( 2 )  will never occur.

1
I
I
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Situation (1) will occur whenever the center of the

ellipse AE is a poin t  ins ide  RE;  and the po in t  W , Q

defined in equation (2.3.21) is outs ide  AE.  The

second cons tra in t  amounts to requir ing the lef t hand side

of equation (2.3.2 3) to be greater than zero; which will

always be true . The first is equivalent to satisfy ing

the following inequality :

n(a-b) 2 a2 b2
—______ — c — — — < 0 (2.3.24)

2V (n +l) 2 n+l n+ 1
A

Whenev er this  is true , the region of interest must  be

broken up into 4 subregions as shown in Figure 5. Thus

the integral in equation (2.3.8) will be broken up into

4 separate in tegrals, so that

= 
~~~ {Ju

Uif
z Ui 

(a-Z, ~~U, 
c_z2_U2)dZciJ

} 

(2.3.25)

i=l U
Li ZLi

The lim i t s  U , U , Z , Z will now be obtained
U .  L .  U .  L .
i i 1. 1

for each region.

For each r egion a range of Q can be fou nd ;

~ 
Q~ -<- 

~n 
from which the U integra t ion  l imits

Li Ui

are obtained as: U = b-Q and U = b-Q
L1 ~~~ ~i ~Li
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FIGURE 5

An Integration Region
Consistinc~ of Four Pieces
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1
The range of 

~n 
for  each of the subreg ions is as fol lows :

Region I: Q~ Q~ < Q < Q = (2
Ll LC ~LE Ul

Region II: Q = Q < (2 < Q = Q¶ ~L2 ~UA 
— n — 

~~~ 
n
~ 2

Region III: Q Q < Q < (2 = (2n
L3 

TI
LA 

n TI
U 

‘

~~U3

R egion IV : Q~ = < Q~ 
< 

~n 
=

L4 LA UA U4

Where Q and Q are the two end points of the
LC UC 

- 

-

circ le  RE , or the smallest and largest values of equation

(2.3.17).

Q and Q represent the Q end points of the
~~ L A ~~U A  

TI

ellipse A~~. These are obtained by the same methods

employed for Case II (equation (2.3.12)); yielding (2
LA

and Q as the smallest and largest values of
UA

b (c +l)+aP 
+ / b ( c

A
+ l ) + a P

A 
2 

- 

a2_
~
cA+l) (a

2+b 2_c)1
l

(c A + l ) 2_ P
A

2 q P A
2_ ( c

A+l) 2 P A
2_ ( c

A+l ) 2 
j

( 2 . 3 . 2 7 )

Simi la r ly ,  for  each reg ion a range of W~ values can be

def ined : W < W < W from which the Z limits are
n - — n —  n .
Li Ui

obtained as:  Z = a - W and Z . = a - W
L. T I •

1 Ui
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The range of W f o r  each of the sub reg ions  is as fo l lows :

Reg ion I : W = W < W < W = W
TI
Ll 

TI
Lc 

— n — n uc

Region II: W = W < W < W = W

~L2 ~Lc 
— n — TI

UC 
nU2

Region III: W = W < W < W = W
TI L3 TI

UA 
— TI — ~~~ 

~U3

Reg ion IV : W = W < W < W = W
~L4 

nLC 
— TI — TI LA nu4

Where W and W are W points on the lower andn n nLc tic

upper portion of the circle RE ; and W and W
n

LA U A

the analogous points on the ell ipse AE. As in the

previous cases , these values will depend upon the value

of ~~~ Q~ ~ Q~ ~ 
, or equivalently the value of U.

Li

For a given value of U , say U , Wn
Lc 

and W are

the smallest and largest values of equation (2.3.20).

The val ues W and W are the smallest and largest
n nLA

values of the following :

* 1 * 2  2 2  * *2(a+P Q ) I a P  (2 a +b — c— 2bQ + ( C  + 1)Q
A ± / A 

— 
A (2.3.28)

(C +l) V c+ l  C +].
A A A

* *
where Q = b - U -
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I
The case where the curves RE and AE intersect

at only one point must also be considered . This will

happen whenever

(a+b)2 — 2 ( l + — ~.-) ( a 2+b 2 — c )  = 0.

If this is true the curves will intersect at the point

W = (2 = . ( 2 . 3 . 2 9 )

Based on the previous discussion this can only occur in

the fol lowing situations:

(1) the curve RE contains AE ;

( 2 )  the curves AE and RE conta in  no points  in

common , except for  the point of intersection

given in equation (2.3.29).

Situat ion (2 ) wi l l  occu r whenever the inequal i ties

given by equations (2.3.15) and ( 2.3.16) are satisfied .

Since the point of intersection will be on the boundary

of RE , the integra t ion  regions U
U~ 

U
L~ 

Z~~, and Z
L

can still be obtained by equations (2.3.18) and (2.3.19).
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Si tuat ion ( 1) will occur whenever the inequal i ty

giv en in equa tion ( 2 . 3 . 2 4 )  is sat isf i e d . The i n t eg rat ion

region must  now be broken up in to three pieces as shown

in Figure  6. This is simp ly a special case of F igure  5

and may be evaluated by the same methods used to

evaluate equation (2.3.25).

The curves RE and AE may also intersect at two

points.  Th is wi l l  happen whenever

(a+b ) 2 
— 2(l+—~-) (a

2+b 2—c) > 0. r
This indicates that  one of the fo l lowing  geometric

re la t ionshi ps must ex i s t :

( 1) The ellipse AE is contained inside the circle

RE , with the (2 end points of AE touch ing

the circle.

( 2 )  The intersect ion points f a l l  below the axis

of the ellipse AE , which is par allel to the

line W = Qn n
( 3 )  Th e intersection point5 f a l l  above the axis

of the ellipse AE , which is parallel to the

l ine  W =
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FIGURE 6

An In tegra t ion  Region
Consis t ing of Three Pieces
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I
Cons ider the following set of rotated axes (45 0 rotation)

= ‘I~ [
~ 

+ ( 2 . 3 . 2 9 )

W = “T LQ + ~~n 2 n

The e l l ipse AE in terms of this new coordinate system

becomes:

(C + 1-P ) Q - _ 1 ( b )  2 
+ (C +l+P ) IW - - 

/~~~(a-b)A A ~ 
[2

1_P
A
) A A 2 ( C A+1+P A )j

= c-a2-b 2 + 
(a-b) 2 

+ 
( a+b ) 2 

( 2 . 3 . 3 0 )
2(C +l+P ) 2(C +1—p

A A A A

Also , the line W = Q becomes;n n

W~~ = 0. (2 . 3 . 3 1 )

From these equations criteria for situations (1) - (3)

can be established. Situation (1) will occur whenever a = b;

s i tua t ion  ( 2 )  wi l l  occur whenever a > b; and situation (3)

wi l l  occur whenever a < b .
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Situation (1) is shown in Figu re 7 . The in tegr at ion

reg ion must be divided into at most four subregions , as in

Equation (2.3.25). The integration limits are the same as

those obtained for equation (2.3.25), wi th the exception

that one or two of the subregions may be empty .

Situation ( 2) is shown in Figure 8. The integration

reg ion must now be divided into three subreg ions. The

range of Q for each of the subregions is as follows :

Reg ion I : Q = Q < Q < Q =
TILl ~Lc ~LI ul

Region II: Q = (2 < Q < Q = Q
TI
L2 ~ LI 

nul fl
t~J2

Region III: Q = (2 < (2 < Q = Q (2.3.32)
n
L3 ~ U1 

— — fl uc

The quantities (2 and (2 are again the two Q~

end points  of the c i rc le  RE , or the smallest and larges t

values of equation (2.3.17) . and (2 are the
LI

in tersect ion poin ts of the e l l ipse AE w ith the ci rcle  RE ,

or the smallest and largest values of the following equation:

(a + b) + ~/ (a+b) 2 - 2(l+—~--) (a 2+b2-c)
(2.3.33)

2~~l +-
~~~~~~)
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FIGURE 7

In tegra t ion  Reg ion When Ell ipse AE
Intersects  Circle RE at Two Po in t s

Situat ion 1
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FIGURE 8

Integration Region When Ellipse AE
In tersects  Ci rc le  RE at Two Poin ts

Si tuat ion 3
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I
The U integration limits for each region are then given by

I
U .  b - Q
Li T I -U i ~

= b _ Q
~

i = 1,2,3 (2.3.34)

The range of W
n 

for  each of the subregions is as

fo l lows :

Region I: W W < W  < W
TI TI — f l —  TI TI
Ll Lc Uc Ui

Region II: W = W  < W  < W  = W
TI TI — T I —  TI fl
L2 Lc tiE u2

Region III: W = W < W < W = W (2.3.35)
TIL3 nLC — TI — n uc n u3

For a g iven value of U , say U , W
~ 

and W~ are the

smallest and largest values of equation (2.3.20) and Wn
is the larger value of equation (2.3.28). Thus,

the Z integration l imi ts are obt ained as :

Z . = a - W
Li

Z . = a - WU I TI
Li

i = 1,2,3 (2.3.36)

Si tuation ( 3 )  is shown in Figure 9. As in situation (2),

the integration region must be broken up into three subregions.

The range of Q
~ 

for each of the subregions and the U

integration limits are still given by equ~~’ ions (2.3.32) and
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FIGURE 9

Integral-ion Region When Ellipse AE
Intersects Circle RE at Two Points
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(2.3.34) r e s p e c t i v e l y .  h owever , the ran ge of W for  each

of the subregions is now :

L. I
Region I: W = W < W < W = W

TI TI — T I —  fl nLi LC tj c U l
Reg ion  I I :  W = W < W < W Wn TI — T I —  n nL2 LC LE u 2

Region I I I :  W = W < W < W = W (2.3.36)
7 n n — T I —  fl TIL3 Lc tic u3

Where W is the smaller value of equation (2.3.28).

~ LE

Given these values the z in tegration limits are g iven by

equation (2.3.36).

It is also possible tha t  the el l ipse AE does not exist.

This will occur whenever the surface B does not intersect

the mapping f u n c t i o n  P. or whenever the following inequality

is satisfied :

n(a—b )2 
— C — [--

~~ 
— -

~
_—] > 0 ( 2 . 3 . 3 7 )

2(fl+l) ((n+l)V
A

+l ]  n+ 1 n+l

This is not a special case, however , because whenever this

inequal i ty  is sa t i s f i ed, inequalities (2. 3.15) and (2.3.16)

are also satisfied . Thus the integration regions are

obtained from equations (2.3.17) — (2.3.20).



2— 6 2

In summary ,  t h i s  sect ion has discussed the va r ious

types of i n t egr a t i o n  regions tha t  can resu l t  when on ly

d decision to accept 11~ is possible at stage n , c r i t e r i a

for determining when each of these regions is appropriate ,

and for mu las to ca lcu la te  the required U , Z l im i t s

fo r each of these regions.
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I
IV . Case when either a decision to accept or reject

11
0 

is possible at stage n.

Whenever 0 < V
A 

< VR 
< ~~, both acceptance and

rejection are possible at stage n. In this case , both

the curves AE and RE become equations of an ellipse.

In order to determine the integration region , it is

necessary to know the intersect ion poin ts of the two

ellipses.

The in tersec t ion  points are most easi ly  found by

t ra n s f o r m i ng AE and RE into a coordinate system

rotated 45 degrees.  The equation fo r  RE in

the rotated axes becomes, RE~~:

(CR
_P

R~
fl) Q~~~ + (C +l+P )W 2 

— S(2a+2b) Q (2.3.30)

- S(2a-2b) W = C-a2-b2

and that of is

AE

(C
A
_P

A
+l) Q

2 
+ (C +1+p )W

2 
— S(2a+2b) Q (2.3.31)

- S(2a-2b) W = C—a 2—b
2

where S is qiven by

S Sin(45°) =
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These equations may be f u r t h e r  s i mp l i f i e d  as:

RE

S(a+b) ~2 S(a—b)
(C -P +1) /Q - + (C -P +1) W — _ _ _ _ _ _ _ _

R R TI 
(C~~~~P + l )  ) 

‘
~ 

‘~ ~ (C +P +1)

= c-a2-b
2 

+ 
(a+b)2 

+ 
( a-b ) 2

2(C —P +1) 2(C +P +1)
R R R R

and

AE :

S(a+b) ~2 ( S(a—b) 2

(C —P +1) Q — / + (C +p+l) c’W — _________

A A 
(C -P +1) ~ A A ~ (C +P +1)

A A A A

2 2 (a+b) 2 
(a—b )2

= c—a —b + — —_-- +

2(C -P +1) 2(C +P +1)
A A A A

Si nce

1
= _____

2 nV
A

and

2V +1
C =

A
2 nV

A

(with similar expressions for P and C ) , these
R

may be substituted into the above; which yields after

combining similar terms, the following expressions :



/ 
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RE

S(a+b) 1
2 2

(C
R
_ P

R
+l) - + (C

~
+P

R
+l) 

{ 
- 

S(a-b)
n (C +P(C —P +1)

R R R R

2 
b
2 

(a-b)2na
= C - —— - — __________________

n+l n+l 2(n+l) (V +nV +1)
R R

and

AE -

{ - 
S( a +b) 2 

S(a—b ) 12
+ (C +P +1) W - _________(C -P +1) Q - 

(C -P +1) ç A A 
(C +P +l)~

A A TI

A A A A

2 
b
2 (a—b) 2a

n= C - - -—- - — - _ _ _ _ _ _ _ _ _

n-’-l n+l 2(n+l) (V
A +TIVA

+1)

Since

C -P +1 = C -P +1
A A R R

the above eq uat ions show tha t both curves w i l l  have

identical c2 coordinates for their centers.
TI

L ______ -
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Solving for Q in ~~ 
- y ields ~ solution of the

fol lowing form :

Q = K + D

where

S (a+b )
K =

(C
R~
PR+l)

= 
j.5(a+b)

2 — a2+b2_c+(CR+l+p R) W
fl
2_S(2a+2b)w~~~~

(C
R
_P

R
+l)  CR

_P
R+l

Substituting this form in the equation for AE ’ yields

(C
A
_P

A
+ l )  (K 2+D2) + ( C

A
+l+P )w 2 

(2.3.32)

- S(2a+2b)K - S(2a-2b)W

+ (+ 2KD ( C
A
_P

A
+l) - S(2a+2b) (+ D))

2 2
= C-a -b

In general an equation describing the intersection of two

ellipses will be a quartic . Equation (2.3.32)  is a

special case , however , and can be reduced to a quadratic

by not ing that  the following term

4- D ( 2 K ( C n
_ P

A + l )  — S(2a+2b))

-

- ~- -~-~ —
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S(2a+2b) (C —P +1)
= -4- D A A 

— S(2a+2b)
— 

(c —P -s-i)I

is zero si nce

(C -P +1) = (C -P +1)
A A R R n

Solving equation (2.3.32) for Wr~ 
and substituting into

RE y ie lds  the fo l lowing  W rj~~ ~~ intersect ion points:

= 0 (2.3.33)

= ~~~~~ 

[

S(a+b)n + ~~S[(a+b)n]2_n(n+l)(a
2
+b2_c]~~

in terms of the original W~ , Q axes the intersection

points become :

= 
2(n+l) [n(a+b) +~~~~~a+b)n]

2_n (n+l)(a2+b2_c )]

(2.3.34)

This means that the two ellipses , AE and RE , wi l l

intersect at zero , one , or two points. The sign of the

discriminant of equation (2.3.34),

DIS = [(a+b)n] 
2_~ (n +1)  (a 2+b2-c)

determines the number of intersection points. Whenever:

1. DIS < 0 ( 2 . 3 . 3 5 )

AE and RE will not intersect.

I
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2.  DIS = 0 (2.3.36)

AE and RE w i l l  i n t e r sec t  at only one poin t ,

this point being

n(a+b)
n 

— 

2(n+l)

3. DIS > 0 ( 2 . 3. 37)

AE and RE will intersect at two points.

Consider first , the case when AE and RE do not

intersect , or when equation (2.3.35) is satisfied. This

indicates one of the following geometric relationships

must  exist :

(1) the curves AE and/or RE do not exist

( 2 )  the curve RE contains AE

( 3 ) the curve AE contains RE

( 4 )  the curves AE and RE contain no

points in common.

4-
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Situation (1) will occur if either of the ellipses

has an imagin ary radius , or whenever either of the

following equations is satisfied :

2 2 2a b (a-b) n
C — — — — — < 0 (2.3.38)

n+l n+l 2(n+l) (V +TIV
R
+l) 

—

2 2 2
- 

a 
- 

b 
- 

(a-b) ~ < 0 . (2.3.39)

n+ l n+l 2 (n +1) (V +nV +1)
A A

Since V
A 

< V
R , 

inequality (2.3.39) will be satisfied

whenever (2.3.38) is satisfied. If (2.3.38) is satisfied ,

f(a ,b ,c) = 0,  since none of the points that  can be mapped

into a , b , c lie in the con t inua t ion  reg ion .

If inequality (2.3.39) is satisfied and (2.3.38) is

not , the point a.h,c is located such th at the mapping

function P intersects the rejection surface but never

in tersects the acceptance curve.  This reduces to a case

previously  discu ssed , the case when only a decision to

re ject H
0 

is poss ible , and the integ ration reg ions are

given by equations (2.3.11) through (2.3.14).

Assuming neither inequality (2.3.38) or (2.3.39) is

satisfied , situation (4) will occur when neither curve

contains the other ’s center , or when the following inequali-

ties are satisfied :
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/V +nV -s- l\ /n 2 (a-b)
2\

( R  R _ _ _ _ _  
R A

nVR /\  2 / (v
R~

+nV + l )  (V nV +1)

2 2 2a b ( a - b)  n
- C - — - — - —  > 0

n+l n+l 2 ( n + l )  (V
R

+nV +l)
( 2 .  3 . 4 0 )

and

(VA
+nV

A~f l ~y
mn 2 ( a_ b ) 2

\[ 
V R 

- 

V
A 1

2

nV A 2 / [(V +nV +l~ (V +nV + l )j

2 2 2a b (a-b) n 4
- — 

n+l 
- 

n+ 1 
- 

2 ( n + l )  (V A +TIV A + l )  ç 
> 0

(2 . 3 .41)

As it is necessary for both inequalities to hold , and

inequality (2.3.41) implies inequality (2.3.40) , it is only

necessary to examine the former . In other words , si tua t ion  ( 4 )

will occur whenever RE and AE do not intersect , and RE

does not contain AE ’ s center point.

The set H consists of all points W~ Q~ contained

ins ide  the ellipse RE. The integration region in this case

becomes ident ica l  to that  required for  the case when only

rejection is possible and can be evaluated using equations

(2.3.11) — (2.3.14) .

Situation (3) will occur whenever the four end points

of the e l l ipse  RE are all points inside AE. First,
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j consider the RE end points along the Q axis. When

this is substituted into AE , the fo l low ing ineq ua l i t y

m u st hold for situation (3) to occur;

/n(a-b)2\  / v v
I _ _ _ _ _  U R A

2 1 ~ (V +nV +1) (V +nV +1)
/ R R A A

+nV +i\ /(a-b) 2n2 \ / v v \ 2
÷ ( 1 ~ A _~~1 1 1 A 

1 
< 0 .

\ flV~ )\ 2 
J~~~V R +nV R +1) (V R~

s
~nV A+ l)  J

Since V
A 

< V
~~

i this inequality can not be satisfied;

and thus situat ion ( 3 ) can never occur .

Having shown that situation (3) cannot occur ,

situation (2) will occur whenever both the ellipses

RE and AE exist (neither inequality (2.3.38) nor (2.3.31)

is satisfied) , and inequality (2.3.41) is not satisfied .

In th is case the integ ral g iven in equation (2.3.8) must be

hmken up into four  separa te pieces , similar to that g iven

in equation (2.3.25) . The limits 
~~~~ 

U
L .. 

Z1~~ and

i = 1,. ..,4 must be de termined for  each reg ion.

For each region a range of 
~n 

can be found ;

Q ~ (2 
< Q from which the U integration limits are

Li Ui

obtained as:

U . = b - Q
Li TI -

Ui

U .  = b - Q
j i  n

Li
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The range of (2 for each of the pieces is as fol lows~

Region I: = Q~ < < = Q~
Ll LR LA

Region I I :  (2 = 0 ~ (2 < QJ_~ 
= Q

TI
L2 

TI
t.jA

Region I I I :  (2 = 0 ~ < 0n 
=

L3 LA UA u3

Region IV: Q = Q < 0 < Q = Q
TI

A 
n
UA 

TI
tJ4

(2.3.42)

Where (2 and Q are the minimum and maximum (2
LR UA

coordin ates on the ellipse RE; and (2 and Q are
TI LA ~~UA

the analogous quantities on the ellipse AE.

(2 and (2 have previously been derived as the
~~LR TIUR

smallest and la rgest values of equation (2.3.12) . A sim ilar

expression derived for RE , yields Q~ and as the
LA UA

sma l les t  and la rgest values  of

b(CA
+l) + aP

A1 + / b ( C~ +l) + aP
A 

2 

- 

a2_ (C
A
+l) (a2+b2-c)

(C
A
f l)

2 
— P

A ]  
~~~~~~ 

~~A 
— (C A~f l ) 2 

~A 
- (C

A
+l)2

(2.3.43)

The range of W fo r  each piece depends upon the value

of (2 (or equ iva len t ly  U ) .  For a given value  of U . ,

say U~~, U~ = b - (2 *; Q < Q * < Q a range
TI~ TILl TI~ TI~~j~~

of W values can be defined ; W < W < W
TI TI . — TI — TI .

Li ui
from which the Z limits are obtained as:

Z = a - WL . i_i
1. UI.

Z = a - W
0
1 TILi



I
2-73

i
The r ange of W

n 
for  each of the pieces is as fol lows :

Region I: W = W < W < W = W
TI n TILR 

n — nO R TI~~ 1

Region ll: W = W < W < W = W
TI TI — TI — fl TI
L2 L R OR u 2

Region II I: W = W < W < W = W
TI TI — fl — TI fl
L3 UA IJR u3

Reg ion IV : W = W < W < W = W
n TI — TI — fl TIL4 LR  LA u4

(2. 3.44)

W and W are the uppe r and lower points on the
LR

ellipse RE , for a given value of U~ = b — Q * .

These have been derived previously as the smallest  and

largest  values of equation (~~.3.l3). Wr and
LA UA

are the analogous po ints on the ellipse AS, and are

obtained as the smallest and largest  value of :

_ _ _ _ _ _ _  

+ [a+P Q*12 [a
2+b

2_C_ 2bQ * C
A
+l)Q*2 

I

L (CA~fl) ] %I [ CA +l ] L (C~ -s-l)

( 2 . 3 . 4 5 )

Next  consider the case when AE and RE intersect

at onl y one point , wh ich will occur whe never equat ion

(2.3.36) is satisfied . Based on the previous discussion

thi s can only occur in the fo l lowing si tuat ions :

(1) ei the r one or both of the curves AE and RE do not

ex is t

(2) the curve RE contains AE

( 3 ) the curves AE and RE conta in no po ints in common ,

except for the point of intersection.
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Situation (1) can never occur if equations(2.3.36) or

(2.3.37) hold. This c am be shown as follows~

If

n+ j
(a+b) 2 — (2 —) (a2+b 2—c) > 

~

then

2 2 (a+b) 2 
S1C = a + b  - _ _ _ _  +

2 (n +l)  2 ( n +l)

S
1 

being d quantity greater than or equal to zero.

Substituting this result into the equation of the radius

of the el l i p se  AE and s impl i f ying yields :

(a-b) 2 S
1Radius AE = +

2(C A+l+PA ) 2 ( n + l )

Since this quantity will always be greater than equal to

zero , the ellipse AE will always exist. The previous

sec tion a lso showed tha t a suf f i c i e nt condition for  RE

to exist was the ex istence of AE.  Hence , intersection of

the ell ipses AE and RE is a sufficient condition fo:

the ir ex i s t ence .

Si tua t ion  ( 3 )  will occur whenever the inequal ity

given in equation (2.3.11) is satisfied . Since the point

of in tersection will be on the boundary of RE , the

integration regions U
L~ 

U , Z , and Z
L 

can sti l l  he

obtained by equations (2.3.11) and (2.3.14).
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Similarly situation (2) occurs whenever inequality

(2.3.41) is not sat i~~f i od, ars-j requires the integration to be

broken up in to  fo ur pieces. The integration limits in

each of these pieces may still be obtained by equations

(2.3.42) through (2.3.45) .

The curves AE and RE will intersect at two points

whenever inequality (2.3.37) holds. In general , two

ellipses can intersect at two points in many ways.

However, consi der the equations in the rotated axes

coordinated system :

RE

/rm+]\ /2(a+b)n 
2 /v +nV +i\ [~~~(a-b)nv 1 

2

_ _ _ _  
R R P.

n / TI 
- 

2(n+1) \ riV R i 
n L 2 v R+nvR+U

a2 b 2 (a +b) 2TI
= C -—

n+l n+1 2 ( n + l )  (V
R
+nV

R
+l)

and

AE

(

n+l) [v
’2 ( a +b ) n  

2 

(V 
+nV 

+1) w~~
- 1/T(a_b)nV

A1~

n ~ L 2 ( n +l) TIVA [2(V
A
+TIV

A+1J
S

2 2 2a b (a -b) n
= C -—

n+l n+l 2 ( n + l) (V
A+nV A

+l)
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From the~ c equations the [ollowing relationships may be

noted :

(a) the curves RE and AE will have parallel

ma jo r axes ( i .e. , par allel to the l ine  Wn =

(b) the major axis of RE will be gre ter than or

equal to the ma jor axis of A E .

( c )  the ma jor  axes of RE and AE w i l l  always lie

on the same side of the line W = 0.n

(d )  the two curves w i l l  have the same center poi nt

and equal major axes whenever a = b.

( a )  since

= 1~ [o~ + w~]

W 
- ~L~~[_Q + W l

n 2 ( n nj

if the curves intersect , the intersection points

will lie along t he l ine  W = Q or W - = 0.
n n n

Given these relationships one can conclu de th~ t when-

ever the curves intersect at two points , one of the follow-

ing geometric situations must exist:

( 1)  the ell ipse RE circumscr ibes the ell ipse A E .

(2) the ma jo r  axes of the el l ipses lie above the line

W ~ 
= 0.

TI

(3) the major axes c~f the ellipses lie below the li-ne

Wn = 0 .
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Situation (1) will occur whenever a = b, and

requires the integral of equation (2.3.8 ) to be broken

up into two pieces. These two pieces may be described

by w~~ Q~ regions identical to those of Regions III and

Iv given in (2.3.42) and (2.3.44). Thus the integration

limits U •, U ., Z ., and Z may be obtained from

equations~~ 2. 3.43) 3.45).

Situation (2) will occur whenever a > b, and requires

the integral of equation (2.3.8 ) to be broken up into five

pieces, as shown in Figure 10. The range of for

each of the subregions is as follows:

Region I: Q = Q < Q < Q = QnLl nLR n nLA

Region II: Q = 

~ n 
~~ - ~~~ ~~ . ~~ 

=

• LA n~3~ U2

• Region III: Q = Q < Q < Q = Q
~ L3 nLA

I Region IV: Q = 

~ UA 
=

Region V: = I 
~n ~ 

=

LS UA UR US

1 (2.3.46)

The quantities Q and Q have previously been defined
~ LA

and may be obtained as the minimum and maximum of (2.3.43).

Similarly Q~ and are the minimum and maximum ofI LR
(2.3.12). and represent the two intersection

I LI  U I

points of AE and RE , and are defined as:

I
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FIGURE 10

I Integration Region When Both a Decision
to Accept and Reject is Possible

Situation 2

I
I

I
Ellipse REI

4 50

Tl
~ 

Line

• / III!

/1 ~~EllipseL i  AE

I’ • 1

/ 1  
I

I I

I I
t ‘IV• I

I

r LR LA UA
Q~

I



I
2—79

~
n 

= mm {R1. R2}
LI

°nUI 
= max {R 1, R 2}

where

B = 

(a+b )n  + n/ +b) 2_2 (~~.&) (a
2+b2_cf

1 2 (n + l)

B = 

n ( a + b )  n ,4a+b) 2_ 2 ( ~~~.L~~(a
2+b 2_ c)

2 2 (n + l )  ( 2 . 3 .4 7 ) .

The U integration limits for each piece are again

obtained as:

t U .  = b - Q
Ui n~~

U .  = b - Q
Li

Similarly for a given value of U, say U~ = b -

the range of W~ for each region is given by:

Region I: W = W < W < W = WnLR 
— — 1

~UR ~Ul

Region II~ W = W < W < W = W
fl n — n — n n

L2 UA UR u2

Region III: = W~ < W~ < W~ = Wn
L3 LR LA u3

Region IV : W = W < W < W = Wn n — n — n nL4 LR LA u4

Region V: = W~ ~~ W~ < = W~
L5 LR UR u5

I
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W and Wn being the maximum and minimim of (2.3.45) ,
nLR UR

and W and W the same for (2.3.13) .n n
LA h A

The Z limits are obtained for each region as:

Z .  = a - W
Ui 

~Li

Z = a - W
Li fl~~j

Situation (3) results whenever a < b , and again

requires that equation (2.3.8 ) be split up into five

separate integrals , as shown in Figure 11. In this case the

range of Q~ for each of the subregions is as follows :

Region I: Q = Q I Q 
~~. 

Q = Q
nLR nLA n

~1

Region II: Q = Q < Q < = 
~n 

—nL2 ~LA 
— n 

~UA u2

Region III: Q = Q < Q < Q = Q

~L3 ~LA 
n 

~LI 
n
u3

Region IV. Q = < 
~n 

~~- ~ 
= 

~nn~4 
— nUA u4

Region V: Q = 0n -~~ 0n ~ = 

~nhA 
nUR u5

(2.3.48) .

•~1
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FIGURE 11

Integration Region When Both a Decision
I to Accept and Peject is Possible

Situation 3

I

I
w
n

I
450

Line

III

‘ V

t
I

II

- 

~~LR ~LA %A %R
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- For a given value of u~ = b - Q* the W~ ran ge for

each region is:
F

Region I: W = W < W s W = W

- ~Ll ~LR 
— n — n

UR ~U’

t Region II: W = W < W < W = W
r
~L2 ~LR 

— fl —

Region III: W = W < W < W = Wn n — n — n n
L3 UA UR u3

Region IV: W = W < W < W = W
~L4 ~UA 

— fl — n~J~( n
~4

Region ~1: W = W < W < W = W
~L5 ~LR 

— n — 
~UR ~US

(2.3.49).

4.

I

I
I
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2.4 OBTAINING TIlE PROBABILITIES OF ACCEPTANCE ,

REJECTION AND CONTINUATION

The previous section (2.3) has given methods for

calculating the density f
~+1

(a,b,c)i for a given point

W~41 = a , = b , R~+i = c, from the density at

stage n, ~~~~~~~~~~~~~ Once this density has been

obtained for all possible values of a, b, c, the prob-

n+l .
ability of accepting HO (PA 

) ,  probability of re)ec-

n+l . .ting as 
~~~ 

) ,  and the probability of continuing

must be calculated . This requires integrating

the three dimensional density f
~+i

(W
~+i,Q~+1,

R
~+i

) over

all values of W , Q , R for which the statisticn+l n+1 n+l

1~ 12
V1W Q R - L n+l~~n+lJ\ n+l’ n+l’ n+l/ — 

2{(n+l)R~+l
_Q
~+1

2_W
~+12]

is in the appropriate region ( e . g . ,  acceptance region ,

rejection region , or continuation region). Thus

n+l n+l n+l
, and PC may be calculated as:

O~~ V (W ,Q,R) 
~~~~~~
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PA~~
’ = f f f  ~~n+i 

(W,Q,R) dW dQ

< v(W ,Q,R) <
— R — —

and 

jjj f~~1 (W ,Q,R) dW dQ dR

VA 
~ V (W ,Q,R) 

~~
. VA 

n+l

( These integrals amount to integrating f
1
(W,Q,R)

over elliptic paraboloids, and may be reexpressed as

the following iterated integrals:

= 

,.#/ .1’!’ ~~~1
(w ,Q , R) dR dW

=/
~ 
,~f
’

,4~/ 
~~~~~~~~~~ dR dW dQ

r r ra= ~~~~~~~~~~~ d~ dW dQ

-
~~~ 

-
~~~ 

(2.4.1).

with
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R = +
n+1 n+l

= 1W QL~~ + W 2 
+a 2 ( n + l ) V  n+l 

n+l n+ 1

R = [~~~]2 
+ +r 

q(n+1)V~ 11~~ n+l n+l

In practice onl y two of the three integrals need be
calculated due to the following identity :

~~~n+l 
+ ~~~n+l 

+ ~~~~~C A R C

i iSo if and are calculated at each stage i ,

may be obtained by subtraction ,

P = ~~ 

i-i 
- P PC C A R
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2 . 5  SUMMARY OF THE DIRECT METHOD FOR A k=2 SANOVA TEST

The purpose of this section is to summarize the

procedure for obtaining the OC and ASN curves for a
4

k 2  SANOVA test.

First , a test of this type requires specification

of the following quantities:

( (1) The null hypothesis value, A c~
.

(2) The alternative hypothesis value , A 1.

(3) A truncation point, in
0
.

(4) A set of regions: VA
1, VR

1, i = 2 , . . . ,  in
0

,

such that at any stage N

These regions are to be compared with the

statistic , ~~~ of equation (2.3.1), such

that at any stage n,

(a) H
0 

is accepted if V~ I VA

(b)  H
1 

is accepted if V~ .
~~~ 
V
R~~
.

(5) Values of ~ and 8 (needed only if the regions

are to be modified Wald regions).

Second , the first step at which a decision can be

made, say n1, 2 
~ ~l ~ 

is determined .

Third , one must determine how many and which points

on the OC and ASN curves will be calculated . Suppose

L values are chosen , denoted by ).~~* , .1. = 1, . . . ,  L ,

such that A
0 = A

1
* < • • ~~ 

< A L = A 1
.

For a given A~~*~ the f i r s t  stage density

f~ 1
(W~~~,Q~~~,R~~~) may be calculated cs follows:

r
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1 2 
W~

f ( W , Q , R )  — (~) X 2 ( n ~ -l) 
R -  

n 
- ____

( (

W )) 
~
( (

~
-
~T - 47r))

(2.5.1)

Note that this density is completely specified by

x and n
1
.

The probabi l i t ies  of acceptance, reject ion, and

cont inuat ion at stage n
1 

n

(the  f i r s t  stage at which a

decision can be made); ~~ 
~~R 

1, and P
c 

1. may be

calculated using the noncentral F distribution (given

in equation (1.1.1)) and is shown in appendix A.

To calculate the joint density at the next stage ,

f
n
1
+1 n +l1Q n

1
+l~~Rn1+l )1 requires utilizing the pro-

cedures developed in section 2.3.

As shown in section 2.3 , this consists  of performing

a bivariate integration of the following five dimensional

joint density function.

= f
n1(Wn1~

Q
n1~

R
n1)

• ~(x2n _g)

(2.5.2)

where n
2 

= n1 
+ 1
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This is the joint density of the statistics at staqe n;

W , Q , B ; and the new observations taken at
ni ni ni

stage n
2 = n1 + 1; X

1 
,

For any given point: W~~~~1 = a, = b ,
R +1 = C; the joint density f ÷1(a ,b ,c) is calculatedni ni
by performing the following bivariate integration.

f~~~~1
(a ,b ,c) = fJ ~~~~~~~~~~~~~~~~~~~~~~~ dz ~~

(2 . 5 . 3)

The limits U
L~ 

U
U
, 1

L ’ and are dependent upon

~he pa rticular point (a ,b,c) as well as the regions

n nV 1 and V 1
A R

If no decision could be made at stage n 1, these limi ts

are the limits for integrating around the following circle.

2 2
c - z2 - u

2 
- 

(a-z) 
- 

(b-u) =
(2 .  5 . 4 )

and are given in equations (2.3.6) and (2.3.7). Wheneve~: ~

decision can be made at stage n , the in tegra t ion  region

becomes a subset of the points contained inside this circle.

In some cases the integral given in equation (2.5.3)

cannot be evaluated as one integral; rather it must be

broken up into several pieces, with the overall integral
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being the sum of the individual integrals. Equation

(2.3.25) is such an example. In such cases, the integra-

tion limits for each of the pieces must be determined .

The required integration reg ion for equation (2.5.3)

can be one of many . In section (2.3) every possible

in tegra t ion  reg ion has been exp lored ; and for each case

specific expressions for  the U ,Z integration limits have

been given.

The U ,Z in tegrat ion determinat ion may be best

summarized in flowchart format , such as show n in Figure  12

This integration must be determined and performed

for  all  points  W 41, Q~~~~~
, R~~~~1, thus obta ining the

enti re density f +1 (W +i, 
~~~~~~ 

R~~~~~). From this

dens i ty  the probabi l i t ies  of acceptance (P
A~

l
~~~
).

n +1 . . n +1
rejection 

~~~~ 
1 ) ,  and continuation 1 ) must

be calculated. Their calculation requires performing a

trivariate integration of the density 
~n1

+i~~ n1+i’ ~n1
+i’

R 
+~~) 

over elliptic paraboloids. This is most easily -a

performed as iterated integrals as shown in (2.4.1) .

The entire process of obtaining the density ,

f.(W. , Q., RI, from the density , f
1~~1

(W 1 1 ,  Q . 3 ,  R
~_ 1i

x~~~, X2
) ,  and ultimately the probabilities , 

~A ’

R 
, must be iterated for all stages,

i = ‘
~l 

+ 2 , . . . m0.
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4 The f i na l  result, for a given A L~~ 
is the set of

probabilities , 
R 

P
C 

, i. = 2 , . . . m~ . These

probabilities will depend upon the value of A
L
*. This

can easily be seen by noting that both the first step

density of equation (2.5.1) as well as the five dimen-

sional density of equation (2.5.2) are both functions

of A
L
* . Therefore, the notation P

A
(A

L
), 

~~~~~~~~~
~~~ ) ,  i = 2 , . . . , in

s
, will be used to denote

such a dependence. From these probabilities, the point

on the OC and ASN curves for A = A L may be calcu—

lated . These quantities are calculated as follows :

OC(A
L
*
) = ~

L Z  (2.5.5)

and

in
0

A S N ( A
&
*) = E ~~~~~~~~ 

+ P
A
1

( A
&

*
) • i = 1

.
+~~~ ~~~~~~~~

(2.5.6)

~ 

Note that , by having all the probabilities PA
’(A j ),

~~R ~~R. ~~ ~~ 
(A L ) ,  other quantities of interest may also

be calculated (e.g. variance of DSN , median of DSN ,

percentile of DSN , etc.).

4.)
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This entire process has given a single point on the

OC and ASN curves. To obtain the next point on the OC

and ASN curves the density f (W , 0 , B ) must againn1 n1 “l ~l
be obtained from equation (2.5.1) with A = ~~~~~ The

process of obtaining the density , f.(W., 
~~~ 

R.), and

the probabilities Pa
i (A ~+l), ~R~~~~+l~ ’ ~~~~

‘
‘ +1~~~ 

must

then be iterated for all stages i = n1+l, - . . , m
0
.

The Direct Method for K = 2 SANOVA has been

summarized in flowchart format as shown in Figure 13. I
1

1
I

II
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FIGURE 12

For any given stage, n: with regions VA and VR,

the density of the point (W
n = a, Q = b, R = c) is

found by integrating the density of equation (2.3.5)

as shown in equation (2.3.8). The integration limits

U~ , U~~, Z~~, ZL may be obtained fr3m the following flowchart.

u U =

CC
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FiGURE 12 (continued )

A

Case when no decision

Lis possible at stage n

= b -

LC

U = b - Q
L n

UC

Z = a - W
U n

LC

Z = a - W
L fluc
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FIGURE 12 (cont inued )

I

H 
_ __ _

- Case when only a decision

I to reject H
0 

is possible at

stage n

I

= b -

~LR

U = b - Q

I L

I Z = a - WU 
~LR

ZL = a - Wn

I
1
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FIGURE 12 (Continued)

Case when only a decision

to accept H
0 

is possible

at stage n

(a_b) 2] 1c~~a 2 b 
*

V (n+ 1) 2
j  L n+l n+ 1

F

> 0

2 \ !  1 < 0a + b ) n i i ______ 2
I i  2 11 (c—a —b

n+l J ~4[(n+l)V +1] /

F

> 0

o
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FIGURE 12 (Continued )

The integral must be broken

• up into at most 4 pieces

as given in equation (2.3.25).

The number of pieces will depend

upon t~~’ sign of (a+B)
2 

— 2(1+-k-) (a
2+b2-c)

The integration limits for each

piece are given by:

ç Piece U Limits Z Limits

1 U = b - 0  Z = a - W
U nJ~ 

U

U = b - Q  Z = a - W
L 

~LA 
L

2 U = b - Q Z = a - WU 
~UA 

~.‘

U = b - 0  Z = a - W
L 

~~~ 
L 

~uc

3 U = b - Q  Z = a - WU 
~LA 

U 
~UA

t U L = b ~~~ Q~ Z L = a - W

4 U~, b - Q  = a - W

~~LA ~~LC

U L — b - 
~ UA 

Z L = a - W

q
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F’I(;URE 12 (Continued )

Case when either a decision

to accept or reject H0 is

possible at stage n

j N O

NO

C
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FIGURE 12 (Continued)

Ep
P

flVA 
/ \ 2 IL  (VR+nVR+l) (VA+nVA+l) ] \

• YES

a
2 b2 (a-b)2n

- C- — -- —-  > 0
n+l n+l 2 (n+l) (V +riV +1)

NO 0

< 0  1 12 2 2  > 0
[(a+b)nj - nü~r~l (a +b -c)

J 
1 = 0
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FIGURE 12 (Cont inued )

o.4,
0 

~III~i~ 
> 0
) E~I~

o
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FIGURE 12 (Cont inued)

C
.111

The integral  must be broken u~~~~\
into at most four pieces.

One or two of the pieces may

be null.

The integration regions for each

piece are given as:

Pieco U Limits Z Limits

= = = =
2 U~ = b - 

n~~ 
Z~ = a - W

U L = b - Q  ZL = a _ W
n

= b - = a -

UL b — 

~UA 
ZL = a -

U
~ = b — Q  =

~
LA ~LR

U = b - Q  Z = a - WL 
~ UA 

L 
~ LA

\~-~~
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FIGURE 1.2 (Continued)

• 
__

Integral must be broken up into

five pieces. The U,Z integration

regions for each piece are as follows:

Piece * U Limits 2 Limits

U~ = b - Q  = a - W
~~LR ~~LR

UL = b - Q  2L = a - W
~~LA ~~tJR

2 U~ = b - Q  Z~ = a - W
~~LA ~~LR

= = :::: :: = =
= b - 

~~L I  
Z L = a - W

= = :nui :: = : Wn~~

n~~~

5 U U = b - Q ~ Z~ = a _ W
aUA LR

= b - Q  Z L = a - W
n~~ n~J~
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FIGURE 12 (Continued)

Integral  must be broken up

into five pieces. The U ,Z

integration l imits for  each

piece are given by:

P iece * U Limi ts  Z L imi t s

I U = b - Q  = a - W
LR L R

U = b - Q  Z = a - WL 
~~LA 

L 
~~U R

2 U = b - Q  Z = a - WU 
~~LA 

hi 
~ UA

U = b - Q  Z = a - WL 
~ UA 

L 
~ UR

3 U = b - Q  Z = a - WU 
~ LA ~~LR

U = b - Q  Z = a - WL 
~~LI L 

~~LA

4 U = b - Q  Z = a - WI.’ n~~1 
U 

~ LR
U L = b - Q  Z = a - W

~ UA ~ LA

5 U~ = b - Q  ~~ = a _ W
eUA L R

U L = b - Q  Z~ = a - W
~ UR

I
I
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FIGURE 13

FLOWCHART

SUMMARY OF DIRECT METHOD

FOR

K=2 SANOVA

Select A
0
, A

1
, a, 8~ m

0
, and

i i_ - —regions V , V , i — z , • • • ,

Obtain n1 and choose values of 
0

A: A
0 = A 1 A 2 

. • • < A~ = A 1

1~

Choose next value of A , A~ and

calculate first step density ,

f (W , Q , R ) f r om equat ion  (2.3.1)nl nl ‘~l ~l

~1..Calculate first stage probabilities

m n nP , P 1, P 1 from noncentral

F d is t r ibut ion
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FIGURE 13 (Continued)

H 
_ _ _ _ _ _

Beg in to calculate the density

for the next stage i.

Select a point W
~
=a i Q.=b , R.=c

and calculate density f.(a,b ,c)

from equation (2.5.2)

£
Determine number of integrals

and limits for equation (2.5.2)

from Figure 12

Jr
Has

the density

been calculated No

for all

oint

Yes

D

I
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FIGURE 13 (Continued )

Calculate P
A
1
( X ) ,  P

R
1
(A

L)

and 
~C~~~

12~ 
from equations

( 2 . 4 . 1 )

.11/

Yes 
~~~~~~~~~~~

Calculate OC(A~~) and ASN(A~~)

from equations (2.5. ) and (2.5.

Is

number

of points on

OC and ASN curve No

equal to

L

Yes
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2.6 Numerical Methods

The previous sections have given a detailed

description and derivation for obtaining the properties

of a K=2 SANOVA test by the direct method .

In summary the procedure requires the following

steps :

1. For a given value of A = A * , determine the

joint density at the first stage at which a

decision can be made ; f (W , Q , R ) .
n1 n1 n1 n1

2. Calculate the joint density

f (W , Q , R ) ,  for all values
“l+l ~ l+l ~ l+l n

1~ 1

of W , Q , R . This requires :n1~ 1 ‘~1+1 
n1~ 1

a. Forming Lhe five dimensional joint

densi ty  f ~~(W ,Q ,R ,X1 ,X2~1 n1 fl
1 “2 2

; 
as given in equation (2.5.2).

b. Performing the bivariate integration

on this f ive  dimensional jo in t  densi ty

qiven in equation (2.5.3).

3. Performing a trivariate integration of the

density f ÷1 (W ÷l’~ ÷1~ R~ ÷l~ 
to obtain

the probabilities of acceptance 
~~~~~

re jection ( p fl
1
fl
1, and continuation

(~ 
l
~
1
i+l )C

7 _ _ _ -
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4. Iterating steps 2 and 3 on the density

f. (W., Q.
~ RI for all i = n1+2,. . . ,M 0 .

5. Calculating the OC and ASN for A = A~~.

6. Repeating steps 1 through 5 for all values

of A * of interest.

This section will discuss the practical evaluation

of the integrals required in steps 2 and 3 of the above

procedure.

These integrals will generally be very complicated

expressions. For example , wherever no decision can be

made , the U , Z region of integration required for

step 2 consists of all U, Z contained inside the circle

given in equation (2.5.4 ) .  The actual U , Z integration

limits required are given in equations (2.3.6) and (2.3.7 ) .

This amounts to integrating a five dimensional joint density

composed of the product of a and four normal densities.

This integration can be evaluated analytically, yielding

the density given at the top of page 2-20. The cases which

require integrating aroung ellipses (e.g., equations (2.3.12)

— (2 . 3 . 1 4)  ) or those that require breaking the integral up

into several pieces (e.g., equations (2.3.25) — (2.3.28) ),

generally can not he evaluated analytically .

I

II
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One approach is to develop a numerical approxi-

mation to these bivariate integrals (e.g., ser ies ,

I partial fraction , or continued fraction expansions).

Since the integration region required is dependent upon

the point a, b , c (for a given set of regions), this

approach would yield the following type of piecewise

trivariate density for stage

- Expression 1 all W ,Q ,R .
- n141 n1~1 n1~1

f (W ,Q ,R ) =n
1~1 n1~1 n1~1 n1~1

Expression K all W ,Q ,R R
• n1~1 n1~1 “1+1

An analytic expression for the integral required in

step 3 with this type of piecewise trivariate density

t function would probably not exist. Also , if one were to

continue along these lines, the density at later stages;

f . (WV, 0.,, IL), i = n1 + 2,...,m0
; would become a

piecewise function with an infeasible number of pieces.

An alternative method for evaluating these integrals

is via numerical integration . The analytic density

f (W , 0n’ 
Rn

) may be represented by a discrete three

1~ dimensional grid of points; f (W , Q , R ) ,
n fl~ ~~

I i = l,...,N
~
, j = ~~~~~~~~ K l

~
...? NR ; so that for a

I
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given point on this grid; W~ = a = W
1+1 n1~

Q = b = Q , B = c = R ; the joint density
nk*

may be approximated by the following expression :

f ( a ,b,c) ‘~. ~ 
w1~ w~~ f~~~~

(a—ZL, b_Urns c—Z~--U
2, ZL~ 

Urn)

The quantities W 1L S W zm and Z
L S Urn are the required

weights and coordinates of the integration scheme employed

and depend upon the U, Z region of integration.

Repeating this procedure for all a, b, c contained

on this  grid yields a new grid representing the density at

st~~e ~1+1~ 
f (W , Q , R ) .  From this new gridn1~ 1 ~ 

n.

the probabilities PA
”1
~~~I ~R

1 PC 1 must be obtained.

Obtaining these probabilities requires a trivariate

integration which, can also be done numerically . For example

P
A l 

~ ~~~ W
2~ ~3p ~n1~ 1 

(W
m~ 

0L’ R~ )

(2.6.2)

This new grid can again be manipulated to obtain the

density at stage n1+2 and ultimately the probabilities

~A
1 ’ ~R

1 and P~ ”l~~
2
. Repeating the procedure to

obtain a new grid f (Wn s ~~~~ R )  and 
~~A 

~~~

for all n = n1~ 2,.. . ,m0, allows the calculation of a point

on the ASN and OC curves.
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4 In general , the density at any point not on the

grid ; say f. (W
~
*, Q * , R1

*) ,  i = n1+2 ,...,M0; must be

j found by interpolation . Note that this could require the

formidable task of interpolating in three dimensions.

Thus , it would be desirable to use a grid scheme and

integration rule that required a minimum amount of inter-

* polation to evaluate equations (2.4.1) and (2.5.3).

Firs t , consider the following grid scheme :

W = [w~ 
+ (i_1)cx

i] 
h i = l,...,N

= [Os 
+ (i—l )B.] hQ 

j = 1,.. .~~NQ

R = FR + (k—l)y 1 h k = 1,... ,N
R

(2.6.3 ) .

The quantities a., 8., 
~k are all in tegers chosen

such that:

W < W < < W
n1

0 < Q  < < 0
n2 

nn
Q

R < R < < R
n1 n

2 
nn

R

The choice of the quantities W , 0 , R ., h , h , and hS S .~ W Q R

will be discussed later .

a
I
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Many integration rules are available (Davis and

Rabinowitz (1967)); but to avoid excessive amounts of

interpolation a rule should be chosen which allows the

majority of the points to be located on the grid.

For the integration given in (2.6.1) this requires

that not only a - and b - U,~ be located on

W , Q grid points, but also that C — - U,,2 be

located on an Rn grid point. This can be guaranteed

if the quantities hws hQ~ and hR are chosen such that:

hR = A 1hw
2 

+ A 2hQ
2

or

hw
2 

= A 3hR and h0
2 

= ~.4hR (2.6.4)
where

A 1, A 2 ,  A 3, and A
4 

are integers.

Using this type of grid and the trapezoid integration

rule , equation (2.6.1 ) becomes :
n n

f.(a,b,c) ‘
~~ 

~ 
w~~ w~~ f~_1 (a— ZL, }

~
tJ
~
, c—Z~—U,~, Z~ , Urn) 

6 5)
where the coordinates and are given by the

following scheme:

Z 0 = Z L U0 = UL

Z = [z / h]  U = [u / h

= [~: / h:] = [u~ / 
h
:]
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N
~
_ 1 = Z

F
_Z

s~
l N

Q
_l = UF

U
S

+l

Z1—l = Z5+(L—1)h

£ = l i . . ., N w
_ 2

z = zF

z = z
U

= U5+ (rn_1)h~
m =

(2 . 6 . 6 )
U =nQ -1

°rlQ 
= UU

with

E sign (X) • I greatest integer in I x

The weights 
~lL 

and W2m are given by :

= *1 (ZL
_z

o) I

=

~ lL = £ = 2 , . .

= *11w+*I (ZU_zF) I P. = Nw-i

= *1 (ZU
_Z

F) I P. =

and

—j
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~20 
= * 1 (UL

_U
S
) I

= 
~~~~ 

(U
5
-U
0
) +*h

W 2m = ~hQ 
m = 2 , . . .  5 NQ 2

= ~hQ
+~~ (UU

_U
F) I m = N

w
_ l

W 2m = ~I (U
hi
_U

F
) I m = N

With this grid structure and integration scheme 4

the density of some points may still need to be obtained

by interpolation. Any values of 2 , U that result in

the point (a_Z *
, b—U , c~ Z

2
—U

2) not to be on a (W ,Q,R)

grid poin t wi l l  requi re  that  the f ive  di mensional densi ty

be obtained by interpolation. For examp le ,

there is no guarantee that the endpoints ZL, Z~~, UL and

wi l l  lie on a gr id  poin t . However , in such cases , the

task of interpolat ion may be simp l i f i ed  by considering the

form of the five dimensional density f~~~( ) .

As shown in equation (2.5.2) the five dimensional

joint density is given by:

f - ~~(a—Z , b—U , c—Z
2
—U

2
, Z, U)

= f
~ _i (a_Z , b—U , c-z2—U

2) . ~(Z) 
. 

~ (U- ~~~~~~~~~ ) .

~Jhenever interpolation is required to evaluate f~ P( ),

it need only be performed in two or three dimensions on the
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dens i ty  f~ _ 1 ( ), since both ~~ s can be calculated

exactly for any value of U and Z.

In other words , when interpolation is required

f . ~~ (a- Z , b—U , c— Z 2 -U 2 , Z , U )  ~ E*~~(Z) .

*
where E is the interpolated value of the density

b—U , c—Z
2
—U

2
). 

* * *For a given point a , b , c not on a (W,Q,R)

gr id  point at stage 1—1 , the densi ty fi l (a *, b*, d*)

may be approximated by trivariate linear interpolation.

This involves the following approximation:

2 2 2

f1_l (a *,b*,c*) = P ~ f 1(a2 , b ~ c ~~i
8j~

’k2= 1 j =l k=].

( 2 . 6 . 8 )

where

a
1 

= a / h
w
+l ~sign (a *)

and

a
2 

= a*/hW
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and
a*_a

2
= a2 =

a1—a 2 a2—a1

and analagous expressions for the other quantities.

This should give fairly good approximations for

small values of h
~~
, h

Q~ 
and h

R
. For large values

of these quantities the result could be meaningless

(i.e., f
1

(a *, b* , c*) < 0 or f.(a*, b* , c*) > 1) ,

and should be modified in such cases. The modifications

are of the following form :

if 0 < P * < 1

(a *, b* , c*) = 0 if P* < 0

rnax(f.(a 2 ,  ~~~ ck
) if p* ~~. 1

By using the trapezoid ru le  and t r ivar iate

interpolation , the density f.(a , b , c) may be ca lcula ted .

This must be repeated for all a, b , c contained on the

g r i d .  This will result in a new grid representing the

density at stage i. From this new grid , the probabil ities

~~~~ ~~R ’ arid 
~C

1 must be calculated . These proba-

bilities can aJso be calculated with a trapezoid rule

integration scheme as given in (2.6.2) .
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In practice the following quantities must be

specified :

(1) The grid sizes h
~
, hQ~ 

hR

(2) The end points of the grid: W , W~,, 
~~~

R , RS F

As in most numerical  problems , the best choice of

the grid sizes will depend upon the particular problem

( i .e . , V
A
1
, V

R
1

I and m
0
). One approach to this problem

is to s tar t  the procedure with  a coarse gr id  and obtain

answers ; the procedure may then be redone using a finer

grid and new answers obtained . This process is iterated

until the results converge to answers accurate to the

desired number of digits. One should note that the number

of calculat ions required for  each addi t ional  i terat ion

increases exponentially . For example , suppose a gr id  is

constructed , using gr id  sizes h
~~
, ~~~ and h

R = hw
2+h

Q
2

and 
~~~ ~~~~~

‘ 1k 
of (2.6.3 ) all equal to unity . Halving

the h
~ 

and h
Q 

grid sizes will result in an eight-fold

increase in the total number of points on the grid. The

dens i ty  for each of these points must be calculated for

each stage , which requires a bivariate integration for

each point at each stage.

The grid end points rr-ust be chosen so as to exclude

only a minute fraction of the density for  all stages :

i = n 1 , . . .  ,m
0
. This amounts to choosing the quantities
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~~~ 
and R

s~ 
R
~ 

such that  all points,

~~~~ Q~~ . R~~, on the gr id lie w i t h i n  these ranges , i.e.,

W < W < W
s — b —  F

— 0
fl —

R < R < R
S — fl — F

In most cases , the size of the required grid

(i.e., W~~, W , 
~~~ 

0F ’ 
R
s 

and R
F
) is directly propor-

t ional to the value of m0.

Since W (n
1 

being the first stage at which

a decision can be made) is distributed normally with

mean zero and standard deviation /ii~’, a W range

of the fol lowing type :

W = -6 [‘~~

-? /hw]*hw

W = 6 [v
’i
~~ /hw]*hw , where [] greatest integer

should be su f f i c i en t  for the grid at stage n1. However ,

if the regions were such that no decision could be made

u n t i l  stage m
0
, W ~ N(0 , ) .  Thus in order to

0
insure that  the grid is large enough , the following range

should be used :

= _6[/ç /h~]*h~

= +6{/ ~ç /h
w]

*hw

( 2 . 6 . 9  ) .
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Employing similar logic to the Q dimension

yields  the fo l lowing range :

= mm ~~[(/ ~~~ X’ - 6/~~ )/h Q]*hQ s ~(vç~ 
- 6~€~ )/h Q]*hQ~

= max ‘[(~
/‘
~~~~~ + 6,4~~ )/h Q]*hQ c [cv’~~T + 6/~~

’ )/h Q]*hQ~

where 
[1 

greatest integer . (2.6.10).

Since R must always be greater than the quantity

1/n (W 2 
+ Q 2) the R points for which

1 /
R~ < — ~W 

2~ 
~0 m

0 
0 

rn0,

need not be contained on the grid. Thus the range of B

will depend upon the values of W and Q , and the

overall grid structure becomes that of a cone as shown

in Figure 14. An R range sufficient for the

density 
~~ 

(W., 0., R .) for all i , is given by :

R = [~ 
n K +

= R5 
+ 

[
~~~9 9  (2m

0
_2)/h

R]*hR (2.6.11).

where greatest integer.

A grid of this form and size will allow for  s u f f i c i e n t

accuracy in the calculation of the OC and ASN curves.

In conclusion , this section has presented a procedure

for implementing the theory of the previous sections.
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FIGURE 14

STRUCTURE OF NUMERICAL GRID
I FOR DIRECT METHOD IMPLEMENTATION

I
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Since the density f, (W ., Q . ,  B . )  can not be expressed

in a closed form for i > n1, this section has discussed

a numerical procedure which allows the implementation of

the theory . The numerical procedure consists of:

1. Representing the density f. (W., 0~~’ B.) by a

discrete 3-dimensional grid of points. The

grid is shown in Figure 14 and is described

mathematically by equations (2.6.3). The

quantities R5, RF, 0S’ 0F ’ W5~ 
W
F , 

h
R
, h

w s ha

are given by equations (2.6.4) and (2.6.9) —

(2.6.11).

2. “Carrying ” this grid from stage to stage.

The grid at stage i—l is used to calculate

a new grid for stage i, which represents

the density f.(W ., Q~~, R.). To calculate the

density of any point on this grid at stage i

requires performing the bivariate integration

of equation (2.5.3). However , the integration

is now performed numerically. When the trapezoid

integration rule is used , the calculation is

given by equations (2.6.5) - (2.6.7).

3. Af ter the density of all points at stage i

• has been calculated , the grid is then again

numer ica l ly  integrated to obtain 
~~ A

1
’ ~~~~~

1

This is calculated by the procedure shown in

equation ( 2 . 6 . 2 ) .
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Since the density at stage i-i is known only at the

points on the grid , the density at points not on the grid

must be obtained by interpolation. This can be done by

three dimensional linear interpolation as given in I
equation (2.6.8).

The methods discussed in this section are only

feasible if performed on an electronic computer .

Appendix C discusses a program developed to calculate

several points on the OC and ASN curves for any k=2 I
SANOVA test.

I

I
I
I

II



I
I 

2—122

$ 2.7 CONCLUSION

This  chapter of the thesis has derived a procedure

f o r  obtaining the OC and ASN curves of a k=2 SANOVA

test. The procedure is the first to yield exact results.

Section ( 2 . 3 )  involved the theoretical derivation

of the procedure , which has been summarized in Figures  /i.~.

and ~~~of Section (2.5). Also, Section (2.6) contained

a discussion of a numerical approach for implementing

the procedure. Appendix C contains a computer program

which calculates the OC and ASN curves via the

methods discussed in this chapter.

I
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APPENDIX A

POWER CALCULATIONS FOR A FIXED SAMPLE ANOVA TEST

As shown in Section (1.1) of the thesis , the f ixed

sample test uti l i ze s the statistic F cal~ where

F 1 = 
j-~ 

n
~~~

(X. - X) 2/ ( K  - 1)

1=1 ~~~~~~~~ 

( X . .  - 
~ j

2/ ( N  - K)

wi th

N = 

K 

n.

Xi = n.~~~ 
1

= ~~~~~~~~~ ~~~~~~~~

For a test of K means with n. = n observations

from each popu la t ion

f
F — F  (nX)

• cal K-l , K(r i-1 )

1
*I
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where

A

U I
I

and F (nA) is a noncentral F variate asK—i , K (n—i)

defined in Section (1.1).

IThe ANOVA test is usually a test of the fol lowing

hypotheses : J
H
0
: x = 0 vs. H

1: X > A I
The decision criterion of the test is as follows : I
( 1)  Accept H

0 if F
CAL 

< FK_i,K(fl..i),~
) = . I

The quant i ty a corresponds to the acceptable

probability of a Type-I error.

The choice of any two of the three quantities

~ (magnitude of the Type—Il error), n, A )  completely

determines the third.



I
The OC curve of the test is in terms of the

parame ter A , and is def ined as :

L I
OC(A ) = Pr (accepting H

0 I A = A )

* *= Pr (F < F  
~~A = A )

CAL K-l ,K(n-i),cz

* *= Pr (F < F JF ( n ACAL K-1,K (n- i)  ,a CAL K-l ,K (n - l )

FK_ 1, K ( n_ i ) , a  
*

= f f (F K_l ,K(fl_l)
(n A ) dF K_ l ,K( fl_ l) 

( n A * )
0

where f ( F
K 1  ~~~~~~~~~~~~ 

is the densi ty  of a noncent ra l

F variate with K-l ,K(n—l ) degrees of freedom and noncentral

*parameter nA

In order to calculate this integral the noncentral F

distribution must be integrated . This integration can be

expressed in terms of an in f i n i t e  series of mul t iples of

incomplete beta function ratios in the following manner:

OC(A *) = 

~~~~ 

(E
~~~~~~~~~ e f lA ) Ig ( ½ ( K _ l ) + j ,  ½K ( n - 1)

where g = 
(K_l)F K_ l ,K (fl_ l ),a

[K
n—u + ( K — l )  FK_l ,K(fl...l)

(A. 1)
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and

I (a , b) 
r ( a + b )  1 ~

a_ l
( l~~~)

b_ l  
~~X r (a)r(b) j

the incomplete beta func t ion .

*
Thus OC(A ) may be calculated by summing terms

in the series until the magnitude of a term is less than
or equal to some € .

The incomp lete beta function can not be evaluated

analy tica l ly ,  so must be done numerically. One method

is tha t  of continued fractions . The incomplete beta J
f u n c t i o n’s continued fraction expansion was obtained by

Aroian (1941) and is given in Abramowitz and Stegum (1S69) .

An approximat ion to the cumulative d i s t r ibu t ion  funct ion

of the noncentral F distribution was given by Tiku (1966).

His approximation consists of fitting the distribution of

F (A) by that of (b + cF . ); choosing b , c, and
V1, \) 2

v~ so as to make the first three moments agree . The values

which do this are;

1’ H 2 ‘

= ½ (v
2
.-2) 

112 — 4 K 3 
—

(A . 2)
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c = (v I/v 1) (2~~1+~~2 -2)~~~ ( H/ K )

b -v 2 (v 2-2 )~~~~( c -l - A  v 1 )

where

= 2(v1
+ A ) 3 

+ 3 ( v 1+~~) (v 1+2A ) (v 2
-2 )  + (~~1

+3A) (~~2
2) 3

and

K = (‘~1
+A ) 2 + (v 2 -2)  (v 1+ 2 A )

so tha t

Pr(F (A) < f ) ~ p r (b + cF  < f
V j•~•V 2 

— 0 ‘
~l

’”2 
— 0

f -b
= Pr ( F  0

V
1

,\)
2 

— 

c
(A. 3)

This approxima tion simp ly requires a method for evaluating

the cumul ative d i s t r ibution f u n c t i o n  of a central  F wi th

v 1 and degrees of freedom , which from above can be

calculated as:

I
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P r ( F
~~~~ ~ 

X) = I
V1X / (~~2+V~ X) (½V lI½V ) .

(A.4)

The computer program contained at the end of Appendix B

uses this approximation to calculate the OC curve of a

fixed sample test with specified values of a, ~ and A .

I

I
I
I
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APPENDI X B

I
OBTAININ G WALD REGION S FOR A SANOVA TEST

As discussed in the thesis, a SANOVA test is

conducted using the test s tat is t ic  F
n 

of equation

(1.2.1) or the simpler statistic V
nI where

(K— i)
V = - F .
n (N-K) n

At each stage this statistic is calculated and compared

with the quantities V
A
’1 and VR ; such that at any

stage i :

(1) H
0 

is accepted if V
1 

< V
A
’

( 2 )  H
1 

is accepted if V
~ 

>

The regions V
A
’, VR

’, are usually chosen so that

the Type-I and Type-Il errors are approximately equal to

the risks acceptable to the experimenter (a and 8) .

The regions developed oy Wald are the most commonly used.

For a given set of quantities a, 8~ K
, A 0

, and A 1,

Wald reg ions V~~ and V
R
n are obtained as the solutions

of the following equations:

p
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IKn-1 K-i mA V ‘~ 1
exp ~~~~~ —

~~— ( A
1
_A
0)} 

H , 1 A , 1
L 2 2 2 ( l + V ~~) J 8______— 

M 1Kn- l ~~~ mA
0
V~ 1 

= 
1-a

1 2  2 2 ( l+ V~)I
L A J

and

n Kn-l K-i mA V ~ 1 jexp ~~~~
— — (A

1
-_A
0)} M , 1 R

2 2 2 2 ( l + V
R
’1
)j 1—8

M {Krl-l , K-i , 
m 
0
V~ 

— 

a

I 2 2 2 ( l + V n )
L R

where M ( X , 1, Z) is the confluent hypergeometric function

given in Section (Li) and discussed by Stater (1960).

These quant it i es  are obtained by solv ing the above

equations by a Newton-Raphson root solving technique

( Carnahan , et al (1969)).

In some cases , i.e., for small values of n , a root

does not exist for the equations above . In such cases

it is not possible to make a decision at that stage.

The fol low ing pages contain a listing of a computer
4

program which will calculate regions for any given values

of a , 8, K , A
0 

and A 1.
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( Tables of such regions have been worked out by

Ghosh and West ( 1967)  fo r  selected values of a, 8~ 
A
0
, and

A These reg ions however are only given for  every f i f t h

stage.  Thus the fo l lowing  computer program also al lows

the Ghosh regions to be read in, and the missing region

values calculated via Lagrangian interpolation

(Ghosh and West ( 1 9 6 7 ) ) .

I.
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8 5 1 0 0 F 0 ft T R A  N C 0 ~ P I 1,. A T I 0 N XV .3.uCe . THURS

F 5 .CARO. UN IT~IREAD ER
FILE 6u PRINTLR.U NI T .PR INTER 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _____

C THIS PROGRAM ALLOWS 
_ _ _ _ _

D E T E R M i N A t I O N  OF ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

IC THIS PR OG RAM WILL FIND A C R ITICAL V A LUE
C C?O AN U THE SMALL E S t iNTEGER~~~~~Oi~~~I~~tN~ - - -

1C VALUES OF ALPHA AND BETA
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

iF V < C THEN HO 1S AC C E P~ ED AND IF v’C HO IS ft [j~~~ LO
C ******************e .a******************************e******************
C 

- - - — _ —--- -
~

--  —-- -- ——— -  — _ -- --- - -

51AR T Or SEGM E N
DI MENS IUN BDUND (2).xLIN (fl.REc,(50.2 ,)

~~~OUBLUI’RECj5ION VA ~~W~PF,HYP2.HyP3. HY P 1s.VA L2. V A L 5 T.Fx.XLN ,AU x i
1 .AUX2 .X Nx T ,F X N X T~ XE V A L •FPX 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- - REAL LA M O ,L A M 1  - -
COMMON IPS 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _

TAU( U eS )  *ALQ ~.a (Z) )‘Z +( Os 5*ALOG ( 6, 283185) ),( ISO/( 12 sO Z)
_ _ _ _ _ _  

1.(1.0/(360 .O*(Z**3 .O)))4 (1.0/(126050* (Z**5.O))).C1./(1680, *(Z**T.0
2)))
HICGRN ,SS ,CP )S2 .0* (((GRN I,0),(SS*CP))**3 ,O)
M 2 (GRN.S S ,CP )*3 .O * ((GRN .1 ,O)+(SS*CP))* ((GRN 1s0)* (2 .0*SS*CP))* (( (G

1RN* (SS 1.0fl 2.0)) 
- - _ _ _ _ _  _ _ _

H3 (GRN .SS ,CP )t ((GRN’1s0 )4 (3s0*SS*CP))* (((GRN* (SS 1.O))~ 2sO)**2s O)
CON 2 (GR Ii.SS .CP)$ (((GRN 1~~0)~~CSS *CP))**2s0),(((GRN * (SS 1o0 )) 2~ U )

2* ((GRP4”1.0)+(2 .O*SS~ CP))) 
—

~~

CON 3 (GRN ,SS .CP .H).((GRN* (SS .1 ,0))IUGRN* (SS .1.O)) 2.O))*(H (((GKN
31.0) ,CSS *C P) )/ (GRN ~~~.O)) ) 

- - -~
EPS.1.0 E 8
IRtAO&5 ~~~~~~~

_ —
IRITE .6 _________________________________-- 

~~~~~R EA D(I R EAD ,1 ) ALPHA .8 (TA~ LAMO ~ [A~h1 ,DEGF 
——---— —

I FO RMA T (b FlO. ’I) 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

WR ITE (IRI TE ,? 01) 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

01 FOR M A T (1H1 ,20X , ”FIX LD SAMPLE A N O V A  TE ST”)
• WR ITEC IRITE .702 ) 

_ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _

‘02 FOR MA T (/.2QX ,~~.*.***ee*******a***.***ø)— WRTTttIRflti103) V LGF
,03 FOR P4AT (/// e~~4X ,”K~ ”.F3 .1ø2X , ”GROUP S” ) 

_ _ _ _ _ _ _ _ _- 
READ (IRLAD. 7 ’13 ) SAM

13 FO RM AT CI8. 2 ) 
_ _ _ _ _ _

IF C L A M I O .O ,AND. SAM . T O .0 )~~~~DT D Z~ 
-

~~

WR !T ((!R1TE 704) LA M0 ,LA M1 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

04 TOR IqA T (//// .13x ,9HHOit. A MO .,T6,2,2X,”v5~ .2X. 9HHI $LAM1
WR ITE (IRI TL.? 05 ) A L PHA .BETA

705 FoRMAT (//,20X ~~~AL PHA .*.F5.2.6X. ETU SwiF5i2) —
DO 10 P4.3.1000

I SAM .FLOA T (N) 
-- - --

~~~ 

—

IF (LAN 0~ 0.O) GO Tü 5
- - - -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C O NK .C 0P42 C D LG F AM. L AM O ) 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _

-- (.(Ha.2 ,0)/ (COP4K**3 ,0) 
_ - - -

B .C (D (GF * (SAM 1.0)) 2,0)’ (SQRT (E/(E l.O)) l.O) 
_ _ _ _ _ _ _ _ _ _ _

8.8.0.5 — _ _ _ _ _ _ _ _ _ _ _

• V .(8/ (DLGF”L .0))* (H/CONK )* (ts0/ ((2 ,0*B ) ,(DEGf *CSAM lsU )) 2 .O)
c~ cow 3ro GTiSAM.tAM0.V)
T 1 . (0 E G~ * (SAM ~ 1 .0) )/2.0 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _— 1  12.8/2.0 - ——

GO TO V 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

5 TI.O,5~~DECF ’ C5AP4 1.0)  - 
- 

— —  -- - -
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T2a0.5~~CD E~ F 1.O) — _____________________

7 Y0~ BETINC (I.T1.T2.ALPH I)
F0r( (V~ UEGF* (SA M 1,O)*(1.0 (YQ*8)))/(yO*B)) C

— 
1 F (L A M O a O ~~0) T0.IDEGT*ITAM.1.O)*11.0 y0))/ ((DEGF 1 ,0)*YO )
T1 . (DEG F*CSA M 1,O))/2,O 

______HpaH 1( D LGF .5A M,LA M1) , H2( D (GF ,$AM , i AMT) .H3(p(GT.TAW~IAHI)
C ONK P.C UN 2  C DEGF -. SAN.  L A M 1 )  

____________ ________

tP~~(MP ’2ø0 )/(CONKP **3 ,O ) 
—

BP .(CD * (SAM 1.0) 2.O).(SQRT( (P/CEp~ a .O )) I.0)

VPt (bP ” ((~EGF 1,))*CMP/COP4KP)*C1./ ((2,*bP)* (DEGF* (SAM 1.)) 2.0))
CP~~C 0 N 3 (D E G F . S AM . L A M 1 . V P )  

- - -

I 3s~~~/2 .0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

PROB .BF 1 INC CO .T1 .T3 .Y1 )
A4 .1 ,O rE TA -— ______________________________________________________- -

I F ( P RU R  .GE. A 4) GU TO 11 
_____

10 C O N T I N U k  - -- _____-- — -

11 W R I T C C I~~ITE.TO 6) SAM 
________

706 FORNAT (,/ .ldX. W RE QU IRED SAMPLE 5IZ IS~~T8~T) - -

GO TO 13

C 
__________ ___________________

C 
- - - — _ _ _ _ _— --— ---—--— - - -  -

C ******************************~~********************•***********e******
C 

- - - - - --——-— - ——————-

~~~~~~

-- -- - —--— - - — - 

C ________________________________________________ ______
THIS PART R~~ MAM~~~1Ll. ~ALCULAIL A LA Ni P UK T  - -

C G I V E N  AL PH A IBE TA ~ AND FIxED SAMPLE SIZE N
C -

C
C a..

C ___________________________________________________________________________
-C -- 

—________________________

C
21 TIs0 ,5’DEGF~~(SAM 1.0) 

- -  ____________

12 .O ,5 .(DEGF •1 .0)
,O~ 8E TI IEC (1. T1 ,T2 ,A LP HA ) - 

~~~~~~~~

_ _____________________ - -

F 0 . (DE GF* (SAM 1,O)*(1,0 Y0))/C (DEGF 1 .O) Y0)____________________________________________________-

DO 625 LM~~1.2O0
ALTLA M r Q .1aLM - ___________- — ______ - -

HP sM1 (D~ GF .SA M ,ALI LAM )+H 2 (D EGF. SAM .ALT LAM )+ H 3 (DE GF .SA M .ALTL A M )
CON ,(prCUN2(U(GF ,5A $.ALTtA $) —__________________  - —~~— -

EP~~C H P~~*2 ,0)fCCONKP **3 .0)
BPr CtDt ’~ SAM 1iO~ T 2TO1.(SQRT Erf (EP-~~,0))—1su )
BP .BPaO .5 

________________

VPs(BP/(DEG 1.))*(MPfCD~ KP)*~ 1~ 7t12,*br )+CUtGT* (SAM 1.)) 2.QT) - -

CP .CON 3 (DEG f .SA M. A L T L A M .V P )  
________________________________

T3~ 9P/2 .O
Y1 .1 ,0/ (1. 0+C (B P /CD E G F* (SAM 1.0)))*((F0+ CP )/VP)) )
PROB ’BETINC (0 .TIi13 .Y1 )
A4 .1.0 b [TA 

______________________
IF (PRO B ,(aE , AA )  GO T~~ 27~~~~è25 CO NTIN UL 

_______ ______

27 L A M 1 e A L I L A M  - _ - _______— ______

W R 1 T E C I F ~ITL.?04) LA MO ,LA MI
- 1dRIT E(IRITEiTO5) AL PHAiBETA

W RI T E (IKLT E. TOb ) SAM 
______________  ________

1 3 CONTINU E



I 
_____  _ _ _ _ _ _ _  

B-7 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

~ C •~~*a a . a * *a a a * *a ø a * *a a a a * i i * *a *a *a e *e e *e e a *a 1 * * * a e a a a * * * a *a *a *a *a***a * 
-

C ______________________________ _______c - - 

THI S PART or 1P1E WR OG RAM CALCULATES THE OC FUNCT[oN
C F OR THE FIXED sIZE TE ST
C 

- - -  - — - -—  -- - - — ——— -——____________________________________________________ — -

C e .a.e.a...*aaaas ********a *a **Ø *ee ***aa*** .*********e ********a ****a * .* .
c 

-- 
_ 
---

~~~~~~~~ 

—------ - - - -- ---_ - -

C ___________________________________— 

~PIT ((IKITE .7O7) 
- - - - — —

~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ FOR THE TIST”)
W RITE (IHITL .708) —

708 FORMAT (/,/.14X .”L A H DA ” .1OX . ”PROB OF A CCEPTING HO”)
DO L eOl IPOw .1 .1O
A PLAM *LAM O+ I ((LAM1 .LAMO )/9.O )*FLOA T (1P0W 1)) 

_____

IFC A P L A P ~~O.U) GO TO 403 
AP4OC .BE1 IN~~(O .Ti.T2 .YO) _______________________________________________
A P4OC .1,O ANO C
GO TO 102 

____________________ _____

Hp.H1 (D EGF. SAM .APLAM )*H 2C D EGF. SAM ,A PLAM )+H 3 (OE G F .SA N.A PLAM ) 
- -

CON K P .C ON 2 (LJ E G F . S A M ,A P L A H )  - ____________ 
______

[p. (HP~~*2.Q)/(CONKPaa3.0)

______ 

BP . (CDE GF .(5AM 1 ,O ))~ 2.0)* (SQR1 (EP/ (CP 4s0)) 1~ 0)
1P.aPaO .3

CP .CON 3 (t)E~~F .S A M . A P L A M ,V P )
13 .BP/2.O 

___________ _____ ______ ______

Y1 .1,O/(i,O.((BP/ (DLGF* (SAP4 .i.O)T)a((FO. CP )/V!r)

____ 

ANOC .BET INC ( 0. 11,13. V i )  
______________________________________________________  

AN UCu1 .~ ’ANOC 
___________________________________________— -

402 WPITE (1-t (1IL,709) A PLAM ,AN CC
709 VORp.*T (/. 14X.F5 .2,17X,F6,4)  

-

*01 CONT IN UL 
_____

W k I T E ( I R I 1 E , 7 1 0 )  F~ 
- -

71 0 FORMAT (,//,16X.”C RI T ICAL V ALUE OF F .‘.F7.2) 
____

CV ~~.( F 0 * ( D ~ b F ’ 1 , 0 ) ) / C D E G F * ( S A M 1, O ) )
WRI1E C IHI 1E. T 1 1) C V V

711 FOR MA T (//,1bX ,”CR IT ICAL VALUE Q F ’ Y i T T D ~ 5T - - - - -

READ (I RLAD ,lO 1 ) IREG 
____ ____

101 FORMAT CI 2) - ____ —

IF (IRE G~ 0) GO TO 160 ____________________________________________- —C a * a a  * a. *~** * * * * ** * a * ** * * * i~. i**~a ** * a a * * a . ** * a * a * * * a a * a a a ** * a * **  a * a * a a a
C
C 

— —  —— - -_  -—  - - — - - - —- - — - -

C THIS PART OF THE PROGRAM WILL FIND WAL O REGIONS FON
C EVE RY N~ P40 (THE FI XED STX[TESTI8YTrNTERPOLAT ION
C OF THE GHOSH AND WEST TA B LES

— — -  — ______________________________

C
*a* a*** ,*e *e ****a **a *aa a **** *a **e.èe~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ * a.

30 CON T IN U~WRITE (IFUIE.715) —  — - - -- —- -

~

715 FORMAT (1H1.20X ,”SEQU CP4TI AL ANOVA TEST”)
- WR11E (ThITE.702)

W RIT E (IRI TL .7 03) DLG F
wRITE (IF~ITL.704) LA MO.LAMI  

— -  - -

WRI TE (IRITL.7 05 ) ALPHA .KEIA
T W R ! T C ( I F~I Tt .7 16 )  -  —  _ 

71 6 FORM AT C /// .20X. ”THE . WAL O REGIONS A RE ”) 
____- 

wR lt CikITL.T17 ) 
- _______________________________

‘ 717 FORM AT (// .1OX , ”STEP” .1OX . ”LOW ER V Pd” . IOX .”UPP (R V N ”)
N SA M .IF -Lx (SAM )

306 RE AD CI R LAD .25 ) I.A LI.A L2
25 V ORMA T (13 .2F1 0 ,5 ) . .  

- -
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IFCI.Lt . NSAH) GO 10 35 ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— ______ ______  -

ICOUNT .ICOUP4T .1
IF (ICOUNT 2) GO TO 40 

- - - -  - - - - - - -

35 REc. (I ,1)~~A L 3  
______

1~EG (I ,2)AAL 2 -  -- -______

GO TO 306
40 DO 150 INDX~ 1.2 

- - -

N1S Ss 1
N2SS .1 - - — - - -

P 43 5 5 . 1
TI - 

ITtREGtNISIS.INOX) 0) Gti1’O~~ 7
NiSSaN 1 -~S.1- 

GO TO 41 
-

42 N2SS .N2 SS+ 1
43 IFCREG (N2SS.INDX)’O ) GO TO ‘$4 

- -

N2SSaN2SS4 1 
________________________________________________________

GO ~~~~~~~~~~~~
4* IF (N 2SS )N 155 +1) 60 10 46

P4ISS .N2 SS 
- —

60 10 $~ _____
- -  

N3SS .N255 ’ - l 
- - -~~~~~~ -- _____

41 1F (REG ( N3SS .INDX ))0) GO TO 48

60 10 41
48 L 1-~P41SS’1 

- - - - - -  --

L2 .N2SS ’~1
JF (L2,NSA I4) L2 .NSAM 

- - - - - — -

S1.FL OA I (N1 SS ) _______________________________ ____

S2IFLOATIN2SS) —- ____________________________— —  —

53.FLO~~t (P43SS )
A P 4 ’ S 1*S? ~~S3 - - -- -— -

DO 1*0 LN b 1a ~~1, L2
SBIFL.O* I(INbT) - 

~~~

Z1.(C ( AN/SB ) “C AN /52 ) )a( C AN /SØ ) (  AN/S3)) )/(( C AN /S1) C AN/S2))

~~~ I* ( (A N/ S 1 ) ~~(AN/ S 3 ) ) )  - -  

-—_________________________________________

12s (((AN/SB ” (AN/S1))* (CAN/S8)’(APl/53)))/(((AN/S2)”CAN/S1))
2 * UA N / S 2 ) ” ( A N/ S 3 ) ) )  —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— —

Z 3 a ( C ( A P / S 8 ) ” ( A N / S 1 ) ) * C ( A N / S B ) ” C A N / S 2 ) f l / C ( C A N / S 3 ) ” C A N / S i ) )
3 • ( ( * N /S 3 ) ( A N / S 2 ) ) )  - - - _ ________________  ______

KEG (INB 1 ,IN U X ) .Z 1 *RL G (N1 SS ,IND X )+Z2 *RC G (N 2SS ,INO X )
4 +13’REG (N3SS.TNDX) 

140 C ON T I N U E 
____

Fl L2~ N5AM )  GO T O 150 
- - 

~~~~~~~~

____  

~~~~~~~~~~~~~~~~~~ 

- — -  - — -

N ISS IN2 SS
GO 10 4 2 - - 

~~~~~~ 

- - - - - - - - -

150 CONT IN UL _________________________________________________________
153~~~ D0 156 j~ F’Tfl45AM~~~~ 

-

IF (RE l~C.jMFi1 ).O .O) REG CJMF .i )~ 99999-. 
___- IF (REGCJ MF.2)’O.O) REG (Jt4F.2)~ 99999.~~~~~~~~~

WR ITE C I RITL.301) JMF,REG (JMF,1).R ((.(JMF.2) 
_________ _____

156 CONTINUE - - — - ____--

W R ITEC IRITE.721)
721 VDRMAItTT .8QXi”INTLRPULAILLJ”)

GO TO 445 
________ ______

C - - -- - - - - - — —--_ — - - - --—  - 

C
C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C THIS PART Of THE PRO G RAM W I L L  C A L C U L A T E  REGIONS FOR

TEsTS NUT C~ N T *INED IN T uE ~àt1USH ‘ WEST  TA~ LL~S 
—

C
C 

- - - — - --— - —_--—- —--— -—- -  — - —

r a a . a a a a e a * * * a a e e a a * * . a a * a a . a a a a a * a e a a a * a * a a . * * e a * * a a * * * a * * a a a a * a * e * a * *
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160 W2 .(OEGF”1.O)/2.0
NSA M .IFLX SAM.
WRIT (CIBIT [.715 ) 

____  ______________________________

~~~~~i~i~t~~ IkTTE ,7O2
WRITE (IKITE.70 3) DEGF
W R I T E (I H 1 T E -.704) L A M O i L A M 1
W R I T E C I N I T E ,7 0 5 )  ALP HA .BETA 

_ _ _ _ _— 

SE
L I _____________________ ST A RT or

WR ITE (TR IIE.V16 ) 
-

WRI TE C IHZTL. 717) 
______

6OUND (l)~ AL OGC 8LTA / (i .0”AL Ph~~) )

BO UND (2)~ ALOG ((1,O”BEIA )/ALPHA )
— 

XL !N(1) 12.0*BOUNU (i)-’ ( LA M 1 LAMO)T / l 2~~~
.BOUP ~DT i ) )  - -

XLIN(2)~ (2 .Q .BOUNDC2).(LAM1.LAMO))/C”2,0*BOUND (2))
DO 220 NS7c2.~~ A M
(CON.” (FLO A TCN SZ )* (LAM1 LAMO ))/2,O ______________ ______

W1.C (DEGFaFLOAt (P4SZ))’1.O)/2,0
ZCDN 1B (FLOA ICNSZ )*LAMI )/2 ,O 

_________-

ZCON OaCFLOAT(NSZ )*LAM O )/2,$) 
— -

DO 210 1B~ 1.2 ___________________________________________

~x~(~vA L *ö. 0 - -- - - -

IF ( X L I N (I B I  .GTs 0.0 sAND , XL IP 4 (IB ) s G L s  1.0) GO TO 297
- — 

IF (XL I N (IB ) .GT . 0.0) GO TO 170
V A L O a  L X P C L C O N )  — [XP (bOU ND CIB ))
00 296 1SR~~1.9
XSR . “ (ISK*O.l) _________________________________
SEAR . C X S H /( 1 ,0+X SR )) 

- -

w 3 .ZCON1 *SL A H
W 4 .ZCON Q* SEAR 

-

H Y P 1~ (,ONh Y P (W 1  .w2 w 3)
HYP2 . CON H~ P(w 1 ,W2 , W4 ) 

- -

VAL2 •C EX PC L CON )*MY P I ) — (  EX P ( B O U N o ( I B ) ) * HY P 2 )
1F( (VA L Oa VAL2) .Li. 0.0 ~A ND, X LI N C1~~) •LT. 0~ 0) GO TF~T0~

296 CON T INUL 
_________

SEAR. O -.99  
-_________

W 3 ~ Z C O N I * S E A R
W4 .ZCON O *SLAR 

-

HYPI . CO NHYP (W 1.W 2 .W3 )
HYP2 . — —  CONH Y P (Wl .W 2.W 4 )
VAL2 . C (XP ([CON )*HYP1 ) “C EX PC BOUNDCIB ))*HYP2 )
IT ( CV A LO .VAL2 ) •GT. 0.0) GO 10 210 

- -

297 w3aZCON1 *O .5
W4~ ZCON0~ 0.S  

-   -

HY P I . CON H Y P (W 1.W 2.W3) 
_______________________________

H YP2 s C ONHYP (w 1.W 2 .W4 )
VALST .( E XP (ECON )*HYP1) — C EXP (BOUP4OCIB))’HYP2 ) 

_ _ _ _ _ _

1rs CV A LST *V A LO .oT. 0.0) GO 10 197 -— ~~~~ 

XL INC IB )~~1 .0
GO TO 1~~0

197 00 386 IFND•i0. 60 .10 
________________________________

~EARS .IThD/ (t.04IFNL)) 
_____________________________

W 3. ZC Owl . SE A RS
P14 .ZCONC)*S [ARS 

— - - -

I4YP1. CUNI $YP (W1.W2.W3 )
H YP2. CONHY P (wi.W2,W * ) - — - - - - -

VALS . t LX PCECON )*HY PA ) “C EXP (BOUNDCIB))ap4YP2)
IF (cVA t ST.VALS)) 367.386~~386

387 X L IN (IB )~~IFhD ” 5 ,O
GO TO 170 - — - -

386 CO Pd TIN U~
~ i T~.a t TR ~~.ir~~n .- 

- - -
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ITO CONTT1iUt 
-- ____________—

__________
IF (XLIN (IB) •G1. 0.0) GO 10 195 

________

X L T N C 1 B ) ~ XLTN (I8).~ LN 
-

IFC XL IN (IBJ ,(Q. “1.0) XLIN (IB). O.5
GO TQ TTO

195 W3 ~ ZCON1 * (XLIN ( Ib)/C 1s.I~ XL IN ( 18)))
wi~~ZCONo .(XLIN (IB)/~~1.o,XLI Pl (Ib)) ) 

- — -

HYP1 aCONHY PC W1sW 2 .W3 )
PIYP2 .CONMYf (Wi,W 2.W4e ) 

- - -

Y1~~w1.1 .0 
____________________________

Y2 ’w2’I .0 
- - — - -

_______ 
HY P3 .COFIPIYP ( Vi • Y2 . W .1)
HYP4 .CON HYP (Yl.Y 2 ,W4 )  

- -  -

A UX 1 CF LO ATC N SZ )*W l )/ (2 .O *W2 a( C l sO ,XL IN( IB )) *a 2 ,0 ))
S AUX2 .~TTLAMl *HYP3 )/HYPl)”lCLAMO*HYP4)/HYP2 ) 

- -

FPx .AUX I’AUX2 
________________________________

HYPI . UL I W ~PIi~~~~~HYP2a DLOG (HYP2 )

~~~~~~~XiECDN+}~YF’1 HYP2—BOUN D (1B) 
-— - -

IF ( DA bS (FPX ) eLE. 2,0) GO Tu 501
3U3 XLN

~ 

XLIN (IB)” (FX/FPX )
IFC D A b S ( X L I N C L B ) XL N) .LE . EPS ) GO TO 210
X INT.X LTNTIWY
XL INC IR )”XL N

TUNSX 1NT -

XE V AL .Fx
- -  

~~~~~O~~TO ITO
SOl IF ( C X t . V A L a F X fl 502 .5031503 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

502 XNXT ’ U XLTNCTB)iXEN)*O.5
W3 .ZCONIe(XNXT/ (1,O ’XNXT ))

-- - w4. ZCONOa ( xNXT/ ( I ,O,XNXT))

_ _ _ _  

HYP1 . CO N$1.r ( W 1.W2 .W3 )
-— RYP2a CONHYP (Wi .W2 .W4) 

-

F x NX T r [CON. DLOG (HYP1)” DLOGCHYP2 BOUNDCIB)
IF (CXLV AL*FXNXTTJ ~U~~ 21lii5D6

505 XL INCI B )~ XNX T 
____Fx .pXNX1 ____ -—

GO TO 507
5p6~~~JCiJWXNX T — - -

- X E V A L a F X N X T  
___________________________________507 1~~ O k 1 ~~UT tt~~~ XtN) .%.E. ~~~J5 

~o TO ? I U
GO TO 502

210 CONTINUE - - - -

W R I T E C  IHITE .301 ) N SZ ,X L I N C  I ).XL IN (2 )
30-1- — FOR MATtI1X II2 ,1ox .re.a.10x.Fe.4 ) - - -  -- -  -

220 CONTtNUE —_____ - —-

WR!T (( IRITE.720)
720 FORMAT (//.80X,’CA LCULAT (D”)

445 CONTINUE
STOP 

__________________ ____ - - - -- _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____
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START OF Si
FUNCTION ZI (X.A.~~) - - -

N. tNT C F N ______________________________ _______

~~~ti1.~ tA48)*XfCA+2,4TN) 
_ _________________________- ______- -

ZI.2, IC L .50R1( Cae2 .1s , aFNa C FN”B ) aX/C A,2. *FN ) ea~ ) )
DO 60 J a 1 i N  

- - -

F P4’ Ne l”J
A2 P4.A+2.*FN 

- -  —

ZI’ (A2N ”2, )~~(A2N 1 & “FN .(FN .R)~~X .ZI /A2 N )
- 

71•~ ,/ l r~a (A ~T~~~~ 1i(A,rNai ~~ 1).X/ZT ) — --

60 CONTIN U I -
- - - - RETURN —   -  - -

END 
I

- - - -- - ~~ - 

SEG

F UNCT IO~ C G A M ( A )  
_____________ _______ -

AA a A
CA C ‘0 .0 ______________________________________________________

IF (A •2s ~2,8.8_ 2 IF (A 1.)4.6’6 
- ___________ ____________________

4 CAC .”2 .,CA4 ,5) *ALOG , (i ,+1 ,/A ) ,CA+ 1 ,5 )*ALOG (1. ,1. /U4 1. ))
AA .A~ 2. ____________________________- 

G O b  8 
- - -  - 

~~~~~~~~~~

-— - -  
-

6 CA C . 1.+(A + .5 )-aALO G (1. + I. /A) 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

AA .A .1. 
- - -- - _____-  ________________________________  --

- 8 CA s2s2 694 89 /AA
CA ..5256u 647 /CAA .l .O 115 23 i /(A A + 1~~~~T4~~3T/(AA+CAfl) 
CA S ,083333i333/ (AA . ,03333333 /CAA .,25238 095/(AA .CA )))
CGAM .CA +CAC 

- - 

RETURN _____________________________________________
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STAHl OF SE
FUP4 CT I Uk BE T IP4 C ( I N U ,A . B .X )

C 1NCOMPLt.TE BETA FUNCT IO N A tiD T~~Tf~VERSE 
- _——_- 

C MARK ’l FOR INV ERSE (SEND DOWN PROB )
CAB .t (A+8J C~~AM (AT~CT~A MC B ) .5*ALOGC (A+B).6.2831d531 Y
IF (IND)1O.10.20 

____ ____ ________

10 EPaCAB~ A *AL OG (X* (1..B/A) ).B*ALOGC (1.”X)~~(l.+A/B))IF (X A /CA 4b ) )12.12.14 
- ________________

12 BETI NC~ ZI(X.A .B)-*EXP (EP+,5*ALOG(B/A ))
RET URN_______________________________________________________________ -

14 BETIN C a1. Z I C 1 , — x .B ,A )aEXP ((P ,.SaALOG (A /B ))
RETURN ____________ ~~~~~~~~~~~~~~~~~~~ - --

20 IF C x” .5)22 .22 .24
22 Q Z .AL OG I.X ) - _________________  ____

IGOsl
AA . A 

__________________________________________________________________

88.8
GO TO 2C

~~24 O Z aAL OG (1. ”X )
160’2
AA ~ B
BB aA 

_________________________________________

CAB B .CA 8+, Sa A L OG (b B /AA )+AA *A LOG (is +B8 /AA ) ,88* ALO G C1 .+A A / 88 )

~~~~~~~~~ DO *0 NC ’l.iOO 
-- — —  - — - ______ -

ZZeZI ( XI , A A ,B B )
- - Qx .CA .AAaALDG (XT )’Bb*ALDG (1. xTi~AiOGCZfl

________ 

XC.(QZ”~.i X)a( 1.”XT)*ZZ/AA
XC *AHA XItXC. .99) 

- — - - —

X C sA MIN1 (X C. .5/XT ” .S) 
___________________

XT .xT aTl ,.XC )  
—___________________

IF (A B S ( XC ) l ,E”6)-42.40,40 
________________________

CONTINUE
42 GO TO (44.46),IGO 

____ _________________________________

Ta BE1INC .XI 
- — ____ _________________________________  —

R E T U R N  
____________

~ 6 BE T INC ’l. ”XT 
-  - -

RE TURN
- 

END 
- -
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a s~~~i u~FUNCTIO N CONHYP (XF.YF .UF ) 
____________________- COMMON [PS - - - ____________________ — -

DOUBLE PRECiSiON TSUM _______________________________
TAU (AR).ALGAHA (AR) - - ~~~~~~~ -

X .XF
Y.Vc . - - - --

U.UF
PMU LT’ l .O -- - -

TSUN.i.Q _________________________
I

~

x•Y) 101.100.101 
- _________________________

100 CONHYP~ EX P~(U)
RET URN 

-

• 101 IF (U ) 103.102.104
102 CO NH Y P~ 1.uO 

- -

RETURN _______________________________________ 
—-- - - --

PMULT’ EXP (U)
U. oU - - - - -

104 IF (X ) 105.102.106
105 ICHK ai ” I F I X C X )  -

TES T.ICHs~,X- - - -- - 1TtTESITTU .108 ~~11T
108 IF ( ICHIc 1) 111 ,107 ,109
107 CONHYP’(l.O (U/Y))’PMULI

RETUR N
109 INDX .ICHK

X S T A R S  I . - C  ______________________________________
DC 110 

- NIIIINDX
X STAR . A STA K a( X 6N 1.0)
Ti e V aN - - - -  - - —— -— 

12. F L U A T C N e 1 )
13. FL U A I (N) - -

YSTAR S (TA u (Y) TAU (T 1 )“TAU (T2 ) ) , (T 3 a  A L O G ( U ) )  
- -  TSU$t 151JM+ IXSTAR . -- EXP (Y~~~~~T

11 0 CONTIN U E .
CON HY P~ PMU LT *T SUM ~ 

- - -

RE T URN 
_____________

111 DO 125 11’i.50 - - ____________- -——--

~~~~~~~

-- - -  --

T .FLOAT ( IT)

12.1. Y
— 13’T+ IsO _ -

PS’ C G AM FI ACY) / GA MMA (X ))a( G A M M A (T 1 )  /GA MM A (T2 ) )
Pr. (Ta A L O G (U))• TAU (T3 ) - _~~~~~~ - -

PSaPS a EXP (PF)
-
~~~~ T5UM ’ 1S1JM .PS

IF ( A B SC PS ) •L.E . EPS) GO TO 112
125 CONTINUE. — —  -—

112 CONHYP ’ TSUM * PMUL1
RETURN - 

~~~~

___________ - -

106 DO 115 IT .1.50
T.TLOATtIT) 

— -

T1.T.X 
_____— T2’T.Y 

- - - _____

T3eT +i .0
PSeTAU (T)4TA UCT I)’TAU (X ) TAU fl2 ) TAUtT3)
p5. [X P(P S )aCU aaT ) 

___________________________________________

~~~~~ TIUH TSUK+PS~~~~ 
—_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

IF C A bSCP S ) •L (. (PS) GO TO 120
115 CONIINUE —_ - — -  - - -

120 CONHY P TSUN. PHULT
RET URN -

. 
— - - - 
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FIXED SAMPLE A NOVA TEST

* .a .*ae*a*aa** a.e *aaa ** 
—-

K.2.O UOUPS

HO ILAMO • 0.00 VS MI I L A M 1  • 1.00

- - - 

ALPHA • 0.01 
- -  

BET A ‘0,01

REQ UIRED SAMPLE SIZE IS 2 7.0  
-

OC FUNCTIO N FOR THE TEST

LAMDA PROB OF ACCEP TING HO

____  ______

~~~~~~

9O ~~ 0.9900

0.11 0.8180 
- -

- -  - -  

0.22 0.5793 
-

0.33 0.3673 
—

0.44 0.2154 1
-- 

0.56 0.1192  
-

0.67 0.0631

- - - 
0.78 

- - - 
0.0323 

- 
-

0.89 0.0160

~~QQ 

- - 

0.00 78 
- - -  - I

- -  -

- 
C R IT i CAL VALUE OT F • 7.1S 

—-

-- CRI11CAI.~ vA tuE UF v • 
- I
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I

SEQ U E NTIAL ANOVA TEST 
- —

*a*a• ** .a***aaa*e***e .*

(*2.0 GROUPS

HO *LA M0 • 0.00 VS H I I L A M I  • 1.00

ALP H A ’  0.01 BETA • 0.01 
—

- 

THE W AL D RE GIONS ARE 
- - -

STEP L OWE R VN UPPER VN
2 •o,e912 “1,1088 

--

3 “0.8912 •1, 1088
4 

- 

“0.8912 1,1088 
- —  - — -

________  

5 “0.8912 42,7986
________  - -- •O.8912 

- 

~~~~1~5S56 
-

7 0.8912 1,8734
8 OiT912 1,2850

______ 

9 O.8912 0.9872
_ _ _ _ _  - - 0.0049 0~BO82~~~~ 

—

11 0.0104 0.6891
12 

-— - O.0156 0,6O4~ 
- -  -

13 0.0204 0,5412 
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- - -

____ 
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23 0 .054 8  0 ,3010
_____  - - 

~~~~ 
- 0.0571 ~~ 0,29I2 
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25 0,0593 0,2824
26 0~ 06i4 0,2745 

-

r 27 0.0633 
____ 
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APPENDIX C

A COMPUTER PROGRAM FOR k=2 SANOVA

Chapter 2 of this thesis derived a procedure for

obtaining the properties of a k=2 SANOVA test. The

procedure  has been summarized in Figures 12 and 13.

As p r e v i o u s l y  discussed, th i s  procedure cannot f e a s i b l y

be performed ana ly t i c a l l y .  Section ( 2 . 6 )  considered an

alternative , a numerical implementation of the theory.

Th is appendix contains a computer program for  obta in ing

the properties of a k=2 SANOVA test utilizing the

approach discussed in Section (2.6).

The program is written in Fortran IV for use on a

Burroughs or CDC computer . Its implementation on other

machines may require modifications , specifically the

statements involv ing a read or wri te  f rom d isc.

To use the program , the user must supply the

following intormation :

1) A
0
, A 1, k,

On one card in a ( 3 F l O . 5 ,13) fo r m a t .

No te k is the number of means and should

always be input as 2; in
0 

is the truncation

poin t .
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2) V 1
, V

R
1
~ 

i=l , . • •  ,m
0
.

Two numbers per ca rd (V
A
’ being the acceptance

region and V
R
’ the rejection) in a (2F15.0)

f o r m a t .  Any t ime acceptance is no t possible at

a g ivcn  stage j ,  V
A
] should be inpu t as a

negative number. Similarly, any time r e j ec t ion

is not possible, VR~ 
should be input as a

number greater than 10 . Note that the first

region car d shou ld always be of the form
1 1 10 .

V
A = ~l, V = 10 , since no decision can

be made at this stage.

3) Gridsize in an (FlO.0) format.

This represents the coarseness of the grid or

the q u a n t i t i e s  h Q and h~ of Sect ion ( 2 . 6 ) .

The program assumes that  h Q = h
~~
. It is best

to select this number as a power of 2, e.g. ,

0.5 , 0 . 2 5 , etc. In general , the smaller this

number , the more accurate  the r e su l t s  but the

larger the amount of compu ta tion requ ired.

As discussed in Section ( 2 . 6 ) , the most e f f i c i e n t

approach is to perform several runs , using a

f iner gr id s ize  on each r u n .
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The program uses two random access disc f i l e s

(files 1 and 2). These files represent the density at

stages i and i+l(i=n 11 ”• , m
0
—l) . The first file

is used to compute the second f i l e  as discussed in

Section (2.6). The size of these files is dependent

upon the choice of the gridsize parameter. However ,

125 ,000 words per f i l e  should be s u f f i c i e n t  for  most

problems.

The program output consists of the probability

of acceptance , re ject ion and continuation 
~~~~A

1
’ 

~~ R ’ 
~~~~

for each stage for every value of A. These quantities

are then used to compute summary OC and ASN curves.

Currently, the program is being implemented on a

CDC computer by Mr. Kent Kaufmann of Western Illinois

University . The program will be used to generate a

brief set of OC and ASN curves for several k=2

SANOVA tests.

f

I
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rhe Sequential Analysis of Variance test (SANOVA) is introduced
in chapter one. The thesis will show how to obtain the OC and
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20. (continued)

~~~~~The numerical approach is discussed. i~ ~ect3-on-----(-2-.6-~-. -~
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Appendix A gives the power calculation for a fixed sample
ANOVA test; Appendix B shows how the Wald regions are found ;
Appendix C contains a computer program for the OC and ASN.
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