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CHAPTER 1

SEQUENTIAL FIXED EFFECTS
ONE-WAY ANALYSIS

OF VARIANCE

1.0 INTRODUCTION

This first chapter of the thesis will consider
both the fixed and sequential analysis of variance
tests. For the fixed sample test the discussions consist
of the statistical model, the optimum properties of the
test, and the operating characteristic (0OC) function.
Each of these concepts is important for the consideration
of the sequential analysis of variance test.

The sequentiél analysis of variance test (termed
SANOVA) is first discussed from a historical perspective.
Further discussions consist of the experimental procedure,
the test statistic, and the test statistic decision rule
or regions. The OC and average sample number (ASN)
functions are also defined. These functions are extremely

helpful for designing SANOVA tests.

Al




1.1 ONE-WAY FIXED EFFECTS ANALYSIS OF VARIANCE

Analysis of variance, a term introduced into statis-
tics by R.A. Fisher (1918, 1925, 1935), is a statistical
technique for analyzing measurements depending upon
several kinds of effects operating simultaneously. 1In
general, this technique consists of a body of tests of
hypotheses, methods of estimation, etc., using statistics
which are linear combinations of sums of squares of linear
functions of the observed measurements. The simplest case
in which analysis of variance is applied, is the one-way
classification, in which the observations depend upon only
one factor.

In the one-way layout, a population is stratified into
m subpopulations according to some characteristic or factor
and n; independent observations are taken from each of k
of the m subpopulations (i = 1,...,k). Let the jth
observation from population i be denoted by xij where
1= Lok and Jj = l,...,ni. Given that population i
has mean u+0. and standard deviation O;¢ the statistical

1

model employed in the one-way layout is

x])=“+0+elJ ’ i:lltno’k; j:l’o-o’ni

—




with the parameters 61,...,6k satisfying the following
condition

n161+....+nk6k =0

The parameter Gi is referred to as the differential
effect due to the factor at level i.

The usual hypothesis of interest is whether
§, = 62 = e = Gk = 0, which is equivalent to the hypo-
thesis of the equality of the k means. The analysis of
the effect of the factor depends upon whether k < m or
k = m. Eisenhardt (1947) was the first to differentiate
between the two situations. He used the terms Model I or
a fixed effects model as the case where the sample con-
sists of all groups in the population, i.e., k=m, and
Model II or a random effects model as the case where the
interest is in the population from which the sample came,
i.e., k <m. This thesis will be concerned with only
fixed-effects one-way analysis of variance.

The analysis of variance technique requires several
assumptions. Specifically, it is assumed that the
observations from each of the subpopulations are random
variables distributed normally with mean u + Gi and stan-
dard deviation 0 = o, for all i. In other words, the

model may be expressed as
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p— + . = ’ .oy ' o ’ L
xij u o+ Gi elJ i 1 k; 1 n
4 3 v N(0, o)
and
cov(xij, xzm) = 0.

With this model the hypotheses
HO: Moy il R My VsS. le not all means equal

can be tested with the following statistic

k
% = B2 i
Boar ™ Liig iRy emh =)
i=1
: B
T (x,.-%,)°/ (N-k)
i1 j=1 13 4
where
i
N = n,
=1
R
B e
i j=1
& kK B
= 1 i
x=—= J ] x..
gy jag o bl

This statistic can be shown (Kempthorne, 1952) to be dis-
tributed as a noncentral F variate with (k-1, N-k) degrees

of freedom and noncentrality parameter HA, where

ci - 2 s
A= ) 6.n, = J (ui-wW)n, with U= ——7u
jag 2 % gapiis » kot
o2 o2
k
A R el ) ny
i=1

T —— i




The density function of a noncentral F variate with ViV,

degrees of freedom and noncentrality parameter A is given by:

ot o Wy T, L -]
1% 1 2
f (x) =
vl,vZ,A B(%v Lv.) (v _+v x)%“ﬁfvf
1’ 2 -l |

oo j y

:E: AV X r%(25 + v, o+ vz))

j=0 v, + v.x JITCwv,) Ta(2) + v))
(Johnson and Kotz, 1970). e

If the null hypothesis is true, the distribution of

Fcal is a central F distribution with k-1, N-k degrees of

frecedom. Hence, if the hypothesis is rejected whenever

F_,) is greater than the 100(l-a)% point of this distri-

bution, that is
. *
Feal ” Fg-1,8-k,1-a
then the significance level of the test will be a.
The operating characteristic curve of the test, that
is, the probability of accepting HO is given by

Pr(F Since F_ . "V Fk—l,N-k,E the

2

OC of the test is characterized by the parameter § = ni, i.e.

*
cal £ Pt n-k, 1-0d"

*
oc(A) = Pr{Fy_; y y ¢ < Fy 1, N-k,1-al
Several sets of tables and curves have been prepared
from which the OC curve for selected tests can be obtained

(Tang 1938, Pearson and Hartley 1951, Lehmer 1944, Fox
1956, Fix 1949). Most of these tables are entered with a

different parameter than £. Appendix A contains a

- e
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computer program which will calculate the OC curve (as a
function of A) for any given test.

Originally ANOVA was derived from a distributional
point of view, but the F-test has been found to possess
several optimum properties. Hsu (1941) showed that the
F-test is UMP amongst all tests of size a whose power
depends upon A, and Wald (1942a) proved that the F-test is
best when one is interested uniformly in all alternatives,
as expressed by uniform weighting on spheres. As far as
ANOVA is concerned it is immaterial whether the value of
A is built up by a number of small contributions or a
single large one. Situations where instead the main empha-
sis is on detection of large deviations should not use

ANOVA since the test is no longer optimum in these cases.

1.2 SEQUENTIAL ONE-WAY FIXED EFFECTS ANALYSIS OF VARIANCE

Wald (1947) first presented, and systematically
studied, the sequential test of a simple hypothesis against
a simple alternative. Let Hy denote the hypothesis that
the population density is f,(x), and H) the hypothesis that
ik 28 fl(x). Constants A and B are chosen (A > B), and
after each observation in a sequence the corresponding

likelihood ratio is computed:

A » fl(xl)'fl(xz)".fl(xn)
n

fo(xl)'fo(xz)---fo(xn)

e W B O e e e




e

The procedure is then as follows: reject HO LE A; > A,
accept Hy if A < B, and obtain another observation if
B < An < A. A and B are chosen 0 as to make the prob-
abilities of Type-I and Type-II errors equal to o and B
respectively.

Exact values of A and B are difficult to obtain.

However, Wald (1947) proved that for small values of o and B

A% 1=8 and B~ B8
a W=

Since the hypothesis about the equality of K normal
population means with common unknown variance is a composite
multiparameter hypothesis with a nuisance parameter, Wald's
theory of the sequential probability ratio test cannot be
directly applied. To deal with problems such as these,
Wald introduced the method of weight functions which,
through the notion of a prior distribution for unknown
parameters, essentially reduced the basic problem to test
hypotheses in one parameter families. A difficulty with
this procedure is the choice of the weight function.

Cox (1952) devised a unified method under which sequential
tests can be obtained for composite hypotheses. The basic
idea behind Cox's procedure is to consider a sequence
formed by transforming the original observations, the
transformation chosen so that the new sequence depends
upon a single parameter. Although the distribution of the

transformed values {Tn} depends upon only a single para-




meter O, the sequence {Tn} may not be independent. Cox
gave conditions under which the following factorization is
possible

£ (T --',Tn) = f(Tnle)f(Tzl"'lTn)

l'T2'
where f(TZ,---,Tn) does not depend upon 0. When this
factorization is possible a sequential test can be developed
to make a decision about this single parameter 0, using

only the transformed values {Tn}. The test for discrim-
inating between the hypotheses

H.: 6 =6 VS. H 0 = 0

0 o 1 1

can now be constructed by considering the following ratio

f(Tnlol)

A PEOPEIEEE < AU S

f(Tn|OO)

Johnson (1953) applied Cox's method to the following
one-way fixed effects analysis of variance problem. An
experiment is carried out in stages, and at each stage a
fixed number ri, for i =1,--+-,k, of observations are
taken from each group. Denote the jth observation on the

ith group at the nth stage by X.

5Ly {01
Let
k ot ks
SSB_ = n } r, (X, -X)
) 2 o o i S
i=1
and
a0 2
SSW_ = (X, ..=X.)
Pl gl juligmy. 240, 28
with
- 1 L
i e nr z Z les
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and

SSB_/ (k-1)
- n (1.2.1)

T ssw_/(N-k)
The distribution of the sequence {Fn} depends only
upon the noncentrality parameter A. Applying Cox's theorem,

a sequential test for discriminating between the hypotheses

S (1.2.2)

H.&: XX =X vS. H 1 0

0 0 1*

for a given o and B is specified by the decision rule

£(F_|A,) B
Accept Ho if aap it i —_—
f(Fn|Ao) l-a
ECP_|A4) 1-8
Reject HO if G 50 ) > —
f(Fnlko) o
otherwise continue to the next stage. (1.2.3)

An eqdivalent test was derived by Hoel (1955) using
Wald's method of weight functions. The weight function
Hoel employed was a generalization of that used for Wald's

sequential t-test.




The same sequential test (i.e., the test statistic of
(1.2.1) and decision rule (1.2.3) of the hypotheses (l.2.2)
has also been by Hall, Wijsman and Ghosh (1965). Their
derivation involved applying the principal of invariance.
They showed that test statistic of equation (1.2.1) is

unchanged by any of the following transformations:

(X) - X ijn CXijn c >0 !

EE

(i} X X, .
ijn ijn .

(1iii) an orthogonal transformation

Also, they were able to prove that the sequential test
was UMP for testing the hypotheses HO: s )0 VS.
Hyi: A = Ay by showing that the density f(FnIA) possessed
a monotone likelihood ratio (Lehman (1959)).

In addition, they proved that the vector of statistics
Ty 18 {fi, fz, S e SSWn} was a transitive sufficient
sequence. This finding is of importance in later chapters
of the thesis.

As previously explained, the sequential test is carried
out in stages, where at each stage a fixed number Lis for .
i=1, . . . , k, of observations are taken from each group.
Throughout the remainder of this thesis it will be assumed

that at the first stage two observations from each group will

be taken (this is so the statistic SSBl will not be zero on
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the first stage). Each subsequent stage will result in one
observation from each group being taken (i.e., ri = 1 for
all i). All future discussions will pertain to this parti-
cular testing situation.

As in the fixed sample test, the density of the statistic
Fnj (Fn|A), is that of a noncentral F variate and is given
in equation (l1.1.1). Therefore, the decision rule of equa-
tion (1.2.3) requires calculating the ratio of two noncentral

I' densities. For specified values of «a, B, Ao and Al the

decision rule can be reexpressed as:

accept H 1€ A L —
0 n
1-«

|v

reject HO 5% 3 An ’

continue otherwise

where
I POUMPURT! 1\ o S S Ao (K=11F,
e s 170 M3 * T3t RiRiEel) % (R=11F_ )
A = R(F.} = =
B N-1  K-1 o Dosaodal
B2 * TET IEie-l) * fR=liE )

and M(x,y,u), known as the confluent hypergeometric function

is defined as
[+ ]

I'(y) T(x+t) ut
M(x,y,u) = :E:
t=0 T (x) I (y+t) t!

Since the above decision rule is a function of the
statistic, Fn' the equations may be solved to obtain a

decision rule in terms of that statistic, That is, two
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critical values of the statistic may be found; FnA and
R Ky . = L i
F_° such that R(F ") p/(l-a) and R[Fn ) (1-g)/

When these critical values have been calculated for all

A R ;
stages, Fn and Fn s B = 2,000 ,m the sequential

0f
test can then be conducted by comparing the statistic, Fn’
of equation (1.2.1) against these critical values. 1In

summary, at every stage n the following decision rule

is applied:

5 < )
accept HO if Fn ;- Fn
. . R s
£ >
reject HO 1 Fn & Fn l
continue if r2 < > p R
n n n
The test is usually performed using the somewhat I
simpler statistic
SSBn
Vn = Ssw ;
n

The relationship between the two statistics Fn and

Vn is simply
(N—K)Vn

(K-1)
Conducting the test with the statistic Vn requires trans-
forming the critical region as well (e.g., vn“= (K—-l)Fr?'(N-K)).
Tables of the critical values have been prepared for
selected values of a, B, K, A, and Al by Ray (1956) and

0
B.K. Ghosh, et al. (1967). However, these tables are in terms

of the test statistic Gy = vn/K. Appendix B of this thesis
contains a computer program which calculates the critical values

of Vn; VnA and VnR, for specified values of a, B, K, A,, and A.

ol
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As with all statistical tests, one important
property of the test described above is the Operating
Characteristic Curve. The OC curve for the above test

is strictly a function of A, and is given by

*
oc(A ) = Pr {accepting Ho: A=), it 3= A}

Wald developed an approximation for the OC curve
of a sequential probability ratio test of f(X,OO)

against f(x,Ol) provided the equation
E.{[£(x,0,)/£(x,0,)]"} = 1
C] i | ~0

has a nonzero solution h = h(0), and the {Xl} are i.i.d.
However, since the above test is conducted on the trans-
formed sequence {Vi} which are not independent, Wald's
approximation is not valid. Bhate (1955) developed a
conjectural formula, similar to Wald's approximation for
the OC curve, when the {X,} are not independent.

Ghosh (1970) suggests that substituting the sequence {Vi}
into Bhate's formula may yield a useful approximation to
the OC curve. The result of this substitution yields the

following approximation to the OC curve.

If hi(A) is a nonzero solution of the equation

h.
fi(vilvl'.”'vi-l;)‘l) 1 dp(vilv

fi(vilvl'...'vi-l;xo)

lr""vi_l;x) =1




1-14

and hi(A) ~ hitk) for all i > 1. that is hi(k) varies
very little with i for a given )\, then

QAR (V) )

OC(A) ™ ’
eAh (1) _ Bh(X)

Where

A v dn —= B v 4n A
l1-a

The crucial point in the use of the conjecture lies
in the verification of hi(O) ~ h(0) for various values
of i. Also it must be noted that this approximation is
only valid for infinite Wald regions.

The only other alternative, to date, for obtaining
the OC curve for this type of test is to employ Monte
Carlo techniques.

Also of interest in a sequential test is the Average
Sample Number function. For the above test the ASN function
will be defined as:

*
ASN(A ) = Expected number of stages until a decision

*
is reached if A = A .

As with the OC curve, Wald's approximation to the ASN,
is not valid due to the dependence of the {Vi} sequence.
No general formula (exact or approximate) for the ASN for

composite hypotheses exists, but Bhate (1955) has developed

B S e
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a conjectural formula along the same lines as that for
the OC curve. Ray (1956) has applied Bhate's conjectural
formula to the one-way fixed effect analysis of variance
test, and obtained expressions for A = AO,Al. Again,

as with the OC curve this procedure is valid only for
open Wald regions.

Since the regions are open, it is possible to
progress through a large number of stages before a
decision is reached. The number of stages will always
be finite, however (Johnson, 1953). One way of assuming
termination within a reasonable amount of time is to
truncate the test. Truncation involves altering the
Wald regions so that by some stage m, a decision can be
made.

This thesis will be concerned with developing
procedures to obtain the ASN function and OC curve for
a SANOVA test with any given set of truncated regions.
The following chapter contains a derivation of SANOVA

for the case k =2 by the Direct Method of Sequential

Analysis (Aroian, 1968).

- ST




1.3 CONCLUSION

This chapter has served to introduce the SANOVA
test. This thesis will pertain to obtaining the OC
and ASN functions of such a test. Currently, only
approximations exist, such as that of Bhate (1959),
considered in this chapter. The next chapter will
derive the first exact procedure for obtaining the

OC and ASN of a k=2 SANOVA test.
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2.0 INTRODUCTION

The major advantage to performing an analysis of
variance sequentially is the possible reduction in sample
size over that required for the fixed sample test. Since
the sample size is not predetermined in a SANOVA test,
the experimenter would like to be assured that the sequen-
tial test can offer an equally discriminating test with
smaller sample size than the corresponding fixed sample
test. As previously discussed, such assurance can be
obtained by examining the OC and ASN curves of the
sequential test.

In this chapter an exact procedure is developed for
obtaining the OC and ASN curves of a SANOVA test.

This procedure is the first which yields exact results
and is versatile enough so as to be used for tests with
general regions. It is hoped that the procedure will be
an invaluable tool for designing SANOVA tests.

In a SANOVA test the decision of acceptance can be
hade at any stage 1, 1 = 2, ¢ « « & mo. Thus, the pro-
bability of accepting the null hypothesis must be calcula-

ted as the sum of the probabilities of accepting at each

: mo .
state, PAl; 1.8 8 & '} PAl. Of course, these
i=2

probabilities will depend upon the state of nature A.

Aol




Unlike the fixed sample test, these probabilities
cannot be obtained by simply integrating the distribution
of the test statistic. One must remember that in sequen-
tial analysis the statistic at stage i only exists when
the statistics at all previous stages have had values
within the continuation region, 1i.e., FAj < Fj < FRj .

j =2, .. ., 1-=1. Thus, the distribution of the
test statistic at stage i 1is not a true probability
distribution since its total probability content is not
1 (rather Pci_l)- Were this distribution known it
could be integrated to obtain PAi. Unfortunately this
distribution cannot be obtained analytically.

However, the procedure developed in this chapter
obtains a "truncated" density at stage i-1. Rather than
utilizing the density of the test statistic Fi’ this
procedure utilizes the joint density of the sufficient
statistics at stage i (i.e. each of the K sample means
and the pooled estimate of the variance). From this joint
density the density of Fi can be obtained which then can
be integrated to yield PAi.

The joint density at stage 1 1is obtained from the
joint density at stage 1i-1 by applying Aroian's direct

method of sequential analysis. This consists of determin-

ing the mapping of points at stage i-1 to those at
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stage 1 (where a point represents a value of the vector
of sufficient statistics). This mapping describes how
the statistics at stage 1i-1 are changed by the new
observations to yield statistics at stage 1i. Thus for
any given point, A, at stage i, there is a region of
points, P, at stage 1i-1 which can be mapped into it.

Due to the nature of a sequential test, some points
in P may result in a decision being made at stage i-1.
If so, the point can not be mapped into A, since the
test would terminate at stage 1i-1. Thus, for a sequen-
tial test the region of points, 1, which can be mapped
into A must include only those points in P which lie
in the continuation region at stage i-1. Ultimately,
this restriction will yield the desired "truncated"
density for stage i (i.e., the total probability content
is Pci_l).

As previously mentioned the statistics at stage i
are transformations of the statistics at stage 1i-1 and
the new observations taken at stage 1i. Suppose that the
required number of sufficient statistics is n, and that
the number of new observations taken at any stage is K
(assuming one observation from each population would imply
a test for the equality of K means). The above trans-

formation would then be a transformation of n + k random

variables (the statistics at stage i and the K new

ki




observations) to n random variables (the statistics at
stage i). Since the dimensionality of the two sets of
random variablesis not the same, K surplus random
variables must be introduced. These K surplus variables
will be judiciously selected functions of the statistics
at stage 1i-1 and new observations. This introduction
of surplus random variables makes the transformation from
an n + K dimensional space (the statistics at stage

i-1 and K new observations) to an n+K dimensional
space (the statistics at stage i and K surplus vari-
ables). The joint density of the statistics at stage i
and K surplus variablescan be found by calculus. The
procedure is essentially equivalent to transforming vari-
ables in multiple integrals.

Finally, the desired density (of the joint distribu-
tion of the statistics at stage 1i) 1is obtained by per-
forming a multiple integration of the joint density of
the statistics at stage 1 and K surplus variables.
The region of integration will be over all points con-
tained in the set of points H.

The above discussion has given a brief outline of
the "exact" procedure developed in this chapter of the
thesis. The following sections describe the procedure

in greater detail.

- — B
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2.1 THE DIRECT METHOD OF SEQUENTIAL ANALYSIS

Aroian developed a general theory for obtaining the
properties of a sequential test exactly (Aroian, 1968).

To determine the properties (usually only the OC
curve) for a fixed sample test one needs to know the
distribution of the test statistic for a given sample
size n for different values of the parameter being tested.
For example, in the fixed sample analysis of variance
test where n observatinns are taken from each of k groups,

the test statistic

B, v S
L (X -X) 7/ (k-1)
i=1
eal  k & 2
' } (X, .-X.)“/N-k)
4 o e S

is distributed as a noncontrol F variate with [k-1,N-k]
degrees of freedom and noncentrality parameter £ = ra.
The OC curve for a given value of the parameter, £, is

then obtained by integrating this distribution over the

acceptance region. For fixed sample ANOVA

el | £x-1,8-x,£Fca1! ¥Fcal
Acceptance region
where f (X) is the noncentral F density function.
Vlrvzrra




The direct method recognizes as its primary principle
that observations are taken in stages in sequential test-
ing, and that for this reason a way must be found to
calculate the distribution of the test statistic Tn’ at
stage n. In most cases Tn is not independent of

Tl,Tz,---,Tn_l, so that the marginal distribution of Tn

must be obtained by integrating the joint distribution, i.e.,

h AT ) = f'"fIh(Tl,TZ,'--,Tn_l)dTl+T2'--dTn_l

A

Since a sequential test is terminated whenever any Tm < Tm

or T >R

% ; 1t is not possible to have a value of Tn ol

m
LY T TA (o 1o ul SR T.R i=2,+++,n-1. Therefore, the
= "4 i = i

direct method considers only the truncated distribution

£ (T ), where
n B

Mathematically fn is not a true "density" function since
ffn # 1, but will still be referred to as a density.

When T is dependent upon B i in the following manner

with X(n) representing the new observation at stage n, 9, amigz




arbitrary functions, £ (T ) can be obtained from £ (T __ .).

n h n n-1
Bahadur generalized the dependence by introducing the notion
of a transitive sequence of statistics (Bahadur, 1954).
A transitive sufficient sequence {Tn} is a sequence such
that for every n > 1 the conditional distribution of

2 given the set of observations up to stage n, is

n+1l’

identical to the conditional distribution of T given

n+l’

T, So, in general, whenever (% is transitive sufficient,

fn(Tn) can be obtained from fn-l(Tn—l)'

Instead of obtaining fn(Tn) via integration of a
joint distribution, the direct method obtains fn(Tn)
directly from fn—l(Tn—l)’ due to the transitivity of Tn'

At each stage n, the direct method calculates the

probability of accepting H PAn, and the probability of

Ol
0’ PRn, by integrating fn(Tn) over the

appropriate regions. In mathematical terms,

9l
PA = / fn(Tn)dTn

Ee ST
=1

pla / £ (T_)ar .
R n n n

T > T
= ar

rejecting H

These probabilities depend upon the state of nature 0O,
since the distribution of Tn depends upon the parameter O.
So for any given 0, the OC and ASN curves may be calculated

as:
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To i
oc(e) = J p,*
i=2
mo i i m i
asmigy» )} i(etep ) = 1+ ] P,
j=g . B 5 i=1

where mgyis the truncation point of the sequential test.

Usually the density fn(Tn) cannot be obtained from
fn—l(Tn—l) analytically, so that the procedure must be
performed numerically. In numerical terms fn(Tn) repre-
sents a "grid" of Tn values calculated for each n from
a "grid" of Tn-l values.

The direct method has been used in a variety of
applications, including tests for the mean of a normal
distribution with the standard deviation known (Aroian
and Robison, 1969) and unknown (Schmee, 1974), and tests
of the standard deviation of a normal distribution with
mean known and unknown (Aroian, Gorge, Goss and Robison,
L9775} .

The following section contains a discussion of the

application of the direct method to SANOVA.
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2.2 APPLICATION OF THE DIRECT METHOD TO SANOVA
SANOVA is based on the statistic

g 2 k n - 2
b L TR R T T

k—
V =n ] (X
i= i=1 j=1

1 i(n)

In order to solve this problem by the direct method a
transitive, sufficient sequence {Tn} must be used.
The sequence {Vn} is not transitive, so one must use

the multidimensional transitive sequence

— . * o 2
{Tob = Xy X m %k ) 'S (m) }

where

n
AT R

and

k n X
2 i(n) |2
S (n) L4 [Xij 3 —_]

i=1l j=1 n

(Hall, Wijsman, Ghosh, 1965). Similarly, one must now

work with the joint distribution fn(xl(n),xz(n),---xk(n).

2
s(n) b

by a k+1l dimensional integration,

From this distribution PAn and PRn can be obtained

TR ey e vesda’
L R o T e T 1) A L T L 1) el Y

where A is the region in k+1 space such that
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k X oy 4x
1 k
v.o= ] {Xi(n) _[ (n) (n)]} /52 (n) 5VnL

i=1 k
and
p D= ceefeeef £ (X cee X SZ ) dx ...d52
g I{ [ €0y “k(n)*" (2} i(n) (n)
where R 1is the region such that Vn > Vnu.

The problem lies in obtaining fn(Tn). If the first

stage at which a decision can be made is n > 2, then

1

o 2
,xk(nl), and S (nl) are all

since xl(nl),xz(nl),-

independent

o

where

=
N

¢(X) - : e-%x
/___

N
= |

is the standard normal density function and
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xv/2—1e—X/2
£,2 (X) = , X >0
v 2V/21 (v/2)

is the x* density function with v degrees of freedom.

Since the power of the SANOVA test depends only upon A,

the density fnl(Tnl) for given A can be calculated

by assuming By =R, N vey Ppe G % 1 and

The probabilities PA 1 and PR 1 need not be obtained by

integration of £f_ (T_ ) since the distribution of V is
Wy iy o
known to be related to the noncentral F-distribution;

k(n,-1) ¥
1 an N Fk-l,k(nl-l)(nlA ) Therefore
(k-1)
k(nl-—l)vn A
P (k-1) .
A
f (X * dx
0 k-l,k(nl--)L),n,A
and
pP™M = £ (X * dx
R ) k-l,k(nl-&),nlk
R
k(nl-l)an
(k-1)

These integrals are evaluated by the methods discussed in

Appendix A.




To determine fnl+1(Tn]+l) the direct method will be

applied. Since {Tn} is transitive,fn +l('I‘n +l) can be

i 1

obtained directly from £ (T, ). Suppose the following
1 1

relationships exist between the elements of Tn

and Tn 2
)

+1 1

1inprn T gll(¥1(nl))+921(¥(nl+l)]

Xk(nl+l) " glk(xk(nl))+92k(x(nl+l))

(s?

(ny*1) © F1ked (nl))+92k+l(x(n1+l))

where 943 and gZi,i=1,---,k+l are arbitrary functions,

and X +1) is the vector of new observations from

(nl

stage n1+l. The statistic Tn +1 defines a transformation
1

which maps points in the 2k+1 dimensional space of Tnl'x(npl)

to the K+1 dimensional space of Ty, +1° To make the

i

transformation from a 2k+1 space to a 2k+1 space, the

following additional variables will be defined

1(n,+1) ~ 93 k+2(x(nl+l))

[T ¢ o o 7

k(nj+1) = 92 2k+l(x(nl+1))




—

where the functions gzi,i=k+2,---,2k+l are arbitrary
functions. Since the transformation is now 2k+1 to 2k+1,

the joint distribution of X can be

'.."E
l(nl+l) k(nl+1)

obtained. From this distribution the joint marginal

2

.5 (n1+1) will be obtained

distribution of Xl(nl+l)'..

by integrating out E To obtain the

«se,E e
1(nl+l)’ k(nl+l)

joint distribution of T one must first

n.+1 and En +1'

I 1

obtain the joint distribution of Tn and X
1

is independent of Tn , the joint distribution is
i

simply the product of the respective densities; i.e.

(n1+1). Since

*(n;+1)

2

2 .8

*,S = f

Iy np S ) Xinpr) = Brnpy S )

f(x(nl+1))

Then under certain conditions (which for this general
discussion will be assumed to be true, but are dependent
upon the functions 913 and gZi) the joint distribution of

Tnl+1 and Enl+l is given by

f(Tnl+1'Enl+1) v g(“l(Tnl'x(nl+1))""'u2k+1(Tnl'x(nl+1))>




where u, (T ),i=1,+++,2k+1l is the set of inverse

X
n; " (ny+1)
transformations and |J| is the Jacobian for the transforma-

tion. As previously mentioned the density of fn ('I‘n +l)

b ol
can now be obtained as follows
£ (T, ) = [feeef £(T 1B, ,q)dE +-aE -
nytny, R* n1+l n1+1 l(nl+1) k(nl+l)

where R represents the integration region in k space.

The direct method restricts the set of points

B to be mapped into Tn +17 to include only those

1

points for which V kN < v_ Y. This entire procedure

1 | |

can be represented diagramatically as shown in Figure 1.

o X
n1 (nl+l)

The following section contains a complete derivation
of the direct method procedure to obtain fn(Tn) from

n_l(Tn_l) for the special case k=2. rhis discussion will

specify the functions 915955794 and derive the integration

*
region R .




ey v
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FIGURE 1

The Direct Method Logic

Start with the distribution of

the sufficient statistics at stage ny

Form the joint distribution of the
sufficient statistics at stage n,
and new observations from stage n1+l

giT. X i) = £ 0B j=EiR, L)

| 1 1 1 1

|

Find the inverse distribution of the

)

statistics at stage nl+l(Tn +1

1
and the k+1 surplus variables (E |
n1+l
£(T ,E ) |J] =
nl+1 nl+l
g U (T IX ) - U (T lx ))
< 270y gl el By B

Integrate out the surplus variables

E the integration region being

n1+l'

restricted to include only those points

T for which V 4 F v
oy g | = >
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2.3 DERIVATION FOR THE CASE k = 2

This section will derive a procedure for obtaining
the properties of a SANOVA test for the special case when
k=2,groups.

The hypotheses of interest in this' case become:
My vs. le My # My

The invariant SPRT translates the above hypotheses into

the fellowing

HO: ) XO Hl: A x X

where

2
(ul~u2)

202

X =

and AO is usually chosen to be zero.

The test statistic used for the sequential test of

the above hypotheses becomes

Vn 5 Tn/Dn
where

7, 2 By iy -Reny) 2 = B Ry o]

;3 I ni=1 i(n) (n) 2 1) 2(n)
and
2 n
= 2
b= I I (%5 % )" -




—

To conduct such a test requires the specification of the

following quantities: the null hypothesis, XO; the
alternative hypothesis, Xl; and a set of regions
VAl,VRl, i=l,"',m0 (m0 being the test truncation point).

The regions may be any type (Wald or modified Wald) that

specify: accept Ho if at any i, V. =¥ and reject

1
1 A

“O if Vi > VRl; otherwise continue sampling. The

properties of such a test consist of the OC and ASN
curves as functions of A; 4i.e., ©O0€ (A), and ASN

(M, Ay <X <AL

The direct method involves calculating for a given

*

. fn(Tn) at each stage n, from which the probabilities
n A . s % i

PA and PR are obtained. Once the quantities PA 7 PR -

*
j=l, s m have been calculated, the points 0OC(i ) and

ASN(A*) may be obtained. The following discussion will
pertain to obtaining PAi, PRi and thus the OC and ASN
for a given state of nature A = A*. Unfortunately, the
statistic Vn is not transitive, and in order to conserve

all the necessary information, one must resort to a transi-

tive sufficient sequence, such as {Tn} = {wn,Qn,Rn} where
n
wn 7 jzl le
n
Q, = j£l x2j
n n
- £ .£ xl.2

(=D




The reduction from Tn > Vn is performed at each stage

in the following manner

2

Y

v o= [~“ = -« (2.3.1)
2.2

2[an-wn . E J

The direct method involves calculating, for every stage n,

the joint density fn(wn,Qn,Rn).

Suppose the first stage at which a decision can be

made 1is ny > 2. The density of £ (W ,9 ,,R ) is obtained
= n n n n
1 1 1 a1
as follows:

Let
Wnl = an
Q =Y
n1 1
Rn =D +an2+nly2
3 o
where

X = Xl(nl)

¥ = X2(nl)
2 n

1 — 2

D'r= F§o4F (XK, J©

jou Gy rd R

Since the quantities X, Y, D are all independent, their

joint distribution is given by;
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X ; X
. e 2 1(ny)-u) 2(n,)-u,
(e, = x2, e )ea? | (- M . :
3| il a/v nl /Y nl

Since this procedure is being used to find the properties

*
of the test when A = A , and the test is invariant with

respect to A, we can let ul= 6, ¢ = 1, and

T UL

So this densit; may be expressed as

2
- it IR W ~ 4t
f(X’Y’Dnl) e 2(nl—l)(Dnl)'¢( o | Xl(nl)) ¢ ( n (Xz(nl) A ))-

From this density we can determine the joint distribution

of W. ,0 ,Rn . The set of inverse transformations is

1 1 i’
given by
x = 2w
3 Tl
1
Y = — Q
n, "y
p =8 -Lw?-lg?
o i Tl - R
which has a Jacobian
o 2 0 0
=3
1 1
Jd = 0 e~ 0 = 2
nl nl
“Ew, e
il R Ml |




Since this transformation is one-to-one

N2 5 2 1 2
f (w IQ rR ) = [—=IX e R - —W ———Q
n; o n"Un " ng <;1?> 2(nl 1)[ n; nyony n; “ny ]

. ¢(El_ G, w“l)) . ¢(/'q ("Ll oy A_*—)> .

1

From this density, F_ (W_ ,Q ,R_) will be obtained,
i T g N

where n2 = nl+l.

First consider the following functional relationships

between the statistics at stage n, and stage n2:

W = W + X (2.3.2)
n2 nl ln2
Q =@ X
n, nl 2n2
R = R + le + X22
n, n; n2 n2

The statistics are changed from stage n, to stage n, by two

new observations, X from group 1 and X from group 2.
ln2 2n
Since X and X are independent of wn ¢ Q. - R ; khe

ln2 2n2 1 nl ny

joint distribution of Xlnz' X2n2' wnl, in, an 1s simply

P "
£oMW 0 R XX ] =E 0 R} alx. )elx aly
n1 n,""ntng ln2 2n2 n; v nttng ny 1n2 ln2

Equations (2.3.2) represent a transformation from the 5

dimensional space of W, Q , R , X » to the 3
ny ny ny ln2 2n2

dimensional space of wn . Qn , R_. « A transformation from
Z 2
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5 dimensional space to 5 dimensional space can be achieved
by introducing the surplus variables Z and U, yielding the

following transformation, T:

L R S S T £2.3.3)
2 1 2

an P in = X2n2

an = Rn1 * X2ln2 i3 X22n2

4 = Xln2

Y 3 X2n2

The set of inverse transformations, T-l, is then given by

W = W -g (2.3.4)
why -
Q = Q =0
e 5
N 57 5, pi
;| Ha
X = 2
ln2
X RN
2n2

This transformation has a Jacobian matrix of the following

form
rl 0 0 0 0
0 1 0 0 0

3 = 0 0 1 0 0l =| 1 0
0 0 0 1 0 821 822
0 0 ~2% -20 1




so that

|J| ® |I| lez_B I Ol = |I| |B22| = IBzzl = 1.

21

Thus, the joint distribution of W_, QO , R, 2, U
By Mg
is given by
t (W ,Q R ,2,U) = £ (@ -2 0 -u, & -z°0% z, U)
By " By g 1 %3 2 2
(2.3.5)

The marginal joint distribution of W_ , Q , R is obtained
n n n
2 2 2
by integrating (2.3.5) with respect to U and 2 over the
appropriate regions. Ordinarily this region consists of

all possible values of U and Z2, = < U < ®, = < Z < o;

so that the marginal is obtained by

0o 00
P 2 .2
£(w_,0 ,R)=// £ “[w_ -z, Q -U, R -2°-U%, 2, U)dzdU
n2 n2 n2 ) nl n2 l'l2 nz
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By substitution this integration becomes

””(3‘ Bl g ug 2 3
= — X .y R -2 -U- = (W -2)°- = (Q -U)
S P 2(ny 1) L n, n, ‘'n, n, ‘’n,

T 1
i [/}q L (wnz—z)] et [fn—' = (o, -u)]- i

1

) EZ) '¢(U-/AT)'J dzdu

Since the chi-squared density function is only defined
for positive values, the integration region of U and 2
must be chosen so that

1
n

(o]

Therefore, for a given value of U, say U*, the range of

allowable Z wvalues is given by the following roots.

=y
W 2 2 2
n
/ APRESAYE = -——-2 " nl an Qn2 * an
limits B T oy Rn i 1 = +1 S il —__l
1 nl+1 2 n1+ n1 nl+
(2.3.8).

Let the smaller root (the lower limit of Z integration)

be denoted zL and the larger (the upper limit of Z) by ZU'




0 ? A
2
U Y B i R i Ony?
limits o - ik By -
0 nl nlfl n]+1
(2:3.7)-

Let the smaller root (the lower limit of U integration)
be denoted by UL and the larger by UU (the upper limit

of U).

It should be noted that equations (2.3.6) and (2.3.7)

W 2 0 2
B3 %3
have solutions only if Rn - - > 0.

2 nl+l n1+l

If this is not the case, all the ahove limits can be

regarded as zero, so that f (wnz, an, an) =B,

For all points Rn S Qn , such that

n
W 2 0 2 2 2 2
n2 n2
R - - > 0, the joint density is obtained by more
n —
2 n, +1 n,+1
1 1
U raz
U U P 2 2
£W_.Q R ) = £, (wn -2,Q  -U,R -2°-U ,2,U)dzdu.
2i1d 2 v 2 1 2 2 2

(2.3.8)




‘ The result of this integration yields

1 2 1 2 1
f(w 0 ,R ) = "y g R_ - B e e @
n, "n 2% 2(n) 1Ny (nos1) P2 (n +1)

1

¢ |v/n +1[__£_.wn2) : ¢(’“1+1(Iﬁffi (an- J(:_w))) g

nl+1

This is the density which results if the first step
at which a decision can be made is n2 = n1 + 1.
However, the direct method restricts the set of

points (W , @6 R..; X + X ) to consist of
| 1 3 0,

only those points such that V_A V<« V_R, The limits
n n n
1 1 1
in equation (2.3.8) do not consider this restriction.
The result of applying this restriction involves altering

the U and Z limits of integration. The integration region

consists of all point U,Z such that:

n

2

2
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2 3 1 2 1 2
(1) R, =2°-U0°- = (w -2)°-—=(q -U)° > o
" 1 By n, "n,
[w -2-Q_ +u]2
(2) v A o« “ 2 ¢ %
A 2-

From these constraints integration limits UU,UL and ZU, zL

can be obtained, such that

£ (W Q R ) = /Uty Zy £ PW -z, @ -u, R_-U%-z?, z,0)azav.
abe S B Sl o - gy 2 2
L L

Explicit expressions for these limits can be best derived

geometrically.
Let V. = V.1 and - g h th
et 3 2 l an VR = VR 1 such that at stage n,
HO is accepted if
2
[w"l_o"l]
= 1% (2.3.9)




— e s e
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and ”0 is rejected if

2 2
2/n,R =W -Q
[ 1'n; 'ny "my J

XL (2.3.10)

11

Solving the above expressions, when the equalities are

satisfied, yields the following two surfaces:

2 2
(2vA+1)wn +(2VA+1)Qn -2W_ o

B ¢ R = l l l l
A n
1
2n1VA
2 2
R = CW. “4acg “-2p.w. &
i o | #y ol M
and 2 2
(ZVR+1)Wn +(2VR+1)Qn W o
1 1 1 1)
B R =
- = 2n,V_
R a CW. ‘40 Q 2 b w Q
nl R Tll R nl R nl nl
where
2v,+1 1
CA = and PA =
2n\v, 2n,V,

with similar expressions for CR and PR.

The surface B, is an elliptic paraboloid since the

discriminant, D

2 2 2
D = 4p,°-4c,” = 4(1-(2v,+1)?)

will always be negative for VA > U




Similarly the surface BR is an elliptic paraboloid, usually
containing the surface BA. All points lying between these

two surfaces constitute the continuation region, Cn
1

Next consider the surface induced by the transformation T.

This surface contains all points in Tn space, (wn ,Qn ,Rn )

3 i | 1 1
which can be mapped into some point in T, space
2
(W =a,Q =Db, R =¢).
"3 o B2
Since
= +
a Wnl Xln
b = Q + X
ny 2nl
2 2
¢ = R + X + X 7
ny ln1 2n1

this surface is given by

- - 2 e 2-
e = R & fasW_ J+ Q. )7 B

1 1 1

The surface P is an inverted elliptic paraboloid.
The intersection of the continuation region Cn , with
E
the mapping surface P, determines the integration region for
€quation (2.3.8). This region is shown in Figure 2, and

depends upon the point (a,b,c) as well as the regions

V. and V_.,
A R




-
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FIGURE 2

THE DIRECT METHOD INTEGRATION REGION

Acceptance Mapping Surface
Surface

Rejection

Surface

-Integration

Region




If this region is projected onto the W Qn axes one
/| 1
obtains the set of all wn 2 Qn points for which
1 2
WL G, SR are contained on both the continuation
i L. L
surface and the mapping surface. Let this set be

denoted by H;
H: {wn o Qe } wks (M 0. P} 0 C ~and P.

The integration region for U and Z, for a given point

W = a, Q = b, R = ¢ will consist of all points
n n n
2 2 2

U, Z such that the doublet W=a -2, Q =b - U is

contained in the set H. Let this set be denoted by G,
G: {2z, U} such that (a-z,b-U) € H.

Since there is a one-to-one relationship between the

% ey AL can be found by

sets G and H, the limits UU, U Y

L

inspection of the set H.

An analytic expression for H can be found by

projecting B NP and B NP onto the W_ , Q axes.
A R ny ny

Since

P: R = c- (W -a)’- (@
1 "3

the projection of BRrWP onto the Qn ,wn axes is obtained
1 1




by substitution, yielding the curve RE:

2 2 2 2
(c+1)w “+(c+1)Q “~-~2aWw -20Q -2PW Q =c-a“-b
R ny R ny ny ny R'ny"ny
Similarly the projection of B. NP onto the Q , W axes
A ny ny
yields the curve AE:
2 2 Z 2
(c+1)w “+ (C+1)Q “-2aW =-2b0 -2PW Q =c-a“-b
A ny A ny ny ny A'nyTny

Both RE and AE are equations of an ellipse; and since

£ and Q - are equal the axes of
1 o |
the ellipse are rotated 45°. Thus, the set H consists

the coefficients of Wn

of all points which are inside RE and outside AE.

Figure 3 shows the integration region for a particular
case. Many such integration regions can arise depending
upon the values of a,b,c,vA,VR. However, the region will
always be one of the following:*

I. A point not possible at step (n+l).

R ) such

This consists of all points (wn+l, Qn+1’ ne)

2 2
W Q
n+1l n+l A
that Rn+l ol —, ey 1 < 0, which means
f(wn+l' Qn+l’,Rn+l) = 0. All future discussions about

integration regions will pertain to all points possible at

step (n+l).

*
For examining the types of integration regions that can arise,

the following less cumbersome notation will be used: n = n, .




n

RE” : (ﬂi}) [én g /fﬂ(a+b)nJ2 3 (Vﬁ+nvk+l>[wn,_ /7ﬁ(a-b)nVR

: {c_

Note that

15 satisf

C—a2

Whenever
P. Thisg
into @&,

£ ta;b,c)

RE

2

nV

2 (n+l) &

2(V_+nV_+2
R R

2
2 nVR(a—b) '

Ly o2 n(a+b)
a =b" + 3
2(n+1) 2(V, +av_+T) ;
RE will only be defined if the following inequality

ied

2
oY & n(a+b)2 3 nVR(a b) 5
2(n+1l) 2(V_+nvV_+1)
R TR
or
&  m* (a-b) °n ;

n+l ntl 2(n+lYTVR+nVR+l)

this inequality is not satisfied, BR never intersects
means that none of the points that can be mapped
b, ¢ 1lie in the continuation region, resulting in

= B
is an ellipse with center at

Y2 '(a+b)n

2(n+1)

+

/5ﬁ(a—b)nVR

2(V_+nV_+1)
R R
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II. Case when only a decision to reject HO is possible

at stage n.

When VA is a number less than zero it 1s not possible
to accept HO at stage n, since the left hand side of
equation (2.3.9) can never be less than zero. Assuming
VK<w, the only decision that can be made at stage n, is the

decision toc reject H_.

0
If no decision could be made at stage n, VR=m and
VA<0, and as previously discussed, the set H consists

of all Wn, Qn inside the following circle, RE_

; 2 2
nay 2 nbya n .a - b
(wn_n+l) * ( n-HTT) T n+l [C n+1l n+l}

This is the set of all wn, Qn coordinates of all points

W, Q R which can be mapped into the point (wn+l =iclid

= ¢) and which satisfy

| &)
]
o
o)

Once the wn, Qn limits of the set H are obtained, the

U, Z 1limits are obtained by the following relationship

between the sets H and G

-
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For the case when no decision can be made at stage n, these

limits become those given by equations (2.3.6) and (2.3.7).

Whenever a decision to reject HO at stage n is possible,
) i . i - o 3 .
a set of points, Wn . Qn p Rrl i in Wn, Qn’ Rn space exist
such that
2
;e *
[#*-0,°]

v

V. < =

V(W * Q *,R *) &
n n n Z[nR * W *2—Q *2] R
n n n

Since these points are not included in the set H, the set H

now consists of all wn, Qn inside the following ellipse, RE:

2 2

: 2 o—
(Cri)w “+(c +1)Q “-2aW -2pbQ -2P W O = c-a”-b

To compare the two curves RE_ and RE consider the following

rotated coordinate system:

(2]

o]

O
]

oy

The curves in this new coordinate system become

/2'n(a+b)] 2 /3 0 (a1 ¥ . o2 2
RE(,)’: Qn‘ s e + wn‘—- ——— = {C_ |

2(n+1) 2(n+1) n+l

n+1l n+lf

and
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o (ﬁ+l) [Q G i (a+b)n}2 A ( VR+nVR+l) [w ) 2 (a-b)nv_
" B 2(n+1) nv . 2(V_+nv_+2

R

2
n(a+b)2 an(a-b) :

2 2
{C bk ety T 20V #nv_+1)

Note that RE will only be defined if the following inequality

is satisfied

2
C-az-bz i n(a+b)2 nV (a-b) s
2(n+1) 2(V +nV +1
or
2 2 2 .
c a b - (a=-b) n > 0

T nFlL | Atl 2(n+1) (V +nV _+1

Whenever this inequality is not satisfied, BR never intersects
P. This means that none of the points that can be mapped
into a, b, ¢ 1lie in the continuation region, resulting

wRS S Elta b el = 0%

RE~ is an ellipse with center at
: /2 (a+b)n
0 A USRI,
e 2 (n+1)
e /7'(a-b)nVR
n

Z(VR+nVR+l)




o . - e R
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and minor axis along the Wn' axis.

contains the ellipse

The circle

RE_~

RE . This can be seen by substituting

the ellipse end points into the equation of the circle.

Consider first the end points given by

/2'(a-b) nV
g T R 1
2(V§+an+l)

. Y2'(a+b)n n a2 b? (a—b)zn
o = LR IR e
n+1l n+l n+tl  n+l  2(n+l) (V +nV_+1
Substituting these points into RE_~ yields

n a2 b2 (a—b)zn
e {c - - - } %
n+1l n+1l n+1l 2(n+l) (V +nV +1)
n ( a2 b2
= —— C-—_——-——}
n+1l l n+1l n+1l
which simplifies to
nz(a-b)2 1
3 - 1
2(n+1l) (VR+nVR+1) (VR+nVR+l)

nz(a-b)2

2(n+1) 2 (V +nv +1)2

Since this guantity will always be less than or equal to zero,

this set of end points will be contained in

RE_ .

)

1
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Next consider the set of end points given by

/EYa—b)nV nV a2 b2 (a—b)2 ‘
. R R n
wn = % —_—{C - - - ‘
2 (VR+ an+1) (VR+an+1 n+1l n+1l 2(n+1) (VR+nVR+l)
/?(a+b)n
Q = = et
B 2 (n+1)

Substituting this into RE_~ yields the following expression

H(a—b)2
56 = e

/f_(a-b)/}?;l— = }

: [
2 (n+l)(VR+nVR+l
where
nVR
H = st
VR+nVR+l
and
a? b2 (a=b)’m
G = C - = =
n+1l n+1l 2

The above expression may be rearranged to yield

[/c?i (a-b) /i~ ﬂT { i ]

2 (n+1l) (V +nV +1)

Since this quantity will always be zero or negative, this set

of end points will also be contained in RE_~.

e AR R S ee—"

-




— pelle e e e

e —

b ——

2-38

Since a decision to reject H0 can be made

at stage n, the integration region is reduced to
the set of all points contained in ellipse RE,
as shown in Figure 3. To determine the U
integration limits on the integral (2.3.8) first

requires finding the Qn limits of RE.

Letting Qn be the maximum value of Qn and
U

Qn the minimum value of Qn on this ellipse, the
L

integration limits for U are given by

{2.3.11)

Explicit expressions for Qn and Qn for given
U L
a,b,c,vR may be obtained by noting that at both

points
dw
n
= o
dQn
dw
Therefore an expression for must be found and
dQ
n

examined to see at what points it approaches infinity.
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de
The derivative is given by
dQ
n
a+P Q 2b-2(C +1)0Q
t[ 2 ( )n]
aw, c +1] (cp+l)
do C +1 o (a+p Q ) __(a2+b2-c-2an+(cR+1)Qn2 3
(CR 1)? (Cx*1)

In order for this derivative to approach infinity the
denominator must be equal to zero. Equating the numerator

to zero yields,

2 2 2
“£?+PRQn) e +b2—c—2an+(cR+1)Qn 3 Vo

(cR+1)2 (cpri)

and solving for Qn yields

2 2 2. .2
i b(c +1)+aP_ | [b(CR+1)+aPR] . [a ~-(c +1) (a“+b -c)‘,
& 2 = 2 2

¥ (CR+1)2—P 2 o «1)®

PR - CR+1
(2-.3:12)

The larger root will be Qn and the smaller will be Qn
U L

The limits wn and wn depend upon the value of Qn
L U

For a given value Q”“ = b - U’;Qn ~ Q'i Qn the limits for
L U

Wn can be found by solving the equation of the ellipse RE,

yielding




s W S

p k 3.2 . 2
g e (a+PRQ b {ka+pRQ )2 R +b“-c-2bQ "+ (C_+1)Q ]
n — 2 .
[CR+1) [CR+1)/ C +1 J

f2.3.13)

Letting Wn be the smaller root and wn the larger, the
L U

Z integration limits become

&, = & ~W, (2.3.14)

In summary, whenever V, < 0 and VR < ©» the integra-
tion limits UL' UU for a point W, = a, Q = b, R. = ¢,

can be obtained from equation (2.3.11l), where Qn and Qn
L U

are values obtained from equation (2.3.12). The limits
ZL and ZU depend upon the value of U; for a given value U’

the limits are obtained from equation (2.3.14) where Wn
L
and Wn are obtained from equation (2.3.13).
U
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II1.

at stage n.

When VR = o

made at stage n. If VR = o,

2VR+1 1
» RS gt
R 2nVR
and
PR = 1 = 0
2nVR
so the ellipse BR becomes:
= 1 2 1 2
R, = (“T{) w." # (1+T)Qn 3

The projection of BRﬂP onto the W oo Qn

(1+%i) W

Case when only a decision to accept H

a decision to reject H

axes yields,

0 is possible

0 cannot be

RE:

wn s __gr_ h na
1+= n+1l
n
b b
Qn o £k s E
1+—= n+l
n
and
—
2 2
% radics - nc o na . il nb 5
n+l (n+1) (n+1)




-

The equation for AE 1is still given by:

2

< i
(c,+1) w “ + (c,+1) Q “ - 2aw_ - 2bQ - 2P W Q =

which is the equation of an ellipse with center at

3 B b (CA+1)

o (c,-P,+1) (c,+P,+1)
4 E a(CA+1)

n

(CA—PA+1) (c,+P,+1)

e - a

In this situation the set H consists of all wn, Qn

which lie outside the curve AE yet inside RE.

By equating the left hand sides of RE and

one obtains the following equation:

N

2 -
Wy *89, ~ M0, = 0

or

This means that the two curves, AE and RE,

intersect only at the points where wn = Q

Substituting this into RE yields

1

AE

will

e b
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Solving for Qn yields

(a+b) + J(a+b)2 - 2(1+3) (aZ+p?-c)

1
2(l+7T)

At this point, it must be noted that there are a
variety of ways in which the curves AE and RE can
intersect. The above derivations have shown that when
only a decision to accept HO is possible at stage n,
the curves will intersect along the line Wn = Qn‘
The specific points of intersection are given by the
previous equation. This equation may yield zero, one,

or two distinct intersection points, depending upon the

value of the discriminant; i.e.

2

(a+b)? - 2(143) (a2+b3-c).

This equation reveals that the number of intersection
points depends solely upon the point a, b, c.

Each of the intersection possibilities (i.e., zero,
one, or two intersection points) indicates a different
geometric relationship between AE and RE; which means
that each results in a different U, 2 integration region.
Thus, to obtain the entire density (i.e. the density at
all points) requires deriving the integration regions of
all the possible intersection situations. Each of these

possibilities will now be considered.

ettt




e

Whenever the following condition occurs

(a+b)? - 2(1+2) (a®b®-c) < o

the two curves RE and AE will never intersect.
This indicates one of the following geometric relation-
ships must exist:

(1) the curve RE contains AE

(2) the curve AE contains RE

(3) the curves AE and RE contain no points in

common, given they don't intersect.

Situation (3) will occur only if neither curve contains the
other's center. This is equivalent to satisfying the

following inequalities (if they don't intersect).

n(a-b) 2 BE R
W 1)2 b C = Am—m= o e— > 0
n+
A n+1 n+1 (2.3.15)
and
2
(a +b2)n : -3 £ &l a2 - b2 > 9
n+1 A0(n+1)V +1]°
(2.3.16)




When these inequalities are satisfied the set H consists

of all wn, Qn contained inside RE. This is shown 1in
Figure 4. The Qn end points of this circle are given by:
2 "
nb ne - na 5 - nb 5 (2.3.17)
n+tl n+1 (n+1) (n+1)

Let the smaller root be denoted by Qn and the larger

L
by Qn ; then the U integration limits are given by
U
UU = b - Qn (2+3:18)
L
U, = b-Q,
U
*
For a given value of U, say U the 2 integration
limits are given by
ZU = a - Wn (2.319)
L
Z = a-W
L nU

Where wn and wn are the smallest and largest values of
L U

2 2 =
na n - b = na e
- /““C —2RU _ - y*2 (5 3.20)

S n+l n+l  (n+1)2 n+1
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FIGURE 4

Integration Region
When Neither a Decisidén to Accept
or Reject Can Be Made

Ellipse RE

e e - me = =

0
*

L®)]
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— “grage—
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These limits are identical to those in equations (2.3.6)
and (2.3.8); which is to be expected, since situation (1)
R

is a case where all points W, Q which can be mapped

nl nl

into the point a, b, ¢, lie in the continuation region Cn'

Situation ( 2) will occur whenever the center of the
circle RE 1is a point inside the ellipse AE; and the

following point on RE

=
iy na nc na2 nb2
T ¢ ; 3" 3
e n+a n+l (n+1l) (n+1)
o, = BRLS (2.3.21)
() n+1l

is inside the ellipse AE. This is equivalent to satisfy-

ing the following inequalities:

nifa=b) 2 3 b2
_.___.___2 - C = — - < 0 (2-3.22)
2vn(n+1) n+1 n+1
and
~
i Vn (a=b) + 1 nc _ na2 = nb2 ‘ <0
v, | (n+1) Vo' ¥ ml (2 (neD)?
(Lods 23)

Since the second inequality can never be satisfied,

situation (2) will never occur.
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Situation (1) will oceur whenever the center of the

ellipse AE is a point inside RE; and the point Wn ’ Qn

e c
defined in equation (2.3.21) is outside AE. The
second constraint amounts to requiring the left hand side
of equation (2.3.23) to be greater than zero; which will
always be true. The first is equivalent to satisfying
the following inequality:
n(a—b)2 a2 b2
——— = Jc = — - ——| < 0 {2.3.24)
ZVA(n+l)2 n+1l n+1l

Whenever this is true, the region of interest must be
broken up into 4 subregions as shown in Figure 5. Thus
the integral in equation (2.3.8) will be broken up into

4 separate integrals, so that

4 oy T
Z Ul Ul p 5 5

fml(a'b":) = fn (a-z, b-U, c-z2°-U“)dzdu } (2.3.25)
1=l NTU 5 92

The limits UU - UL ; ZU y ZL will now be obtained
i b i a

for each region.

For each region a range of Qn can be found;

9. < Qn < Qn from which the U integration limits
Li Ui
are obtained as: U = b-Q and U = b-Q

Lj Ny vi fri




FIGURE 5

An Integration Region
Consisting of Four Pieces

45% 1ine

Ellipse RE
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The range of Qn for each of the subregions is as follows:

Region I: @ =10 Qi< ) = 0
| UL B NLE Tyl
Region Iz © = Q < QL g0 = Q
P2 "un 3 Tue %92
Region IXE: O =0 < QL0 = 0
i s 7 = Tua "y3
Region IV: Q. . =Q  <Q <£Q =0
L4 LA ua u4
Where Qn and Qn are the two Qn end points of the
LcC uc :

circle RE, or the smallest and largest values of equation

(2250,

Qn and Qn represent the Qn end points of the
LA UA

ellipse All. These are obtained by the same methods

employed for Case II (equation (2.3.12)); yielding Q.

and Qn as the smallest and largest values of i
UA
b(c_+1)+aP b(c_+1)+aP 2 a2-(c +l)(a2+b2-cfr
A A, A A & A
(c,+1) *-p 2 i P 2-(c,+1)? P, 2-(c,+1)? J
(2.3.27)

Similarly, for each region a range of wn values can be

defined: w_ = W < LS from which the Z limits are
Li Ui

obtained as: 2 =a-W and 2 . = a - W
G T ;0 10 Ul ) 9 S
i Ul L1




~
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The range of wn for each of the subregions is as follows:

Region I: W, = W £N._ Wn =W
Ll LC uc Ty1
Region II: Wn =W % wn < Wn = Wn
L2 OLc uc u2
Region III: Wn = wn < Wn < Wn = Wn
L3 UA uc U3
Region 1IV: Wn =W < Wn < Wn =W
L4 fre LA Nya
Where wn and W are Wn points on the lower and
Lc Tyc
upper portion of the circle RE; and W and W
e 7 Tya

the analogous points on the ellipse AE. As in the

previous cases, these values will depend upon the value

of Q.+« Q, <% 289, « OF equivalently the value of U.
Li Ui

*
For a given value of U, say U , wn and wn are
LG uc

the smallest and largest values of equation (2.3.20).
The values wn and Wn are the smallest and largest
LA UA

values of the following:

* * 2 2.2 * 3"
(a+P Q ) " a+P Q a“+b“=c-2bQ +(C +1)Q
S AT S PR, = A (2:.3.28)
(cA+l) CA+1 CA+1
* *
where Q =Db - U




-

The case where the curves RE and AE intersect
at only one point must also be considered. This will

happen whenever
(a+b)2 - 2(1+€%)(a2+b2-c) = 0.
If this is true the curves will intersect at the point

-} _ n(a+b)
wn = Qn > (nF 1) ° (2.3.29)

Based on the previous discussion this can only occur in

the following situations:

(1) the curve RE contains AE;
(2) the curves AE and RE contain no points in
common, except for the point of intersection

given in equation (2.3.29).

Situation (2) will occur whenever the inequalities
given by equations (2.3.15) and( 2.3.16) are satisfied.
Since the point of intersection will be on the boundary
of RE, the integration regions U _, U , Z , and 2

U L u L
can still be obtained by equations (2.3.18) and (2.3.19).
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Situation (1) will occur whenever the inequality
given in equation (2.3.24) is satisfied. The integration
region must now be broken up into three pieces as shown
in Figure 6. This is simply a special case of Figure 5
and may be evaluated by the same methods used to

evaluate equation (2.3.25).

The curves RE and AE may also intersect at two

points. This will happen whenever
(a+b) 2 - 2(1+2) (a®+b2-c) > 0.

This indicates that one of the following geometric

relationships must exist:

(1) The ellipse AE 1is contained inside the circle
RE, with the Qn end points of AE touching
the circle.

(2) The intersection points fall below the axis
of the ellipse AE, which is parallel to the
line Wn = Qn'

(3) The intersection points fall above the axis

of the ellipse AE, which is parallel to the

line wn = Qn‘
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FIGURE 6

An Integration Region
Consisting of Three Pieces

450 line

Ellipse RE
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Consider the following set of rotated axes (45° rotation):

| ]
Ay
1]

[Qn + wn} (2.3.29)

o]

The ellipse AE in terms of this new coordinate system

=
Y
]

SIS

becomes:

. . _ /2 (a=b)

(C + 1=p ) @ “ = + (C_ +1+P ) |w
A B e o = 2(C,+1+P )

2 2
= A -pt 4 otz ¥ —iBth) (2.3.30)
2(CA+1+PA) 2(CA+1—PA)
Also, the line Wn = Qn becomes:
W™ =00 (2:.3+31)

From these equations criteria for situations (1) - (3)
can be established. Situation (1) will occur whenever a = b;
situation (2) will occur whenever a > b; and situation (3)

will occur whenever a < b.




Situation (1) is shown in Figure 7. The integration
region must be divided into at most four subregions, as in
Equation (2.3.25). The integration limits are the same as
those obtained for equation (2.3.25), with the exception
that one or two of the subregions may be empty.

Situation ( 2) is shown in Figure 8. The integration
region must now be divided into three subregions. The

range of Qn for each of the subregions is as follows:

i i e QnLl i QnLc 28 2 QnLI - QnUl

Region 1II: QnL2 = QnLI < Qn = QnUI = QnU2

Region III: QnL3 = QnUI <09 < QnUC = Q“u3 (2.3.32)
The quantities QnLc and QnUC are again the two Qn

end points of the circle RE, or the smallest and largest

values of equation (2.3.17). Qn and Qn are the
LI ur

intersection points of the ellipse AE with the circle RE,

or the smallest and largest values of the following equation:

(a'* b}y = -J(a+b)2 - 2(1+—£J(a2+b2-c)
= (2.3.33)
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FIGURE 7

Integration Region When Ellipse AE
Intersects Circle RE at Two Points
Situation 1

45

llipse
Ellipse

AE

line

RE




FIGURE 8

Integration Region When Ellipse AE
Intersects Circle RE at Two Points
Situation 3

| ©)
| ©)

e 1 Ty




The U 1integration limits for each region are then given by:

0 = b =@
13 Nyi
0. = b0
B e %
i = 1,2,3 (2.3.34)

The range of W for each of the subregions is as

n
follows:
Region 1I: wn = wn < wn < Wn = Wn
Ll LC uc Ul
Region II: wn = Wn & wn < Wn = wn
L2 Lc UE U2
Region III: W =W < W_ < W =W (2335}
nL3 Mre = nuc Ty3
s *
For a given value of U, say U , wn and Wn are the
LEC uc

smallest and largest values of equation (2.3.20) and wn
uc
is the larger value of equation (2.3.28). Thus,

the 2Z integration limits are obtained as:

L1 nU.l
ys e = a-Ww
u
: Pri
i = 11213 (2-3.36)

Situation (3) is shown in Figure 9. As in situation (2),
the integration region must be broken up into three subregions.
The range of Q = for each of the subregions and the U

integration limits are still given by equé¢ tions (2.3.32) and
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FIGURE 9

Integration Region When Ellipse AE
Intersects Circle RE at Two Points
Situation 3

Ellipse AE

as¥ 3ice

lipse RE

REGION ITJ

O Ppme o w

ng1 QnUI Qn
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(2.3.34) respectively. However, the range of wn for each
of the subregions is now:
Region Iz W =W g < W =W

n n - "n — n n

L1 LC uc ul
Region II: wn - wn < wn < Wn - Wn

B2 LC LE U2
Region III: w_ =W, 28, 2R =W (2.3.36)

L3 Lc e u3
Where wn is the smaller value of equation (2.3.28).

LE

Given these values the 2 integration limits are given by

equation (2.3.36).

It is also possible that the ellipse AE does not exist.
This will occur whenever the surface BA does not intersect
the mapping function P, or whenever the following inequality

is satisfied:

2 2 2
e - c -[—‘l— - —b—] > 0 (2.3.37)
2(n+l)[(n+l)VA+l] n+l n+1l

This is not a special case, however, because whenever this
inequality is satisfied, inequalities (2.3.15) and (2.3.16)
are also satisfied. Thus the integration regions are

obtained from equations (2.3.17) - (2.3.20).




S

In summary, this section has discussed the various
types of integration regions that can result when only
a decision to accept HO is possible at stage n, criteria
for determining when each of these regions is appropriate,
and formulas to calculate the required U, Z limits

for each of these regions.
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IV. Case when either a decision to accept or reject

HO is possible at stage n.

Whenever 0 < VA < VR < =, both acceptance and
rejection are possible at stage n. In this case, both
the curves AE and RE become equations of an ellipse.
In order to determine the integration region, it is
necessary to know the intersection points of the two
ellipses.

The intersection points are most easily found by
transforming AE and RE 1into a coordinate system
rotated 45 degrees. The equation for RE in

the rotated axes becomes, RE”:

- -~ 2 -~ 2 -~
(CR—PR+1) Q " + (CR+1+pR)w it S(2a+2b) Q % {2.3.34)

2 4 2

- S(2a-2b) W'n = C-a“~-b

and that of AE ,

AE

5

G s 2
(LA }A+l) 0 i

¥ (CA+1+PA)W o S(2a+2b) Q " (236 31)

- S(2a-2b) W' = c-al-p2

where S 1is given by

S = sin(45°) = Y2
2




2-64

These equations may he further simplified as:

RE ~
f S (a+b) ;2 s (a-b) ‘2
(C -P +1) O — + (C_-P_+1) W - —
LB | n (C =P +1) P g (C +P +1) f
R R R R
2 2 (a+b)2 (a-—b)2
=  e=a =b + +
2(C_ -P +1) 2(C +P +1)
R R R R
and
AE ~
s(ath) | { s(a-b) )2
(C.-P_+1) 01 o+ (C +P+1) (W = — —— ;
s ® e =p +1) ) e (C +P +1)
A A A A
2 9 (a+b)z (a—b)2
= Lerdi=he G —— = e s
2(C_-P +1) 2(C +P +1)
A A A K
Since
1
pn = e
2nV
A
and
2V_+1
CA = o e ,
2nV
A

(with similar expressions for PR and C ), these
R

may be substituted into the above; which yields after

combining similar terms,the following expressions:
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RE”

‘ S (a+b) 2 j
(C.-P_+1) (Q° = —m0m7m ——H + (C_+P _+1) { W~ -

R R n R R n
) (CR PR+1) ‘
a b? (a-b) %n
= C - e - s
n+1l n+1l 2(n+l)(VR+nVR+l)
and
AL~
S(a+b) ' :
(C -P +1) < Q~ - + (C_+P +1) (W™ -
A A (€ -B +1) ‘ A A n
A A
a2 b2 (a—b)2
= C - s = -
n+1 n+1l 2(n+l)(VA+nVA+l)

Since

CA—PA+1 = CR—pR+1 i

the above equations show that both curves will have

identical Qé coordinates for their centers.

S (a-b) ‘2

(CA+PA+1)’
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50lving for Q; in RE® yields a solution of the
following form:
9’ % K £ b
where
S (a+b)
K = —0
(CR—PR+1)
5(a+b)? [a®+b®-cH(Cpt1+P )W 2-5(2a+2b)W”
D = - — n n
(CR~PR+1) CR-PR+1

Substituting this form in the equation for AE” yields

2

i S -
(CA=P,+1) (K“+D%) +(C, +1+P ) W" (2.3.32)

S(2a+2b)K - S(2a—2b)W'n

+

(+ 2KD(C,-P,+1) - S(2a+2b) (+ D))

C—az-b2

In general an equation describing the intersection of two
ellipses will be a quartic. Equation (2.3.32) is a
special case, however, and can be reduced to a quadratic

by noting that the following term

+ D(2K(C _-P,+1) - S(2a+2b))
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S(2a+2b)(CA-PA+l)

= & D - S(2a+2b)
(C =P _+1)
R R
is zero since
(C <P +1) = (C.-p +1) = Nl
A A R R n

Solving equation (2.3.32) for wn‘ and substituting into

RE”~ yields the following wn', Qn‘ intersection points:

Wei o= 8 (2.3.33)
Q =~ = ! S(atb)n + S{{a+b)n 2~n(n+l)(a2+b2--c?
n n+1l = A

In terms of the original wn, Qn axes the intersection

points become:

N0 = e [ fas) iﬁa+b)n] 2_n(n+1) (a4b?-c)

n n 2(n+1l)

(2:3.34)

This means that the two ellipses, AE and RE, will
intersect at zero, one, or two points. The sign of the

discriminant of equation (2.3.34),

DIS = ka+b)n]2—n(n+l)(a2+b2—c),
determines the number of intersection points. Whenever:
Ls DIES < 0 (2.3.35)

AE and RE will not intersect.
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2. DIS = 0 (2. 3.36)
AE and RE will intersect at only one point,

point being

_ n(a+b)
n n 2(n+l)

3. 'DES > 0 (2.3:37%)

AE and RE will intersect at two points.

Consider first, the case when AE and RE do not

intersect, or when equation (2.3.35) is satisfied. This

indicates one of the following geometric relationships

must

exist:

(1) the curves AE and/or RE do not exist

(2) the curve RE contains AE

(3) the curve AE contains RE

(4) the curves AE and RE contain no

points in common.
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Situation (1) will occur if either of the ellipses
has an imaginary radius, or whenever either of the
following equations is satisfied:

a b (a—b)zn

€ = = o < 0 (2.3.38)
n+1l n+1l 2(n+1)(vR+nVR+l)

o P (a-b) °n (2.3.39)

|A
o
.

n+1l n+l 2(n+l)(vA+nvA+l)

Since VA = VR, inequality (2.3.39) will be satisfied

whenever (2.3.38) is satisfied. If (2.3.38) is satisfied,

f(a,b,c) = 0, since none of the points that can be mapped

into a,b,c 1lie in the continuation region.

If inequality (2.3.39) is satisfied and (2.3.38) is
not, the point a,b,c is located such that the mapping
function P intersects the rejection surface but never
intersects the acceptance curve. This reduces to a case
previously discussed, the case when only a decision to
reject HO is possible, and the integration regions are
given by equations (2.3.11) through (2.3.14).

Assuming neither inequality (2.3.38) or (2.3.39) is

satisfied, situation (4) will occur when neither curve

contains the other's center, or when the following inequali-

ties are satisfied:




2

(V +nVv +Y><n2(a—b)2)[ v v
R R R 3 A }
nVg 2 (VR+nVR+l) (VA+nVA+l)

a? b2 (a—b)zn
= LC = - - > 0
n+1l n+1l 2(n+l)(vR+an+l)
(2.3.40)
and
(v +nVv +1X12(a-b)2)|: \% v ]2
A A R _ A
)
nVA 2 (VR+nVR+l, (VA+nVA+l)
a2 b2 (a—b)zn ‘
-{C - - - > 0
n+1 n+1l 2(n+1) (VA+nVA+1)§
(2..3.41)

As it is necessary for both inequalities to hold, and
inequality (2.3.41) implies inequality (2.3.40), it is only
necessary to examine the former. 1In other words, situation (4)
will occur whenever RE and AE do not intersect, and RE
does not contain AE's center point.

The set H consists of all points wn' Qn contained
inside the ellipse RE. The integration region in this case
becomes identical to that required for the case when only
rejection is possible and can be evaluated using equations
(2300 = (2.3.14).

Situation (3) will occur whenever the four end points

of the ellipse RE~ are all points inside AE.” First,




consider the RE“end points along the Qn‘ axis. When

this is substituted into AE”, the following inequality

must hold for situation (3) to occur:
bla-B)~ v v
R ot el e L,
+ + +
2 (\/R+nVR 1) (VA nVA 1)
VA+nV +1 (a-b)zn2 v v 2
M A R e S e Sl < 0.
+ +
nVA 2 (VR nVR 1) (VR+nVA+l)

Since VA < VR, this inequality can not be satisfied;

and thus situation (3) can never occur.

Having shown that situation (3) cannot occur,
situation (2) will occur whenever both the ellipses
RE and AE exist (neither inequality (2.3.38) nor (2.3.31)
is satisfied), and inequality (2.3.41) is not satisfied.
In this case the integral given in equation (2.3.8) must be
broken up into four separate pieces, similar to that given
and

in eguation (2.3.29%5). The limits U...;, 7 -

L9 :
Ul L1 Ul

ZLi: i=1,...,4 must be determined for each region.
For each region a range of Qn can be found;
Qn < Qn ~ Qn from which the U integration limits are
Li Ui
obtained as:

U. = b-9Q

Ui n
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The range of Qn for each of the pieces is as follows:
Region £ Q. bl AL TR A =
LL LR LA ul
Region II: 0 = Q R < 0 = Q
no, Noa n i ns
Region III: Q = Q <0 < G = 0
nL3 nLA B nUA nU3
Region 1IV: Q = Q ) = O =6
nL4 nLA 5 r1U.l\ nU4
(2.3.42)
Where Qn and Qn are the minimum and maximum Qn
LR UA
coordinateson the ellipse RE; and Qn and Qn are
LA UA

the analogous quantities on the ellipse AE.

Qn and @ have previously been derived as the
LR Tur
smallest and largest values of equation (2.3.12). A similar
expression derived for RE, yields Qn and Qn as the

LA UA
smallest and largest values of

2 2 S .
b(LA+1) 4 aPA " b(CA+l) + aPA a —(CA+1)(a +b“-c)

. : Zillhe= 2 2 2 2
(LA+1) - PA PA - (CA+1) PA - (CA+1)

(23.43)

The range of Wn for each piece depends upon the value

of Qn (or equivalently U). For a given value of Ui’
Say US =L e g AR Q& QS e a range
3 Rgi T Mg . NER
of W values can be defined; W < W < W ¢
n o SR n -= o T
L1 ul

from which the Z 1limits are obtained as:




The range of wn for each of the pieces is as follows:

Region 1I: Wn = Wn < Wn = Wn = W
551 4 LR UR B
Region II: Wn = Wn £ wn < Wn = wn
L2 LR UR U2
Region III: Wn = Wn < wn < Wn = Wn
L3 UA UR u3
Region IV: W = W < W < W = W
n n - n - n n
L4 LR LA véd
(2.3:.42) .
W and wn are the upper and lower points on the
LR UR
ellipse RE, for a given value of U* = Db - Qn*.

These have been derived previously as the smallest and
largest values of equation (2.3.13). W, and "

LA UA
are the analogous points on the ellipse AE, and are

obtained as the smallest and largest value of:

-
2 ST 2
(a+PAQ*) % a+PAQ* a“+b —C—2bQ*+(CA+1)Q*

(C#l) | C,*1 (c,+1)
(2.3.45)
Next consider the case when AE and RE intersect
at only one point, which will occur whenever equation
(2.3.36) is satisfied. Based on the previous discussion
this can only occur in the following situations:
(1) either one or both of the curves AE and RE do nct
exist
(2) the curve RE contains AE
(3) the curves AE and RE contain no points in common,

except for the point of intersection,
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Situation (1) can never occur if equations(2.3.36) or

(2.3.37) hold. This can be shown as follows:

B

2 i 2
(a+b) © - (2 —) (a“+b“-c) > 0
n

then 2
(a+b) Sl
€ = tasthaa= +

2(n+1l) 2(n+1)

Sl being a quantity greater than or equal to zero.

Substituting this result into the equation of the radius
of the ellipse AE and simplifying yields:
(a-b) 2 s

Radius AE = + 1
2(CA+1+pA) 2(ntl) *°

Since this quantity will always be greater than equal to
zero, the ellipse AE will always exist. The previous
section also showed that a sufficient condition for RE

to exist was the existence of AE. Hence, intersection of
the ellipses AE and RE 1is a sufficient condition for
their existence.

Situation (3) will occur whenever the inequality
given in equation (2.3.11l) is satisfied. Since the point
of intersection will be on the boundary of RE, the
integration regions U., ©_ , 2 , and ZL can still be

L L U
obtained by equations (2.3.11) and (2.3.14).
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Similarly situation (2) occurs whenever inequality
(2.3.41) is not satisfied, and requires the integration to be
broken up into four pieces. The integration limits in
ecach of these pieces may still be obtained by equations
(2.3,42) through (2.3.45)}.

The curves AE and RE will intersect at two points
whenever inequality (2.3.37) holds. In general, two
ellipses can intersect at two points in many ways.
However, consider the equations in the rotated axes

coordinated system:

RE “:
2 | 2
n+1 Y2 (a+b)n V_+nV +1 /Ewa—b)nv
—EORE Q e PRSP — S + u__ W 2 - K
n » ~ 2(n+1) nvg & 2 (Vg+nVg+1)
a2 b2 (a+b)2n
= C - — - =
Bl n+1l 2(n+l)(VR+nVR+l)
and
AE “3
2 2
n+1 V2 (a+b)n V_+nV_+1 . [/2(a-b)nV '
i Q o —————————— + __’_\________}_\___ wn - ____—A
n 2 Ztrnel) nVa 2(VA+nVA+l s
a? b2 (a-b) %n
= C - VP ——_ - —
n+1 n+1l 2(n+l)(VA+nVA+l)
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From these equations the following relationships may be

noted:

(a)

(e}

(d)

the curves RE~ and AE~ will have parallel
major axes (i.e., parallel to the line Wn' = 0).
the major axis of RE~ will be greater than or
equal to the major axis of AE”.

the major axes of RE~ and AE~ will always lie
on the same side of the line Wn' = 0.

the two curves will have the same center point

and equal major axes whenever a = b.

since

| &)
\
]

E
T
2

[—Qn e Wn] ’

=
i

if the curves intersect, the intersection points

will lie along the line W_ = Q or W = 0.
n n n

Given these relationships one can conclude that when-

ever the curves intersect at two points, one of the follow-

ing geometric situations must exist:

(1)
(2)

(3)

the ellipse RE~ circumscribes the ellipse AE .
the major axes of the ellipses lie above the line
W = U

n

the major axes of the ellipses lie below the line

Wn~ = 0.
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Situation (1) will occur whenever a = b, and
requires the integral of equation (2.3.8 ) to be broken
up into two pieces. These two pieces may be described
by Wn' Qn regions identical to those of Regions III and
IV given in (2.3.42) and (2.3.44). Thus the integration
Limi€ts WU ., U Z_., and zUi may be obtained from

Li it i
equations (2.3.43) - (2.3.45).

Situation (2) will occur whenever a > b, and requires
the integral of eguation (2.3.8 ) to be broken up into five
pieces, as shown in Figure 10. The range of Qn for

each of the subregions is as follows:

Region I: @ = Q < Q < Q =0
L Mg~ R T TReg Ny,
Region II: Q = Q £ R, 5 Q = 4
e Tra # Tya Ty2
Region III: Q = Q 5 T, S " e
b 7 Dra - R Ru3
Region 1IV: Q = Q £ 9 R = Q
N4 e . Nua Nu4
Region V: Q. =R, < Qn < Qn i
LS UA UR U5
(2.3.46) -
The quantities Q and Q have previously been defined
LA ua
and may be obtained as the minimum and maximum of (2.3.43).
Similarly Q and Q are the minimum and maximum of
n n
LR UR
(2.3.12). QnLI and Q_ represent the two intersection
uI

points of AE and RE, and are defined as:
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FIGURE 10

Integration Region When Both a Decision
to Accept and Reject is Possible
Situation 2

el e e T LY ipp———

Ellipse RE
i«

| 5
x
)
[ =
>

UR
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v

where

The U

]

(a+b)n + n/?$+b)2-2(

min {Rl’ Rz}

J
max !Rl’ Rz}

n+l
n

) (a?+p?-c)

n(a+b) - nv/(a+b)2-2(§£-l-) (a®+b2-c)

2(n+l)

2(n+l)

(2.3.47).

integration limits for each piece are again

obtained as:

Similarly

vi

Li

the range of

Region

Region

Region

Region

Region

i:

E & &

III:

IV:

V:

W

U

n

n

"n

W

W

n

W
n

Ll
L2
L3
L4

L5

wn
LR

W
n
UA
LR

LR

LR

p

IA

IA

IA

IA

for a given value of

W

W

n

U,

IA

IA

|A

IA

say U*

W

W

W

W

w

n

n

n

n

UR

UR

LA

LA

n
UR

for each region is given by:

b"Q*r
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W and W being the maximum and minimim of (2.3.45),
LR UR
and Wn and wn the same for (2.3.13).
LA UA

The 2 limits are obtained for each region as:

TR S

Zio = =W
L1 n

Situation (3) results whenever a < b, and again
requires that equation (2.3.8 ) be split up into five
separate integrals, as shown in Figure 11l. In this case the

range of Qn for each of the subregions is as follows:

Region I: QnLl = QnLR = Qn = QnLA i3 QnUl
Region II: QnL2 = QnLA =, = QnUA - QnUZ
Region III: QnL3 . QnLA L A QnLI = QnU3
Region 1IV: QnL4 = QnUI Sy L QnuA = QnU4
Region V: Qan = QnUA i S QnUR & QnU5

(2.3.48)-

-

.
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FIGURE 11

Integration Region When Both a Decision
to Accept and Reject is Possible
Situation 3

il

- G e e o G emoem o -

LR nLA nUA %R
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For a given value of U*

each region is:

Region I: W = W

Region II: W = W

n , n

Region III: wn = wn
L3

Region 1IV: W = W

n 4 n

Region V: Wn = W

L5 -
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b - Q*

IA
=

|A
=

IA
=

|A
=

A
=

the

S

IA

A

IA

|A

W
n

UR

LA

UR

UR

UR

range for

= W
N1

= W
Ny2

= W
Ny3

= W
Nue

= wn
us

(2.3.49).

b
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2.4 OBTAINING THE PROBABILITIES OF ACCEPTANCE,

REJECTION AND CONTINUATION

The previous section (2.3) has given methods for
calculating the density fn+1(a,b,c), for a given point

W = g, @ = ¢, from the density at

n+1l n+l n+1l
stage n, fn(wn'Qn’Rn)‘ Once this density has been

= b, R

obtained for all possible values of a, b, c, the prob-

n+l

ability of accepting HO(PA ), probability of rejec-

ting H as (P ahe

0 R
n+1) must be calculated. This requires integrating

), and the probability of continuing

the three dimensional density fn+l(wn+l'on+1’Rn+l) over

all values of wn+l’ Qn+l' Rn+l for which the statistic
2
viw 0 R = [Yn+l Qn+l] :
n+l’“n+1’ "n+l 2 [(n+1)R_ . .-Q 2_ g 2
n+l “n+l n+1l

is in the appropriate region (e.g., acceptance region,

rejection region, or continuation region). Thus
+
PAn 1, PRn+l, and PCn+1 may be calculated as:
n+l -
P fn+1(W,Q,R)deQdR

0 <vw,QR = vR"*l




p Ml £ ,, (W,.Q,R) dWw dQ dRr

e e e e

<
A

V(W,Q,R) < o

-

and

{
n+l
%: fn+l(W,Q,R) dw dQ dR
n+

nédl & V(W,Q0,R) £ Va >

These integrals amount to integrating §]+I(W,Q,R)
over elliptic paraboloids, and may be reexpressed as

the following iterated integrals:

od [ o
nel

Fa / // £ 4 (W,Q,R) dR dW dQ

- 00 - 00 Ra

r

n+1l y
R fn+l(.~l,Q,R) dR dw dQ
- 0O - 00 S

Ra
BEE
P £ .1 (W,QR) dr dW dQ
T r {2.4.1).

o
]

with




2 2
TR TR =B
¢ n+1l n+1l
2 2 2
R = _[M]‘ + W + Q
a ?_(n+1)vA“+l n+1 n+1
2 2 2
e LU SR
" q(n+l)VRn+l n+l n+l

In practice only two of the three integrals need be

calculated due to the following identity:

n n+l n+l n+1
P = + + g
[ 24 PA PR PC

So if PAl and PRl are calculated at each stage

i

Be

may be obtained by subtraction,




e
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2.5 SUMMARY OF THE DIRECT METHOD FOR A k=2 SANOVA TEST

The purpose of this section is to summarize the
procedure for obtaining the OC and ASN curves for a
k=2 SANOVA test.

First, a test of this type requires specification
of the following quantities:

(1) The null hypothesis value, AO.

(2) The alternative hypothesis value, Al.

(3) A truncation point, mo.

i i

i S RN

(4) A set of regions: VA v N

0’
such that at any stage N

These regions are to be compared with the
statistic, Vn, of equation (2.3.1), such
that at any stage n,

n

(a) H, is accepted if V_

<V
st O
(b) H; is accepted if V_ 2V,

n-

(5) Values of a and B (needed only if the regions

are to be modified Wald regions).

Second, the first step at which a decision can be
made, say ny, 2.5 hl = my . is determined.

Third, one must determine how many and which points
on the OC and ASN curves will be calculated. Suppose
L values are chosen, denoted by Ag*, 2 =1,..., L,
such that Ao = Al* o T Ag* = Ay

For a given Al*, the first stage density

fnl(Wnl,in,Rnl) may be calculated as follows:

-
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2 2
{1\ 2 "n, Q"l
£ w ,9 R ) = o R =
n n n 2 2(n.-1)| 'n
1 i ] 1 b (nl i 1 nl n1
wn Qn
By "y
(2.5.1)

Note that this density is completely specified by
xz and n, .

The probabilities of acceptance, rejection, and
continuation at stage ny (the first stage at which a
decision can be made) ; PAnl, PRnl, and Pcnl, may be
calculated using the noncentral F distribution (given
in equation (1.1.1)) and is shown in appendix A.

To calculate the joint density at the next stage,

fnl+l(wn +l’in+l’Rnl+l)’ requires utilizing the pro-
cedures developed in section 2.3.

As shown in section 2.3, this consists of performing
a bivariate integration of the following five dimensional

joint density function.
£ (W 1Q 'R ' X X = g (W O 'R ]
rhf) nl nl nl ln2 2n2) n,\ n; "n; ny

(2.5.2)
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This is the joint density of the statistics at stage n;

wn 0|1, e Rn ; and the new observations taken at
1

stage n_, = i A (L IR : X =

For any given point: W = b,

=g,
nl+1 nl+l
Rnl+l = C; the joint density fnl+l(a,b,c) is calculated

by performing the following bivariate integration.

U Z
9] U

£ (a,b,c) = £ P(a-g,b-u,c-2°-u%,z,u) dz au
nl+l nl

(2.553)

The limits UL, Wy &, ' and ZU are dependent upon

U L
the particular point (a,b,c) as well as the regions

v n1 and V nl .
A R
If no decision could be made at stage nl, these limits

are the limits for integrating around the following circle.

2 2
ad z2 = u2 o K-z} (b;u) & @
b | 1
(2:.5.4)
and are given in equations (2.3.6) and (2.3.7). Wheneve: «

decision can be made at stage n, the integration region

becomes a subset of the points contained inside this circle.
In some cases the integral given in equation (2.5.3)

cannot be evaluated as one integral; rather it must be

broken up into several pieces, with the overall integral
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being the sum of the individual integrals. Equation
(2.3.25) is such an example. In such cases, the integra-
tion limits for each of the pieces must be determined.

The required integration region for equation (2.5.3)
can be one of many. In section (2.3) every possible
integration region has been explored; and for each case
specific expressions for the U,Z integration limits have
been given.

The U,Z integration determination may be best
summarized in flowchart format, such as shown in Figure 12

This integration must be determined and performed

for all points W thus obtaining the

s Q + R '
nl+l nl+l nl+l

, Q
n,+1"' n.,+1 ol o EUE R s
1 1 1 1 n. %1

density the probabilities of acceptance (PA 1 S

entire density f (W R Jie: + BExom, £has

)l )

rejection (PR 1 7), and continuation (PCn

l+1) must
be calculated. Their calculation requires performing a

trivariate integration of the density fnl+l(wn1+l’ Qn +1

Rn +l) over elliptic paraboloids. This is most easily

il
performed as iterated integrals as shown in (2.4.1).

The entire process of obtaining the density,

: P
fi(w" Qer Ri)' from the density, fi_l(w Q

& i i S 0 (R o
and ultimately the probabilities, PAl,

X o Pcl, must be iterated for all stages,




The final result, for a given A_ , 1is the set of

. . . 1
A i i i e
probabilities, PA A PR i PC PRI T [ KL R mo. These
*
probabilities will depend upon the value of AZ . 'This

can easily be seen by noting that both the first step
density of eguation (2.5.1) as well as the five dimen-

sional density of equation (2.5.2) are both functions
: i * 3.
*
of XQ . Therefore, the notation PA (12 )i PR (A2

(XR*), I =2 e @ mo, will be used to denote

such a dependence. From these probabilities, the point

*
),

Pl
€

*

L

lated. These guantities are calculated as follows:

on the OC and ASN curves for A = A may be calcu-

)
oc(a,”) = Piaa ")
L A 3
g (2.5.5)
and
™o Mo
* = i * i * Boi i *
ASN(A, ) = B RA s A R v gl w Y
L=2 L=2
(2.5.6)
1 *
Note that, by having all the probabilities PAl(Az ) B2
§ ; "
PRl(AR*), Pcl(X2 ), other quantities of interest may also

be calculated (e.g. variance of DSN, median of DSN,

percentile of DSN, etc.).




This entire process has given a single point on the
OC and ASN curves. To obtain the next point on the OC
and ASN curves the density £_ (W_, Q , R_ ) must again
& T A
be obtained from equation (2.5.1) with A = A;+1.

process of obtaining the density, fi(wi’ Qi' Ri), and

The

h babilities P_1(A* et p it
the probabilities . ( g+1) v B ( 2+1), - ( l+l)’

then be iterated for all stages i = n1+1, A et b o - SR

The Direct Method for K = 2 SANOVA has been

must

0"

summarized in flowchart format as shown in Figure 13.




2-9 2
FIGURE 12

For any given stage, n: with regions V, and Vg,

the density of the point (Wn = a, Qn = b, Rn = c) 1is

found by integrating the density of equation (2.3.5)

as shown in equation (2.3.8). The integration limits

-

U’ zL may be obtained from the following flowchart.

. f(a,b,c) =0

NO

-

NO




2-93

FIGURE 12 (continued)

Case when no decision

is possible at stage n

LC

c
[
o
|
0

L nUc
Z = a-Ww
n
. LC
Z = - W
L a

n
uc
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FIGURE 12 (continued)

Case when only a decision

to reject H is possible at

0

stage n

LR

Nur
Z = a-Ww
v npr
Z = a-Ww
. Nyr
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FIGURE 12 (Continued)

Case when only a decision

to accept H is possible

0

at stage n

<0
(a-b) 2 A gy ]
Xov (e 2 ntl  n+l
> o

Iv
o
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FIGURE 12 (Continued)

The integral must be broken
up into at most 4 pieces

as given in equation (2.3.25).

The number of pieces will depend

upon the sign of (a+B)2 - 2(l+€%)(a2+b2—c)

The integration limits for each

piece are given by:

i

Piece

U Limits

U, =b-0Q 2
" Bre

U =Db - Q Z
b Nia

U, =b-20 VA
" Nya

U = b -~ Q Z
b Nyc

U =Db - Q A
" Npa

U =b - Q Z
- Nya

U, =b -0 /
U _

U, -b-20 2
L Rya

Limits

- W
Dic

- W
Nuc
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FIGURE 12 (Continued)

Case when either a decision

to accept or reject Hy is

possible at stage n

= (a+b)2n
n+l 2(n+l)(VR+nVR+1)

NO

(a+b) °n
2(n+1)(VA+nVA+l)

NO

b —

-
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FIGURE 12

(Continued)

VR \'%

V +nV +1 nz(a-b)2
A A )( )[
2

erA

(

(V§HNk+U

(a-b)zn

nt+l

2(n+1) (VA+nVA+1)
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FIGURE 12 (Continued)
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FIGURE 12 (Continued)

l

The integral must be broken up ]

into at most four pieces.

One or two of the pieces may

be null.
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FIGURE 12 (Continued)

—
Integral must be broken up into

five pieces. The U,Z integration

regions for each piece are as follows:
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FIGURE 12 (Continued)

Integral must be broken up
into five pieces. The U,2
integration limits for each

piece are given by:
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FIGURE 13

FLOWCHART

SUMMARY OF DIRECT METHOD
FOR

K=2 SANOVA
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. FIGURE 13 (Continued)
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FIGURE 13 (Continued)
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2.6 Numerical Methods

The previous sections have given a detailed

description and derivation for obtaining the properties

of a K=2 SANOVA test by the direct method.

In summary the procedure requires the following

steps:

1.

For a given value of A = A*,6 determine the
joint density at the first stage at which a

decision can be made; £ (W« B B Vs
"Ry ™
Calculate the joint density

) (W , Q ¢+ R ), for all values
i 0 I

of wn o) . Rn . This requires:
1+1 ™+ 1+1

a. Forminy the five dimensional joint

P
C fwW . R )

1 1 1
as given in equation (2.5.2).

density £ + X iR
ny ln2 2n2

b. Performing the bivariate integration
on this five dimensional joint density
given in equation (2.5.3).
Performing a trivariate integration of the

density fnl+l(wn +1’in+1'Rnl+l) to obtain
. +

the probabilities of acceptance (PAn. 1),

rejection (PRn1+l), and continuation

(Pcn1+1),
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4. Iterating steps 2 and 3 on the density

£.0(W., Q. R.Y for all i = B #2,..- M

i i 3 i 1 0°

5. Calculating the OC and ASN for A = A*.

6. Repeating steps 1 through 5 for all values

of )M* of interest.

This section will discuss the practical evaluation
of the integrals required in steps 2 and 3 of the above
procedure.

These integrals will generally be very complicated
expressions. For example, wherever no decision can be
made, the U, Z region of integration required for
step 2 consists of all U, Z contained inside the circle

given in equation (2.5.4 ). The actual U, Z integration

limits required are given in equations (2.3.¢ ) and (2.3.7).

This amounts to integrating a five dimensional joint density
composed of the product of a x2 and four normal densities.
This integration can be evaluated analytically, yielding

the density given at the top of page 2-20. The cases which

require integrating aroung ellipses (e.g., equations (2.3.12)
- (2.3.14) ) or those that require breaking the integral up

into several pieces (e.g., equations (2.3.25) - (2.3.28) ).

generally can not be evaluated analytically.

i--....._,
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One approach is to develop a numerical approxi-
mation to these bivariate integrals (e.g., series,
partial fraction, or continued fraction expansions).
Since the integration region required is dependent upon
the point a, b, ¢ (for a given set of regions), this
approach would yield the following type of piecewise

trivariate density for stage nl+1:

1

Expression 1 all W ,0 R e R
( . Ma M+ M

\Expression K all wn ,Qn ,R ¢« R
141 1+l

An analytic expression for the integral required in
step 3 with this type of piecewise trivariate density
function would probably not exist. Also, if one were to
continue along these lines, the density at later stages;

W., 9., R}, i =18, % 2,..:;M would become a

i i i i 1 0;

piecewise function with an infeasible number of pieces.
An alternative method for evaluating these integrals
is via numerical integration. The analytic density

5 (Wn, Q ., R ) may be represented by a discrete three

dimensional grid of points; fn (Wn.: Q, Ry ).
i j k
i= l""’Nw’ j = l,...,NQ, K = 1,...,NR; so that for a
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given point on this grid; Wn =a=W "
1+1 o
Q =b=0 ¢ R =c =R ; the joint density
141 Bsa Ris1 Dy

may be approximated by the following expression:

P 2 2
£ (a,b,e) v § ) w,w, £ (a2, b-U, c-2,-U5, Z2,, U)
Ny X8 14 "2m N L m Loomt o

The quantities wlz, W and Zl' Um are the required
weights and coordinates of the integration scheme employed
and depend upon the U, Z region of integration.

Repeating this procedure for all a, b, ¢ contained
on this grid yields a new grid representing the density at

stage n PR (W, Q , R ). From this new grid
L+k Ny M nj n,
the probabilities PAn1+l, PRn1+l. Pcnl+1 must be obtained.

Obtaining these probabilities requires a trivariate

integration which can also be done numerically. For example

n_+1
Pl LB B S T O £ (W Qua Re) s
A m £ p Im “22 " 3p N m % P
(2.6.2)

This new grid can again be manipulatedto obtain the

density at stage n1+2 and ultimately the probabilities

+ + + ;
) 2, P * and Pcnl 2. Repeating the procedure to

A R
. ; n n n
obtain a new grid £ (W_ , Q , R ) and P_ , P_ , P
n, n, n A R 2
i Jj k \
for all n = n1+2,...,m0, allows the calculation of a point

on the ASN and OC curves.
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In general, the density at any point not on the

grid; say f. (W.*, Qi*, Ri*), i= n1+2,...,M must be

i i 0’
found by interpolation. Note that this could require the
formidable task of interpolating in three dimensions.
Thus, it would be desirable to use a grid scheme and
integration rule that required a minimum amount of inter-

polation to evaluate equations (2.4.1) and (2.5.3).

First, consider the following grid scheme:

Mo [ws + (1—l)ai] h, L FEPON W
= + (j-1)B.| h o= LN
2, [QS (3 )BJ] k 3 b
W [RS + (k—l)yk] h. R Lpadul
{2.8:3 ).
The quantities as Bj’ Y, are all integers chosen
such that:
W < W € cednadiiig wnn
o " w
Q < Q & e eei enh & 1B
ny n, nn
R < R BT enghmn 1K Rnn
i "2 R
The choice of the quantities W Q R h h., &nd hR

sl
will be discussed later.
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Many integration rules are available (Davis and
Rabinowitz (1967)); but to avoid excessive amounts of
interpolation a rule should be chosen which allows the
majority of the points to be located on the grid.

For the integration given in (2.6.1) this requires
that not only a - Zl and b - Um be located on
wn, Qn grid points, but also that C - 222 - Um2 be

located on an Rn grid point. This can be guaranteed

if the quantities hw, h and hR are chosen such that:

QI
5 2 2
hg = Alhw + Ath
or
2 2
hw = A h‘R and h = A hR ’
3 Q 4 (2.6.4)
where
Al, Az, A3, and A4 are integers.

Using this type of grid and the trapezoid integration

rule, equation (2.6.1 ) becomes:

f. (a,b,c) ~ ;? ;? £ (a-2,, b-U c22-u2, z,, U)
A O R LT Bl e i e
. (2:6.5)

where the coordinates ZQ and Um are given by the
following scheme:

Z0 = ZL UO = UL

B h U = U h
Zs [ZL/ w] S [ / Q]
2, = [zU / hw] v, = [UU / hQ]




{x]

The weights

and

1% “om
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ZF—ZS§1
zs+(2—l)h
l,...,Nw-Z

ZF

Zu

US+(m—1)hw
Xogie win g =2

Up

Uu

= - +
UF Us ) §

(2.6.6)

sign (X) - fgreatest integer in 1 x l}.

and
$(z -2 ) |
H(zs-zo)|+}hw
th

tho+4| (2 -2.) |

32,2, |

are given by:

P Y
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P §|(UL-US)]
wyy = [(US-U ) [+3h
Wy ™ ﬁhQ m = 2,...,NQ-2
Wom = ghQ+§|(UU-UF)| m=N-1
Wom = il(UU-UF)I w8

With this grid structure and integration scheme

the density of some points may still need to be obtained

* *
by interpolation. Any values of 2z , U that result in

y * * *2 *2
the point (a-Z , b-U , c-2 “-U ) not to be on a (W,Q,R)

grid point will require that the five dimensional density

fip( ) be obtained by interpolation. For example,

there is no guarantee that the endpoints 2y, 2y, Uy and
UU will lie on a grid point. However, in such cases, the

task of interpolation may be simplified by considering the

=t ).

form of the five dimensional density fi

As shown in equation (2.5.2) the five dimensional

joint density is given by:

P(a-Z, b=U, C—Zz-Uz, Z2; U)

= f._,(a-z, b-U, c-2°-U%) .+ ¢(2) + ¢(U-V A, ).

L

£,
i

P

Whenever interpolation is required to evaluate fi ( )

it need only be performed in two or three dimensions on the
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density fi_l( ), since both ¢'s can be calculated
exactly for any value of U and 2.

In other words, when interpolation is required

> *
fi‘(a—Z, b-U, c-z2-U2, Z, U) = E ¢(Z) - ¢(U-/ Az;)

*
where E is the interpolated value of the density

2

f (a-z, b-U, c-Z -U2).

i-1
. £ * * *
For a given point a , b , c not on a (W,Q,R)

* * *
grid point at stage 1i-1, the density fi_l(a i B g 6 )
may be approximated by trivariate linear interpolation.

This involves the following approximation:

]
av)
*
A
-
M-
]~
Hh
H
—
s}
=
o
0
]
=
™
s
<
N

* * *
£, 1(a b ,c)

where

a*/hw+l (sign (a*)

joJ]
]

and
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and
k a*-a2 2 a*-a
1 a,-a g %2 a,-a
1 T2 2 Tk

and analagous expressions for the other quantities.
This should give fairly good approximations for

small values of h h and hR. For large values

wl QI

of these quantities the result could be meaningless

(1-e.; fi(a*, b*; c*) < 0 or fi(a*, b e®) > 1) ;

and should be modified in such cases. The modifications

are of the following form:

p* 1f < Pe oz ]
fi (a*, b*, c*) = 0 if P* < 0O
>0k

1 *
max(fi(al, bj’ Ck) 1F P

By using the trapezoid rule and trivariate
interpolation, the density fi(a, b, c) may be calculated.
This must be repeated for all a, b, ¢ contained on the
grid. This will result in a new grid representing the
density at stage i. From this new grid, the probabilities
Phi, PRi, and Pci must be calculated. These proba-

bilities can also be calculated with a trapezoid rule

integration scheme as given in (2.6.2).




—
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In practice the following quantities must be

specified:
(1) The grid sizes hw, hQ, hR
(2) The end points of the grid: WS, WF, Qs, QF,
RS' RF c

As in most numerical problems, the best choice of

the grid sizes will depend upon the particular problem
. Al i
(1.e.; VA ” VRl

is to start the procedure with a coarse grid and obtain

, and mo). One approach to this problem

answers; the procedure may then be redone using a finer
grid and new answers obtained. This process is iterated
until the results converge to answers accurate to the
desired number of digits. One should note that the number
of calculations required for each additional iteration
increases exponentially. For example, suppose a grid is
o’ and hR = hw2+hQ2

of (2.6.3 ) all equal to unity. Halving

constructed, using grid sizes h h

wl
and oy Sj' Y

the hw and hQ grid sizes will result in an eight-fold
increase in the total number of points on the grid. The
density for each of these points must be calculated for
each stage, which requires a bivariate integration for
each point at each stage.

The grid end points must be chosen soc as to exclude

only a minute fraction of the density for all stages:

17 My This amounts to choosing the quantities
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W.: Q. Q and Rs’ R such that all points,

F

W O, Rn' on the grid lie within these ranges, i.e.,

W, < W_ < W

O
| A
0O

SO,

£ e ROEE

In most cases, the size of the required grid

(i.e«, ws’ WF’ Qs’ QF, RS and RF) is directly propor-

tional to the value of mg -

Since wn (nl being the first stage at which
il
a decision can be made) is distributed normally with

mean zero and standard deviation vn,, a wn range

of the following type:

= - *
WS G[Jnl'/hw] hw
WF = 6 [Jnl' /hw]*hW , where [] = greatest integer

should be sufficient for the grid at stage n However,

1"
if the regions were such that no decision could be made

until stage m wm v N(O, vm, ). Thus in order to

0’ 0 0
insure that the grid is large enough, the following range

should be used:

Wy = -S[Jm_o'/hw]*hw
W, = +6[/ag/th*hw

(2.6.9 ).
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Employing similar logic to the Q dimension

yields the following range:

Q = min

max gkfnlx + 6/;; )/hQ]*h

e [ ]

Since R must always be greater than the quantity

B/HIT - 6/n] )/hQ]*hQ, B/EET - 6/m )/hQ]*hgf

| )
I

o B/mox + e/mg )/hQ]*hQs

greatest integer. (2.6, Q).

il

1/n(wW ‘ + Q 2), the R points for which
1
2 2
R < — Gv + Q ) -
o my Vo Mo

need not be contained on the grid. Thus the range of R
will depend upon the values of W and Q , and the

overall grid structure becomes that of a cone as shown

in Figure 1l4. An R range sufficient for the
density fi (Wi, Qi' Ri) for all i, 1is given by:
L
_ 2 2
Ny o ['— L )/hR]*hR
mo K J
B, = R.* I (2m.-2) /h_|*h
F s 99.9 0 R R (2.6.11}.

where [} = greatest integer.

A grid of this form and size will allow for sufficient

accuracy in the calculation of the OC and ASN curves.

In conclusion, this section has presented a procedure

for implementing the theory of the previous sections.
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FIGURE 14
STRUCTURE OF NUMERICAL GRID
FOR DIRECT METHOD IMPLEMENTATION
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Since the density fi(wi’ Qi’ Ri) can not be expressed

in a'closed form for 31 > n this section has discussed

1/
a numerical procedure which allows the implementation of

the theory. The numerical procedure consists of:

1. Representing the density fi (wi, Qi’ Ri) by a

discrete 3-dimensional grid of points. The
grid is shown in Figure 14 and is described
mathematically by equations (2.6.3). The

W h h.; h

quantities RS, R " W L

Qee Q¢ W

A g
are given by equations (2.6.4) and (2.6.9) -
(2:6.11).

2. "Carrying" this grid from stage to stage.

The grid at stage 1i-1 1is used to calculate

a new grid for stage i, which represents

the density fi(wi' Qi’ Ri). To calculate the
density of any point on this grid at stage i
requires performing the bivariate integration

of equation (2.5.3). However, the integration

is now performed numerically. When the trapezoid
integration rule is used, the calculation is
given by equations (2.6.5) - (2.6.7).

3. After the density of all points at stage i
has been calculated, the grid is then again
numerically integrated to obtain PAi, PRi, PCi
This is calculated by the procedure shown in

equation (2.6.2).
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Since the density at stage i-1 1is known only at the
points on the grid, the density at points not on the grid
must be obtained by interpolation. This can be done by
three dimensional linear interpolation as given in
equation (2.6.8).

The methods discussed in this section are only
feasible if performed on an electronic computer.
Appendix C discusses a program developed to calculate
several points on the OC and ASN curves for an& k=2

SANOVA test.
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2.7 CONCLUSION

This chapter of the thesis has derived a procedure
for obtaining the OC and ASN curves of a k=2 SANOVA
test. The procedure is the first to yield exact results.

Section (2.3) involved the theoretical derivation
of the procedure, which has been summarized in Figures /&
and ‘¢ of Section (2.5). Also, Section (2.6) contained
a discussion of a numerical approach for implementing
the procedure. Appendix C contains a computer program

which calculates the OC and ASN curves via the

methods discussed in this chapter.
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APPENDIX A

POWER CALCULATIONS FOR A FIXED SAMPLE ANOVA TEST

As shown in Section (l1.l1l) of the thesis, the fixed

sample test utilizes the statistic Fcal' where
K —
i, = A W
51 5
= i=1
Foal © K n.
= 2
E E (Xij - Xi) /(N = K)
i=1  j=1
with
K
N = 2 , n.
i
i=1 .
nj
= -1
= X . .
xl nl Z 1]
=1
_ K Ny
x i b
X = N i3
i=1 j=1
For a test of K means with ni = n oObservations
from each population
Foal = Tpei, min-1; M




A-2
where -
: : (Ui = U)z
Yo iamny e
02
K
v = E u; /K
i=1
and F (nX) is a noncentral F variate as

K-1,K(n-1)

defined in Section (1.1).

The ANOVA test is usually a test of the following

hypotheses:

H.: x =0 VS. Hyz A > A°

The decision criterion of the test is as follows:

. * —
(1)  Accept H  if FCAL<FK-1,K(n-l),C!)—a .

The quantity o corresponds to the acceptable

probability of a Type-I error.

The choice of any two of the three quantities
( B (magnitude of the Type~-1I error), n, A7) completely

determines the third.




——— e

The OC curve of the test is in terms of the

parameter XA, and is defined as:

* *
OC(A ) = Pr (accepting HO]X==A )
Pr (F F P
= < =
£ CAL K-—l,l((n—l),al )
< B F A
.. (FCAI, x-l,x(n—l),al CAL K-l,K(n-l)(n )
*
K-1,K(n-1),a "
= *
PO i ) W k(e Y
0
* . -
where f(ﬂel,xhwl)uu )) 1is the density of a noncentral

F variate with K-1,K(n-1l) degrees of freedom and noncentral

*
parameter naA

In order to calculate this integral the noncentral F
distribution must be integrated. This integration can be
expressed in terms of an infinite series of multiples of

incomplete beta function ratios in the following manner:

0 * 9
A L _
oc(x ) = E —_— e I (%(K-1)+j, ¥K(n-1) )
j! .
j=0

*
(K-I)FK—I,K(n—l),u

[K(n—l) + (X=1) P

where g =
K-1,K(n-1) ,a
(A.1)




and

I'(a+b) B i
I (a,b) = ——— Nt BT P
I'(a)T (b)

the incomplete beta function.

*
Thus OC(A ) may be calculated by summing terms
in the series until the magnitude of a term is less than

or equal to some €.

The incomplete beta function cannot be evaluated
analytically, so must be done numerically. One method
is that of continued fractions. The incomplete beta
function's continued fraction expansion was obtained by

Aroian (1941) and is given in Abramowitz and Stegum (1969).

An approximation to the cumulative distribution function
of the noncentral F distribution was given by Tiku (1966).
His approximation consists of fitting the distribution of

F (A) Dby that of (b + cFv 2 Y; ¢hoosing b, ¢, and

it

so as to make the first three moments agree. The values

[

Vi = L (\)2-2) [

which do this are:

(A.2)

o —— — — e
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e = {vifvq)(2u.+%v —2)—1(H/K)
1 e - ) (S
Se o0t B el g -1
b = v2(v2 2) “(c=1-1 v, )
where
3 3
H = 2(vl+k) + 3(vl+x)(v1+2l)(v2—2) * (vl+3l)(v2-2)
and
K = (v, 402 # (v,=2) (v +2))
1 2 g &
so that
Pr (F (x) x fo) % Pr(btcF < fo)
f_-b
= Pr(F £ g )
\)ll\)z c
(A.3)

This approximation simply requires a method for evaluating
the cumulative distribution function of a central F with

vl‘ and v, degrees of freedom, which from above can be

calculated as:




Pr(P .
b s

A

X) I PO & TR T i T
\)lX/(\)2+\)lX) i | 2

(A.4)

The computer program contained at the end of Appendix B
uses this approximation to calculate the O0OC curve of a

fixed sample test with specified values of a, B8 and A~.




APPENDIX B

OBTAINING WALD REGIONS FOR A SANOVA TEST

As discussed in the thesis, a SANOVA test is
conducted using the test statistic Fn of equation
(1.2.1) or the simpler statistic Vn’ where

(K-1)

v = ——— F =
(n-x)

At each stage this statistic is calculated and compared
with the quantities VAn and VRn; such that at any

stage 1i:

(k) ' H is accepted if V, < V

0 i = A

’ : 1

(2) H1 is accepted if Vi > VR
The regions VAl, VRl, are usually chosen so that

the Type-I and Type-II errors are approximately equal to
the risks acceptable to the experimenter (a and B8).

The regions developed oy Wald are the most commonly used.

For a given set of quantities a, B, K, A and A

0’ v
Wald regions VAn and VRn are obtained as the solutions

of the following equations:




B-2
= n
A Kn-1  K-1 mA,V,
exp {‘ S (Xl‘AO) M ’ ’ n
2 2 2(1+v)) .
s = am———
v |Kn-1 k-1 s i-a
’ ’
. 2 2(1+Vv]y
A
and
n
2 Kn-1 K-1 mA v,
exp = T (11—1\0) M ’ ' n
2 2 z(l+VR ) 1-8
n il ey
v |En-=1, k-1, e o
2 2 2(1+v2)

where M (X, Y, Z) 1is the confluent hypergeometric function
given in Section (l.1) and discussed by Stater (1960).

These quantities are obtained by solving the above
equations by a Newton-Raphson root solving technique

(Carnahan, et al (1969)).

In some cases, i.e., for small values of n, a root
does not exist for the equations above. 1In such cases
it is not poussible to make a decision at that stage.

The following pages contain a listing of a computer
program which will calculate regions for any given values

oL &, B, K; AO and xl. :




Tables of such regions have been worked out by

Ghosh and West (1967) for selected values of a, R, A and

OI
A These regions however are only given for every fifth

stage. Thus the following computer program also allows

the Ghosh regions to be read in, and the missing region

values calculated via Lagrangian interpolation

(Ghosh and West (1967)).




B-5
B5700 FORTRAN COMPILATION XVe3s00s THURS

" FILE SsCARD/UNIT=READER
FILE 6sPRINTERs,UNIT=PRINTER

T ey nmmmmmmmmmmmImIIrmrrIIrrrrmrrIrrIoOoOoOrrmrInIxIoxroxoOoroxnonnnonoonono

( THIS PROGRAM ALLOWS v
¢ DETERMINATION OF FIXED SIZE ANOVA TEST e
¢ THIS PROGRAM WILL FIND A CRITICAL VALUE
(o C20 AND THE SMALLEST INTEGER N FOR GIVEN A A IR
C  VALUES OF ALPHA AND BETA
¢ o o ~ 1IF v<C THEN HO 1S ACCEPTED AND IF Vv>C HO 1S REJECTED
c 3222 22222 22 2 2 s R R 2 2 R X 2 s 2 2 R R R EE X2 EE 2 2 R EEZ 2 AR R R AR TR E AR R AR Y
¢ el i b b bk dohedbuihe
| C
ik START 0OF SEGMEN'
DIMENSIUN BOUND(2) s XLIN(2)sREG(50s2)
~  DOUBLE PRECISION VALOsHYPIsHYP2,HYP3sHYP4sVAL2s VALST FXsXLN,AUX]
1 sAUX2 sXNXTsFXNXTsXEVAL oFPX
REAL LAMOsLAMI e e~
COMMDN tPS 3 | P
TAUCZ)2((2=0a5)*AL0G(Z))="2+(0eS*AL0G(61283185))¢(140/(1240*2))
1°(140/036000%(Z2%#3,0)))¢(100/(126040*(Z*25.0)))=(1e/(1680s*(Z**740
2)))
HICGRN»SSsCPI®2,0*(((GRN=140)¢(5S+CP))**3,40) b AT
H2(GRN»SSsCP)23,0*((GRN=140)¢(SS*CP))e((GRN=1,40)*(2.0#SS+CP))*(((G
IRN®*(S55*1.0))=240)) Soapels il oot i g
H3I(GRNISSsCPIE((GRN=140)+(340¢SS*CP))a(((GRN*#(SS®140))*240)20240)
CON2(GRNsSSsCP)E(((GRN=140)*(SS*CP))*2240)¢(((GRN*(SS*=140))=240)
¥ 2¢((GRN®1,0)+(2402SS#CP)))
CON3(GRN»SSsCPaH)I=((GRN*(S55=140))/C(GRN*(55°140))=240))*(H"(((GRN=
3140)¢(55¢CP))/(GRN=140))) WEF pAE S e ]
EPS=2140 E-8
IREAD=S A
IRITE=6
" READ(IREAD»1) ALPHASBETAsLAMDsLAMISDEGF
1 FORMAT(SF1044)

WRITE(IRITES701) R
01 FORMATCLIH1,20X»"FIXED SAMPLE ANQVA TEST"™)
i WRITECIRITES702) el
*02 FORMAT(/920XsTesnenanantatandattatatas®)

T  WRITEUIRITEST03) DEGF
703 FORMATC//7/928X»"K2"»F34192Xs"GROUPS"™?]
- READCIREADS713) SAM TR AT
13 FORMAT(FB:2)

IFCLAMI=0,0 +ANDe SAM +GTs 040) GO TO 21
WRITECIRITEST704) LAMOsLAMI

“04  FORMAYU////+13Xs9HHOILAND =sF6:2s2Xs"VS™ s 2X» SHHITLANT =,F6.2)
WRITECIRITES705) ALPHASBETA

705 FORMATU//020Xs"ALPHA =3"sF5.206X,"BETA &®sF542)
DO 10 N=3,1000

SAMsFLODAT(N)
IF(LAMO®=040) GO TO 5
T HaHI(DEGF s SAMsLAMO) ¢HZ(DEGF s SAN, LANU) ¢RITDEGF s SAHI LAND)

CONK=CONZ2(DEGF s SAMsLAMO)
Exs(Hee2,0)/(CONK*#*#3,0) =
Ba((DEGF*(SAM=140))*240)*(SQRT(E/(E=4,0))*140)
B=B#0.:5 L e
Ve(B/(DEGF=140))*(H/CONK)®*(140/7((240¢B)¢(DEGFe(SAM=140))*2:0) )
T C=CON3TDEGF»SAMMLANO,V)

Ti=(DEGF *(SAM=1,40))/7240
T2=8/240 g '
GO T0 7

5 T ¥1s0,5*DEGF*(SAN=1,0)




NOAOOOOOOO OO0

625
2

13

T2=0+5+*(DEGF®*1.0) ool
B=140

YOsBETINCUI»T1,T2,ALPHAY
FO=((V*DEGF*(SAM®140)*(140=(YO0*B)))/(YO*B))=C

TF(LAMO=040) FO=(DEGF«(SAM=T40)+(140=v0))/((DEGF*140)*Y0)
Ti=(DEGF*(SAM=140))/240

HP=M]1 (DEGFsSAM,LAM) )eH2(DEGF s SAM)LAMT )*HI(DEGF» SAMsLAMY)
CONKP=CUN2(DEGF»SAMsLAML)

EPs(MP**2,0)/(CONKP*#340)

BP=((DEGF*(SAM®l, 0))'2.0)'(SQRT(EP/(EP'400)) 1.0)

BP=BP+0.5
VPE(BP/(LEGF=14))*(HP/CONKP)*(1,4/((24#BP)*(DEGF*(SAM=1,))"2,0))
CP=CON3(DEGF»SAMsLAMLSVP)

T3=8P/2.0

Y1214,0/(1404C(BP/(DEGF*(SAM=140)))«{TFO« CP Dd/VFPY 3

PROB=BFTINC(0sT1sT3sY1)

AG=]1,0°HETA
IF(PRUB +GEe« AQ) GU TO 11
CONTINUL
WRITECIKITEST706) SAM
FORMAT(//+18X»"REQUIRED SAMPLE SIZE TIS™»FB8.1)
GO TO 13

THIS PART OF THE PROGRAW WITL CALCUUATE K TAWI FOR A

GIVEN ALPHASBETA» AND FIXED SAMPLE SIZE N

itt.t..Q.Q".t'.ttt'tﬁt"i"..."Q..QQO.'...Q..'...'.Q'......"'......

I R R R s A R R R R R R R R X R R R R R R R R XA AR AR AR E AR AR AR R A R 2 2

Ti12045YDEGF*(SAM=1,0) T ey
T2=0:45*(DEGF=1,40)

YO*BETINC(1oT1»T2sALPHA)
FOe(DEGH*(SAM®140)*(14¢0=Y0))/((DEGF=1,0)*Y0)

T1®*(DEGF*(SAM=1,0))7240
DO 625 LM=1,200
ALTLAMEZO,1*LM T TG
HP-HI(DEGFoSAN.ALTLAM)’HZ(DEGF.SAHOALYLAN)’H3(DEGFOSANOALTLAN)
CONKPECUN2CUEGF »SAMIALTLAM) — T =
EP=(HP*%2,0)/(CONKP*23,0)

BPE((OEGFR(SAM=1i0) )" 20 ) CSORTTEP7TEP™R 20 ™14 0D
BP=sBP*0 .5

VP=(BP/(DEGF=14))*(HP/CONKP)#T(1,7TT2s#BPI*CDEGF#(SAN®T4)I™"2,07)
CPsCON3(DEGF sSAMsALTLAMIVP)

T3sBP/2.0 XS
Y1%140/C1404C(BP/(DEGF*(SAM=140)))*((FO¢ CP )/VP)) )

PROB=BETINCIO»TI»T3,YI)
Aa=]1,0%BETA

IF(PROB  +GEs AG) GO YO 27
CONTINUL

LAMI=ALTLAM ] TR
WRITECIRITES704) LAMOILANMI

WRITECIRITE,705) ALPHASBETA
WRITECIRITES706) SAM

CONTINUE




B=7

AR AR AR R AR O R G R PR R AR AR AR AR R AN R RN AR OR PR QR RRtRReRaR Rt dbdganRigratane

TH1S PARY OF THE PROGRAM CALCULATES THE OC FUNCTION
_FUR THE FIXED sIZE TEST

.Q..........'tt‘.'.0.."....'..".'..'.'i....'i..Q..tﬁ.t"t.""t.i..'

C
C
o
C
—
C
¢
C

WRITECIRITES7O7)
707  FORMAT(///+20X»"0C FUNCTIQON FOR THE TEST™)

WRITECIKRITE,708)
ro8 FORMAT(///»14Xs"LAMDA"»10X»"PROB OF ACCEPTING HO™)
4 D0 401 IPOw=1,10
APLAMELAMO+(((LAMI=LAMO)/940)*FLOAT(IPOUN=1))
IFCAPLAM>»040) GO TO 403
ANOC=BETINC(O»T1,T20Y0)

ANOC=1+0=AN0C
GO TO 40¢% -
403 HPeH] (DEGF s SAMsAPLAM) +H2(DEGF s SAMosAPLAM) ¢HI(DEGF s SAMsAPLANM)
CONKPeCOUN2(DEGF s SAMM APLAM) |
EPs(HP**2,0)/(CONKP2*23,0)
BP-((DEuFo(SAH-l 0))'2.0)t($0R1(EP/(EP'QcO)) 1¢0)

I BPapFel 5
VP=(BP/(DEGF=14))*(HP/CONKP)*(14/((242BP)*(DEGF*(S5AM=14))"2,40))
CP=CON3(DEGF o SAMIAPLAMIVP)

T3=2BP/240
Y1=140/(100+((BP/(DEGF«{SAM=1,0)))«({FO¢ TP )/VP)) ) e
ANOC=BETINC(0»T1,»T3,Y1)

~  ANOCs=1.U*ANOC
402 WRITECIKITL»709) AFLAMsANCC
709 FORMAT(/» 14XsF542»17X»F644)
401 CONTINUL
WRITECIRITES710) FU
710 FORMAT(///7+16Xs"CRITICAL VALUE OF F =nsF742)

CVVe(FO®(DEGLF=140))/(DEGF*(SAM=140))
WRITECIRITE»T711) Cvv

711 FORMAT(//»16X»"CRITICAL VALUE OF V =", F]0:5
READ(IREAD»101) IREG

i01 FORMAT(12)
IFCIREG=0) GU TO 160

D

T tetosanpattnattdtdttottdanttigttaenotottagtotdddsdnatttattpanttonntady
C N e SN E PR g B
¢
¢ THIS PARY UF THE PROGRAM WILL FIND WALD REGIONS FOR
¢ EVERY NSNO (THE FIXED SIxXE TEST) By INTERPULATION
C OF THE GHOSH AND WEST TABLES
r S et
C
C ®eataspdsatdnnntntdosattnpnddbodtpstonttdtpgtaddddnsdndddaddonnddodatone
30 CONTINUL
WRITECIRITES715) ho N B Rt R oY =

715 FURMAT(lHl»ZOXo"SEQUENTlAL ANOVA TEST®)

T WRITE(IRITE»702) Fa !

WRITECIRITEX»703) DEGF
WRITECTKRITE,T04) LAMO»LAML
WRITECIRITEST705) ALPHASBETA
WRITECTIRITEST16)

716 FORMAT(///7+20X»"THE WALD REGIONS ARE")

"WRITECIRITES717)
717  FORMAT(//»10Xs"STEP"»10Xs"LOWER VN"» 10X»"UPPER VN")
NSAM=IFIX(SAM)
306 READCIRLAD»25) TsALLsALZ
25 FORMAT(13+2F1045)




L}

42
43

IFC(I«LEs NSAM) GO TO 35
ICOUNT=ICOUNTe]

IFCICOUNT>»2) GO TO 40
REG(1s12=AL)

REG(I»2)®ALZ

GO TO 3ve

DD 150 1INDX=1,2
N1SS=1

N25S=1]
N3S5S=]

~ TFUREGUNISS»INDX)>0) GO TO &2
N1SS=N15Se]
GO Yo &)
N2SSsN255¢1
IFCREGUNZSS»INDX)>0) GC TO 44
N255=N255+1

44

46
47

48

GO YO &3
IF(N2SS>N1SS+1) GO TO 46

N1SS=N25S

GO TO 42

N3SS=N25S5+1]
IF(REG(N3SS»INDX)>0) GO TO 48

T N38SeN3ILSe]

GO TO &7

Li=N1SSe]

L28N2S5*1
IFCL2>NSAM) L2=NSAM
Si=FLOAT(NI1SS)

S2®FLUATINZSS)
S3=sFLOAL(N3SS)
ANBS14572453

DD 140 INBT=L1,L2
SBRFLOAICINBT)
Zi=(((AN/SB)*~ (AN/SZ))'((AN/SB) (AN/S3)))/7C((

AN/S1)=(AN/S2))

1#({TAN/SII*(AN/S3))) -
Z2=(((AN/SB)* (AN/S!))'((AN/SB)'(AN/S3)))/(((
2 *(CAN/S2)=(AN/S3)))
Z3=(((AN/SB)*= (AN/Sl))'((lN/SU) (AN/SZ)))/(((

AN/SZ) (AN/S1))

AN/S3)=(AN/S1))

J *((AN/S3)=(AN/S2)))

REG(INB‘oINUX)IZI'RLG(NISS&INDX)’Z?'RCG(N2SSnINDX)

4 +Z3I*REGUN3SS»INDX)

140 CONTINUL

150 CONTINUE
155 DD 156 JRF¥IINSAM

156 CONTINUE

IFC L2ENSAM) GO TO 150
N15SsN2SS
GO TO &z

IF(REGCUMF»1)=040) REG(JIMFL1)=99999,
IF(REG(JMF»2)2040) REG(JIMF»2)£9999%9,
WRITECIRITES301) JHFAREG(JNF»I)oREG(JMFoz)

WRITECIRITES721)

721 FORMAT(/7»BUX»"INTERPOLATED™)

SO OAAOOON

GO TO 445

2 22 2 222222 A R R R R X AR AR RS2 AARR R AR AR ARAADADN D

THIS PART OF THE PROGRAM WILL C

ALCULATE REGIONS FOR

— e TEsTS NOT CONTAINED IN THE GHUSH ¥ WEST TABLES

R 222222 AR AR R A2 R AR R X R AR Ad )

(XA AR AR AR R RS

e




B-9
W2=(DEGF=140)/240 i
NSAMSIFIX(SAM) wie,
 WRITECIRITEST715)
KRITE(IKITES702)
WRITECIRITES703) DEGF TR o L. | 77 % PO E it
WRITECIRITES»704) LAMOsLAMI
WRITECINITES705) ALPHASBETA s P .
SE
: o o A X START Of
WRITEC(IRITEST16)
WRITECINKITES7LT) , e bl
BOUND(1)= ALOG(BETA/(1,0=ALPH2)) 3
BOUND(2)= ALDOG((14U=BETA)/ALPHA)

XLINC1)= (2¢0#BOUNDCi)+ (LAMI=LAMO0))/(=2,0+80UNDC1)Y
XLINC(2)E (2,0#*BOUND(2)+(LAMI=LAMO))/(=2,0*BOUNDC(2))

296

297

197

387

386

Wi ((DEGF*FLOAT(NSZ))=1.0)/240

D0 210 i8=1,2

“TFC(VALST#VALS)) 387,386,386

D0 220 NSZ=2)NSAM
ECON==(FLOAT(NSZ)*(LAMI=LAMO0))/240

ZCON1=(FLDAT(NSZ)*LAM]1)/240
ZCONO=(FLOAT(NSZ)*LAMO) /240

XEVAL®0,0
IFC XLINCIB)  4GTs GeO oANDe XLINCIB) «Gle 1407 GO YO 297
IF(XLINCIB) eGTs 040) GO TO 170

VALO= LEXPC(ECON) = EXP(BOUUNDCIB))

DD 296 ISR=]1)»9

XSRe “(]SK+*0Q.1)
"SEAR=  ( XSKR/(1.04XSR))

W3s2CON1*SEAR

WasZCONO*SEAR

HYPle CONKYP(WilswW2:W3)

MYP2= CONHYP(Wl»W20W4)

VAL2 ={ EXP(ECON)*HYP!1) =( EXP(BOUND(IB))*HYP2)

IFC (VALO#VAL2) +LEs 040 oANDs XULINCIBY oLT. Gc0) GO TO 210
CONTINUL

SEAR=04:99

W3= ZCON]#*SEAR
WasZCONO*SEAR

HYPLw= CONHYP(W1l»w2)wW3)
HYPZ2e= CONHYP(W1,WZ»,W3a)
VAL2s ( EXP(ECON)*HYP1) =( EXP( BOUNDCIB))*HYPR2)
IFC TVALO#VALZY &6Ts 030y GO TO2¥%0 — . =
W3=ZCON1#*045

Wa=Z7COND®045

HYP1=a CONHYP(W1»W2»,W3)

HYP2a= CONHYP(W1sW2oW4)

VALST=( EXP(ECON)*HYP)Y) =( EXP(BOUND(IB))eHYP2)
IPC CVALSTeVALO)Y +6GT¢ 0:90)Y GO TO 197
XLINCIB)=1,40

60 T0 170

DO 386 IFNU=10+60 »10
SEARS=IFND/C120¢TIFND)
W3=2CON1*SEARS
wam2CONO*SEAKS

HYPls CUNHYP(W1sW2sKW])
HYP2e= CONHYP(W1sW2sW4&)
VALS® ( EXPC(ECON)*HYPI1) =( EXP(BOUND(IB))*HYP2)

XLINCIB)=IFND=540
60 7O 170
CONTINUE

YI TNCTRI=TFND




~ ¥70  TONTINUE
IFCXLINCIBY  oGTe 0e0) GO TO 195
XLINCIB)= XLINCIBY+XLN
IFC XLINCIB)  4EQe *140) XLIN(IB)==0,5

GO Yo 170 O
195 W3z ZCONI*(XLINCIB)/Z(1cu*XLINCIB)))
T WA=ZCONUR(XLINCIBY/Z (1o OXLINCIBY)Y )
HYP1sCONHYP(WlsW2sW3)
T HYP2=CONHYFP(WloW2sW4)
Yiswlel,0

Y2-5~N2’1 0
HYP3aCONHYP(Y1oY2rHW3)

T HYPA=CONHYP(Y1sY2sH&)
AUX1e(FLOAT(NSZ)*W1)/(2.0*W2¢((140¢XLINCIB))*®2,0))
AUX2=((LAM1*HYP3)/HYP1)={(LAMO®HYPQ)/NYP2)
FPX=AUX1*AUX2
HYPI= DLOGIHYPI)
HYP2s= DLOG(HYP2)

% FXeECON+HYPI=HYP2=BUUND(IB)

IFC DABS(FPX) LEes 240) GO Tg S01

~ %503  XLN= XLINCIB)=(FX/FPX)

IFC DABS(XLIN(CIB)=XLN) +LEs« EPS ) GO TO 210

— XINT=«XUINUIB)
XLINCIB)=XLN
XLNeXINT
XEVAL=sF X
= GO 10 V70
501 IFC (XEVAL*FX)) 502+503+503
T 502  XNXT= ( XLINUIB)+XLN)#0.,5
W3 ZCONLI*#(XNXT/C140¢XNXT))
T Was Z2CONO«(XNXT/(1404xNXxT))
HYP1® CONHY¢r( W1sW2sW3)
T HYPZ2= CONHYP(W1sW2oW4)
FXNXTe ECON® DLOG(HYP1)*™ DLOG(HYPZ2) *=BOUND(IB)

T IFUUXEVAL*FXNXT)) 505,210,508
505 XLINCIB)=XNXT
FXEFXNXT AT
GO To 507
T 5086  XLN®XNXT
XEVAL=FXNXT
S07 IFU DABSUXLINUIBI®XUN)  +LEe EPS) GO YU 210
GO TO 502
210 CONTINUL
WRITECIRITES»301) NSZeXLINCL)sXLINC(C2)
— 301  FORMATC(11X+12)10XsFBelas10XsFBol)

——220CONTINUE =
WRITECIRITES720)
720 FORMAT(/7,80X»"CALCULATED"™)

435 CONTINUE
sTop
e . R




o
I

Ji

START OF Sf
FUNCTION ZI(XsAsB) 5 i
FNu 7o (ALOG(1S5s¢Atl))en2¢AMAXL(X*(A+B)*As040)
NeINT(FN)
T UCEL W STARBIRX/TAS244FNY
2182,/CC*SQRT(Cre2=4aFN*(FN="B)eX/(A*2s¢FN)222))
DO 60 J=slsN i By T O R L
FNENel®™J
A2N=A+2,oFN
Z1=(A2N=24)%(A2N®) i *FN*(FN=B)*X*Z1/A2N)
T T 71wl UL TARFN=] e [AeFNe] s eB) «X/2T)
60 CONTINUL
M RETURN
END

FUNCTION CGAMC(CA)
AA=A
CACS0.0
IF(A®24)2+8»8
IF(A®14)4,656 e it
CACE=2 0+ (A*s5)2AL0G(La¢le/A)*(A+145)*ALO0G(1sela/(A®L4))
AAmAe2,
GO 70 8
6 CACE®144(A¢45)%ALOG(1441s/A) N
R T T T T
8 CA224269489/AA bk
CA® 452560647/ (AA+140115231/(AA*145174737/(AA+CA)))
CA®2,0833333333/(AA+403333333/(AA*4252380957(AA+CA)))
CGAMnCA+CAC T S
RETURN -
—

&N




FUNCTIUN BETINCCINDsASIBSX)

START OFf

(o "INCOMPLETE BETA FUNCTION AND ITS INVERSE
€ MARK=1 FOR INVERSE (SEND DOwN PROB)
CAB=CGAMUA+BY*CGAM(AY=CGAMIBYI=«5*ALOG(UA*B)Y*6s28318531)Y
s = IFCIND)L10»10s20 Pt =%
10 EPaCAB*A*ALOG(X*(1s*B/A))¢eB*ALOG((ls=Xx)*(1s¢A/B))
IF(Xx=A/7(A®B))12s12034 el LI,
12 BETINC=ZI(XsAsB)*EXP(EP*¢S5*ALOG(BZA))
RETURN
14 BETINC=ls2Z1C1o=XsBrA)*EXP(EP*+s5*ALOG(A/B))
"RETURN ) e e - i
20 IF(Xx*:5)22022+24
22  QZ2=ALO0GIX) R S s et TR
1G0O=1
AA=A
BB=8B
ik GO TO 2¢ = A ¢ R SN
24 @Z2=ALOG(la"X)
1G0=2 Lo
T KARB
BBaA
26  XT=AA/TAA+BB)Y i

CABB=CAB+45*ALOG(BB/AA)+AA*ALOG(14+BB/AA)+BB*ALOG(14¢AA/BB)

D0 40 NC=1,100

T XC=AMAXTITUXT»s»®:99)

22=721(X1sAANBB)
OX=CABR+*AA*ALDGI{XT)*BB*ALOG(1.*xT)*ALQGIZZY
XCu(QZ=UX)*(le=XT)#Z2/AA

XC=AMINLI(XCsraS5/XT=4¢5)

T XTexTel1l4eXxC)

XF(ABS(XC)'lo['b)l?uﬁpgf?ﬁ___

40  CONTINUE

42

e 7 e

-5 —

GO TO (44,46)0160

BEYINC=XT
RETURN

" BETINC=1,=xT

RETURN
END

SF



FUNCTION CONHYP(XFsYFoUF)
COMMON EPS
DOUBLE PRECISION TSUM
T T T T U TAUCAR)=ALGAMA(AR) '

XuXF
YuYF
UsUF
PMULT=] 40
TSUME 140

i TIF(xeYy) 101»100s101

100 CONHYP=  EXP(U)
RETURN

101 IFCU) 103,102,104

102 CONHYP= 1,00
RETURN

T 303 XEYsY

PMULTE EXP(U)
Us &y

104 IF(X) 105,302,106

105 ICHK=*IFIX(X)
TESTe]CHKeX

ur

T IFUTESTT 111,108 111
108 IFC ICHK=1) 111,107»109
107 CONHYPR(140®(U/Y))&PMULT

RETURN
109 INDXsICHK
XSTAR=1,0
T DO 110 N=l1,INDX
XSTAR® XSTAR*( XeN=l1,0)
Tles YeN
Y2 FLUAT(N®])
T3= FLUAT(N)

YSTAR® (TAUCY)®*TAU(CTI)®TAU(T2))¢(T3e
T T YSUMe TSUM+e (XSTAR« EXPUYSTARY)

110 CONTINUL
" CONHYP®  PMULT#TSUM
RETURN
111 00 125 1T*1,50
TesFLOATCIT)

ALOG(U))

STt © Lo TS
T2sTeyY
TIaT41.0

PS® ( GAMMACY) / GAMMA(X))e(
PFe  (Te ALOGC(U))= TAUCT3)

PSsPS ¢ EXP(PF)
————ISUNS —TSURPS —
IFC ABS(PS) oLEs EPS)
125 CONTINUL
112 CONHYP* TSUMe PMULT
RETURN
106 DD 115 1Te1,50

GAMMA(T1) /GAMMA(T2))

60 TO 112

T T= FLOATUITY
TieTeX
T2aTeY
T32T7+140

PSeTAUIY)#TAUCTI)*TAUCX)I®TAU(TZ)*TAUTTI) ST i

PS=  EXP(PS)*(UweT)

T TSUM® T TSUMEPS

IF ¢ ABS(PS) WLEs »;PS?V QOmTO 120

115 CONTINUE
120 CONHYP= TSUM®* PMULT
. " RETURN




T FIXED SAMPLE ANOVA TEST
T o ey e 5 (X XXX 2 X2 XX XX XXX i
AT T ek '  Ke2.,0 GROUPS Sal R
W) . HOtLAMO . 0.00 VS HIILA!‘}_'___MQM I
ALPHA = 0,01 "BETA = 0,01 -Gl
L, N REQUIRED SAMPLE SIZE 1S ?7_00
OC FUNCTION FOR THE TEST -
LAMDA PROB OF ACCEPTING HO
;! 4(10”00 ER L5 0¢9900
0s11 068180 1
0¢22 0075”7»9377 B
0433 063673
0esb4 062154
1 A 0456 id _0011_927 "
0:6774 B i 0.06131 2
i 0s786 18 i s ea 00707323 i n ’
0489 i 00016794 v s
1.00 00078 B

CRITICAL VALUE OF F = TelS

CRITICAL VALUE OF V' ¥ 0.13738

- —

——

!



SEQUENTIAL ANOVA TEST

Cesstanaatatatadtsatane

Ke2:0 GROUPS

_ HOILAMO =

0400 VS

ALPHA = 0,01

HIILAML = 1,00

BETA = 0,01

C THE WALD REGIONS ARE
STEP LOWER VN UPPER VN
2 *0.s8912 =1,1088 e
3 *0.8912 =1.,1088
8 *0s8912 el 1088 000
o) *0.8912 42,7986
6 =“0s8912 T 3,5556¢
7 *0¢8912 148734
- 38 *0.8917 12850
9 *0.8912 0,9872
. | 040049 ~ 70,8082 B
11 0:0104 0,6891
12 1. De0ISE 0,603 o
13 040204 0.,5412
13 00250 0,4923% "
15 040293 0,4535
PR v G 040333 . Ue%ery
17 040371 043956
= . e 0.0406 T 0,3736 K
19 040438 043548
20 o 00458 U,3385 i
21 040497 0.3244
TRE el T ROy V0523 = Updyay
23 040548 0,3010
S [ 0+s0571 T T 0,.2912 KL
25 040593 0,2824
26 040614 0.,2745
27 040633 042674




APPENDIX C

A COMPUTER PROGRAM FOR k=2 SANOVA

Chapter 2 of this thesis derived a procedure for
obtaining the properties of a k=2 SANOVA test. The
procedure has been summarized in Figures 12 and 13.

As previously discussed, this procedure cannot feasibly
be performed analytically. Section (2.6) considered an
alternative, a numerical implementation of the theory.
This appendix contains a computer program for obtaining
the properties of a k=2 SANOVA test utilizing the
approach discussed in Section (2.6).

The program is written in Fortran IV for use on a
Burroughs or CDC computer. Its implementation on other
machines may require modifications, specifically the
statements involving a read or write from disc.

To use the program, the user must supply the
following information:

1) A

A k, m

g “1L° 0
On one card in a (3F10.5,I3) format.

Note k 1is the number of means and should

always be input as 2; m, is the truncat.ion

point.

.S




2)

3

v l, \Y l, i=1l, ¢+ ,m

A R 0°

Two numbers per card (VAi being the acceptance
region and VRi the rejection) in a (2F15.0)
format. Any time acceptance is not possible at
a given stage j, VAj should be input as a
negative number. Similarly, any time rejection
is not possible, VRj should be input as a
number greater than 1010. Note that the first
region card should always be of the form

1 10

VA = -], VR = 107", since no decision can

be made at this stage.

Gridsize in an (F10.0) format.

This represents the coarseness of the grid or

the quantities hQ and hw of Section (2.6).
The program assumes that hQ = hye It is best

to select this number as a power of 2, e.g.,

0.5, 0.25, etc. 1In general, the smaller this
number, the more accurate the results but the
larger the amount of computation required.

As discussed in Section (2.6), the most efficient

approach is to perform several runs, using a

finer grid size on each run.




The program uses two random access disc files
(files 1 and 2). These files represent the density at
stages 1 and i+l(i=nl,-~-, mo-l). The first file
is used to compute the second file as discussed in
Section (2.6). The size of these files is dependent
upon the choice of the gridsize parameter. However,
125,000 words per file should be sufficient for most
problems.

The program output consists of the probability

1 i

of acceptance, rejection and continuation (PA e SR l)

R €
for each stage for every value of A. These gquantities
are then used to compute summary OC and ASN curves.
Currently, the program is being implemented on a
CDC computer by Mr. Kent Kaufmann of Western Illinois
University. The program will be used to generate a

brief set of OC and ASN curves for several k=2

SANOVA tests.




frie
FILE
FILE
FILE
FILE
FILE
FLLE

d— | .
"
s
iy
”

|
|

|

|
.(30 O OCIOO MO0 O

|
{
|
|
!
|
|
|

TCOMMONTT /URT/ USTeeTSUR

Cc-5
1=ST1/MILs»UNIT=DISK?SAVE=99+ OCK+sRANDOM»BLOCKING=30»RECURD=1
2=ST2/MILsUNIT=EDISK» SAVE=99»LOCK»RANDOM»BLOCKING=30sRECURD=1
10=KES/MILsUNLT=)ISNR,SAVE=99,L0OCK» RANDONs RECORD=32
IT=CURZATLsUNIT=TSR»SAVE29T s LUCK s RANDUMeBLOCKING=5sRECURD=6
S=CARD»UNTIT=READER
6=NUTPUT s UNIT=PKRINTLK
TeDEBUGHUNL T RINTE 10
BeTEMPsUNTTEPIWINTEY

SEQUNTLAL ANALYSIS OF VARIANCE
Rn MILLLK

TH1S PRULKAM CALVULAIES THE AVERAGE SAMPLE NUMBEK,
TMTDTA T SAMPLE S1ZEsAND OPERATING CHARACTERISTIC FUNCTION Fuk

A SEQUENITLIAL TES! OF THE EQUALITY gF K MEANS

THt V£ST Lu CHARACTCRIZED BY A LAMOsLAM1»AND REGIONS

CUMMNN 7CB1U/LASPAILRIPR2ASBSC
CUMMUN /CBLl/7GarTUWs GRID@» GRIUKR
COMMUN Z/CB2/7 JRLEC»TSTAT

COMMUON 7Ct837 WCUNWL WCONUPNSTRIT
COoMMON Z7¢BS7 KEG(3022)
COMMOI  /CB4/ UFGE » ACAM
COMMII /0BO/Z IMAXWe IMINWe IMAXGe TMING
COMMDY /ZeBB/ JNINT»LCAL

CuUMMUN sLBL1L/ SINE4D

CumMrale /ZoBle/Z NuMvwsnUMU» NUMK

COMMNO'L 7 Culd/ XHEAN(Z2) s XBR1,XBRZ, VAR, DGF

CUMMON /LBL1Y/ GRLGCCL14,14)

COMMull /7(LRB2U/ RECMAX
COMMNN/ERRY 1kPLlsIRFP?

REAL LAMOsLAMI

000LUs G0
000CuLOL
00000700
000uuLBOLI
0000VOY(

000c100n
00001100
000G1201
UOOU‘ 3060
00001400
00QUL1%0¢
00001600
00001700
00001600
00001900

00002000
00002100

e s &t e VRT3 RNENT

00002200
00pu230u
000G2400
00002500
00002600
00002700
000Q0u2b00
00uL2Y0
00003000
00003100
00003200

00003300

00003400

00003500
00003600

C
C

THIS IS NLLCESSAiY FUR START=RESTART

COMMNTI/KESTAR/0OC(3022)+sASH(30)»NTESTS
COMMNIN ZRESTAL/Z KTESToUCOPNSTPe 1112 I3sKRECPIRACPNPFLAC P IRNK

TOMIT 7RESTRK 7 TIPFINR.PRUGAC,PRUBNR,PRRAC,PRQAC»PRRNR,PRGNR ~

CUMMON Z/RESTAIL/ RVALACPKRVALNRIKACKBEGs SPRUAC»RNBLG?®» SPRUNK

COMMON /RESTAK/ WHN,uNsRIis
EQUIVALENCL (HRHBEGsKNRBLG)

T T ELTPFITGL NSRS, VRIS(TTQ#CUSTUD,, J= W SINTAD Y ) ## 2, J/TR&*FLUATINI*+RAD)000038500
1 Y4 (LU *SINCES )+ R*COSLAS I I **2. )/ LOIR*FLOATINI®VRI/Z(2e*x(FLUATIN)IVLOOOU3YLO

T RPO® JeVETO

2 *#4,0)*VR)JIFKAD)I=1,0
PARAR(XCoXPorUWLIWC)=(XC*((QU=(XP*WC/X())**24) )+ (XL*(WC*%2,))
1 “{(IUXP#aC)**2,37XC)

DATA IRLADCIRITE/S»b/

NPFI=6

SINEGS=5IN(U«78539810)
READ(10=1) WNIKYS»1TLSTonOCsMSIP
NTRYS2NTRYS+1 : : -
REAUCTREAD»1YY) NTESTS

00004000
00004100
00004200
00004300

—————— e e 50004400

00004500
00004600

00004700

San




S e T 2 b st ui i ————— e e — 0008 YO
€ ~ INPUT T0 THIS PKRGGRAM CUNSISTS UF LAMOsLAMlek=NUMBER OF MEANS 0000500
C AND THE IRUNCATIUN PUlNT AS WELL AS THE REGIUNS 0000510

RS e e R LT o e T SN 000050

DO 9112 RTEST=1»NTESTS N B T if 0000530
KEAUCIRLADSZUN)  LAMOSLAMLISDEGF o MTP 0000540
205 FORMAT(SF10eDr]3) 00009*%¢
C 00005¢¢
C KEG(Lel)=valut Ut VI tUR WHICH ANY veVv] KESULTS IN ACCEPTANLE 0O00US7O

_C KL uCie2)=valut OF VI Fyr WHICH ANY V2VI RESULTS IN REJECTIUW 000US60
¢ 00005 Y
C 000u60OC
) I T 1S Nul PUSOIBLL TU ACCEPT AT SIEP I REG(IS1)=040 00006 !¢
C e 16 1s wwd pOSSIpLe Ty REJECT AT SIEP I REw(1»2)sleb iU 000ueZe !
C Q00UE 3
: Kt Ao (TRLADP2ub) ((nEu(Jlel) et u(Jle?))edl=1eMTE) 000uba
206 FORMATCcr 156U 000LELHO

NUM=IFIx(DEGt )=1 0000660
DO 20 M=1aeivUnN 0000670
XMEAN(HM)=0eU 0000650 Y
2V COUNT I NUL 00006YC
NUM=s UM+ ] 00Qour7oCC
C A ST e, TT0000710¢
¢ 00007cu |
¢ A SEaxCH 1y MALDED To ubTERMINt THE fFIRST STEP Al 0000730, "
(5 WwHICH A ODLLISUN 1S PuUSSIBLLE 00Qu7uLL
C 0000750 |
Juss L 35 NSEESEepTEe | o s 0000760
1F(C RLGINSTEr1) oLte OsU JAND, HEG(NSTP,2) oGE. T4E10) GO Tu 25 00007801
[Suk=nHSIp 00tV 7Y
NCAL=]Sui(+1l V00UKOI
GuU T 4vu 0000B10C
25 CALL FSTEPPRUGIUCINOTP 1) s(C(NSTIs2) s ASHINSTP ) »NSTP) 0000770
LR KTES] eble LEEST «gite RUC oGl e KOCH
IWRTTL (T E= (NS P+ C(NUL=1)*NTES 15)+(KTLEST=1)*NTESTS*10)) DLINSTP»1)»
¢ UCCHNSTF2) s ASNINSTF ) eNSTPo AL Aids KTEST
35 CUNTINIL 0000620V
40 KREAU(IRLAD»CUl) GRAIDSZ 0000830,
207 ForMaT(F104u) ) 0000840
IFCITESY sole KTESTY GU To 9112
—————— T OWS CRTUSZ e e e - 0000850
GHILW=GILLIDSY v0ouB6OUL
GHIPP=6RIDW**2,0 000Q0UK70¢
RAD= (3o U*(GHIUW**2eU4GRIDG**240))**0,.5 00006
C THE UIMMLNSTUNS UF THE GRID ARE CALCULATLY 000u9yLLU
R A AR L e R eE D e T 70000yl
XVALE TueO*((LQeld)**DLGE In*U5H) vo0ouyZ0
MAXVAL=XVAL®((2,08DLGF#FLUAT(ISUR=1))#*Us5)+(DEGF*(FLOAT(ISUR=1)))0000y 30
STOKF= MAXVAL/GRIDR 000UYUL!
NUMK=IFIX(SiUnE )+l v00uYsH Nt
VAR=Z Oeo*(FLUAT(LISUK)Y**0US) 000ouL96bL!
vl NUMWECCIF IXLVARZORIUNI* IR Y=L . = T T uueu9ru.
NUMU=(CLFIX(VAR/GRIVQ)I+1)*2)+1] 0000YBO.
RECMAXZNJUMU*HNUMK*NUITW s 0001000
VAR= (FLUATCISUR)*#*#US) 00010100
DGF=DLGF *FLUATCISUR®]) 000102u
NSTRI=TSuUR 0001021
T NRITECIRITE 23003 ) S SRET: —00010300¢
1401 FORMAT(IH1,10Xx,"SEQUENTIAL ANALYSIS OF VARIANCE™) 00010400
WRITE(IRITE»1402) 9 0001050
1402 FORMAT(//»20X,"THE IEST IS"™) 00010600
WRITECIKITE»1403) LAMUSLAMI 00010700

s B -

»




}

1Y 3

Zve

v 3

A O TN

204

OO O

g72

801

1

—

FURNATC//215A»"WITH K ="+F240)

WRITE(CTKITES»140%)

FURMAT(/Z/»19K»"™AND

WRTTHC(IRITEL»1406)

FURIBATCLZXe"SIEP"»5X s YN ACCEPT"e5x2"yN

DU 1402 JAME1,MTP

IF(RFGOLAMel) obLbe Ve0) REG(IAMP])="9999499

WHITH (IThiTeela07) JTAMeRLG(IAMS1)oREG(TIAMS2)

FORITAT(LIXs1l2ohXoFBeldsbXrt Bed)

CONT TR IL

WHTTE (Tl Te»1410) GhIDWPGRIDQPGRIDK

FORMATC/ /01 eXoGRIDN="0F0e303Xs"GRIDU="0F0643s3X»PGRIDOR="sF643)
WHTTE Tl TEes 4l l) MNUMWeNUMQPNUMK

FURE LT (12X e Ss ZE WS o [0sOXs"STZEA="s [4eSXe"SIZER=0]4)

AT e CTel T eldl?2) RUCMAX

Fpgweal (/o1 2Xs™TUTAL NUMBER OF GRID POINTS USEDL="»19)

Calt KU n(lelolosOowiveQN2RII)

PrELI=F L (N]s D VAR)

VALUE=81rAX1(GKTIDRsPUSPRUB(WNsQNesRN»1SUR))

PREZ2=CHISQ(VALUEL»DGH)

CALL MCrLCIoloNUMKoUsWHNPUWNPKN)

PrE3=CHI5QCCPUSPROBUWNsWidekive ISURD I DGI)

WHITECT i Te»1413) PrBlePRgZ2PPRB3

FORMATCLIZ2Xe"MIN W PROB 27,£154557512X,"RANGE OF R PRUB =",E{5.5»
Sxeb 15e2)

WhTTL (Tl TE»2uU2)

FUREAT (4l e3UA» "SEQUENTLAL ANQVA'")

L E €Il VEscdud) .

FURKNATIC//7/789%X 2 "LAMBUA®» 10X p " SN"» 1OXewASNT» 10xe"0C"» 10X "PUN")

c=7
IHE FOLLUWING REGINNS™)

REJECT )

St Vb ekl tJINTS O THE Uy cukvt

ArE CALCULATED FUR A SEQUENTIAL TEST
wllH THEOE REal(ONS

Lo YSaud 1LJL:1’I(I'9

BEE KO 6b e« wEX GU 10 500

Al Ap=( AU+ ((LAMI=LAMU)/9,0)«FLUAT(HOC=1)

w11t (7»204) niLAM

FURIATCIHL s SUAS"LAMBDAS  ",F06.3)
Fv ko oglvbn LAMpA VALUES OF MEAND ANUD MEANZ? (AN BL
(A" ol CALVULATEU, TrEst art NEEOLLED Fuk THC BOOKING
SurrogTInt ANY Tu CALCULATL CERTAIN PROBABLITIES
SucH f\S THe F(hp\lpp) AT TH[ FIRST STLP
BUL rUR PHLOZ) AwD Pulty)

AXMEANCNUAY=  SORTCC(UEGF*ALAM)/Z(DEGF=140))

Xriz XicANCYE %P LOANCISUR)
XBRZ=XMLAN(Z)*FLOATCISUR)

MCULiw=Tr IXxCCLoUR*XMEANCL))/ZGRIDW)=IFIx(NUMN/2Z.)
NCON@=TF IX(TTSUR*XMLANTZT)/GRIDG)=TFIXTINUMG/24)
JUINT=1

ICAL=?

CALL HNur(lrlolsOsTHINWPTMINQe TMINR)

Call BOORCHUMus NUMO s NUMRKS» Qs THMAXW» TMAXQe TMAXK)
whITE (T2 472) XMEAN(C L) »XHMEAN(2)» VAROXBR1PXBKZ

00011000
00011100
00011200
00011300
00011400
00011500
0001 1600
00011700
00011507
UOUl ] 9(1\'
0001200¢
00012160
0001220G:
00012 34
0001zdu
0001250¢
v0Ql2un
00012700
00012600
0001290«
000i30Uy
00ul131uvu
00013200
000133u0
0001340¢
00013500
00013600
00013700
000130600
00014000
0001400
00014200
00014300
000i{u4saCC
SEGMENT
00014500

00014600
00014700
00014800
00014900

— . OuUb15060

00015100
00015200
0001530¢(
00015400
0001590

woulsLl

0001870

00019n¢

00015y

00016007
000161 01
00016200
00016300
0001le4vup
00016500
00016600
00016700

FOURMATUZ 775X " MEANIE s LTS 732X "MEAN2 =0 E 1547 2Xs VAR W E1547 92X, 00016800

COMLANTIZ" b LS e 702X o "SMEANZ="sE1547)
WRITF(7»501) NUMRsNUMQsNUMNA
FOPMATCcuXe3L()

WHITE(7»802) TMINUGTMINW, TMAXQs TMAXW, TMAXR

V001le6evLo
00017000
00017100
00017200
nNn1733nn




L
"N}
3
-
€
C
¢
C
C
[
¢
C
C
gt S
¢
Tit

131

132

133

- JFE CA skbks U7 G T SBled

1121

13272

I _Tr—(< NI”'S lGI . I lINl;. f |IHT"T[T7"UTU'5

C-8
TFORMATTZ/77+8BXs"STEP™» 10X+ "PROBs ACCEPT™+»13X»"PRUB»
1"PRUKs VUNTINUE"™)

CALL FSILPPRUOBC OCCLISUR?1)s0CCISUR»2)sASHCISUR)»ISUKR)

IFC KTEST 4uls TTESI 40ORe NUC o6Ts KUC)

Ik 1Tt (1U=CISUR*CONDV=T ) *NTESTS) +(KTEST=1)*NTESTS*102)0C(ISuUKrs1)0
2 0C(TISUR,2)»ALNCISUR) s ISUK, ALAM,KTEST

WHITEC(72208) LSUKRPOCCISUKSLI)»UCCISURP2) P ASNCTISUIK)

LSTr=1Sur

CR=1./710UR

REJECT™s11%s

CALCULATES
w(iH=l), g(N=1),

1S PAKT ur THL
FewMpuNeitn) FRUM

PRUGRANM

G( KiN=1)s Z5 U)

whE RE

IN OroEk Tu b IND THE QUANTITIES UOF INTEREST IN
SEQUUNTIAL ANALYSIS, NAMELY THE ASN AWD UC CuRvE
THE FROBABLLITY ulSTrIgUTIUN MUST gt FUUND

Al EVLRY SICP N

Tpbd THIS wlSTRIcuTIun CAN Bt INTEGRATLD TO #INL
Tt rROueuilITIbo OF ACCEPTING ,MEJECTING AND CONTINUING AT
EVERY STLP
WKITE(Bs777)
FUKMAT CLIH1)
DO 400 NSTHRENLALPMIPF
IEC MSTE «Glts NSTPY GO (O 39%
e g e e s
LE ¢ Ht,(IKLSI"'l) sl Uelnk: Gl T‘-'J ji

CA=((2eu*REGILSTPo10)+160)/(2.0% . STP*RELGILSTPS1))
PA=1 40/ (26U LOTPHRLOCLS TP L))
IF O REGCLSTIFsZ) sube 1aL6) G TuU 132
CR=((2¢UrREGILSTPS2))+140)/( 2,0+ STP*RLGL(LSTP,2))
PR=140/02e0%LOTP*REG(LSIPSZ2))
Go. T Y33
ER=l «0/ZFLDARLLESTP)
PR=0.0
PROBAC=V .0

__PROBNK=VLO
PHRAC=040
PRGAC=0ey
PRRERINR=04
PHONK=) o0
DO 13130 11=1sUMNY
PHOAC=) eV

PRGN ENEG T T
DO 1131 [2=1s1UNY
CALL BNURTTI1»12s1»0rWNeuwNsRIN)
IRAC=0
IRNRKR=0
RVALAC=1sE3v

RVALAC=PARAK(LAsPAD P Wi{pWiN)
RVALNR=PARAKC(URIPR, UK s WIi)
PRRAC=0s0
PRRIR=0+0

DO 5132 [3=1»NUMK

1 CALL RLSUMEC PTIM1»PT1IM2,P1IM3»85132)
IEE 13 skEe 3V Gl F6 Ticd
CALL KCALCLILol2s13»VsWNrQNsRN)

A=Wh

000175010
00017600

0002770
000i7p01
00017vyuu
0001800
00016810¢
000182CT
00018300
0001840/

GOWON=1 D)o UN=1)oRIN=1)sZoU)SFTCNIN=L) s (N=10pR(N=1))ep(Z)*r(y)0001BSOUL

0001860
000187C¢
00018800
00018900
0001900

0001vy1l0vUL

00019200

0001930¢
000194U

00019500

00019600
0001970y
00019b60¢
00019900
00020u0LD
UOOZUIVU
00020200
00020 30¢
00020401
00020590
00020600
00020700

~ 0002040¢

0002090t
o0v2100Lu
00021100
0002120

00021300

00021400

00021560
00021600

00021700
00021800

00021900

“—po0oZ22000

0002210t

0002200
00022300
00022400

00022600
00022700
00022800

A O s

oo S O T R TR e



Tvv

sl oNele]

([ o

e g o8 i B

11503
1124

1125
3132

53137

T TMEL3=PTIM3+TIME(E)73600.0

1

¢ KYALACSKVALWNK)HACBLGs SPHOACIRNBEGe SPRUNR

“YTETFRPUTA

T PRUBACEPRUBACFWEIGHT(NUMW, TTJ*PRQGAC

£=9
ILT- UOU)

KREC=JRLC

IFC POSFROB(WN,QNsRINSNSTP) GU TO 1132

THIS STAIERENT CALCULATES THL DENSITY AT POINT Aspe(
AT NSTP uY INTLGhATING DVER A TWwU ODIMENSIDNAL REGIUN IN [STP

PROBTS=ULNSTS(AssrCoKREL)

IF(C C oLle BVALAC) wU Tu 1124
IKAL=]TRAC*]

IFC IRAL ostle 1) G TGO £123
MPF {AC=wuUMK=13+1

RACHE G=o

SPRUAC=FKROBTS

PAKT UF THE PRUGWRAM CALCULATES
FROBABLLITIES OF ACCEPTING,REJECTINGs AND CUNTINUING
AT STEP NSTP

THIS
[t

000231¢
0002320
00023 3¢
0002340
0002 35¢
00023¢

000g37¢
000p23n¢
000¢ 3v¢
00024 Ui
U(JOZL |
0002u?

00pe4 s
00024u4(
000245

0002460
uo0o2u7(
00024ct
00024y
000250

000251¢
v00252¢C
00025 3¢

THESt Akt UBTAINED BY PERFORMING A THREEE pIMENSIONAL INTEGkATIO002540

THIS ITHRKLt pDIMENSIONAL INTEGRATION IS IS DUNL NUMERICALLY
BY Thnrbbk SuCCLESSIvL 1 DIMEWSIOUW/L INILGRALS

EACH 1 UDIMULNSIONAL INTEGRATION 4S5 pOnwE VIA
A 14 pOINTCIF POSSIBLE) NEWTUN=GREGURY FURMULA

PRRAC=PKKAC+WLIGHT(NPFTAC, TRAC)*PKIBTS
IF( C KVALNR) U TU 1132

IRNK=] 0 (+1

It ITHNR egle 1) GO

NPFINR=LUMK=T3+1

RNKegt =L

SPRUNKR=FROBTS

PHRNKR=PHRUNK+we IGHT (NPFINKs IRNK)*PRUBTS
TMELI=PTIMI+TINE(2)73600.0
THELZ2=P I IM2+T1LMEL(3)7/360U.0

lL_]l

10 1125

WwielTr(l0=1) HTRYS»ARTESTeNDC, NslP.JUInT.ILAL.Il.l/ I3skKRLCH» IKACL S
NPFTAC [RHics 4P INRKPA»BrCorPRUBACP PRURINK » 'PRRACP»PRWUWAC P PRRNK P PRGNH »
TMELL1» THEL2» TMEL 3
CONTIN'L
IF( TRAL sEWe O) GD TO 1126
sBIRVALACFTICALY

ADDA=ABS (PVALAC"HACUEG)*V«S5S*(SPRUAC*+Y])
PRRACEGRIDR*PRKRAC+AUDA
PROAC=PHRUAL+WLTGHT(NUMG»12)*PRRAC

IFU 1RNik sEWwe 0) GO TU T131
YI=TtKRPU(CAspsKVALNRe ICAL)

T ADDR=ABS (RVALWR*RNRGEGI*0«S¥TSPRORNK*YL)

PRRNR=GRIDK*PKRNR+AUDR
PRONR=PrRyNR+WLIGHT(WUMQ*» IZ)*PRRWR
CONTINUL

PRONH=PrRQNR*GRIDQ

PRHUAC=PHRUACH*GHRIDWY
PROBNR=FPROBNR*WEIGH I (NUMW» I 1) *PRONR
CONTINUL

PROBNK=FROBNK*GRIDA
PROBAC=PROBAC*GRIDW

00025%u
000250¢
0002571«
0o0n2sul
00029yl
0002600
vopeslo
00026201
0002630
0002641
0002654
v0uze6!
000267¢C
000260t
00026Y 0

c0peri¢
00027¢¢
Q0ue7 st
000274t
000275
00027 u(
00027701
00027001
00027 v
000280(
0002b.

0002s!
000¢b 3

00284

000265«

0002860
000287¢(

00V2nBOL




- C-10
JOINT=1CAL
ICAL=TINTER
S
START OF
¢ UC(HNOIPs1)=PRUBACILIIY OF ACCEPTING Al STEP NSTP
| ( UC(NSTPe2)=PRUBALILIIY NF REJECTING AT STEP NSIP
1 ( ASHCuSTPI=PRUBABLLITY yF CONTINUING AT STLP WNSTP
-

ASNINSTHISPRUBNK=PRUBAC

OCCHNSTPr1)=PiKuBAC

UCCNSTP 2 2)=ASW(NSTP =1 )=ASN(NSTP)=UC(NSTE»1)

WRILECHE=(NSTHECENOC=T ) NTESTS I+ (KTEST™ 1)-NfEsr>'10>) DCINSTFPsl )0

2 UC(NSTF»2)»rASN(NSTH)sNSTPsALAMPKTEST
399 JFC NIRrS wule 1 oANDe PIIML JLbe UeQ)

1 KEAD( LIz (S IP+((NUC=1)*NTESTS)+(KTEST=1)*NTESTS*1U))

¢ 0OCINSIPs1)syCUINSTFs2)s ASNINSTP) s HUARL »GLAM,LQSCAS

WRITE(72208) NSTP2UCL(NSIP#»L1)sQC(NSTPs2) s ASN(NSTH)
2Ub FURMAT(OX» [D90XsE2001029%X0E2061025X2E20610)

S
400 CUNTITN'IL
2 e = 3 &
C 1S PAx1 uUF THE PROGRAM CALCULATES
C E(N)JALAM)=AVERAGE SAMPLE NUMER WHEN LAMUA=ALAM
ol O e s e L e e i L 8 SeE 1w AT ) in) ; L
¢ M(HIRCA)=HEDTAN SAMPLE NUMHER WHENY LAMDA=ALAM
c RS WELL AS
(4 UCCALAM)=PHUB(REJECTING HIJLAMDA=ALAM)
C (Al k) =l=uC(ALAM)
C
C
S SOV SRl s e e S e M | e e e e R I T ey
AVR=1.0
POW=0De0
TME[}=O.U
DO 490 IN=1l»MIP
AVR=AVR+ASNCLNL)
CF SeRe e Rl e R e T L [
POWN=POW+CC LN 2)
TES=[N=1,0=aVIi¢
IFCTES oLTe UeS eurks C THMED ogle JeU oADe TES oGTe 0e¢S5))Ggu Ty 490
TMEU=TIN
PECTES saln ©eS) TMLU 1= 0 5
. CONTTHUL T e T S

WHITECIRITE»2U9) ALAMe TMEUSAVR®NCFoPOW

FORMATCOoXoF6e4sIXoFO0a2s8XsFb6e4sBXsFbeusbXsFbed)

CONTINYIL

CONTINUL

CUNTIN'IL

BRTIECT e Y0 Y FRPEGRRIEE 0 70 T ek st Mo s e o S S
MATCOIHL»cOXRR"MISIAKES IN THEDRY"+[8e5Xs]18)

SUBRDUTINLS CALLED FOUCOW & . s

L———-&



START OF SEautr

SURBRKUUTINE FSITEPPRUB(PACCIPREJ«PCONIN) 000 36Vt
¢ 00v370cC
€ _ THIS SUBRUUTINE CALCULATES 00u3710
¢ THE PRUGABALITIES OF ACCLEPTINGeREJECTING V003720
¢ AN LuTinUilNg Fun STEPS V0037 3¢
C Fuk STLRS LESS ThAN AND EQUAL Ti THE FIKRST 0003740
C STEP AT wHICH A uvbLClSlud CAN BE MApLE 000 375¢
C THIS IS ACLUMPLISHED BY MEAMNS gF AN INFINITE 00037¢6¢

E ¢ SUM Ut lwCuMPLETL gETA FUNCTLONS - 0003774
. ¢ 00037

CUOMMIN ZCBY4/7DLGF »ALAN 000379

COMMDYN /7CBS7/ KEG(30,2) 0003500

pag SO fg=sled 0003510

TSUM=0eU 0003820

IF( IE oet@Qs 1 oANDs REG(Nesl) oLEs 0e0) U TU 30 0003630

IFC 18 JtQ@, 2 «AND. REGUN22) wGE. TeE6) Ga TG 30 00036840

FO=((DFGF*(HLUAT(N)=1))/(DEGF=14))*REG(N+IB) 0003850

V0140701404 ULDEGF =102/ (PLEGF*(FLJATI(N) =1¢)))*FL)) 000380C

Wl=(ULGF*(t LOAT(N)=1,))%U,5 0003K7C

W2=(DEGE=1s)*uabS 0003b80

. . JsuM=pFlicublswlaw2oioy o 0 L e d e o __0003py0

IFC ALAM oLte 040) wp Tu 20 0003v00

DO 19 Jk=14101 V0V3vyi(

W2z ((DFUb=1e)*U¢h )+t LUAT(JR) 0003y !

TUT=(FLUAT(URI*ALOGCUSS*FLOATC N )*ALAM))*ALOG(HETINC(O»wWleow2eu0)000393¢

1 ) =ALGAMA(HLUAT(JR*1)) 0003947,

ol e 9 T D I T e 00V 395¢C

TSUM=TSuM+ Tyl 0003yLU

IFC TUuT elbe LeE=U6) GO TU 29 0003vyr0
10 CONTINYL 0003yl
20 TSUM=TSUM*EXP (= eS*FLOAT(N)*ALAM) 00039y,
3V f[EL Il wGls L) Go FU 40 0004001

il PACC=14=TSUM _ 000401¢

60 T S0 It . Mg R A NG I RN, e
40 PREJ=TSUHM 0004030
50 CONTINIL 000404
51 PCOR=1e"PACL="FREY 0004057

' RETURN 000406

END 0004070

"""" e = T B b e e T e 3, T T )




c-12

STAKT UF SEGMENT

FUNCTINN BLIINCCIND»ASB»X) 00040060
C INCOMPLETE ubt A FUNCTION ANU ITS INVERSE 00040Y00
C MAKK=1 FOR INVLRSE (SEND DUAN PRUB) 000410CY
C 00041100
¥ Te:1S SUBrUNCTION CALCULATES THE ITWCUMPLETE BETA FUNCTION 00041200
C THIS IS wbttbubD 10 CALCULATE THE PAePRePC AT [HE FIRST STEP 0004130
C A DOCISIun CAN BL MAUE 000414C,
C 0004150,
CAR=CGAN(A+u)“COAM(A)"CUAM(B)=eS*ALUG((A+13)*6.283108531) 0004168,
IFCINDYLUslUeCO 0004170
10 EP=CAH+he ALUGIX* (1, +B/A))+B*ALNG((le=X)*(1l,+A/B)) 0004100
IF(X=A/(A+B) 12,1214 0004190
12 BETINCSLI(X»A»BI*EXF(EP*aS*ALDG(BZA)) 00042000
RETURTI V0042100

14 BETINCTL =21 Cho=xoRBoA)*EXP(EP+eS*ALUG(A/B)) 0004220
RETURN 00042300

208 IFE (=522l dr 24 T Rk £ Ty S 3 T T T
e QZ=ALDGEX) 00042500
160=1 y 0004260y
AA=A 00042700
BH=H 00042800

G Tu 2u 00042v00

24 T wZ2=ALUGCTe=x) L v N i E - 0004300U
1G0=2 V00431 U«

AA=ts 0004320

BH=h 00043300

26 XT=hA/(AA+EL) 0004340,
Cadb=CAs+ 5xu yu(BB/AA)+AA*AL(a(] (+8B8/AR)+BBraLpu(le+apn/BB) 00043507

D) 40 Ni=lslUu 0004360
L7=721(X | s AnetSis) 00043700
OX=CABH+AA*ALUG(XT)+BB*ALUG(L «=XT)+ALNG(Z2Z) 00043600
XC=(QZ=ux)#(le=XTInLL/AA 00UV43y0U
XC=AMAX]I(XCr»=e99) 00044000
XC2AMINLIXCr o9/ XT®eD) 00044100
B T Y O e R S e e T
JFCABSCXC)=lelL=6)U42040940 00044300
40 CUNTINDL V0U4GLC
4c GO Ty (44s406)s160U 000445y
44 BETINC=XT 00046e
RETuURrH 0004470¢
e BEFINCEYT =X¥ .~ - e ¥ Ty 0004400
RETURN 0004GYOL
END 00045000
SLGMENT !




C
¢ ¢
¢
i ¢
C
c
) ¢

NN?(LJ'J+NCUNH)'bHLkﬁm
"‘““”‘ZW?TT7TTEW]HEBTEﬁTua‘“‘“““““““"‘““‘“‘*““‘“”““““““““‘

. nggﬂﬁ;g(LN'NA)‘(WNf*Zo)‘LQHf'?.))*(.U
T UAFC DBLCHK .FFT“JIJT“TET70“5 D oo
TSTAT:((wN‘th*'?-ul/UHLCHh
RETUR
5 1STars o0 ey
RE TGy
ENTHY [Lg[igl,(z.Lj-wu.uu.Hu)
L1=(w“/hNIUh)*1'NLUNw
L?=(J“/uH1Uu)’1'NCHHU
L3=(HH/unlun)'1fIK((th12.+UN't2.)/(NSIKI’GRIDR))
5/CMK:L4¢((L2'1)tNUNH)*l(L3‘1)'NUHW'NUMQJ
IF(AugébZCH;{l;kg. 349/>561J666) GU Tn 3u
JHE( = 111]
*““QETUEH“' e ‘“"“"”'“‘”‘“‘“““““
30 JRE( = Ile(blLHK)
RET Uk
10 JH£L=L1*((LZ‘1)'NUMH)+(kLJ'l)*NUMHt“UMUJ
RET UK
_\“NLﬂL\‘M“&~“t\\_~_\-‘ AL .

C~13

STAkK]

bUBNuUTJNE BUun (LI'LZ-L3'LN-hN-NN-NN)

VWHJS_SUBHudeNqus'A HUUK”RLLP!du RUUT L

THIS RUJIT Tt CUNbwTy A PUINT In Ty ]y Flwogog) Tu
APnuat I THe KaND(m ACCESS DISK FEILE
It Fultil g THA4 FELEL puw & PA«TICULAH POing

LS Tt nMe y JIE(

COMM /LHZ/JH[L-TSEAT
CUMM/) /LBl/unIUN'GhIUQ'GRIUN
COmpy gy LB 3z »nClJNW-‘\CIVVu'FJS'I’f
CUMpMpyty /LH](/HUMN’NuMU-NUMH

ENTRY RLAL(LI»L2{L3'LN§nN'uN-RH1
RN=(JFIxtfwu*'2.+0N*-2.)/(Nsrwi*bwlun))*L3)-GR1u~
IF( EN el E, S ] 0 10

ENTHY CrITv( wNpuN.nN-Ln)

OF Srea

0004
0004y

00045,

()O(J‘OD ]
U{)U“Yu
00G4y;
000“9((
000ay 3y
V004yqy,
V00agy,
000“9()('
000497
0004y

OOanyw
Gbusoooo
0005070y
000502,
00050300
UOOSU«UU

0005050

UOObU(»OU
UOUSO/OU
UOUSUUUU
000509uu
UO(ISIU(/U
UOObllLU
00051200
OOOS}jcC
00051000
00051500

0005160U
00051700

0005144y
00051900
00057000
0005?100
0005?200
00052 3¢

SEGMENT



START UF SEGMENT

FUNCTION PUSPROBCNYPQVeRVely) 70034400
00034500

THIS IS A FUNCTIUN Tu DETCRMINE IF 00034600

A RPOLNT IS ALLUWABLE AT STEP N 00034700
; e SR T T T 00034800

POSPROBERV=((aVe*2 +qyuex2 ) /FLOAT(N)) 00034v00
TEC ABS(POSPRUB) «lte LeE=4) PASPRUB=0.U 00035000
KHE TULN 00035100
(ST 00035200
SEGMENT

'START QF SEGMENT

FUNCTION PHICY,»XBAR»SIG) R T e e et E - T ODIBESE00

00035400

TS SuUgrunCTION CALCULATES THE NORMAL DENSITY FUNCTIUN 00035500

= _oUgrUnC i AUN CA Altky THE NORMAL DENSILIVTY FPUNCLTAIUN Lo i

PHI=) e 39094220 %EXP (" eS*(((Y"XBAR)/S1G)**2¢))*(1e/S[G) 0on3sz7aa

RETU(N 00035800

(1) 00035900
SEGMENT

START 0OF SEGMENT

FUNCT [0w CHlow(YsDQAl) A Y0036000

00036100

THIS SUSFUNCTIUN CALCYLATES THE CHISWUARE DENSITY FuNcTIQN 00036200

00036300

CHISU =Y ((DOF/Z )T ) *EXP(=Y72))7((2e**(DOF/24)) 00036400

1 *QAMMA(UUF/<2eQ)) 00036500

fr¢ ¢ sbus Oy cANDe DiEe stdle 200 CHIS‘J=OOS 00036600

HKETURN 00036700

END 00036800
SEGMENT




OO0

e O &

o 4

b 198

159

e c-15
FUNCTIOIv DENSTS(A»B82CeKREC)
THIS SUBRUUTINE CALCULATES FHRN(AsB»()
FHOM GIA=Z)B=UyR=Zrws=Uxx2)*P(U)*P(Z7)
pY ITWTEGQHATTING OVER THE APPROPRIATE REGIUNS
CUMMUM /CHL1Z GRIDW,WRIDUsGRIDR
CUMMOY /CB6/ TMAXN, IMINW»s TMAXGs TMINGQ
CoMmgt Zenlf/ LSTPoIOUR
CUMMOMN /7CBB/7 JOINT,LICAL
CUMMON ZCB97 NIP»RINTSCUR
COMMUN /LBS/Z KEG(3U»2)
DIMENSTUN PULINTCAsa) o VAL(YG) »RINT(Ss4)
VOLUME=D,0

THIS HUMERLICAL TnTEGrRATIUN INVOLVES SUMMING THE vOLUMES
UF IRAFEZD EDSE
u=ONTMENSTUN = WEAN 2 g
/= o« DIaeNSTUN = HEAN )
CALL URUUNDCAPBsCoREG(LOTP oLl ) sREG(LSTP o) s NKREGoHINT)
(F€ qREG «EGs 0) Gu TN 230
LU 229 NIP=1sNREG

CCALL ZRANGECKINTONIF T IRINTINT PR Yo RINTINIPL ) » THXWLTHINY

USTRT= CLFLACKINTONLIP o 1) /ZGRIDW)+L ) *GRTIDW
Ie e liTenIp,1) (LT, 0,0 AND, KINT(NIP,1) NE, (USTRT=GKRIDW))
1 DSIRTEIFIXCOINTANLP L)Y /GRIDAN) #GRIDKW

UF Tzl F L XCLliNTI CHIP o)/t INwWI) 2GR TN

Jr el T ealrs2) oLT, 040) UF LIz IFIX(RIANCHIPS2)/GRIDW) =1 ) *GRIDW
e INFCwIPe2)) UFLt=Syr LH=grLIUW

FEE R T GELe PSIRIE N G B2

[FC LSTP obiwe [SUR) wU) 10 157
LECC="FAN) ouTe TMAXQ oAdDe (3=USTKT) oGT
TP CCy=tt IN) oL Te Tyilg sANpe (3=USIRT) ol T
IF (Ca=0STRT) sL.Te TunliiQ) uSInT=u=TMINg
[FC(s=NSIRT) FiAx@) usTiI=s=THAXQ
IFCC=nFrIN) TAING) UFIN=Y=TMINGU
IFCCy="F IN) o6aTe THAXQ) UFIN=H=*TMAXW

fre STl <ube UFIM ) GU TO 220

ul=ysini

U=uSTRI+GRIUW

CALL LRANGECHTT s RINTONIPS 3T s RINTI(NIP o3V LMAXT o ZMINT )
POIMTCY oL Y2l TCEPs 1)

POT Tl 2) =0 4K

PUTHTIC(2s L )=U1

POTHT(?2»2)2LMAX]

POLaTE3sl)2i T (NIP2 L)

BIINTCYA ZY=2T AN
l"( Y obkWe I1M[H)
POTT(A»]l)sul
PUlarChseg)=LmgNl
L= it (NIPss)
CELL “F;)VUL(ADHJCDVULUML"J-“O"’ULHI!FVAL)
viLu4EsvutonEs i i

ot 4@

GU TU 220
@ Tu 229

TMAXQ)
TaINQ)

of_,[l

.;_To

wl) Tu 1506

COAREACHRIATCuirs8) s A=POTLuTC402)s8=PUINT (4o 1) sRINTINIFo4)sA=POINT(3,
S2) e =FNLUT (300 ))*(PVALCI)+FVAL(4))*V,.5)

NSTUES=u

a0 TO 159

POTHNT(3r1)=ul |
POTNTCT, 2YSZAINT ‘
CALL HESVOLCAsHsCrVuULUME» 30 30FQINTFVAL)
NSTUES=J

BEGLI= JFIXCZHINL/ZGIDQ)*GRIDAQ
ZETi1=1F(XC ZrAX1/aID@)*GRIDA

START OF SEGMENT

00052400
00052500
00052600
00052700

00052800

00052900
00053000
00053100
00053200
00053300

00053400

00053500
00053600
00053700
v0053800
00053900

00054100
00054200
00054300
00054400
00054500

00054600

00054700
00054500
00054900
00055000
00055100
00055200
00055300
00055400
00055%00
00055600
00055700
00055800
V0055900
00u56000
00056100
00056200
00056300

00054000

00056400

00056500
00096600
00056700
00056800
00056900
00057000
00057100
v0057200
00057300
V0057400
00057500

00057600

00057700
00578600
00057v00
00058000
00054100
00058200
00058300
00058400
00056500
00058600

4

e e T )
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C-16
160 CALL JRANGECUZPRINTINIPe3)Y»RINTCRIP»4Ys ZMAX2#ZMINZ)Y —— ~— — " 000%8900
IHBEG2=TE IXCLMIN2/GRIDQ) *Gr[DQ 00059000
ZETRN2=TE IXCLANXZ2/7GRADO) *GRIVQ 00059100
IH({MINE sGle 000 LBEGE3CIF IXCZMINZ2/GRIDN)+#1 ) *RIDW 00059200
IF(ZMAXE oL Te Ve0) CFINC=CIFIX(ZMAX2/GRIOW)=1)wGRIDW 00059300
(HEGE AMAXLOLBEGL s CBEGZ) 00059400
2B = Al INLCEFINL s cFINZ) 00059500
IFC ZHFu sUbke ZFIN) wu (0 197 00059600
LFC LSTr obwe [SUR) GO T0 168 00059700
[FCOA=Z0EG) oGy TMAXW oAND. CA=ZFIN) o@lo TMAXW) GO To 197 00059800
IFC(A=706G) oLTe THUUINW oANDe (A=ZFIN) «LTe TMINW) G40 TQ 197 00059900
[FCCA=Z8EG) oLTe THMINW) ZBEG=A=TMAXW 00060000
[F((na=70tG) oLTe TMLW) ZBEG=A=TMIHW 00060100
1FCCA=/ZF IN) suTe [HAXW) ZF INSA=THMAXW 00060200
IFC(A=/ZEIN) oLTe IMINW) ZFINzA=TMLINW 00060300
[F (L8t G _eGbe (FIN) u) Tu 197 I B aon » v0060400
| &b JINT=/HLa - T 00060500
170 Yi=TtePunCuledcINT) 00060600
YZ2= IEHPUS(ULoLINT) 00060700
Ll (FCZINT oNbe ¢BEG oatDe ZINT otike ZFIND) GO g 180 00060800
ZOFT=/72M} 2 00060900
i NPE =1 e I N Sl e ki i v ol i L prb}QOO
IFC ZINI oNte ZHEG sUre Ul eNEe USIRT 0 TOo 174 L 00eb1100
UHFU=U1 00061200
[HEu=/Maxl 00061300
FHFU=FVAL(Z) 00061400
CUM=RIHI(NLIe4) 00061500
pEC nSTuesS sbkade 33 Gp Fu 173 00061600
B S R A Loy 5 00061700
PUTHT (20 2)=PULNT(4de¢) 00061800
FVAL(Z2)=FVAL(H) 00061900
GO Fir Y r6 00062000
Ee3 POTHI(2s1)=ul 00062100
POl a1 (2e2)=LdMiN] 00062200
FVAL(Z2)SFVALCSY T A o e 00062300
[FCPOTWiC3sL) olEe UL oUre PUINIT(302) oNbEe ZMIND) 00062400
I FPVAL(?2)=TLHPUS(ULscMINL) 00062500
JFC POINTC2o L) otibe UL oURe PUINT(202) «NEs ZMAXL) 00062600
¢ P usTexPuUL(ul e ZUAAL) 00062700
GO T 176 00062800
i TEC ZIN Sts ZBEGY GU T FON S RS ER R L
POINT(?2s | )=ulst L 00063000
PHIRI(202)=4Br L 00063100
FVAL(Z)=FBFL 00063200
CURSKINI(NLIPLY) 00063300
U kN 106 00063400
LS T POTT?2y1)=unt U B T ' 00063500~
MOLiliC2r2)sdst U 00063600
Fyal¢Z2)=FBFU 00063700
LUET=/MaAx2 00063800
CUR=TMT(NIP»3) 00063Y00
16 POINTC(1s1)=02 00064000
L S A S ORI
PiafiaalT(3sl)=Ul 00064200
POTHT(3s2)=22Z1IRT 00064300
FVAL(3)=Y2 00064400
POTLT(8,])=Ul 000ea500
FUTHTC(4,2)3210T 00064600
O s iy n e e O A S R, i
MSTUES=4 0064800
CALL RESVOLCAWB»Cr»ViLIUMESNSIDES*NPFLl»POINTFVAL? 00064900
PE6 ZINI oNEe ZBEG) GU TU 177 00065000
UHFL=PNINT(I»I) e Y vy 00065100

‘ e ——— R
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! 221)

221
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GU T 17y c-17 00065400
UBFU=POLNTC(Lel) 00065500
[BFUSPOLNT(Le2) 00065600
FBFUsFVALCYL) 00065700
VOLUME=VULUME+GRIDW*GRIUQ*L eS5*(1e0/640)*(Y1+Y2) 00065800
TFEZIRT «c@s ZF N GO T 2090 —— T T T T 0oonss95h
GU T 1yy 00066000
VOLUMESVOLUME*(L1 e0/960)*GRIVDQ*GRIVDW*3,0%(Y1+Y2) 00066100
ZINT=ZInT+aKlUuQ 00066200
IFCZINT oLte <FIN) GO TU 170 00066300
GU Tu 290 00066400
[F( (2MAXZ oEuwe ZMIN2) «ANDe U2 eEQe UFln) GO To 20T — 700066500
POINT(1sl)=Ul 00066600
POINT(le2)=4MAX] 00066700
PUIHTC(?2s] Y=yl 00066800
POTHT(?s2)=LMAX2 00066900
PLEENEC 3 ) Yzl v0C67000
POTHTC(3e2)=dMINT i R - 00067100
POINMT (el )=ul 00067200
POTHT(N92)=(MIN2 00067300
CUR=RINI(NLMFeS3) 00067400
CALL HESVOL(A»H»CoVULUMEL 44 sPUINTsFYVAL) 00067500
VOLUME=VLUME + 00067600
C(AREA(RINTINIP s 8) s A POINT(A22) s B8=FPUINT(4s 1) sRINT(NIP2d)»A=“PQINT(3,00067700
52)eB=PNENT (3ol ))*(FVALCS)+FEVALC(A))*045) 00067800
UBFU=U2 00067900
ZUFusZMax2 00068000
FUFU=EVAL(2) 00068100
UBFL=t)2 00064200
LBEL2LN N2 00068300
FHEL=F/aL(4) 00068400
ul=u? 00068500
Jl=UuZ+ar 0w 00068600
[BEGI=7uEG2 00068700
ZFELHt=Zr EN2 00068800
IS ZmENZE - o e SEn)) B T T 00068900
[MAX1=21nX2 - 00069000
FEC 02 sLEs WFINY i} RO LGy 00069100
CALL ZRANGECRINTONIFs2) s RINTONIP»3) s RINTCHIP4)» THXs THIN) 00069200
POTNTC1s L )2RIAT(NIPSL2) 00069300
POINTCLe2)= 1144 00069400
A R L e
PUINT(202)=dMAXL 00069600
POTHTC3»1)2RINT(NIP2) 00069700
POINTCYIe2) =1 MiN 00069800
[FCT4x seQa Faltt)y Gu TO 219 00069900
POLNT(Ae )=l v00/0000
POTATCA,ZT2ZAINTY T ~ 3 ; ) 00070100
CUR=RINI(NLIre3) 00070200
CALL FovOLCA»sBeCoVaulLMusdsdePINTsFVAL) 00070300
vJLuMb=volLuAie ¢ uwQ070400
CCAREACALAT NI e@) s AP LT (40 2) s =PUINT (40 1) s RINTINLP»8)sA=PUINT(3,00070500
52)s5=P VLT (3sl))a(FVAL(I)+FVAL(4))*0,5) 00070600
e B T4 R SR S TR ¥ A ¢ 0§ 2 (T @11 ]
PULUTC3Irl)=sul 00070800
POTNT(3s2)=LMiNI 00070900
CALL RFSVOL(A»BsCorvuLUME» 30 3oPOINTeFVAL) 00071000
GnN Ty 2279 00071100
UINT2CldTCulrs2)*RINT(NIPo L)) *eS+RINT(WIPL) 00071200
NTC=T ’ ; y 1, o DL T PO R e ST PR T VeI 300
CALL Z7AdGECUINTsRINTINLIPo3) o RINTINIPs4)»ZX0ZM) 00071400
IFC T4X +EQe IMIN)Y G0 Tu 222 uoor1500
NHSITUES=4 00071600
POINTC1»1)=KINT(NIPSNTCY 00071700
e P 000714800

i = —
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c-18
PUINICZ2l )=Vl ivI QUUr 1 YU
T POTHTUZe2Y=ZX i 0007 20¢
PUINTC 3, L)t iT(NEIPNTC) 00u7z1cC
POITNIC3s2)=IMEN Vopr2et
PUINI(4, 1 )=uln] 00072 3¢
POINT (dp2)=/m e i R i i TT000724¢
CUR=RTIUHTANLIV»S) 000725¢L
CALL HESVULCAHPL»yULUMEP NSEDES»4ePUINT»FVAL) ulQrzed
VOLUME =viLumt + o727 (
CCOARE AP L Tl sy s a=puldl (42 2) s PULNT (421 ) s RINTINIPoB) s A=PUINI (350007200
522,88 =Ml (e s ) ) * T VAL(3)+FVAL(4))*0.5) ) S el ) e _ w0072yl
GO Th 2¢3 0007300
2¢2  NSIDFS=3 ‘ 0007310
POINTClel)sHINTUNIPeNTC) 0007 32¢
POINICLIe2)=1i1X ‘ 7 . Sk, 0007 33¢
POINT(?s1)=UlNT 000734
POINT(202)=¢X 0007350 °
PUINT(3s1)=ulNT R LEH S 00073601«
PUINT(3sg)=¢H 0w007370¢
CALL RESVOLCAPE» (P yULUMLPNSIDES»39sPUTNT#F VAL) 0007380¢(
243 IF(NTC «GEs 2) GU Tu 229 V007 390¢(
CALL ZHANGE(KINT(NIFs2)sKINT(NIP»3)sRINT(NIPs&4)» TMX2TMIN) 0007400
v NTC=NTC+] S ) R T 1 gl it S 0007410}
GUu Tu 2¢l i 0007420
2cY CUNT I NVIL 000743y
X3 DENSTS=vULUNML 00074401
WRITECTILAL=nke () VLML 00074yt
Rt Turl 0007460
t.ND 000747t
Ay e e L S T S S SRR ; ) SLGMENT
STAKRT OF SEGMEMNT
FUNCTION CGAMCA) 00046700
¢ 00046800
C THIS SUBKUUTINE IS NLEUED Fur THE INCUMPLETE BETA FUNCTION CALCOO0046900
c 0004700
ARR=A EE L e e s SR ey T
CAC=0.0 0004720«
IF(A=2.02+8»08 00047 301
c IF(IA'lc)“Db'b 00047400
4 CAC==24+(A+5)*AL0OG L e+l e/A)+(A+1.5)%alUG(T1e+1,/(A*14)) 00047500
AA=A+7 . 0004760C
BB T i T e e e e R e S R O
6 CAC==1e4(A+e5)*ALUG(Ye+lo/nN) 000470600
AA=A+1. 0004790
6 CA=Z.26948Y/ Ak 000LB0O0UU
CA=e52500647/(AA*14U1152317(AA*1e517U4737/(AA+CA))) 00048100
CA=+0OB35333333/(AA+903333333/(AA+:2523BUYS5/(AA+(CA))) 00048200
CGAMsUA+CAC TR T e e e ST e e e St U NE T PSS |
RETuURHN 00048400
END 00048500
SEGMENT




' C-419 SIAKI OF SEGMENT
SUBKOUTINE UBUUNDC AsgeCoVANSVRN» NREGPRINT) 00074800
COMMUN Z/CB77 WSTP 00074900
COMMON /CB107 CA»PA»CR»PR 00075060
‘ CUMMOMN /CBL1/ SINL4O 00075100
BIRENSFon RIEnrCES:%?2 . . . . ; T T a0 s 20
C THIS SUBKUUTINE CALCULATES THE INTEGRATIOUN 0007s30u
C LIMITS Ut us AND ALSU DETERMINES THE 00075400U
(& NUMBLK Ut INTEGRATION KREGIONS ANL TYPL 00075500
€ St Ay Ty ALLOW DETERMINATION OF THE £ KANGE 00Urs6UL
(s THb St AKL wbbDED TO UBTALN THEk DENSTIIY F(wWegesk?) AT STEP 00075700
C N FRum Thb DENSTIY Al STEP N=) v0orsnsCy
¢ it tulLuwaNG COut 1S EMPLOYERED 00075900
¢ IshbEobClluw LLLIFSE LUWEK 00u7euLL
¢ 2=0h GLCT 10 ELLIPSL UPPLER 00076100
C d=ACeLPTANLE . ELL EPSE LUkl 00ur6eUG
C 4=ACLEPTANLE ELLEPSE UPPER 00076301,
} C SsCInple LUWER 000764GU
C 6=CInCLE UFPER 00076500
i KINT(le3)= UPPLR 2 CURVE ( LUWEKR W) 00076600
€ KINT(2s4)= LUWER Z CURVE ( UPPER 1) 00076700
TERMZ2(XUR o XAs X3, XPRI= (XBa(XCR+Lo)+XAxXPR)/(((XCR+1e0)w22¢0)=(XFE 00076600
1 **24,0)) » By ok _ 00076900
DISCRIXULRPXAPXB*XPR?*XC)= SQRT((TERMZ(XCHKPXAPXBoXPR)**2.,U)=(((XA** UOU7700U
1 200)'\(XCI(*LoU)"(AA"Zo()*xB*'?o\)'KC)))/((XPR"'ZO)'((XCR’IQ)"20)00077100
25 5)) vw00772uv
1FC VAN oLEes vev) Gy Fu S 00077300
DAZCSA* 2= * %20 ((¢D*((A4R)**24 ) *NSTP)/(NSTP+1e))4((eS*((A=B)**2.00077400
! ))/(CA+PA+L4)) 00077500
5 IFC VRN JLEs ve0) GU Tu £ ' ' e 00077600
DRSC=A**2 =% 2D o4 ((oS*((At)**24)*STP )/ (NSTP+14)) 00077700
14 +(Cao*((A=B)**2.0))/(L*+PR*14)) 00077600
7 Frevatl eibe U0y su Fd 00 V0Q77Y0uU
1 Vil elte Vul) oy Ty T0o 00078V0C
TEC DI ebbe ved oAl UA sbibte Uuly G O kS 0007810y
Il DA eibe Vs sAllus DiX sGle Ve0) GO Ly GO - i 00078200
DRI=SOR I (COK*AISTP)ZINSTI+1,0)) 00078300V
DR2=SUII(DR/Z(LR+PR+140)) 000 Buul
DAl=  SuRT((UA*HSTPI/(NSTP+1,0)) 00078500
DA2=SOGRTI(DA/(LA+PA+L,0)) 000786LU
HA=( STwtdy «(A+B)*NSTFI/Z(NSTP+1,0) VO078700
= T HR=(LINEGS FLA+BYRNSTP Y/ CNSTRSSaOY —— T 1. .. . bupresbe
TKA=(STInEdS *(A=B)I/(CatPA+140) wl0ou78Y00
TKR=(SINLUS *(A=i))/(CR+PR+1,0) 00079000
CHKE 5% (( (At IANSTPI**#2,0)=NSTP*(NSTP+1 s )*(Ax*2 tgee? =() 00079100
JF(CHK ) cus»iuslD 00079200
1V TLOC=2C(((HR"HA)**24 )/ (DR1**20) )+ ((TKR=TKA)**24)/(DR2**2.) "1 00079300
X JEU TEDE @G6T: D%0) GO T 680 ! 0007940¢ ‘
ILUL:(((HA'nN)*'d.)/(UNI*'Zo))#((TKA"KN)**Bo)/(UA?"Z.) b T 00079500 -
TSPLC= (({HA"HR)**24 )/ {UAL*#*2,) )+ (TKR+UR2=TKAY*#2,)/(pa2**24) =1,00079600
IFC TLOC oLle 040 ,aND. ToPEC sule 0,0) GO T 20 0007’y 70u
315 NREG=0 00079800
RETURN VOO/YYULUL
2U T CON=TERNZ2UCHsA»BsPR) S : ' i 3 QooBOGUL
WUAD=DTSCR(LKsALBIPItsC) 0008010 U
y UNLR=CON=QUAD 00060200
UNUK=CIN+QUALD 00080300
@UAD=DISCR(LCAPAIBIPASC) : 000u0uCO
! CON=TERAZ(LAsAIBIPA) Q0060500
e sREARCUNTOWAD . 0 0202000 0 0 0 T T TR T T L e e
' GNUA=CNN+QUAD 000060700
IFC(CHK) 30s30,40 00080V
' 30 NREG=4 00080900
RINT(1el)=tg=uivlA 00061000
nNNKIINn
——— T AT R e S e T T P T e e e e S R e B S e i
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6U

CRINT(as4)=14

TTRINT(T» 1) =B=GUn0K

KINT(S5rsc)=B=uhiA

RINT(S5e3)=2.

RINT(S5ed )=,

Cunz STintdd *(A+BI*NSTE
WGUAD=oON I (LNIK)

ONI=(T e/ UNSIP+HL D)) lCpN+tUyAD) Y SINEHS
GHNZ2=(1 e/ (NSIF+1,))#(CION=UUAL)*STNI4D
RINT(3s1)=p3=0i]

RINT(3e2)=us=wiilA

KINT (Aol )=g=uiilA

Rld((u-d)=ﬁ'uw/

l“(]‘\” oL o | KA) uy Tu S0
RINT(3,r3)=3,

RINI(3s4)=1]0

KINT(4r3)=3,

RETuRrN
RINI(3r3)=]e
RINT(3r4)=4.
RINT(Gpr3)=]10
RINI(4r4)=34

_REFURN

PP DR GEEe OeDy T GU RS
NKHEG=1

CON=TERLZ(LRPAIBPPIR)
WUAU=DTOSCRILK,APHBIPR,C)
UNLK=CON=QUAL

GHUK=CNIN*QUAD

RINT(1s2)=B"QLlLRK
RINT(103)=2

RINT(1»4)=1.

RETURN

lr(UA lu]o U-()) GU TO 60

NHEGU=1
RINT(1s1)== SURT(C)
RINT(1s2)=SuR1(C)
RINT(1s3)=00

HntuYrY Lo vk

}/ KINIULLIP2O)=ZLoe oSN R W
: R C-20
RINTUI+87=T & P e AR e P S — 00081300
| HIN1(2-1)=prNUA 00081400
RINT(2s¢)=B=GhLA 0008150
RINT(2903)=4. 000bB160
O RINTE2,01=0. iR L ol o E 0003170
RINT(3el)=RINTI(201) 000UbL 1 b(
RINT(3sc)=KINTI(2,2) 000UB19Y0U.
RINI(3r3)=3, V0Quv20GL
f RINT(3esu4)=1, 0002 In
L RINT (A1 )=8"0aUK volozeu
RINT(dsc)=B"WicdA v00eBZ 3L
RIMT(4e3)=2, 000n24y
KINI(4eu)=], 000825
RE Tt d v0Uov2uu
40 NREG=5 V002’
RINT(1el)=g=dul A (VIO XVESI S
RINT(1scc)=p3=whiL kX 000b2YOL L
RINT(193)=2. 0008300
KRINT(lou)=1, 0000310u ,
RINT(?0])=u=unnlIA 000h320"
RINI(Zrc)=B"QnlLA vo0vv3s0LU ¢
U HINDCZe 322 " T R T I e G N N 00083400
RINT(Z2s4)=4, 00063500
RINT(Ss l)=ts=Wivune UOUbBbu;’

0o0owb37q0
00083600
UUUO3YUu!
000bALGC
000bualCU
00084200
000BU3G
000buLGO
00084500
QO0basiO
000barGt
000BaB0U
000BaYQC
v0uosuiu
00085100
00vuss20L !
00085300
000bS4C(
v0oosSsHLu "
000bSLL !
u00es70LL
000BSLLU 4
000859«
00060 GU "
000861C0
000c62C0
000&k63C0L
V0UBKGL U
000665C0
000B66O!
00uB6L7CLU
00086800
000569Cv‘
00087000 4

|

00087100
00087200 )

- 00067300 ¢

000874C
0008B750u



|
c-21
' [ 3Y NREG=4 00087700
CON=TLRIHZ2(CArAsHePAY 00087600
GUAD=DTSCR(LALPAIHIPALC) 00087900
OGNLA=CON=QUAD 00088000
' GNUA=CNI+QUAD 0008810G
RINT(l1sl)=B=uviilLA 000H8KB200
3 RINT(1s2)=S5uRT(C) 00066300
1 ' RINT(1e3)26. 00068400
RINT(1»s4)=5, 00068500
RINT(Zs1)=8=UivUA 000uBB6LU
‘ KINT(20c)=p~0ul A 00088700
KINT(203)=6, VIONVN-X-X-1000
i ~— RIRTU2,43=%5, A 000B8Y0C
RINT(3s1)=B"QilUA 00089000
‘ RINT(3»2)=B=QNLA 00089100
RINT(3r3)=3. 000689200
RINT(3s4)=5, 0008Y300
RINT(4sd )=~ SQRT(C) 00089400
TRINT T ds 2yEB=GRUA 0 ¢ . . T T T T T 0onB9son
RINT(4s3)=00 00089600
| RINT(4s4)=5, 000697CC
f RETUH" e 00089800
END 00089900
SEGHMENT
STAKRT OF SEGMEWT
FUNCTINDW ZI(XPAPEB) 000451 Ut
C 0004520
¢ THIS SUBrRUuUTINE 1S NeEDED PUR THE INCUMPLETE BETA FUNCTIuN CALCO00045300
N PRI S T SO e T N O e e i 00045400
FN= o 7% (ALOGCLID s +A+RB) )2+ 2+ AMAXL(X*(A+HB)=A,0,0) 00045500
NEINT(F i) 0004560¢
C=le=(A+B)I*X/LA®24*tN) , 00045700
21226/ (L4+SURT(CH*2=U4 ,*FEN*(FN=B)*X/(A+2¢*FN)**2)) 00045bUV
hall SO 60 ey el C e e e e R e B2 i P ke 00045900
FN=N+1=y 0004600LL
APN=A+? 4 *FN 0004610¢
Z1=(A2N=¢2e ) *(n2N=1 s =FN*(FN=B)*X*L|/A2N) 00046200
2I=1,/7C0 ,=(A+tN=1,)%(A+tNel,eB)w*Xx/21) (VTR
6V CONTINUL 0004640C
B AESRERR T e ) D e ST i 00046500
END 00046600
SEGMENI




v
Cc-22
SUBKOUTINE KRLSVOLC(A»B»CrVOLUME,NSIDES,NPNTRT,POINT,FVAL) UUuy ...
CUMMIN ZCRBY/NIPSRINT»CUK 00093409
COMMNN /(Bl/ GRIDW,GRIDWsGRIDK 000y 3500
DIMENSTUN PUlnTlA»s4 I sFVALT4)sRINTUIS54) »504) 00093000
TLINE(XLaYLoXZoY2eX)=((Y2=Y1l)e(X=X1)/(X2=X1))+Y1 0009y3/700
00093600
DO 10 Ir=1lenPnTnT 000y 3vyLD
FVALCIPISTerRPUS(POIWT(IPe1)sPUINTC(IP.2)) 000Y400U
i 10 CONTINUL 000Y4100
\ GO T €a0s40ec0»30)»NSITDES ; N 000Y42(:0)
2V PIFCI=ant ACHINT(NIP»3) ea=PINT(1e2)e3=PUiNT (10 1)sRINT(NLIPs3)spA" 00094301
1 REEL N g &ee ) s g =PUTNTC221) ) 000%4400
PIELC 2=ARLAGINTCiIP2 ) oa=PInNT(1e2)oBoPyINT(1s1)eRINTUNIPI4)s A" 00uvasuu
1 PUINT(302)soB=POLNT(321)) 00094600

VOLUME vyl UHE+ (PTECL2a(FVAL (L) 4t VAL (2))+PLECZ*#(FVALC(L)+FVAL(3)))*.5000v4700
CURQ=TFIXC((PUlidT(222)=PUINT(30s2))*0e8+PUINT(302))/GRIDW)*GRIDY 000Y%4600

FIMP=TERPOS(PUINT(221)sCUKRGE) 00094900
DO 21 I=ls? 00095000
DU 21 J=1s3 00095160
[ECF vALCEY sbbe FVALCJ) N GU TU 21 000yscun
AINTI=FVALCL) 00095300
ey FVALTT)SFVALTJ) ' ) g ) - T T T 000vs5400
FVAL(JY=ATINTIL 00095500 ‘
AINTI=PUINT(]»1) 00095600
AINT2=PUINT(19»2) 00u9Ys700
PUOINTCI»l)sPUINT(Joi) 00095800 '
POINT(I»2)=FPULINT(Js<) 00095900
POTNTUJe1)=aluTl i i S " 00096000
POINT(Js2)=AINRT2 000vel00
21 CONT I HIL 000v6200
S(1)=S0n T (((PUTNT(LPl)=PJINT(2e1))*22e)+((PUINT(102)=PgINT(2°2)) 000Y6300
1 *%2,0)) 00096400
S(2)=SAr T (((PUINTCLI»1)=PULNI(3s1))**24)+((POINT(102)=PnINT(392)) 000Y650u
1 w2 () ' 000Y6600U
S(3)=SORTC((PUINT(221)=PUINT(3s1))**2¢)+((PUINT(2922)=PQINT(302)) 00096700
1 *x2,0)) 000Ye6bBLO
SPEK=0e2%(S5(1)+45(2)+5(3)) VOOYEYOU
BSAKEA= (SPER*(SPER=5(1))*(SPER=5(2))*(SPER=5(3))) V0uY7LOLUL
IF( BSAKEA oLLe 0s40) BSARLA=0,0 Q00v7100
e HERREASSORFCESARENY:. . o e T e 200
00097309
IF( FVAL(1) oLEe OeV) Gu TO 2% 00097400
KVOL=COEVALCL)=FVALL2)+FVAL(1)=FVAL(3))*BSAKEA)/ 30 00097500
VOLUME=VvOLUML+ T (BSAKEA*F VAL({1))=RVOL) 00097600
2> EXTHAZ(bSAREA+PIECI+PIEC2)*#(FIMP=AMINTICFEVALCI)»p VAL(Z2),F VAL(3))) 00097700
i o e T (e e it F . — 00097800
EXTHAZSAMAXLICULOsEXTKA) 00097900
VOLUME=VOLUME+EXTRA 000948000
40 RETURN 000¥8100
30 H=zABS(PUINT(I»1)=POINT(2°1)) 00098200
IFC POINTClo1) oEQe PUINTC(291) «0Re POINT(3s1) eEWe POINT(401)) 00098300
3 e T RETURN ' - e ] g V00YB4OUL
Hl=z0sS5*AuBS(PUINT(2»)=PUINT(4r2))*(FVAL(Z)+FVAL(H4)) 000vY8500
BP=0.5*AS(PUINT(1s2)=Pulnr(3,2))«(FvaL(1)+FvaL(3)) 000YB6UU
X=0eS5*(PUINT(Z»1)=PUINT(1,1))+POINTC(T,1) 00vyg700
YI1=TLINECPUINWT UL w1 )sPOTNTC(L102)sPOINT(201)sPUINT(202)0X) 00uLY88B0G0O
Z1=TLINL(PUINIC1o1)sFVALCL)sPUOINT(201)sFVAL(2)sX) 0009gyCO
TX=0+5*(FUINT(4»1)=PUINT(3»1))*PUINT(3»1) 3 - 000YYuoo
Y2=TLINEC(PULNTC3,1)2PUINT(3,2)sPOINTC4s1)sPUINT(4r2)0X) 000991cC0O
22=TLINE(PUINT(3»1)sFVALCI)PPOINT(4r1)st VAL(4)»X) 000vy200L
BH=ABS(Y1=Y2) 00099300
BMIU=0e5%*BH*(L1422) 00099400

i . R T




(] (‘)“("3\’7 ﬁ’(“

g£=22
VOLUME=vUuLUML+

(VAVAVA RSN Y VRY)

T UAREATTUR» A=PUINTI?2»2)»B*POINT(2s1)»CURsA=POINT(1»2)B=POINTC1.1))00099700

l *(FVALUL)*FVAL(22)*0e5)
RETUNN
S | L

SUBRUUTINE LRANGEVUVAL»TCLeTCURPZMAX s /ZMIN)
COMMUN ZUBLIUZCAIPALLR,PRIA,BsC

THIS SUBRUUTINE CALCULATES THE Z INTEGWRATION LIMITS
FUR A GIVEI U VALUL

ELLIPSCRPRe XL gPePUM)=((A+XPR*GP)/(XCRe 1) D4 ((=Llo)ewP M)«
1SOURTCECHECK L s COCA+XPIR*UP ) /(XCR*L ) I * 22 = (A%, +p3*xa2 = C=e
2 ®((RCRE L Y*r bl wP*« 25 3 )) /L XCR*15))3)
CINCLEC WP rPUN)I=( (L) **PUM)™*
] SOKTCOFUMECK(Zr (C=(uP*%de))]))
MTYP=IFLiXxCTILU)
LIYP=lrax(iek)
GWNP= s=1lvAL
GO T (102100200200 30030) »MTYP
10U ZUAL=E FLLIPS(PRsCReuwnNPsICU)
GU Tp 4V
2V ZCAL=LLLIPS(PA»CArQivP»TLU)
Lo 60 Tu 4u
iU ZCAL=z CIRCLECUNAL 2T GH)
U ZMA(=A-£LAL
GU T (5Ur5U» 00,60, 70»70) pLTYP
50 LCALZELLIPS(PRICRPQINPSTCL)
G, Tiy Bu
oV _ ZCAL=ELEIPSC(PEAeCRIGQNPeTICLY
GO T RBu i
LY, ZCAL= CIKCLLC(UVAL»TLL)

R IMIN=A=LCAL

RETuRN
END
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v

C-24

fUNC7lﬂN TtkPU(N'Q'K.IRLAU) VRV TRV
C THIS ROUTINE ESTIMATLS THE DENSITY F(WeQsR) 00100200
C FOR POINTS NUT LYING ON THE TRIVARIATE GRID ' 00100300
C THIS SUBPHRUGKAM PERFUKRMS INTERPULATIUN IN 00100400
C ONE»TwOsuK THREE DIMENSIONS 00100500
COMMON/Ci3l/76KIDWeGRIDO P GRTIDR 00100600
COMMON /CBI/NCUNWONCUNAPNSTRT 001uu/Lu
COMNN/ZLB 14/ AMLANC2) s XBIRLs XBR2s VARL DGF 001000607
COMHON/ZLET/ LOTPSISUR 0010074
CUMMIY /LBOG/ IMAxw-IMINn-IMAxu-IMINu 00101VCL
CUMMNN 7CB1¢/ NUMWeivUMU» NUMK R (O
COMMIIN /LHB13/ QHLGsNKEY 001v120C
COMHON 2uB2/ JREC»TSTAT 0010136
COMMUN /UBS/ KLG(30.2) 001014C:
COMMIOM /CB2VU/ RLCHAA .
DIMENSTUN Luumn(c.q).XVAL(10)-YVAL(10) 001035C.
T T DET2(AsbseCaU)ISATREC*D RGNS GRS T Y
TERP(=0eV 00101700 =
00101800
1FC POSFKOBLweQoRsLOTP+1) oLTe 0e0Q) RETUKN 00101v0yu Y
10 LBl=(W/uNlUW)*lFIX(uUMN/z YH1I=IFIX(CLSUR*XMEANCLDDZ/GRIDW) 00102000
WBEGe(Lble- ltIx(NuMu/2)+IFIx((ISUR-anAN(l))/ckluw))-gklbn 00102100
T Lpe=C (QIQNIUQ)’IPIX(HUMQ/Z)’I IFIXCCISURYXHEAN(2))/GRIDG) 700102200
QUE G=(Lo2=1=1F [ X(NYMO/2)+}FIXC(CISUR*XMEAN(2))/GRIDWII*GrDU 00102300
ENTKRY TerPUl(wsQeReIRCAD) 00102400
JF =2 00102500
Js=1 0010260
Jl=1 001027C¢C
[ P aNRSESE = T T Ay B TR PR TR T oy o T 1400102860
NPNA=O 00102900 ¢
IF (WG oEuwe w oAlNDes QBEG eEwe @) GU TN 15 00103000
IF(WHEG oEQ@e w) GO 10 45 00103100
IF(UREG «Euwe w) GO 10 60 00103200
GO Tn 2% 00103300
TEYTTTTIETCR G T e THAYXW cORG W eLhe THMINEY Sy oey "TTarans ol i oy T 00103400
1 eANUe (@ oGTe IMAXW oKe U oL Te TMINQ)) G TO 95 0010350
IF(w o¢Gle TMAXW oORe W oLTs TMINW) GO Tu 80 0010360¢C '
IFC Q@ oGle TMAXQ o0ORe Q oLTe TMINGQ) 4D T0 45 00103700 _
C 00103600
C INTERP/LATION IN ONE DIMENSION(RN) 00103%00 .,
T e T VIR BTH DEGRWE LAGRENGE T . oana e arug 0@W00
C 00104100
LA=(R/GHRIDR)=IFIX(((Wwel,)+(Q**2,))/(NSTRT#GRIDK)) 00104200 _
LY=L 4+? 0010430,
POW==1,0U 00104400-
IFCLS oeule NUMR) LSSNUMK 00104500
B R T L D a3 TR A e b i R S R 25 rE TTTTTTTTTR010460: 0
16 LS=*1 00LUa?700 |
POW=14D 00104800
17 WH=W 00104Y0U ~
QN=Q §5p 00105000
NP=1 001US. LU
NTTENUTR72Z WX e s e S S
DENS=0su 0010530 |
186 DO 20 T=1»NTT e : ) ; 00105400
L6=LS+1+(PuUn*l) 001055%u0
IF(LA oLEe U «DORe LO® oGTe¢ NUMRY GO TD 19 00105600
CALL RCALCOsUPLOSPLSIPoPWNOUWNSIRN) 00105700
e IF U TSTAT S GEs REGUESTIG 2y GO TU 20— e e W WS T
CALL TENTCLJLPLJ2sLJI3sWNPQNPRN) 0010SYCG .
READ(TREAD=JRETY YVAL(NPY — — — = = 7 001v60LOC |
XVAL (NP )=RN 00106100

SRR RN RSl R 7] e 001062060



'._.,19 __PUWE(=1.0)*PUN e S ) 001066
GO Tn 1o 0010670

2l DENS=POLY(XVALsYVALP?ReNP) b atg e R R e R R,

40 IFC DENS oLle 1e0E=35) DENS=0.0 ©001luevy

' TERPU=NENS 001070C
RETuURN 0010710

45 b oGle THAXW ofJKe W oLTe THINW) GO Tu 95 volouZau

l Vish 0010730
bl R e RS 21 : e = P i 0W0lu7udy

¢ TWU UIMENSLIONAL UNTERKPULATINN (QMeRN) 00107%¢C

l;c USINU A 4 PQINT LATTICL FQn LAGRANGE aGlorer

C U USLiNg 3 POINT PLANAR ¥ ALL 001v7/7¢C

gl > POlNIy Ak NUT AVAILAHLE 00107nt

¢ 0010790

'_J IFCG eblle UeV) QutGE=edCo®erlivs : _ L2 LIE

' IF(UBEG oLle IMING) QBEG=IMING*+GRIDY 0010810

o IF((QBEL+GRIDW) oGTe TMAXY) QBEG=TMAXQ=GHIDG 0010820

‘ RHEG=TIFLA(R/GRIDRI*uRIDK 001uB 3L
4/ DO S50 Ti=slsJdFeJS 0004
QN=WBEG+(11=JdL)*uRIuQ 001085

! IF(UN osLle IMING o0R, Qi 4GT, TMAXQ) GU TO 48 0010660

a DO SO0 le=1sJt»JS 0010870
SN RN=SKHEG+([2°J1)*GRIUR 0010886C
L4=(RNZGRIUR)=IFIX(L(W**26)¢(Q@N**24))/(NSTRT2GRIVR)) 00108Y0U

ln IFC L4 oL Fe U oURe L4 ouTe NUMR o0Re RN oLTe 0e0) GU Tp 48 0010900
CALL CRAIV(WNoQNsRHSLSTPH) 0010y 10

, IF(TSTAI eGbe REGCLSTPe¢)) GO TO 48 001uveu

; CALL TEWICJILNPJLQeJLRoNidoUNPRI) 0010930

. REALDCTRLAD=JKLC) COURD(NPSK1) 0010940
CUNKNDINPSF e )=UN 0010950

3 CONRDINPLF e 3)=RN 001uvyou

L 1F(LirSF «GEes 3 o«ANDe NPNA sGbke 1) GUJ TU 60 0010y 7¢

s RUSE =HESE €1 L il e I I e e k : _ 0010unt

: el T Su 0010Y'20
LY NPNA=NPiwA+] 00ilouGo

T 50 CUNT [t v0l1iplo
IFC NPSE eLue 4) o) TU 70 vo11020

! IFC Jb wul, 1) Gu Tu 55 0011030
JF=4 0011040

Jl=¢ Y- T 0011050

; JS=2¢ 0011060

i GO To av tOiloro
55 RETURH Q011080

. 6V PLANE=DLTZ((CUDRD(2»3)=CUUKD(193))s(COURD(3»1)=¢c0ORD(Ls1)) e (CLUKD(O0L110YC

} 13e3)=Cur(103))s (CUDBRDC(2s1)=COBRNIL1s1)D)e(VI=CUURD(1+2)) VO0111u0
PLAIF=PLANL*CUCT2((V0NRU(2o1)=COORNC121)) 7 (COORLT302)=CLURD(T2)) 0011111

1 »(LODRU(3s1I=CUNRLLL21))» (COIRLIZ92)=CUURL102))))*(R=CUOKD(31)I00LT120L

{ PHULT=DLT2((CUDRD(222)=CO0URD(192))(COOKD(3+3)=COURD(L123))»(CUOKD(VOL LIy

| 1 3,2)=CuuRu(1»2))s(L00RVL(3,2)=CONRD(1,2))) 0011140

' IF(P4ULT otuwe 0e0) WU Tu 865 001115u:
DENS=CNURD(L1ea)=(PLANE/ZPMULT) 0o1l1en

_ 'i GO 11 4u = g e SRR P
R __ 63 _ DENSeEOBMDISSRY - - - il o k VO111bU
! 6O To 4 b O L e R R ] ; 00111Y0.
i ‘__ru DO 75 1224 PP WAL : 001120¢
§ IFC CONKLULIs2) oNE. COURD(1+2)) X1=COORD(IL2) . Sk o 0011210,
I IFCCO0RLCIs3) oNEs COORU(153)) YI=CUURD(I»3) 00112201
‘ IFC(CUNRI(Is2) eNWE, COOKD(Is2)) 0011230
lA 1 «ANUDs (LUURD(I®3) «LQe COORC(103))) Fl'CDﬂRD(Iol) 0011240
ity TIFC(CONKu(TI»2) oNE, CODRD(I»2YY ~ 7 7 TN L @St
1 «AND. (cuuuu<1-3) eNEs COORU(1+3))) FI=COORD(I1) 0011206¢,
[ ]75 TTTONTINUE T eV Y R S RS S EE
DENS=(1s/((LOURU(152)=X1)*¢(CO0ORD(L1s3)=Y1))) 00112001

e - - o - e —— s - - s ——
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oo
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85
90

coccado

95

= I U U Uy eBEGReBESTGRIDY — - — T

1

T T TTTTDO0TT20T I3, JFL,US

¥ TTTCALT TERTUILW» JLU» JLRe WiTsUNPRND

1 *((V1=X1)*(R=Y1)*CUURD(1+s1)=C(VI=CUNRD(1s2))*(K=Y1)eF1)=C (VI=X1)00112%0

2 *(R=COURN(1s3))*F2) ’(vl-cooﬂo(..z))-(«-couno(1.3))-r3)
60 Tu 4v T C-26
IFC Q oGTe TMAXQ o0Re Q oLTe TMINQ) GO TO 95
Vizw

" TA) VIMENSIONAL INTEKPULATION — wNeQN

IFC A oLTe VeV) WBEGu=WHLG=GRIOW

IH( wWwHtu oL1e TMINW) WHLGETMINWeGRIDW

IF CCWBRG*GRIUW) oGToTMAXW) WBEGSTMAXA=GRIDW
REFL=IVIA(R/ZarIDR) «uR]1DK

DO 90 Ti=1euFrJs

WN=WHBEG+(11=JL)*GRIUN

IFC Wi oTe IMINW sURe WN osufle TMAXW) gu THD 85

D Yo Te=1.0t0dS

L= (RNZGRIDH)=IFIX(L(Q**2e)2(WN®*24) )/ (NSTRT#GRIDRKR))

IFC LG oLEe U oDRe LA suTe WUMK oDre RN oLTe 0a9) 60O Tp 85

CALL CRLIV(WNs QNsRNoLSTP)

1FC TSTAI sGbke REG(LSTP»2)) GU TO 45

CALL TENTCULWIJILQsJLRIWNIUNSRN)
RLAD(IKLAD=UKLC) COURD(NPSF»1)
CUOKMD(NFSFec)=nWil

COORUVD(NPSFed)=RN

“IFINPSF WGEs 3 +ANDe NPRNA +GE« ID GO TD 60"
NPSE=NPS +]

GO T 90

NPNA=HN? A+ ]

CONTINIL

IFC NPSt ebue 4) GO TO /70
TP I I T R e
Jt =4

JI=2?

JoS=¢

i) T B3

TTHRTE DTMLIASTONAL "INTERPILATINN TN

VIA ai s PUINT LATTICE FUR LAGRANGE
(R HYPERPLANAR IWTERPOLATION

I¥ PUINTS ARENT AVAILABLL

IF(w oLle Oev) WHEGEWBEW"GRIDW

IF(WHEG oLTe TMINW) WEEG=TMINW
IV (OBES oLTe IMINQU) QHEGETMINUG

IF((ABY G+GRIVAW) oGTe THAAXW) WHEU=TMAXWw=GRIUW
IFC(URFL*GRIUY) oGTe TMAXW) QBLGETHAXQA=GKINDGY

KBEG= lle(KluHIuR)auRIUN

DU 129 TTI=193F 535

WNzadFGe(11=Jl)*GR]IUNW

IFC W oLTe THMINW osuURe WN «GTe TMAXW) Gu TO 110
DU 1720 12=1sJdt»JS

GN=UHEG+(T12%J1)*GRIvVY

IFCUN oL le TMINU o(rte Qiv oGTe TMAXQ) GU T 110

RN=KBEG*+(I3=J1)*GRIUR
IFCRN oLbke Veu) GO To 110
LUA=(RNZGRIUKI=IFIXCOCCANT*2,)¢(QN**2¢))/(NSTRT*GRIDK))
IFC L4 oLEs O s0ORe L4 «GTe NUMR) GU To 110
NPSE=NPSF+1

RLAV(IRLAD=JREC) COURD(NPSF»1)
Connn(Nr;r.z)-uN

P R RN AT YW RN L L ¥ I— -—— - - - —— e o —

0011400

0011300 ™
0011310
0011320
0011330 .
0011340
0011350
0011360
0011370
0011380 -
00113vu
00i1400C "~
001141
0011420
V011430
001144y
0011450

001147v
0011450
0011490
0011500"*
VU01i81u
00115201

TT0011530

0011540
0011550

00\15601
001157u¢
0011980
0011590 |
001i600™
0011610

0011620 "
v01163C_,
0011640

0011650,
0011661

00116707
00l1168uUt
001169¢C

0011700~

-T00117104

V011720™
0011730

0011740,
uL11 750,
0011760 &
00117 /7u
OﬂlllobL
Vo011 7vC

00114800
0011810
V011820
w1183y’
00118407
V011p50:
0011500$
0011870
00116480,
0011a8vC |
0011900 |
0011910¢

NNl L9
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l c-27

ol 10 1eu 00119501
1107 T NPHA=NR WA T T N011960¢
120 CONTINUL : 0011970¢
1FC NPSE obue 8) GO TO 130 0011960,
“( Jt oblo 1) GU Tu 51) 001‘990(.
' Jbza SR YEANRE T T o S 0012000¢
; JI=¢ 0012010¢
Js=¢ 0012020¢
! G Tu 19) 0012030¢
130 DENS=0ev 00120400
. DO 199 I=1»0 e 0012050¢C
i DO 181 JUl=1»8 0012060¢
i IFC cODrp(Jdleg) courL(ls2)) G1) Tn 182 0012070¢
161 CONT [ NUL 00120800
B 282 Bl 280 Sdedae . o0 5 o sy 00120900
| IFC cONRD(J2e3) oNEe COURD(I»3)) GU TN 184 00121000
183 CONT JNUE R e e s BBk i00
j 104 DU 135 J3=1»8 00121200
.= IFC CUnnp(Jssa4) oNEe CQuRUCIS3)) GU TO 186 00121304
165 CUNTINUL 00121400
106 DENSzUENS+(((A=CUORU(I+2) )+ (Q="CUORND(TIs3))2(R=COURD(I4))) 00121500
i 1 Z7CCCuNr)CI»2)=Cu0RU(JL122))*(COURD(Ie3I=CUORD(Y2,3))*(CUURD(Is4)= 00121600
¢ C0uRVCYIn3)))*CI0RDLTINT) IR ERNR R A B MW RERY
1¥0 CUNT INiL 00121800
p's GU Tu 4v 00321900
[ 245 CONTINUL 00122000
Rt TURII 00122100
. LND 00122200

| SEGMENT
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FUNCTION ARLA(WHR1 LORWIPCORQLoWHR2?CORNW22CORQ2) 00122300
COMMUOUN 7CB1u/7 CA»PA»CRsPRIASB.C 00122400
@l=CoRQ1 0012250
02=C0ORN\¢ 00122600 =
W1=CDRW1 5 B 00122700
W2=C(IRWZ 0012280,
ARCA=0.V 00122900
1F( (WHR1 oCUWs WHRZ) V012300
1 sllK « 001231C.
l (CAMOD(WHR102) oS0 VelV) osANDe (WHKZ oLe (WHR1¢1,4))) 00123200
4 : i eOrte T 00123360
5 (CHAUDCWHKRIP2) oEQe le) oANDe(WHRZ osEQe(wWHRI®1le))) ) GU TU 1000123400
RETURY 001235
1u IGN=IFIX(WHKZ) V0123000
GO T (cus20030030,99039) sty 00123706y
20V xC=CR : 0012309
XP=PRr - 7 B ¥ 0012390y
GO Ty 4 V0124000
30 XC=CA 00124100
XP=Pa 00124204
40 IF((wl*nd) oLle 00y 6N Tu 79 V0124300
EPAR[IS((A'(Hz'ul)*v.stkﬁt(uetﬁzo'Ul"z‘))/(XC*A )) 00124400
TS T (XPea2 )= U(XCeT0we2,) s 00124500
C222 . +(AnxPey*(XC*+1e)) 00124000
CIzAsa2,= (XLt o) *(A%n2 +tBaw2,=C) 00124700
TCURV=AUS(0eS5*(Q2"Ql)*(nwl*tnw2)) 00124509
TRMI=Clw(Q2%r2,)+C2%02+L3 00124v00
IF(TRMY oL Te Vo0 oANDs ABS(TRML) oLTe 14E=04) TRM1=U,V 00125000
_TRMI-(?--cl‘ud*C?)':QR( TeMl) i W N e 00125100
TRMZ2=C12(Q)wwg,)+C2%Q1+L3 00125¢0 0
IF( TRMZ ople OeQ oMNDe ABS(TRM) oLTe 1eE=04) TRM2=U 0 00125300
TRM2=(2e#C1l*UL+C2)*5QART(TRM2) 0012540
FINT1=2(TRMI=TuM2)/(4,+Cl) 001255090
FINT2=(4owi 1% 3=C2#%2,)/(84*C1#*SQRT(=C1)) 00125%50) ~
s ‘“TRW3 i SORTTCZ2¥#2,%4,*C1#*L3) 00125700
ARGI=(2e#C1*014C2)/IRM3 00125700
IFC ABSCARGL) oGTe 1e) ARGI=SIGN(14»ARG]) 00125900
ARGZ2=(24#C1*u¢+C2)/1IRM3 00126U00
IF( ABSC(ARGZ2) oeGTe 1e¢) ARG2=2SIGN(1e#ARGZ) 0012610
FINT3=2AKRSINCAKG] )"AKSINC(AKRGZ) 00126200
Y EUFINTIFFINTZ*FINT3)Y7TUXT+I+) TTT001263090
LELCURV=ZABS(LPARTI*(( =] )ea(WHR2=14))I*EINTG) 00126400
IV ( ( (w2 oGTe 0,0) JANDe (AMOD(WHR2,2) EQs 1) ) 0012650
1 eURe 00126600
Z ( (WZ oLTe 0eD) oANDe (AMND(WHR29»2) «¢EQe 060) ) ) GD TO 60 0012870
IF(C W2 oNEe Ve0) G Ty S0 00126600
I ) 1 7 (WITSGTV 000) «AND. TAMOU(WHRL®2) WEQe 1)) 77770012600
1 s IR e 00127000
2 ( (Wi oLTe 060) oANDe(AMOD(WHR1+2) +EQe0e0))) GU TO 60 0012710 .,
50 AREA=TCUKV*LLLURY V0127200
55 AREA=AMAXI(VsUsAREA)D 00127300
RETURN V012740
“®0 ARFA=ELCURV=T.URV B R T N I i L 00127500
' 60 TO 5% 0012760,
| 75 “IFT CORW2 +LTe 040) GN TOD 76 0012770
' G=0. ‘H’CUNHZ 001278004
3 W2="0.5 00127v00
W1=CORW1=G 00124000
o e ey i R T e T R oy U g 00125100
76 G=0e¢5+CURNWI 0012820y
Wiz=0,9 00128300
W2=CORWZ=G 00128400
-y rrasnvemtt o m-nt¥nzys VAP Y2n Ca¥pDatiinsan mfisaan NA\1L2YNAN ) PRV, T WO e

et ade.
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uviZnrol

3V CUNIINUL

~————RETURM 003128600

END 001268900
SEGMENT

START OF SEGMENT

FUNCTIN WElGHT( NPASNAN) 0014010¢

CUMMON 7Cbb/ GUREGC(l4eld) 00140200

IFC NPA +Gke 45) GU Tu 10 00140300

WEIGHT=UREGL CivPASNAIN) 00140400

T TRUTURW ’ B TTTTTT00140500

10 IFC NAN oGTe 7) GO 10 20 00140600

WETGHT=LREGT (18, NAN) V0140700

RETURN 001400600

20 IF(NAN oLEe (NPA=7)2 GO TUu 30 00140900

INDX=14=yPa+nNaN 00141000

T WETGAT=GREGCU14s TRDK) TR TR ki ] e

RETURN 00141200

30 wEiGHT=1. 00141300

RETUR' V0141400

LEND 00141500
SEGMENT

b
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FUNCTION TEkPOS(UCOR»2(C0R) 00129000
CUMMON ZCB77 LSTP»ISUR 00129100
COMMON /ZCBl1/ GRIDW,GRIDQ*GRIDR 00129200
CUMMUON 7Z/CB1¢2/7 NUMASNUMW s NUMK 00129300
“COMMOH 7CB&/7 TMAXW, TMINWs THAXQ, TMTNQ 00129400
COMMON /CB2/ JREC»TOoTAT 00129500
COMMON scBls/ QUEG,wBEG 00129600
CUMMON ZCHI47 XMEAN(2) o XBR1#X13R2s VARG 00129700
COMM ZCBLIU/eXCES1PEXCLS2oEXCES3st XCESUrAnidnC 00i29su
CIOMMNY /CB3/ NCUNWenNCUNGeNSTRT 00129900
COMMNI/Z A/ JUINT p 00130000

COMMON /LB29/ RUCMAKX
DIMLNSTuY XVALC10)» YVALLLIV) 00130100
TERPS=V.) 00130200
INZE®=1) 00130300
IhIin=) 00130400
TERPNS5=0,0 = TTT00130%00
W=sA=7C0K 00130600
Q=B=UCOK 00130700
ReC®(UCUR**Z2e+ZCIIR**2,) 00130600
VCH=POSPRUB(AsQeRsLOTP) 00130900
IF( VCH LTs Ve0) RLTURN 00131000
= IFVU LSIF eGle ISURY GO Y% 0 T AT T 3100
TERPNS=CHISY(VCH,UGE )ePHI(WoXxBR1I, VAR ) «PHI(QsXBRE, VAK ) # 0013120v
1 PHTCUCUR P XMEAN(C)» 1o )*PH]I(ZCORs XMEANCL1 )0 1l4) 00131300
RETUR' V0131400
5 LBl=(W/uXiu V¢ IFIX(NUMW/20e)+1IFIX(CISUR*XMEAN(CL))/GRIDN) 00131%00
WHFG=CLpl=l=1r IX(NUMW/2)+1FIXCCISUR*XMEANCL D) J/grIDWII*GrIDW 00131600
LH2=Tu7enkTUWI+IFIX(ivuM@/2)+ T=IFIX((ISur«XMEAN(2))/6RIDQ) T TTTT0013170¢
GBEG=(Le2=1=1r IXx(NUng/2)*1rix(CISUR*XMEAN(2))/grlDG))*GRIDG 00131800
IFCC W suTy THAXW UK, W oLT, TMIHW) e ANV, 00131900
1 (W oGle IMAAKQ ¢ORe Q eLTe TMINW)) GN Tu 55 00132000
IFC W3fu espue W ¢ANUe QBEG oEWe Q) W) fu 15 0013210¢C
[t( WHF G ebue W) GO Tu 30 0013220¢
1FU QBFG WEWe Q@) G;) Tu 40 - T T 00132300
GU T "y 0013240¢(
15 IFC &4 oUle TUAXW sUite W oLTe TMINW) Gn TU 4V 00132%0¢
IFC Q osUle IMAXQ oUKe Q oLTe TMING) uwp U 30 0013260¢C
WN=wW 0013276«
WN=0 0013200¢(
20 LA ETRZGRIDRY™IFIXT (W ¥ 2+ %% 23 Y7UNSTRTY®*GRIDR)) — ~ — ~ — — ~ 77— 0013290¢
IFC L4 oLEe VU sURe LG oGTe NUMR) GO TO 25 0013300¢
CALL RCAL(LUI»LB2sLY9,0snid,GNsRN) 0013310¢(
IFC RN oNEe KD GO Tu 25 0013320¢
IFC JREC oL 0.0 sUR JREC o‘jro RECMAX) GO T0 25 0013325,
READ(JININT=UKEC) PrUBI 0013330«
TERPIS2PRUBIFPHITUCURSXMEANTZ2)» T, J#PHICZCOR XMEAN( 1), 1,) 00133400
RETuRN 0013350¢(
25 TERPNOS=ILRPULIWIQPRPJNINT) 0013360¢(
1 *PHI(UVURe XMLAN(2)91¢)*PHI(ZCORs XMEANC(L1)s14) 00133700
R TURN 00133080¢(
3V L8=LR? 00133v0:
eI LU I by R T T T 5 ST 0013400¢(
IFCCLB+L) oule HUMQ) LO=SNUME=I 0013410¢
L9=LA"1 00134201
L10=L K+l 0013430¢
OPF1=0 0013460¢(
2PT=A=W 001 3470¢
DD IS UITEIYLLI0 T S SR R I TR T T O0I34000
QH=(L11=1=1r LACNUMQ/2e)+IFIXCCISUR*XMEAN(2))/GRIDW))*GRIVE 00134%u:
UPT=4=0hn e 0013500¢(
001351 0¢

Nn013Is201¢
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l 1F( YVAL(I?ID) eGTs 040) INZER=INZER+1 V01354800
35 CONTDNMT T T LR s TS N T R s e O s 00135500
CALL BESTINTERP(XVALeYVAL»IDID»INZER»QPFITERPNS) 00135000
l IFC TERFUS sLis 0e0) TERPUS=0,0 00135700
RETURMN 00135800
MB8=LH1 SR I T e e e i SRR A 00135990
' IFC(48=1) oLLs 0) Mo=2 00136000
IFC(MB+4) sule HUMW) MdZHUMN=1 00136100
- M9=M4=] 00136200
| Ml1O0=MHE+1 00136300
O V0l36600
uH=u ¢ 00136700
il UPT=4=QH 5 A | ey 00136800
) DU 45 Mil=MYsh10 00136904
‘ WH= (41111t IX(NUMW/2¢)*IFIXCC(ISUR*XMEAN(L))/GRIDUW))*GRIDW 00137000
ZPT=4a=WH 00137100
| 1DIL=1D1D+1 oA 00137200
i XVAL(IDLD)=wH 00137300
g YVALCID4D)=ILiPUS(YUPTZPT) 00137400
| IFC YVALCIDIU) «GTe 040) lNZERSINZER#l 00137%00
{45 CUNTINUL 0013760v
CALL BESTINIERKP(XVALPYVALSsIVDID» INZERs WPt I TERPODS) 00137700
: JEC TERFAOS shle BeBF TENEMBRREE & o R B0 arEL
| Rt TURN 00137900
it WPT1=08ey 00138000
WPT1=WYc 00136100
| GPTe=0P 1 L+unlun 00138200
: WP T2=nb | J+GHIuW 00138300
Wi= 00138401
Nt T SRR ST S T Gy g e 00136500
| CALL UVERFLCLwD) 00136000
TLAGRI=Z(QU[=WP 1 2)*(ANi="WPT2)*TERPUS(B=WPTL»A=WPT]) 00138900
. TLAGRZ2=(Ql=uP12)*(Wi="WPT1)*TERPUS(K=QPT1+A=WPT2) V0139%0u0
j TLAGR3=(WI=WPT1)*(WI=WPT2)*TERPUS(B=YPT2sA=WPT]) V0139100
, TLAGRA=(QI=uP I 1)*(WI=*WPT1)*TERPUS(B=QPI22A=WPT2) 00139200
UDVAL =TLAGWR1I*+TLAGR2+TLAGRI+TLAGRY = kA 00139300
4 IFC DVAL «LTe 060 suURe INU oLue 3) GO Tu 51 00139400
| TERPS=UVAL/ (UR[DAwuR[DN) ~ 00139500
51 RETURN 0013y600
. 55 T TERPOS=TERPUL(WeQeRe JUTINT) 00139700
3 1 *PHICYLYRs XMEAN(2) 91 )*PHIC(ZCOR XMEANCL) 01 0) 00139800
RETURY =R PRI o e TN RS 0013yv0u
END 00140000

5 BT 3 SEGMENT
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CSTART UF SEGMER

_BLOCK DaJA . 0014160
COMMON /CeBB/uKEGC(14,14) 0014170

L. - s I XNl o2 TR AT T W AR, e P e AR, (oL 0ok
( THESE ARE IHE WEAGHTS FuK THE NEWTOW=GREGURY INTEGRATIUN FurMupL 00141y
C 0014200
DATA GRLLC(1leL)/0e0)/ 0014210

DATA (GREGC(3»2I)ol=2103)/e4166667e14116H6006004166667/ 0014220
DATACGRLGC(42L)sI=124)/e3/50]1412501012904375/ 0014230
DATACGREGC(D21)s]=125)/034861101e272222227583333°14272222» 00142406

1 e 348611/ 0014241
DATA(GREGC(021)91=126)703290611,163020833»48680555248680555» 0014250¢;

1 1¢3220033043298611/ 00142601

o DATACGRLGCC 2 ) a[=127)/032906]]12]13020833°e747916/214202777/7 00142740
150747910675 1,3020833»,3298611/ 0014250,
_DATACGRLGC(0O#[)»]=128)/¢31559192139217Y2246382440211539648»  __ 0014290¢
11015398406»4030244001039217929,03155919/ 00143000
DATA(GRLGC(Y»L)p]=129)/031559190163921792946239749+1.2563499» 001431Cy
1e819308¢91¢25034995062397490143921792503155919/ 00143¢00
DATACGRLGCCLIUPI)e1=200102703155919010392179224623974901424400b0/» 0014330
1e92417330e9¢417330102440RB0792¢623974901¢39217925¢3155919/ 00143400

e DATACGREGCCL1 21 )p1=00110703155919,1039217922¢623974991424406807 00143500
16909904151 eul0538400999%04]12]1e24408U79062397499103921792+43155%919/00143000
DATACGRLGC (122 )0 l=1012)76315991901039217929e6239749+142440807> 00143700
10909900191 0014269221601492092069099041010244080790623974991392179200143000
20¢3159919 / 00143900
DATACOREGLC1301)0L=1013)/0304224521440038369445346400]1e471428060 9014400,

o 1e739393¢r1e908287350097726522140824735547393932+1447142860++4534040500144100
21486038300 03042245/ 001442
DATACUREGLC 140 )0l =) 14)/0304224521446038369¢45346409) e471420090 (D144 30y

10739393¢01e0824735009886326°0988632601+08247359¢73939329104714286000144400

30453464D0144603836503042245/ 0014450¢
END 00144600
““SEGHLNI
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s ¥ eEo NN oNaoNeel

| 8 CONTINTIL

10

T EXTCIOCT I =ALOGIYTJK) )

i

15

i

20

l'_”“"‘_WTNY?IYVTDTNTTN—_"““”"”*‘_"""__""“ﬁ’““""

F

1(XINToL T

T YTU1)=AL0GTYT1J)

=29
SUBROUTINE BESTINTEKP(XsYsIDONs INOTZ,XINTHLYINT)
DIMENSTUN XC1U)eY(LIU)EXT(10)owH(10)
YINT=0.0

TH1S SUBKUUTINE wECIVDES WHICH TYPE

OF TWTERPOLATION IS MOST APPRIPRIATE FOR A PARTICULAK PUINT

SINCe THL UENSITY FUNCTIJN MAY HE TRUNCATLED

LAGRAGT AN INTERPULATLION MAY NOT A_LwAYS Bt iHE BEST
1FC INDIZ eLbte V) ReTunry
IFC INDIZ enbe 1DUNY G Ty
JFCXTHT o Te Xt1)eANuUs XAINT oL Te X(IDON) sANDe Y(1) oLE,

IF(XINTaLT,
IFCXTNT wlle AC1)oAwpexXINToLTeX(IDJYN)) QU Tu 3
IFCXINT oGTe AC1) oANDe XINT oGTe XCIDUN)) GO Tu 3
VDU 2 TRunN=Z2»1l00N

IFCOXINToGTe X(IRUN™1)eANDe XINT
XCIrUN=1) oANUs XINT oGTo
Y(Irgn)=aLlouw(Y(IRUND)

CONTINUC

T XCIRUN)) oURs

YINT=SPLINEF LI (KXo Yo dpONs INDEXso XINT)
IF¢C YINT oLle =30e¢) RETURN
YINT=EXP(YINT)

KETurN

DINT=POCY(XoYoXINTsADON)

TFU DINT oilte 0e0) WRETURN

YINT=D T

KETURN

D) B IRuUn=2»luld
IFC(XING oGle X(IRun=1) XINT XCIRUN)) oURs

sANU » oL Te

CLEXTNT el le XKCALRUNTL) sAwDs XINT oGTe x(LRUN))) WU Tu 9

GO T A
IF(Y(IRUI®])
INDL X=TicuN
JCT=)
1IFCYCIRUN=1)
G0 Tu 10

oLLe Vel oANpDe Y(IRUN) opbe OeU) RLTURIN

oLbe 0e0 sURe YCLIRUN) oLEe V«0) Gg Tu 25

X(Iout))) INDEX=IRYUN=1

RETURV

KCL) o ANV X [NT oGl o XCIUON) s ANUSYCIDON) sLE Ve DIRETURN

00144700
00144800
00144900
00145000
00145100
00145200
00145300
00145409
00145500
0V14%0uU0
00145700
0014580y
001459009
0014n000
0014610
.UOIQOJUU
00146300
00146400
00146500
00146600
00146700

.. 00146800

00146900
00147000
00147100
00147200
00147300
00147400
V0147500
00147600
00147700
V0147800
00147900

00144000

RLTURN

Lo 15 JUn=leluun

IFCY(JK) sLie 0e0) Wy TU 1S

JCT=CT¢rl

WH(JCT)I=X(Jr)

IFCJC stde LWUEX) LuX=JK

CONTIHUL

1F(JLT sute 32 GO TUu 20

DINT=POLY(WHoEXToXInToylT)

IFC DINI oLLe =3560) RETURN
TOINT WeTe 0e0) w0 Tu 377

YINT=EXP(DINT)

RETURH

DINT=SPLINCHIICAHPEXToJLToIUXeXINT)

IFCDINT oLEs =354) RETUKRN

IFC DINT oGle Ve0) GJ TU 3

RETURN
IFCY(TRUN®1) oGTe 0eO)FACaABS(IFIX(ALOGLUCY(IRUN®1))))
IFCYCIRUN) oble VQe0d FAUSABSCIFIXC(ALOGIVC(YCIRUN))))

DO 59 Jr=1slUUN X i

IFC YCIN) aale 0a0) GN [0 30 .

wr——— -

00146100
V0l4as200
00148300
00143400
00148500
00148600
00148700
00148600
00148900
001490G0
00149100
00149200
00149300
0014940y
00149500
00149600
00149700
00149800
00149Y00
00150000
00150100
00150200
V0150300
00150400
w0150%00
00150000
00150700
001%0800
n01Snvnn




|
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L)

e #

Cc-34

IFC JK oNEs INDEX sURe JK oNEs (INDEX=1)) GU TO S0 00151000
~30 T JTTEJCTF[— = 001%1100
WH(JCTDI=SX(Jdn) 00191200
EXTCOCT)=AL UGl e#(10a*nb AL)XY(JUK)) 00191 3¢
o LFGIK etus INUEX) TUXEJA 00191 4
5V CUNTINYL 0019150«
IFE¢C JET Gie 3) G LY 60 001%100:,
UIN]=P’)LY(WHDLXI-XlNTnJCT) 0019 ur
GO To Al 00151600
6U DINT=SPUINLr LI (AHsEAToJU T fUXeXINT) VU151900
61 TF(UINT oLTe Ved) RETURH 0015240,
Y INI=(EXP(UINT)=14)/ (10 **FAC) 00152i00u
RETuRY VUIHZ2L
END 00152301

¥ 1 SEGMENT
L FUNCTIOn PULYUXe Yo kN ENUNS 0 T T 00156900
DIMENSTuUN X(lu)sY(1V) 00157000
€ 00157100
- THIS ROUIINE PERFORMS INTERPOLATION vIA 00157200
€ GENFrALJZtyU ONE VIMENSIONAL LAGRANGE 00157300
e 00157400
DSUM=0eG 00157500
VO 5 TK=1sliUM 00157500
RO i | 1,0, 4 e e S i » ~W015770.
BTERM=1, 00157609
DO 4 JK=1slhum 00157909
IF( JK otQ@e IR) GO 10 4 0015800
TTERM=(AINT®X(JK))I*ITLRM 001558100
BTEhRM=(X(IK)=*X(JK))*BTEKM 00155200
4 CONTINUL ) 5 A 70015830')
T T T DSUN=0SUMS (ITERM/BTERMY =Y (IK) : 00158409
5 CONTINUL 001358650
POLY=0LSLM 00158609
RETURN 00158700
END 00158800

SEGMENT
STARIT OF SEuMENI
FUNCTION ECHECKCINUMMVAL) 00154900

COMMON/EKR/ 1RPL1,IRF2 00159u0D

GO TO C10e20 Yo INuM 0015910u
C THIS 1S A (HECK UN ZKANGL= ELLIPSE 001592G¢
1077 TTFUVAL o7 UsD oANUe ABSTVALY «GTe 1.,E*086) IRPI=IRPI*1 ~— — = 00159300
VAL=AMAXL1(OsU»VAL) 00159400
RETUKK 001595¢C0
€ THIS IS ¢ (HECK UN ZrANGE = CIRCL 00159600
20 IFC VAL JLEs Ue0 JANDs ABS(VAL) oGTe 1+E=06) IRP2=I1RP2+1 001597C0
RETURN 00159500
ERND A e 00159960

SEGMENT




ela— v i R

sEeole Nel

6

T T T = A EY YL (@Y VAL T 3TN ) s

7T T TG RTEYTRFTT7D IR TS ZUKFTI#PIR)
TINT=(X(J+1)=XTNT)#(CClad)w(X(K+1)=XINT)*22,4C(3,J))

€-35

FUNCTION S"'Llni[fxT(A.Y.H.J.xINT)
DIMENSTU XCIu)eY(C1Uud)eDCLO)eP(10)SECI0)PC(4r10)
DIMENSTUN ACLIve3)et3l10)sZ(10)

TSR TINCFIT PERIDRmS TUHTERPELATIUN Y FITTING
A CYpiC SPLINE pVNCTiON 10 THE PUINID

MM=li=]

D) 2 K=4sMM
D(K)=X(hr+1)=X(K)
P(k)=D(n)/6e
E(K)=(Y(K+1)=Y(K)J/U(K)

DO 3 K=<oMM
B(K)=E(n)=bL(K=1)
AC1s2)==1e=0(1)/D(2)
AC1»3)=u(l)rzuL2)
al2,3)=r(2)=P(1)*A(L1,3)
A(2,2)=l,*(P(L)+P(2))=P(1)xA(1,2)
AlL253)=a(2e3)/A(202)
B(2)=K(c)/A(Z»2)
1IFC M etuwe 3) GO
DO 4 K=3,MM4

Tu 5

ALK 2)Eg (P T =1 0+pP{K))I=P(K=1)*Aa(K="1,3)

B(K)=B(n)=P(K=1)*B(h=1)
ACK» 3)=r(K)I/L(Ko2)
B(K)=4(L)/AKs2)
@=DM=2)/)(m=1)

AlM, | )= e+U+A(M=2, 4)
A(Me2)="g=a(Msl)*l(n=1)
LCA)=BCm)/Alre2)

MN=M=2

DO 6 I=1eMN

K=M=1
LIK)=B(n)=A(K»3)*Z(R+])

DO 7 K=1esMM

W=le/(He*D(R))

C(l1esK)=L(K)*y
C(2,K)I=L(K+1)*Q
C(3»K)=Y(K)/U(K)=Z(Nn+1)*P(K)

STAR I

TINT=TIwT+ (XINT=XCIII*(CL2o ) n(XINTox(y))w22,4C(4sy))

SPLINEFLT=TIwnI
RETURN
END

. s

OF SEUMENT

QOIS 240
V01%250¢
00152600
00192700
vo0i1S52600
00152900
0015300u
00153100
00153¢2¢¢C
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C-36
¢ SUKROUTINE RESUML(X1sX20X30%)
AL e A
C TTHI S SUBRUUTINE TALLOWS THE PrROGRAM Tu BF ] i
€ bUb PP A YERIOD OF TIME AND TERMINATED
C EY Tht CuMPUTEK UPERATUKS THIS SUR INITIALIZES
€ PLL tHE IMrOKTAN) vARIAGLES BACK TO whAT THEY WERE wHEN THE
C FROGHLAM kS RUNHING
o TR e e e S T VIR A
€

Cumi-ut/es?/s LSTP,ISUR
CUMMUNL 7LBlU/Z CApPAsCRIPRyAsPB,C
COMMNON 7¢BB/ JOINTLACAL
CUMEON/RESTAK/NC(30,2)s ASH(3U),NTESTS
CUMI ON /RESTAKZ K1EuT-NU60NbTP011013013’rR§C01RAC NPFIACS IRNK
Cotinnll /RES AR/ NPt INR,PRUBACSPRUBNK s PRKAC, PRQAC ) PREKNR g PRQNIC
COMMON /RESTAK/ RVALAC KVALNR*RACBEGsSPRUACP»RNBLG»SPRONK
CUMMON ZRESTAK/Z WN,WN» RN
R A
YEAp=" v
DYM=TIML(S)
DOFuKk=TIME(O®)
TOD=TIML(1)/72160004V
DAY=CONVAT (VDAY »DYMNedZ2s12012)
DAYSLUNCAT(UAY s DYMs 3Qe24012)
{ YEAK=CONCAICTLARPDYM12236012)

‘ KA (1D2=4) WTRYSPRTESI oL enSTPoJUINT»ICALsI12 120 13eKKECP IRAC
l 1 Nv.Iﬂc'xkun-lPrlNa'A-H:C-PHUuAL PRURBHRPPRRACPPHRQACP?PRRIVKP*PKRGNR »
r ¢ KVALAC,RVALINR,RACUEGs SPRUACIRNBEG» SPRUNR, X1 Xe» X3
MIRYS=HNIRYS*]
WHRITEC(A2100) MTRYSeULOFWAPUAY s YEARS TUD
100 FORIAT(IH1 o €Uk "RESUMING PRUCESSING™»2UNs"TKY" s 152 //7010XsA6s 10X,

1 28625 A AT, 157 T HUURS™Y 3
: WHITEC(HB» 1OL)
101 tORMAT( 4Ux»"SUMMARY FrUOM LAST RUNT)

WKITE(Rs*/) NTRYS.RTtS'-NDC-NSTP.JU’N]»ICAL-115120130KREC01RAC0
] NPFIAC» IRNIs» NPFINR*AsBsCrPRUBAC PRURB IR PPRACePKQGACIPRRINKSPRGNK»
v KvALAL.RVMLHHpRACULG.bPﬁukclﬁﬁgﬁqﬂseR?“B{X}}XZDXJ

EL R L I SEOWERT

WHITE(H8»102) ¥
10?7 FURMATC(/// 40X "SUMHARY FRUOM ALL PREVIUUS RUWNS™)
U 10 Ji=lehTLST
DO 10 Je=1eNJL»9
DO 10 J3=1sNSIP=]
READ(T1=(J3*((J2=I)*NTESTS)F(JT=TH)*ANTESTS*10)) PACC,PREJPPCUN» —
1 NSTLP»ALAMMNCASE
WRITE(Bea/) NCASESALAMSHSTEPS»PACC»PRE)»PCON
IFC NSTF oLbe (ISUR*1)) GO U 10
IFC J1 oUT. KTEST JURs J2 LT, NOC e0Re J3 +LE, ISUR) GU TU 10
0CCJ3s1)=PALL
~ . DGto3e2 )=PREJ = ST
ASN(J3)=pCul
10 CONTINUL T e R e A e s e
WN=A
WN=H
KN=C
RETURN 1
| END
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