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ABSTRACT 

The velocity field and pressure distribution between stationary 

and rotating finite disks are obtained by a finite difference solution 

of the Navier-Stokes equations and the continuity equation using an 

explicit scheme developed by Chorin [l ].    These numerical results 

are compared with the results of "infinite disk" solutions.    In the 

range of interest for viscometer applications,  the velocity and pres- 

sure are adequately represented by the infinite disk solutions. 
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TABLE OF SYMBOLS 

Symbol Definition 

D Artificial density 

N Number of iterations 

p Pressure 

P Dimensionless pressure,  D/6 

(r, 6, z) Cylindrical coordinates 

(R, 6,  Z) Dimensionless cylindrical coordinates 

R Maximum radial distance 
« 

R Reynolds number 

t Time 

T Dimensionless time 

u Radial velocity 

U Dimensionless radial velocity 

Uw Dimensionless radial velocity from 

the infinite disk solution 
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v Tangential velocity 

V nimensionless tangential velocity 

w Axial velocity 

Dixnensionless axial velocity W 

Z 

6 

X 

P 

O 

Maximum axial distance 

Artificial compressibility factor 

Ratio. Z/R 

Viscosity 

t^ 

. 

Density ''TU<-* 

Angular velocity 
■ 

: 

a 

Kinematic viscosity,  ß/p 
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A. 
I.   INTRODUCTION 

The problem of practical interest to be solved can be stated as 

follows:   An incompressible Newtonian liquid is contained between an 

upper,   stationary disk and a lower,  rotating disk.    Determine the 

velocity field and pressure distribution of the fluid in motion. 

c 
.  ■ 

l— Stationary Disk 
J —Liquid-Air Interface 

i — Rotating Disk 

Figure 1.    Physical Configuration 

By presenting accurate numerical solutions to the Navier-Stokes 

equations,   this paper makes possible an effective determination of the 

nature of inertial secondary motions in a rotating disk viscometer 

having disks of finite radii.    Previous considerations of the problem 

have assumed that the disks are of infinite radii,  resulting in solutions 
■ 

involving numerical and analytical approximations [ 2, 3] .   A compari- 

son will be made of the velocity distributions obtained with disks of 
- '  i 

■ 

finite radii and those having radii assumed to be infinite. 

wfenMMiuft*». «■«• 
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II.    THE EQUATIONS OF MOTION 

The equations governing flow consist of those of Navier-Stokes 
.       •     ■ • 

together with the equation for continuity.    These,  as used in this 
■ ■ ■ > ■        .'     . 

paper,  are for a cylindrical coordinate system (r, 6,  a) with rota- 

tional symmetry and incompressibility assumed.   The equations are 
>v 

written as follows [ 4] : 

at  +Uar      r   +Was        .jj^ **U2      r Or      ra      dz3J 

dv dv   ,.  uv aftr    .   1  i)v T ft 

■ (X     i. ,1. 
] 

aw ,    aw .    aw       i &£ x 0 r^ + i ^ + ^S1 

(D 

(2) 

(3) 

■ adjfsm tsq£u 

H + ää + ^K s  o.     ^ ' ..     ., (4) 
r      ar      dz 

■     , ,■ . ■..-.' 

Here, u, v, and w represent,  respectively, velocities in the 
O ,- . 

radial, tangential, and axial directions,    p is density; p is pressure; 

and v is kinematic viscosity.   The radius of each disk is R; the 

spacing between them is Z;  and the angular velocity of the rotating 
-     , . 

disk is ft. 

..■ flBHääri •- 
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The above equations are normalized according to the following 

procedure: 

Primary Variable Normalizing Quantity Normalized Variable 

u. v, w RO u, V, w 

r R R 

»      • Z 
t 

z 

P 
■ 

Z/RO 

pRan3 

. T 

P 

The normalized equations are 

ÖU 
ÖT 

t 
R y + Aru^-?) + W~=-X~ au 

dZ 
OP 
OR 

* 
aPu 

R   L       x dR e 

cftj 

a^^^äR+T";^^3^^ Cai5+Röi:"Rs^+äPJ    (6) 
e 

aw aw ap .  i aPw . i dw    . ^w -: 
aT+AUaR + waz-    dz+R  LA ^aR3 + R aR ^ + iz3 J 

■ 

, ^ u L au ^1 , aw    A 
■ 

where R    =   •    and A  ■  Z/R. 
e V ' 

. 

(7) 

(8) 

11 
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The boundary conditions used are shown in Figure 2. 

■       • ■        . . " . 

V* 0 

If« 
Us 0 

u= V = W = 0 
Z = 1.0 

o 
1     • o - 

o 
•    1 

II II 

r ZcO.O 
«\ 

av, v 
OR5 R 

'- aw = o 
OR 

u= o 
U = W = 0; V = R 

Figure 2.   Boundary Conditions 

The rotating plate is at Z = 0 and the stationary one at Z = 1. 

R = 0 is the axis of rotation and R s 1 is the liquid-air interface which 

is assumed to be planar. 

w —— 11 

The Reynolds Number, R , represents the measure of inertial 

stresses relative to viscous stresses.    Viscometers are usually 

analyzed by considering the "inertialess" limit of R  ~ 0.  in which 

case the flow consists of circular streamlines.   Viscometers gen- 

erally operate with a gap-to-radius ratio; X , of less than 0. 05 and 

with the product X R   less than unity. 

12 
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III.    NUMERICAL PROCEDURE 

To solve the Navier-Stokes equations,   Chorin's explicit tech- 

nique is used.   An artificial compressibility factor,  6 ,   is introduced 

into the equations of motion.    Hence the continuity equation is re- 

placed by 

öD ru     ÖUN    aw (9) 
öT * V* R     OR y    az x ' 

where P = D/6 is an artificial equation of state. 

Equations (5),  (6),  (7),  and (9) are put into finite difference form 

by means of a Dufort-Frankel scheme,  (details are obtained from 

Chorin [ 1 ]), and the resultant equations appearing below are then 

utilized in the computing procedure: 

• 

13 
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U(T+) =    { -"^U [U<R+) - U (R-)] 

+ 2XAT I* 

■ 

AT 

"Zz w Cu(z+) " u^2"^ 

• kHf   CD(R+)-D(R-)] A AR 

. 
■ 

+ 1^'    CU(R+) + U(R-) - U(T-)] ReAR 

+ XiAT    [U(R4) -UfR-)] 
ReAR R 

2XaAT     U 
R 

2AT 
+  R^p-  [U{Z+) +   U(Z-) - U(T-)] 

***r*$/{i*g0*i&) 



MBM^^ 

. 

XAT 
(T+) =   { -^ U [V(R+) - V(R-) ] 

- — f 

AT 
" AZ   W [V(Z+,  " V<Z"> 3 

2 X8 AT 
♦ R   ARS   CV(R+) + V(R-) - V(T-) ] 

e 

XaAT    [V (R+)  - V (R-) ] 
R AR R 

2XaAT    V 
R Ra 

e 

+ ^|ä   [V(Z+)  + V(Z-)   - V{T-) ] 

♦v(T-))/{1+4£AT +^ 
R AR"      R AZ' e e 

} (ID 

15 
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W(T+) =   i   --^-  Ö [W (R+) - W (R-)] l        AR 

-4J w Cw(z+) - w(z-)] AZ 

"^  [D(z+) " D(Z"):| 

+ l~^?   [W(R+) + W(R-) - W (T-)] 
R  AR- 

e 

. XaAT     FW (R+) - W (R-)] 
+ R  AR R e 

f _2^a   [w (Z+) + w(z-) - w{T")] 
ReAZ. 

+ w(T-,}/{1 + |^+^r) R  AR-8 

e 
(12) 

■ 

16 
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D(T+) =   -2XAT ^ 

"^ [U<R+)  " U(R-)] 

~  [W (Z+)  - W (Z-)]  + D(T-) (13) 

where    U (R+) = U (R + AR.  Z.  T) ; 

U (R-) = U(R-AR.  Z.  T);    etc. 

Equations (10) through (13) are applicable only at interior 

points.    For the various boundaries,  the following equations were 

developed using for the purpose one-sided differences. 

At the centerline,  (R = 0), 

U = 0 

V *  0 

(14) 

(15) 

AT W (T+)  =  (  " £z   W [W (Z + )  - W (Z-)] 

'ih CD(z+) -D<Z-^ 

+ 1^?   [2 W(R+) - W(T-)] 

17 



^^   [W(Z+) + W (Z-) - W(T-)] 
R AZ 

e 

+ W (T-)}/ { i       2XaAT   .    2AT 
1 +FlR!r + F^F e e 

(16) 

■ ■• . 

D(T+) = iMl u(R+) 

-  T? CW (Z+) - W (Z-)]  + D(T-). 
AZ 

V(T+) = {   - ^   W [V(Z+) - V<Z-)] 

+ ^^   [2V(R-) - 4(R-) + V(T-)] 
R AR e 

+ ^4^7  CV(Z+) + V(Z-) -V(T-)] 
R A^ 

(17) 

At the liquid-air interface,  (R = 1), 

(18) U = 0 y    ' 

+ V(T-)|/{l XaAT    ^ JAT     i 
RAR8^ +FAZff J e e 

i 

(19) 

18 
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- · . · ~.-~AT 26T · 
+ W (T ) I / l 1 - R 6R2 + R 6Z2 I (20) 

e e 

D (T+) = 

Along the rotating disk, (Z = 0), 

u = 0 (22) 

v = R (23) 

W= 0 (24) 

19 



D(T+)=    -2^7   [W(Z+) - W(Z)] + D(T-). 
AZ 

(25) 

Along the stationary disk (Z =  I), 

(       . 

U = 0 

V = 0 

W =  0 

(26) 

(27) 

(28) 

D(T+)=    - 2^  [W (Z) - W (Z-)]  + D(T-) . (29) 

The above equations (to obtain steady state solutions) were pro- 

grammed for a digital computer.   Such solutions are considered to 

have been achieved when D (T+) and D (T~) are approximately equal. 

A copy of the computer program,  coded in Fortran IV, is contained 

in Appendix A. 

SA 

,{Q iiih 3.:-s 

r,        U 

s 

w 

20 
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IV.    STABILITY 
■ 

If the flow under consideration is to remain incompressible 

and therefore stable,  Chorin asserts that 6 must be chosen so that 

6^ R    Max   (U 
R, Z 

a + Va   + W3)* <  1 . 

, 

This is equivalent to keeping the artificial Mach Number less than 

unity. 

To insure that motion can be adequately described in the con- 

fines of a given grid scheme AT must be chosen so that 

AT * . 437 Min   (AR or AZ) 6*. 
R Z 

Numerical results show that the above conditions are not sufficient 

for stability in some cases and too restrictive in others. 

21 
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V.    NUMERICAL RESULTS AND DISCUSSION 

The secondary flows found in the R-Z plane are shown for 

X = 1. 0,  . 50.  . 20 and . 10 in Figures 3 through 6.    (A R   = 1. 0 in each 

case.)   Computer program-outputs for velocities and pressures cor- 

responding to these cases are given in Appendix B. 

Once an adequate 6 and AT are chosen,  convergence is achieved 

in 2000 to 4000 iterations.    This requires 20 to 40 minutes of com- 

. puter time.    The following table contains 6 and AT values for which 

divergence occurs: 

Chorin's 
Trial Values Necessary Conditions 

X R 6 AT 6 AT 

■" ■ U      ■■-/, 
.75 1.0 .04 .001 1.0 .022 

.75 1.0 .09 iOOl 1.0 .022 

.75 

1.0 

1.0 .16 .001 1.0 .022 

1.0 .04 .0005 1.0 .022 

22 
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Listed below are 6 and AT values for which there are convergent 

solutions: 

R 
e 

Trial Values 

Chorin1 a 
^^oaaary Conditions 

6 6 AT 6 AT 

1.0 1.0 .04 .00025 1.0 .022 

.75 1.0 .04 .00075 1.0 .022 

.75 1.0 .04 .00075 1.0 .022 

.75 1.0 .09 .00075 1.0 .022 

.75 1.0 .16 .0005 1.0 .022 

.75 1.0 .16 .00075 1.0 .022 

.75 10.0 .04 .0005 .01 .002* 

.50 1.0 .09 .001 1.0 .022 

.50 2.0 .04 .001 .25 .011 

.20 1.0 .09 .001 1.0 .022 

.20 5.0 .04 .0005 .04 .004 

.20 5.0 .04 .001 .04 .004 

.10 1.0 .04 .001 1.0 .022 

.10 10.0 .04 .001 .01 .002* 

.10 5.0 .04 .001 .04 .004 

♦ The necessary conditions are violated,  yet a convergent solution 
is obtained. ■ 
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At least 20 grid spaces are necessary in R and Z for reasonable 

results. Numerical oscillations are produced in the Z direction when 

only ten grid spaces are used. 

For the small secondary flows, true convergence is very 

difficult to discern with this numerical technique.    As an example, 

for X = . 1 and R   = 5. 0 convergence seems to have been achieved in 

2000 iterations.    But when the results are plotted,  numerical oscil- 

lations in U are evident.    However,- after 4000 iterations these oscil- 

lations have vanished and   the results appear to be accurate when 

compared with the infinite disk solution. 
■ 

Rate of convergence is independent of starting values unless 

accurate values at R = 1. 0 for W are introduced.   In proof of this, 

a case was run which took as an initial state the infinite disk solution. 

Convergence still required 2000 iterations. 

n In order to test the stability of the numerical solution,  two 

special computer runs were made.    In the first,  a convergent solution 

was perturbed in W.    This perturbation was of the order Max| W|   and 

was introduced between R = 0. 5 and 0. 6.    The solution again con- 

verged,  suggesting stability for finite perturbations.    For the second 

run,  initial values were assumed from the infinite disk solution and 

pressure was increased by an order of magnitude.    This solution 

achieved an oscillatory behavior then diverged completely. 

28      . 



VI.    CONCLUSIONS 

A large scale parametric examination of 6, AT, AR and AZ is 

required to best determine the numerical stability,  the rate of con- 

vergence,  and the accuracy of each problem solved using Chorin's 

technique.    To show that the results obtained herein are indeed 

reasonable a numerical solution is compared with a series solution 

for infinite disks.    The series solutions are written to second order 

in X R   as follows [2,  3 ] : 

U= -RXRe [4 (1-Z)-9(1-Z)8 + 5(1-Z)4] 

"60" 

V = R (1-Z) - RXaR 8 [ - 8 (1-Z) - 35 (1-Z)* + 63 (1-Z)5) - 20 (1-Z)7 ] 
c 

6300 

W = XR    [-4 (1-Z)a + 6 (1-Z)3 -2 (1-Z)5] c 
60 

P= . 15 R8 . 

These comparisons are made for X = . 1 and R = 5. 0.   Figure 7 shows 

the secondary velocity field for the numerical solution.   (A computer 

output for this solution is contained in Appendix B.) 

29 
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Figure 8 shows a graphical representation of a comparison between 

the numerical solution for finite disks and the series solution for 

infinite disks. 
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Considering the closeness of the results of the above compari- 

son it can definitely be stated that the velocity and pressure for 

rotating diskviscometer applications are adequately represented by 

the series solution of the infinite disk problem. 
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APPENDIX A 
•:      ,1[V 

COMPUTER PROGRAM . I 

■ 

Coding hints: 

D   rxol 

'    ' 

1. Factor all constants and remove their computation from 

the innermost integration loop.    This results in a 30% 

reduction of computer time. 

2. Simplify the subscript arithmetic as much as possible. 

(See statement number 5.)   This results in a 20% reduction 

of computer time. 

'S 
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APPENDIX B 

SAMPLE COMPUTER OUTPUTS 

! 

Guide to the computer output: 

1. The first line of print is the number of iterations. 
• ■ . 

2. The second line of print is X.  R . 6. AT, AR, AZ and a 

.  pair of indices. 

-  • ■ 

3. The velocity fields (U,  V,  W) and the density (D = 6P) are 

printed on the following lines.    The numbers are oriented 

so as to correspond to the graphs previously shown. 
■ 

■ 

.   ■ 
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