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Analysis of Helicopter Rotor Blades.

Suwmmary:
The purpose of this report 1s to give all the/;;eory and
derivations necessary for the structural analysis of helicopter

rotor blades 1n steady forward flight. These data can easlly be

made &applicable to accelerated flight.

Description and Discussion of Materilal.

Four different types of blade attachment of the rotor hud
are considered:

a) Feathered, articulated blades equipped with
mechanical damping devices.

b) Feathered blades, center-hinged
plane of rotation (see-saw typej.

c¢) Single blaede (for type of attachments see
discussion, Part IV,

d) FPeathered blades with completely rigid
attachment.

The description of the report, which is divided into
8ix parts, is as follows:

rigid in the

Part I

This part contains materisl of general nature applicable
to 811 types of rotors:

1) Description of the assumptions used in this report
which ars applicable to all four rotor types.

2) General symbols, reference axes and definition of
the initial position of the blades.

3) Discussion of methods for solving the linear
differential equations with variable coefficlents
by use of approximations to functions. Demonstrations

—— e i e e e T
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Part II

of collocatlion, Ieast square, and CGalerkin?s methods,
are glven by a simple example.

Geometry of angular displacement of blades - change
of blade incidence due to blade angular displacement
about the alpha and delta hinges. The most general
cases are considered separately for articulated and
see~saw types. Working charts are also presented for

the case vhen 063 = 0 and the hinges are -mutually
perpendicular.

This part covers the theory and derivations necessary for

the structural analysis of articulated blades equipped with
mechanical damping devices:

1)

2)
3)

Dynamic loads acting on a blade elepent., Accelerations
imposed on a mass particle of a blade element are first
derived. The load acting on a blade element 1s ob-
tained by integrating over the total mass of the element.
The expressions derived are applicable to any type of
attachment. The assumption i1s made that both hinges
are 1n the same plane, their intersection colnciding
with the center of the rotor hub.

Gravity loads
Aerodynamic loads.
several sections:

This chapter is subdivided into

a) Discussien of the effect of blede deformation
on aerodynamic loads,

b) Angle of attack of a blade element on an
infinitely stiff blade; +the change of incidence
due to angular motlon of a blade about its hinges
and due to application of cyclic pitch control
(the variations of inctdence due to small periodic

osclllation of the blade in the plane of rotation

o g e e e e e e

\

\\‘

s

1
\
e et

=




c)

a)

e)

f)

g)

P,
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and due to second harmonic flapping are ne-~
glected. )

The distribution of induced velocity is assumed
to be triangular along fore and aft diameter of
the rotor.

The distributicn of the Z component of air load
along & stiff blade is given‘in terms of the
"flapping" coefficients and parsmeters A and iL.

The first two harmonics are considered.

The "flapping" coefficlents are determined, taking
into consideration the meéhanical damping of the
blede motion at the "flapping" hinge. Two sets of
oxpressians are given: In the first set the effect
of change of incidence due to motion of the blade
is combined with the effect of change due to cyclic
pitch control. The second set of expressions con-
siders these effects separately.

The distribution of Y components of air load along
a stiff blade. The load is given in terms of the
"flapping” coefficients, A and y. The first two
harmonics are considered. The expression for the
profile drag coefficient is taken from ref. (4)
and 1s CDO = 50 + Sl'er + &8, Gre, vhere O 1s
the angle of attack of the element under consideration.
Aerodynamic torque equation. This equation 1s ob-
tained by integrating from tip to root the moment
about the alpha hinge of the Y components of air
forces acting on the blade. The mean value of
torque 1s obtained by integrating the torque from

0 to 2w.

Extension of ref. (4) to account for the variation
of pitch due to angular motion of the blade and due
to cyclic pitch control; and also to account for

——




h)

the triangular distribution of induced

velocity through the rotor. Charts are
glven to help calculate quickly the axial
flow coefficient A.
"Hunting" coefficients. The coefficients
of Fourier series representing the harmonic
motion of the blade in the plane of rotation
are called "hunting® coefficients. These
coefficients are determined from the dynamic
equation of .motion of the blade in the plane
of rotation.
The effect of mechanical damping is considered
in writing these equations. The damping moment
is assumed to be proportional to the angular
velocity of the periodic oscillation of the blade

in the plane of rotation.

4} calculation of bending moments and deflection curve

in Z direction.

a)

b)

c)

a)

Loads on a blade element

Externel -~ Aerodynamic, gravity, inertia
Internal - Shears, moments, tension forces

Complete expressions for the external Z loads
are also given in this chapter.

The equations of equilibrium (motion) of an
element of flexible and stiff blades.
Derivation of the differential equation for

the deflection. Variable moment of inertia of
the blade is considered. As a first approxima-
tion the effect of blade flexibility on air
loads 1s neglected.

Solution of the differential equation for de-

flection by "collocation" method. A polynomial

is chosen to satisfy the boundeary conditions of

e e -
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- the blade,inoluding pechanical dampling momentb
at the npqgpping” hinge. A five point golution
is put into convenisnt tabular form. Explanations
are glven for the constant and harmonic parts.
First aod gecond harmenics 8re considered.

o) Step-by-steP tapular method of finding the
bending moments in the 2 direction. The complete
physical pilcture 1s given in deriving and ex-
plaining this method. The solution 1s set into
tapular form for ten points. Tables are given for
the constant and harmonlc parts. The first and
second hermonics &re considered. The effect of
blade flexiblllty on air losds 18 neglected.

5) Celculation of bending moments and deflection curve
! 4n the Y direction. :

a) Loads on & plade element. The effect of eccen=
tricity of the alpha hinge is taken into consider-

ation in evaluating the losd components acting on
a blede element.
Complete expressions for the external ¥ joads are
aiso given in this chapter.

b) The equations of equilibrium (motion) of &n elsment
are glven for flexible and stiff blades.

¢) Solution of the aifferential equation for de-
flection bY "collocation" method 1s glven. The
agsumed solutlion 18 of the sameé form &8s for
bending in the 2 direction. The tables derived for
the 2 direction bending &re applicable for the ¥
direction vending.

d) Step-by-ste? gabular method for ¢inding the bending
moments in the Y directlom. The theory and tables —
are the same &3 for the 2 directlon bending. )
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Torslon on the blades.

a) Torsion due to dynamic forces on stiff blades.
Expressions are derived for distributed and con-
centrated weights.

In deriving these expressions, it. was assumed that
the elastic center and the center of gravity of
any blade section lay on the zero 1lift chord line
of that section. Periodic torsion includes the
second hermonic.

b) Torsion due to aerodynamic forces.

¢) Torsion due to Z and Y deflections. Expressions
are derived to account for the torsional de-
formations due to bending of the blade in the Z
and Y directlons.

d) Potal torsion is calculated es the sum of torsions
found in sectlions a, b, and c.

The effect of blade flexure on the distribution of load
elong the blade in the 2 direction;y the "flapping"
coefficlents are corrected to account for the deflection
of the blade.

Sawple calculation.

A sample calculation of bending and deflection in the 2
direction is glven by both "collocation" and "tabular"
methods.

Calculations of all the necessary parameters, such as
the "flapping" coefficients, A\, alr and dynamic loads,
are also given. The c¢onstant and harmonic parts of the
moments and deflections are calculated and plotted. The
complete procedure {in all detail) is explained for all
calculetions.

Many practical points are outlined. For example: use of
faired curves for EI; adjustment of the alr loads to
satisfy the actual boundary conditions of the blade,
wvhich may not be quite satisfied due to approximations

e A ene—— —— - . — s o ——— P,
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Part III

involved in deriving our expressions for the
"flapping” coefficlentz; slow convergence of
solutions of the deflection differentisal equatlons,
by "collocation" method, in cases when the slope of
the deflection curve 18 known &t xr = 0.

Discussion of Y direction eir loads, bending moments
and deflections, 1s also given in this chapter.

Center-hinged blades rigid in the plane of rotation

(see-saw type) are considered in this part.

The blades are

assumed to have a " § " hirge and bullt-in coning.

1)

2)

3)

k)

5)

W e s

"Flapping " coefflclents are determined in a manner
simllar to the one used for the articulated dblades by
writing the equation of motlon about the flapping

hinge.
Solution for A 3 1t 1s assumed for all practical
purposes that sufficient accuracy 1s obtalned 1if A

18 determined by the use of the charts glven in

Part II for articulated blades.

"Munting" coefficlents are found in terps of “flapping"
coefficients, built-in coning and 5'3.

Calculation of the Z snd Y direction bending moments
and deflections for the "see-saw" type blades. Only
the "tabuler" method 1s glven, since the "collocation"
method becomes not practical because of the boundary
conditions. All tables prepared in Part II are

applicable.
Torsion and the effect of flexiblllty. All expressions

derived in Part II are applicable for the "see-saw"
type.
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Part IV

Single blade rotors are consldered, with five types of

blede attachment to the hubs

1) Fully articulated with counterwelght rigidly attached
to hub (figm®~-Ip. IX~-7 ). This case 1s treated in
every detail as a speclsl case of the fully articu-
lated multl-bladed rotors of Part II.

2) Fully articulated with counterweight rigldly attached
to the blade (fig I¥-! p.I¥-7). This case is also
treated as a specisl case of the fully articulated,
milti-bladed, rotors of Part II, except that some
of the equatlions therein must be modified to account
for the inertia of the counterweight. These modifis.
cations are glven in detail. The alr loads on the
countervelght are neglected.

3) Single hinge attachment with counterwelght attached
to hub, (figIw-1 p.1x-7). Thls case is treated in
a manner similar to that for the "see-saw" type blades
of Part III. Deviations therefrom are noted and given
in detail.

4) Single hinge attachment with counterwelght rigidly
attached to the blade (fig -/ p. -7 ). This case
is treated the same as case 3, except that the modis
flcatlions to account for the lnertia of the counter-
welght are indluded.

5) Rigild blade attachment. This is in every detsil govered
by the anslysis of Part V for multi-bladed rigid motors,

Part V

Rotors with the blades rigidly attached to the hub. "Buillt-
in" coning and lag angles are considered. The solution for A
of Part II is considered adequate. The equations and theory of
Part II are generally applicable, upon substitution of the
proper flapping and hunting coefficlents, which are, of couise,
mown at the outsst. The methed recommended for finding the

I
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Part I
T. General Assumptions

The assumptions used in this report, which sare
applicable to all rotor types investligated, are as
follows:

A.l. The approximated distribution of induced veloclty
along & blade 1s glven by expression

(r-1) v, = Vi (1 + x, cos 9, )

8
Ref. 1,2
A.2. The magnitude of mean induced velocity-?i is
glven by
(r-z) ¥, !
= 2r R A
Ref. 3

A.3., The radisl component of the resultant alr
velocity at a blade element may be neglected,

Ref. 2

A4, It is assumed that 1n a steady flight, any
satisfactory design will avoild stalling of the
' tips.

A5, It will be assumed that compressibility shock
wave on the advancing blades 1s avolded. The

1imiting maximum speed given by Balley 1s
1!

(r-3) (V'A)m‘x =573 ¢ 1

Ref. 4
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A.6. The calculation of the tip loss factor, B, ia
based on the Prandt] theory (ref.$ ana ¢ )
modified to account for the induced losses due

to the nhecessarily large deviation from a constant

induced velocity in a Practical design., The

additional correction was calculated on the basis

of several existing designs by Quentin Wald ang
bresented in the Sikorsky Report, rer. 7

2
(z-4)  B=1 ‘I"? -6 (=) Joe,

where (xr)t is x, vwhere the taper of the blade

begins,
This expression is only valid for

(xr)t > -5
for (xr)t £ .5, .6 (xr)t is replaced by .3 ana

' the expression for the tip loss factor becomes
‘ for (xr)t £ .5

(t-4a) B -1 -/ 25, ( % +.3)

A.7. The slope of the blade section 1lift coefficient
is s straight line,

Ref., 2

A.8. a11 harmonics above the second one are neglected

Ref, %

 og——h s
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A.9,

A.10,

A.11,

A.15,

A.16

The reversed flow region is treated in a manner
similar to ref, 2 » 1.8., the tralling edge
of each blade element in that region is treated
&8s the leading edge and vice versa, the effect of
stall disregarded.

In calculating the inflow cosfficient and
harmonic coefficlents of the blade motion, the
blade is Infinitely stirr.

In calculating the inflov coefficient and har-
monic coefficients of the blade motion, the blade
chord is constant, equal to the mean chord de-
fined as

1
C = 4.£ °x,, 3 dx,
Ref. 8

For all calculations except when it is specified,
all rotor hinges intersect at the center of the
hub 0',

The .root chord is assumed to be extended to the
center of the hub,

All angles except azimuth Oz are small, so that
a

]

sin @ tan 0 = @

cos @ 1.0

[

The blade drag contributes a negligible amount
to the thrust of both the blade element and the
rotor.

As far 8s the flov through the rotor is concerned,
the number of blades is infinite, Among other
things, this implies that the inertia of the aipr
18 negligible,

g N
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The Reversed Flow Regilon

In the region of reversed flow, the air loads are negative

relative to the reglon of straight flow, and the equations for

the airloads are discontinuous at X, =~ & sin Oz . Unless
a

discontinuity can be eliminated, the bending moments and

deflections of the blades must be found separately at each

azimuth angle. This eliminates the possibility of finding

the harmonic parts of the deflections and bending moments,
whfch prevents solving the second approximation

for the effect of blade flexibility on the air loads, and
even prevents accounting for the lnertia loads due to
deflections of the blade (the term Rmz ~, equation x-93).

In this case the step~by-step tabular solution for the bending
moments 1s recommended since 1t appears to be shorter than
the "collocation" method.

Mathematical means of avoliding this impasse may exist,
but it is felt that the problem is not of sufficient importance
to warrant investigations of these means, considering their
complexities.

In any case, it 1s well to bear in mind these further

limitations of the theory presented herein, when it is applied

to a blade in the reversed flow region,

T9, < 2r . Although
a
not strictly justifiable, 1t 1s thought that a good compromise

solution for the bending moments of a blade in reversed flow
might be obtained by considering that the air loads inboard
of X, = i are zero at any azimuth angle. This assumption
at least would permit an approximate calculation of the effect
of the inertia loads due to bending (see pp.m-é tormr-/f ).
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I. Coordinate Axes

Z,
|
X’ / !o’
]
I
) |
Y |
1
VO s s
X .6 b
Kot s
Yo
FI1G. I-)

The xa, Yé and Z8 8xes are fixed to aircr

Xgaxis 1s horizontal when the aircrart ig
The X', Y’ and z' 8xes are also fixed to
have the origin bassing through

z! axis coincides with the rotor shaft,

\Z” AXIS OF Rorarion

LoTok DISK

DIRECTION OF porron

aft as shown above,

on the ground,

the airerart but
the center of the rotor hub,

”~ )
L
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Z, AXIS OF RorRTION

LERLO LIFT CHORD

an Y, IWITIAL POSITION OF
EXTEMOED Roor cHorlD

¢. The X, ¥ and Z axes are rotating axes with their origin,O,
at the drag hinge. The X axis is colncident with the pitch
chenging axis (feathering axis) of the blade when the blade is
assumed to be infinitely stiff. The Y axis is perpendicular to




|

X axis and coincides with extended gero lift root chord
of the blade (extended to "0")when the blade is in its

initisl position.

The Z axis is perpendicular to both

the Y and X axes, as shown.

II. Initial position of X Y Z axes. t\u}
3 .
X
Y
\ 8
! 5 ‘) ~
Y N y 9
v — y
o’ \esl
Yy o
i ~— - \‘-
. 2 v
‘-.) 95° Y 0|,|_
I~
\SOF — % -
/ ""--..‘{os(_rn HINGE R bj
- I
RLPHA HINGE \
\
PN, [ -
X
‘l ww‘
! X, X FlG.I-3. THREE - VIEW ©F
' zl Z JRIITIRL BLROE PoSITIoOA
i
: \
\ &
14 \\\
A 13 y'
P T~
2\ TS~ DELTA HIMGE
._.(_l-\ y
5
) \
. \"- HLPHA HINLGE
]
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The initisl position of the blade is defined as follows:
The X Y plane is parallel to 'y plane, the projection of

X axls on X'Y' plane lies along x' axis.

Linear Dimensions.

Distence from the origin "0"
(drag hinge) to a blade

element
Chordwise distance of a particle

"Rational" "Classical"

on & blade from the pitch changing

axis (X axis)
Distance of & particle from the X Y

plane

Distance of & blade element from Z'
&xls when the blade is in the
initisl position.

Blade radius--Distance of the tip
of the blade from 2Z' axis when
the blade is in the initisl
position.

Delta 1link length is equal to o'of

(Fig z-3)
Alphs link length is equal to ofo
(Fig z-3 )
Chord of a blade element

Mean chord
Extended root chord

Extended tip chord

Blade structural deflection parallel

to X Y Z axes respectively

IV. Angular Dimensions.

Total anzslar displacement about

the X

axis of the X Y plane from 1ts

initial position~-Total blade incidence

8t the drag hinge

| S—




Total angular displacement about
the Y axis of the Y X plane
from its initial position--
Flapping angle (4]

Total angular displacement about the
Z axis of 2 X plane from its ini-
tial position. ]

Angulsr displgcement sbout the Z axis
of the Z X plane from its inltial
position due to the rotation of
the drive shaft (~

Angular displacement about the Z axis
of the 2 X plane from its initial
position due to the motion about
drag hinge (¢

Absolute angle of attack of a blade
element ]

Induced angle of attack of a blade

element ]
Total twist of the blade--between

the extended root chord and the

tip (¢

Blade incidence at the drag hinge

due to collective pitch control oxo

Maximum (minirmm) blade incidence
at the drag hinge due to cyclic
pitch control

xc
Control phase azimuth angle

xc

O O

Effective blade incidence oxoe

Angle of incidence of a particle on
a blade element (]

Angular displacement about the x'
axis of the X'Y' plane from its
initial position--Roll o_1

"Rational" "Classlcal' -
Systenm

System
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S
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Angulsr displacement a&bout the
Y' axis of the X'Y' plane from
its initial position-~Pitch

Angular displacement about the z'
axis of Z'X' plane from its
initial position--Yaw

Anguler dimensions of Delta
(Flapping) axis and Alpha
(Drag) axis respectively as

shown in Fig.(z-3)

Measured in Z X plane from X
Mesgsured in Z Y plane from 2
Measured in X Y plane from Y

Linear Velocities.

Resultant air velocity at Rotor
Absolute velocity of aircraft

Resultant velocity &t a blade

element

Components of velocity at a blade
element due to motion of the blade
Component of Vg parsllel to X'y'z'

axes respectively

Components of VA parallel to the
X'Y'Z' axes respectively

Components of V parallel to the
XY Z axes respectively

Induced velocity at any point of the

Rotor

Mean induced velocity of Rotor

Y"Rational" "Classical"
System System
Gyl oC
Gzl
Slr ‘{1 S]_’(l
2s &2 82,0
83: K} 83: &5
Vh v
VA v
v
i.v 3}9 2
V.

Rx' VRy' VRz'

Vax' Vay' Vag!

Vi, V&, Vé
V:L v + vl
Vi v
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Moments about axes parallel 4o

"Rational" "Classical®
sttem sttem
the XY 2 axes respectively M_, .M M
x1 oMy o8y
XI. Series Expansions,
Flapping Angle; l
i
it 1t - - - - -
Rational Oy =8, 8; cos °z b1 sin Oz 8, ccs 202
a a a
- b, 8131 29
2 z,

1 1 - - - - by
Classical B = a, a; cos ¥ b1 sin ¥ &5 cos 2v¥

- b2 sin v

Feathering Angle:

1 n _ -
Rational Qx e c0 ¢y cos Qza

- d1 sin Oz -cC

cos 2@ -
e 2 z

a
- d, sin 20
2 Zg
"Classical ¢ = 8, - A

cos ¥ - B.sin ¥ - 4 cos 2¥ -
1 1 2

- 32 sin 2¥

La le:

1 1n — - - - -
Rational Ozb = e, €; cos Oz fl sln Oz e, cos 2oz
a a a
- £, sin 20
2 z,

"Classical” ¥ = E, - E, cos ¥ - Fy sin v - E, cos 2v

- F2 sin 2%

B
P




oo—

- -

(-

" Classical“

X1I. coefficients npational”
- systen gystem
= G 2 =
Rotor 1ift L=0C,T R }:2 AN Ly=0p, T R0
21 2 - 2
Rotor drag D =CD1rR -2-va D, Cp T R —-p\l2
21 2 2
Rotor latersl Fry' ~ o TR 3 ov,2 T=0gT I
force
Rotor thrust T = Cp P bf £ & 7 = Cp 1::_0'.2 .
8
Vaz' +-; v sinL- XY
Mean inflo¥ N o g A= L2
factor R Qg AR
Mean induced -
Vi v
inflow fac- }\1 - ——— —
ror R 9, nR
a
mip speed Vax! v cos L
ratio b= p=—
R 0‘ nR
a
go1idity retio O = c==
7R TR
Rotor torgue = M1 = CQ P 03 T R5 Q=FC p_nz T R
a

Rotor rolling
mement = 1 =0y T
Mer =78 2

P
— e emtemtmas
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"Rational"
sttem

Rotor pitching
1 2
moment = y =C_ 7 R3 = pV
My m 2 P A

Ratio of V com-

ponents to I'Oo~
tational tip u, u
speed

v U

Z

Ratio of dis-

tance of an

element from
prigin,0, to
blade radius

XIII. Miscellaneous

Number of blades b
Tip loss factor B
Moment of inertla

about Delta hinge IF

Moment of inertia
about Alpha hinge ID

Moment of inertia

abput Y axis IY
Moment of inertia
sbout Z s&xis Iz

Blade sections
moments of inertls
about their axes
parallel to Y and

7 axes respectively Iyi) Izi

nglassical”

sttem

M=C, T R’ % pV2

UgsUpoUp
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nrational”
sttem

Mass constent of
rotor blade ¢ pa Ru

(Flapping ninge) Jp =
1
F

Mass constant of
rotor blade *
(arag hinge)

gjope of 1ift
curve per
radian

Mean profile
drag coef-
ficient

subscript used in
connection
vith a flex-
iple blade ( )f

Mass per foot
jength of
blade

Weight per f£oot
jength of the

blade

Total veight of
each blade

uopassical” .

sttem

cpsa 'R4

o ——
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Pumerical Solucion of Line&r Differential Eguations of

Higher Qrder
de geflections jnvolve the

he celculation of ble

since b
jgl equetions o

solution of linear gifferent
the outline of several known methods for S0

equatlon js given in the following.

£ fourth order,
i1ving thet type of

igered.

Three me thods 1i.sled pelow are_cons

Collocation
Least squere

Galerkin
The type of differential equation considered js of the
form
n n-1
d'z a Z az
(1—6) Gn(X) ? + Gn_l(X) E;—n::l 4 e e e Gl(X) = + GO(X)Z =T (X)
n

or in a more prief form

(£-62) g(p)z - £ (x) =0

where D Eé;

1
.. 0GP F Gy

et n-
(z-6b) a(p) = G2 + Gn-1P

gand x is an jndependent veriable.
em consists in finding the unique solution

a= XxX==D -
to be glven by & polynomial

The probl
in one interval of

The solution can be assumed

which cé&n be written in & form

z{x) = Xo(x) + 2 Xj(x) e

(z-7) ]

L]

- ,

e e g £

1

T o ] .
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where Xo(x) and Xj(x) are functions of x which are
chosen in such & way as to satisfy as many boundary conditions

for 2Z(x) and its derivatives as possible, inherently, i.e.,
independently of the value: of the coefficients a, .
Sometimes it is not possible to satisfy all the boundary
conditions without introducing difficulties in the subsequent
integrations. In such cases it is better not to satisfy s
boundary condition then to satisfy a false one.
The constants &,
solution 2Z(x)
possible.

wmust be such as to get the assumed

to fit the actual one 2z as closely as

The main difference between methods of solving
the equation is the way the constants aj are determined.
It i= obvious that for a given differentisl equation

and boundary conditions there may be a number of polynomials
which can be chosen. Some of them may satisfy all the

conditions, others may satisfy them only partially, but may
be preferred because of thelr simplicity in integrating.

Once a polynomial is chosen, the problem is then reduced
to determination of constants Bj .

If the assumed solution happened to be the exact solution
of the given differential equation we would have

(z-8) G(p) z(x) - £(x) =0

but since it is only an approximate solution we have

{r-8a)

G(p) z(x) - £(x) # 0= € (x)

where & (x)

is a function obtained when 2Z(x) is substituted
for =z

in the left hand side of the differential equation (I-6 ),
The above equation can also be written in the form

S
(1-85) &(x) = >j3 1 Ay(x) 8y + Xy(x) - £(x)
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(x) for

Aj(x) = 6(p) Xy
ow can be outlined

where

The three methods I
Collocation

The constants &8s

the differential equation exactly at 3

Xy X« v X5 s

S
s Aj(xi) aj + Xo(xi) = f(xi)
j=1

for 1 =1, 2, 3 & o S .

To illustrate the method, consider,

cantilever besa

W */in

T

The equatio
root will be

n for the moment &t each po

j-0,1,2.°.

are chosen so thab z(x)
selected points

j.e., & (x) =0 8t tnose selected points.

(r-8¢)

oS

gatisfies

(r-9)

for example, 8 simple

m uniformly 1o0aded and constant EI

FlG. I-4

int distant T from the

2
a7z W 2
EIl —p5 = (e - 7) (x-10)
day 2
if we let I =x sand e“w =1 (r-1)
e BT
the equation becomes
2
&z _ (3 - %)? (£ -100)

&

. g

,’.
L




With the boundary conditions

dz _ _ _

2 =52 =0 et x=0 (r-/2)
2 3

§—§=dz=0 at x = 1 (I—/:Z.a-)
ax dx

The exact solution of the equation 1s

12 13 Iu
Z=—2--—3-+I2- (I’/s)

Assume the solution to be given by & polynomial

2 2 2 2
(= 2x+(1gr-) sin%x]i-az[fz--%.;.(%) sing_”i]

(z-14) 2(x) =8 -7

sin (48~ ™=

2 2
v oy U sy T P

[t}
(@]

(r-14a) X (x)

2 2 s
- x.(x) = & - — 22— 12 (B
- 146) XD = 7 Gy T e 2" sin L2

Retaining pirst three terms we have S =3 and

2
(r-14¢) 2(x) =8, By - 5
2 2
vay Br -G+ (£) sin g %)

' for x =0, z(x) =0

2 2 2
—g-}-c--#(;zr-) sin%x] + 8, [%-%4-(-%) sin%”—x]




(7-14d) Z(x) =a; [x-%+-§-cos%x] + 8, [x—%-p%cos%’ix]

+ 8y [x '921?+'9?F cos%'rrx]

for x =0, 2(x) =0

- (T-14 &) 2(x) = a8y (1- sin%x) + 8, {1 +sm%';x) + 8y (1 - ain%’fx) 5

for x=1,.Z.(x)-0

] . (z-14£) "Z°(x)--_algcos%x-aa%cos%x-aB%cos%’fx

for x =1, Z(x) =0

Substituting Z(x) into the differential equation,
we have

(r-+5) 8y (1 - sinz x) +a, (1 - sin%'r-x) + 8y (1 - sin%ﬂx)

- {1 - x)2 = €(x)

Chosing three points where € (x) =0 » ve have at points |
(chosen at random)

[ Xy =0 X, = 1/2 x5 = 2/3
" (I-/éa,) 81+B.2+83-1=0 (x-o)
I to.
! (b) .293 &y + 1.707 &5 + .293 85 - .25 =0  (x = 1/2) '
i () .134 8, + 1.866 a, + 8z - 1109 = 0 (x = 2/3)




Solving, we have

8y = .9963 .
ay = ~ 030k
8.3 = .0341

Therefore, the equation for deflection becomes:

2 2 2
z(x) = .9963 (& - 2= + (5) stn 5 x) - L0304 (B - %}T

2 2 2
+ (%) sin%r- x] + .o34 [ - %73; + (9‘?7-;) sin%’l x]

Calculating at several points and comparing with the exact

solution, we have,

x Z collooation z exact .
0 0 0
.25 . 02386 . 0264
.50 .089 . 0887
.75 .1801 1665
1.0 .2716 .25

If more terms are taken, the approximation will be even

closer than above.

Leest Square

In this methed each constant, a, , is determined in such
e way that the mean squared error é;a , in the interval from

a to b 1n the differential equation is minimum, or




4

L

(z-/5) € =8y (1 - sin z x)

(r-79)

e

Using the same example as in collocation

2
[s it 1 2
I-/0a = (1 - x)
( ) =
ve had,

T
+ & (1. - sin g— x)

+ 8y (1-sin%}'—x)- (1-x)°

The least square equations &are

1
ufé(l-sin-gg-x)dx',
o

or, evaluating these integrals

.226 a, + .235 8y + .291 83 - .2133 = 0

(z-20) .235 &) + 1.245 8, + .802 a5 - .2118 = 0
.291 &) + .802 &y + 1.358 a3 - .2631
Solving
8y = 95,
8, = -.0339

83 = -,00268

—_— e 5 —_ ——— -

1 1
Onfé(l-sing»x) ax"= [ € (1-sing"lx)dx
o o

[




Galerkin's wetnog
=—=22kin 5 Methog

In Galerkin 's m

#t

e bt
S
N

(o

Such g W8y ag ¢

(z-2/)

ethod the constants,
o satisry the conditio

J.(x)dx=0
a

j » 8&re detez-mined in
n

-/4 e In &energ], any
ipliep ¢80 be ugeqg 1nsteaq of x (x) ,
Dbrovigeg the Dumber op terms taken
SXample gg In the

ods we have
(z-/5) € =8, (l-singx) + &, (1-sin-25lx)+
’ aj(l-sin%x)-(l-ﬂei
' 2 2
7-22) X (x) = X°, —2x + \_.2.1 (2) sin ~—-~--2““3 ——
¢ J 2 (s <37 (48 - 5)2 'F 2
El'hez-ef'oz-e, the equationg.
are

Which detez-mine the coefficients

4
1 2 2
(z-230) [, [3-2, () In 2 x] ax = ¢
o
) jl %2 2x 2,2 S '
{ J e[?-,ﬁ+(5-f) sin?x]d.xr:O
1 X~ ox 2,2 Sr
(C) f 6[-2.~9F+(97) sin-é-x]dx-:O
[o]
Again, these :Lntegz-ala can be evaluateq and Tesult 1p
lineap simultaneous e

~
N

\—\

p
o o
e e i e
S

i




Trials of the three methods have shown that the first,
collocation, requires the least computation to find the

coefficients for a given approximation, and since neither
of the othep methods appears to have any

- a——e
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Geometry of the Rotor Blade Hinges.

On helicopters which have blades attached to the hub by
"&" | or flapping

one or two hinges )generally called the
hinge and/or the '" , or drag hinge) it is desirable to

interrelate the flapping angle, lag angle, and incildence
, @ ) anaslytically by means of expressions involving

(o,o

only tthe variables and constants which depend only on the
geometry of the hinges. In this chapter, a method of
obtaining these expressions 1s given, and graphs showing the
relation between the variables for some typilcal hinge con-

figurations are given.
There are at least three methods of obtaining the desired

expressionst
l. Descriptive geometry
2. Analytic geometry
3. Spherical trigonometry
It 1s belleved that the third, spherical trigonometry,
is best sulted to this particular problem.
The anslysis 1s in two parts: The first deals with the
case of only one (the "8" , or flapping) hinge. The second

deals with the more general case where both "6&" and 'u"
The results of the first part could be

hinges are used.
obtalned as a particular solution to the second part.

Consideration of the case of only one hinge as a separate
problem 1s, however, simpler and clearer.
Speclal notation for this chapter 1s the following;

The angle between the flapping, or "g§" , hinge and

%
the X'Y' oplane. '
6, The angle betwecen the drag, or "a" , hinge, in its
initial position, and the X'Y' plane.
e B ~ —




—— W N

e in this chapter means only the change in blade
angle of attack due to flapping or lagging from
the initial position.

8, g_', b, _1_)_', ¢ are arcs constructed on the surface
of the sphere to form the spherical triangles on
which the solution depends - (see fig. X~5 and
I-4).

D, E, F are angles 1n the spherical triangles on
which the solution depends. (see fig. 7-5 and 7-56)

In the text, A &, b, ¢ 1s the spherical triangle
whose sides are a, b and ¢ .

Single hinged rotor.

Fig. 7-5 shows the X axis and the S hinge starting at
0' » origin of x'y'z' axes and projecting out thru the surface
of a sphere whose center is at 0' . The initial positions of
the XYZ2 axes are coincident with the /X',Y'Z' axes shown in
the figure. The angle &g 1s the angle between the © hinge
and the X'Y' plane. 53 1s the angle between the Y' axis
and the X'Y' oprojection of the hinge.

Construct great circle arcs & and _g_' on the surface of
the sphere thru the X axis and the & hinge. It should not
require proof that & = _g' and that the change in the angle
between the arc & and the meridian thru the X axis, 1s the
variable, -~ Ox « Thus the angle in the lower left corner
of B (90 -8.), (90 - 0g), &', is merked 90 - F - o .

From A& , (90 - &) ’_96:

\\'

'

e Saaneane o ) _—-_._‘-—0‘74.-—‘,

AN

I
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(r-24)

Cos & = cos (go - 53) Cos 05 = gip 53 cos g

From 4 &', (g0 %) » (90 - o) :

cos (90 - Oz -8

b " O3) sin (g0 . 9s) sin (90 . 8y) =

€08 a ~ cog (9o . 9s) cos (90 . Oy)

or
(z-25) g4 (6, + 9, ) cos % cos o_ = gip 83 Cos & - sip & sing

. ¢ sin 83
(.Z"'-'ié) * o« 8in ( '3 + sz) =mw; ~ tan 98 tan Oy

Solving for sip szz

cos & s

(1-.27) sin sz =m§ (sin 3 - tan % sin @_)

sin &

?mf,/coaeé‘} - sineey

Since Qz = 0 vwhen 9y= 0

» the minyg (-) sign in
the above 1g correct

Ir 53 =0
(I-—?B) sin Ozb x= ~ tap Qy tan 85
or, 1if 6 =0 :
8in &, cos § 8in §_ >
(.Z'-29) 8in @ = (1-/1. (\EZ)' Xo
&) cos o Cos 3
1]
From A (gg . ey) > (90 - %) , &
sin (90 - g _ e.) _ 0 (90 . 63 - 6,)
sin (90 - 2, Sin g
Or
e

L




cos @g cos (53 + 9, )
b

cos (P + ox) =

8in a
(z-30) cos® 85 0082 (‘63 + 6, )
sin (F +6,) =./1 - . b
sln™ &
From A&, (90 - 8;) , 6¢: 2
sin @ / sin™ @
(I‘al ) sin F = m—gﬁ y COS B = - —-E——é

From ( 1-24 )

(1r-32) sin? a=1- s1in? 83 cos? 8¢

From (I1-26): )
sin &,
°°s(83+9z)= 1 - -

2
I-33 tan @
( ) . T8 T, an 3 tan Oy) .
Now, 6 = (F+0)~F
(r-34) sin 6, = sin (r + 6,) cos F ~ sin F cos (F + o)

Substituting (r-3e), (z-3/), (r-32), (I-33) in ( 7-34)
and reducing, we find

- cos 6g/cos @

(1-35) sin o_ = cos sin 6_ sin 6. cos ©
x 1-sin2 63 coszes 83 v 3 3
2 2
- 8in g [cos 63 —/}os Oy - (sin 53-tan 8 sin Oy) ]
if 98 =0 .
(1-36) sin o, = - ten 63 tan @

—_——— R . 5 . ———— ———




(1-37) sin @, = sin @ cos 83 555

Double Hinged Blades.

4]

The analysis for the case of both

blades.

thru the surface of & sphere whose center 1s at 0 .
initial positions are shown as solid lines,

| The necessary constructions are as follows:

thru the © hinge and initial position of the

| X axis.

from their intersection draw radii b' and El
X axis snd & hinge.

e wt —— ——— =

|
L"l b~ oz S

i 1. Construct great-circle-arc a on the sphere

4., Swing small circles on the sphere of radii b and
K about the X axis and & hinge axis respectivelys and

’ 2 2 ~
3//1 - tan Oy tan 98 a0

a" and "&" hinges
may proceed in a manner 8imilar to that for the singly hinged

Figure I-6 shows the X axis, $ hinge, and o hinge all
starting at O', origin of the X'Y'Z' axes and projecting out

The

The ‘engle &g is the angle between the § hinge and the
’ X:Y: plane. Oa is the angle between the a hinge and the

X Y plane before any rotation has occurred about the &
hinge. Similafly, the angles 63 'and a; are the angles
between the Y axis and the XY oprojections of the
hinge, and the initial position of the a hinge, respectively.

o hinge.

2. Construct great-circle-arc b on the sphere thru
the X' axis and the initial position of a hinge.

3. Construct the great-circle-arc ¢ on the sphere thru
the © hinge and the final, or genersl, position of the

to the

a

—

'
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It may nov be supposed that the way in which the X axis

arrived st 1ts general position from the initial one was as
follows:

1. The blade and the & hinge, maintaining thelir

initial angle to one another, rotated together about the
® hinge, so that the arc & rotated to the position

5' , and the arc E moved to some nev position not shown.

2. TPinally the blade rotated sbout the a hinge

1
sufficlently to move arc b down to 1ts position _1_:_
wvhen the X axis was at the general position shown.

It 1s now apparent that the change in the angle between

the arec b apd the meridiesn at the X axis, 18 the change in
incidence, =~ Ox )

or, D+E=(90-F)-Ox

o, = [(90 - B) - (D +F)]

( z-38) . . sinex=-cosE(sinF sin D - cos F cos D)

~ 8in E (sin F cos D + cos F sin D)
From A Db, °a’ 90,— a3 S
sin °a
8in F = gye—yp= , cos b = cos (90 - a3) cos 9, = sin ay cos &y

5 sinOa
(r-29) .. 8inPF =

)/ 1- sstn2 a3 cos? °a

4+ co8 @ cos @
cos F = = a 2

)/ 1l- sing a3 cos2 Oa

a——a o
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From Aa, (90 -9,) , (90 - &) :

cos a = co8 (a3 = 83) sin (90 - @,) sin (90 - 08)

+ ecos (90 = 9‘1) cos (90 - 05)
or

(z-40) cos a = cos (ct3 - 53) cos 9 cos 8g + sin 9  sin Og
From 8¢, (90 -0)) , (90 - &) :
cos ¢ = cos (90 - o, - 5‘3) sin (90 - O.) =in (90 - &)
+ cos (90 - Oy) cos (90 - 05)
(r-4/) cos ¢ = sin (E:3 + Ozb) cos 8 cos G + sin O sin Og

- -8
sin (90 ezb 3)

also gin D =
sin (90 - &) 8in ¢

cos 9. cos (85, +6, ) cos @z cos (S, +9_ )
& s
(1‘42) Sin D = 3 zb = 3 ‘b

sin ¢ ]/ 1l- cosz [

1 i
From AD, ¢, 8&:

(r-43) cos B = cos g - cos R cos ¢ - cos 8 - cos p cos ¢
sin b sin ¢ 7 (1 - cos® p)(1 - cos® ¢)

Substituting ( 7-+40) and (7-4/) in ( 7-42) and (Z-43), the
following expressions are derived.

e g ot e e e
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©)
% (III) = + sin §; [sin @

—— e ——

Finally, substituting (z-44), (1-45), (7-4¢), (I-47)
end (r-39) in (z-38), we obtain the final expression for
6y » and, with some rearranging and the use of well-known
trigonometric identities, it reduces to:

+ {TIT)(1V)
(v)

(r-48) sin @_ = - L.I)(II)

where

(1) = cos (o - 53) cos 9, cos Qg + sin @ 8in Qg

cos Og

- 8in az cos 6, [sin (&3 + Oz’o) cos Oy

+ 8in 9, sin 8s)

®
(II) = sin 9, cos Og cos (83 + Ozb) ¥ cos @, cos Gy *

*[cos 65 sin @ sin (85 + Q'b) - sin & cos @]

y cos O¢ 8in (53 + Ozb) - 8in Qg co08 Oy]

?cos o, cos ay cos Og cos (63 + Ozb)

®
(zv) = + 01 - [cos Oy gos Qg sin (63 + Ozb) + a3in Oy sin 0512

- sin? Gy cos? 9, - [cos 9, cos Qg cos (a3 - 63)*

o

(continued on next page)
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I~ 36

2
+ sin 8, sin 98] + 2 sin

(v) =~ (1 - sin az cos® 8,) fl -
~lcos ¢ COs 8¢ sip 6., 4 sz) + sin ¢ sin %]2)
Now, when ¢ Qz =0, Ox mst = g
b
I, Iz,

a €98 65 + g1, 9, sin fs

' COs @3 sin fg

q €OS a3 cos 96 cos 83

'3 = s8in 9 cos 8, cos a3)

for 1v

> then the hegatiye
the tyo hegatiy
der that (x)¢(

€s in ITT are
Ir) 4+ (III)(IV) =0

35 are Correct,
e important 8D

For ing tance 'y

.
0 el
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(I) = sin 8g

[

(II) = cos &g cos (63 + Ozb)

(z-49) (III) = sin @ cos g sin (85 + ozb) - sin 6 cos &g

{0052 Og - [cos OY cos 6g sin (83 + sz)

o 1/2
+ 8in @  sin Og ]

(V) =1 - [cos @

(1v)

y Cos 9g sin (63 + ozb)

2
+ sin 6_ sin 6g]
If, in addition, eg = 0 , it reduces to:

~ 8in Oy sin (53 + Ozb)

2

(£-50) sin Ox =

2
1 - cos Gy sin (53 +9Q_ )

Zb

Another frequently used configuration has the drag hinge
initially in ths Y'Z' plane (a3 = 0) and perpendiculsr to the

f£lapping hinge
cos 63

(tan 65 = gggyy)
Substituting a3 = 0

cos cps ©
sin Qa = EB 5
y/ 0052706 cos” 83 + sin® 85,

sin °s

cos @ =
@ 3 2 3
y/ cos® Qg cos 63 + sin® Qg

We get,
(see next page)
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There are, of course, other hinge configurations in use, for
which the general formule (I-48) becomes simplified. The simpli-
fications involved, will, however, usually be immediately obvious.
Since, on most designs, the independent variables Oy, Oz A
b
53, and (Oa - 90) ere not greatly different from zero, we write a

Qs

. Taylor expension, in operator form, as follows:
(1-52) sin- @ = sin @, +

+ [eypgy + ezbnez +9; D+ (64 - 90) Dg,, * 83953] sin @,

+1 [0

5 +~QZ D

2
7 Do + 85Dy + (8, - 90) Dy + 85D 1° sin oy
§ a 3
1 - 3
+=loDy +0, Dgz +05 Dy + (04 = 90) Dea +85Dc 17 sin o,
b 3

In the ebove, D is the differential operator, and all terms on
: the right side ere taken at o = gzb =8, = (9, - 90) = 83 = 0.
Evaluating the terms indicated above by differentieting (I-48), we
find the epproximate formule for ex:
= -o_ ($ Y LI ge 0
o, o ( 5 + Ozb + > ngs) + (2 9,) ¢ 2, + eyos) sin a5
1
-0 (+85., +=089 )cosag
Zp 32 % >
This approximetion formula mey be used for preliminery work
where O_, 6, , 9, , (8, - 90), and §. ere not greater than roughly
¥ Tz’ T8 a 3

: 30°, In the formule, all angles are, of course, in radiens.

cos 53
(hinges mutuelly

Assuming a3 = 0 and ten Oa =
tan 8

perpendicular, (formulas (I-51) ) 9, has been computed and plotted

and ez . 'These graphs are included

as a function of é., 0., &
32 %6y o

as figs. I-7, I-8.
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1. General:

Feathered hinged blades possess three degrees of
freedom of motions they can move freely (or restrained
by dampers) about the flapping pin, drag pin and
feathering axis of the blade.

2. Applied loads acting on each blade element in a
steady forward flight:
The loads imposed on each blade element are:
a., Dynamic loads
b. Gravity loads
¢, Aerodynamic loads

a. Dynamic loads

The dynamic loads acting on each blade element
are due to absolute accelerations to which each
mass particle of a blade element is subjected
vhile moving in the space.

This acceleration can be resolved along XY2
axes, the definition of which was given in Part
I of this report. Reproducing Fig. 7-2 of Part
I, we have
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The coordinates of & particle on a blade
element referred to XYZ aXes are:

(z-12) z = esin@
x
e
{5) X =7
(c) ¥ = ecosOxe

The coordinates of & particle on a blade
element referred to X'Y'Z' axes are:

(z-24) z' = xs1n0_ + esin6_ cose
¥ X,
' t — 3 - -
(b} x = xcosozcosoy ecosoxesinoz esinexesino cose,
1
(€ ¥y = xsinozcosoy + ecosoxecosoz - eSingxeSinoySinoz

To obtaln the components, along XYZ2 axes, of
absolute velocltles and accelerations relative to
X'y'z' exes, acting on a particle, the first and
second derlvatlves of z',x', y', in respect to
time, are first taken and later resolved along
XYZ axes. Classlcal methods also can be used, such
as the one described on rage 390 of ref, 9

ZXY components of absolute velocities (relative
to X'v'2') axes of a particle:

(z-32) z = be + y(ézsinoy +0,)
(b) x = —zoy- y'Ozcosoy
() 7 = x0,cos0, - 2(o, + Ozsinoy)

JR—
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Accelerations:

As In the case of the velocities, all
acceleration terms containing y and 2z are
considerably smaller than those containing
X, except near the root, and therefore may
be neglected except when calculating the
moments about the x axis,

It can be assumed that

sin € = 6 and cos € = 1.0

It will be of interest and importance to
compare the magnitude of all component terms

with the square of the angular velocity, é§

a
00 . .
8 - by definition, 8, = 8, + 6,

a b
Neglecting higher harmonics, we can write

an expression for Qz as follows:

b
8 =e_ -¥, cos( 6 -606_)
Zy o} 1 2, Zy
and s
(ézb)max =7 éz

a

On most normal designs, Yl is no greater
than 1.5° and therefore

(éz)sax =(1% 1:5 )2 éi

a

In other words the variation of ég is no
greater than 5 per cent, and therefore, for
all practical purposes, may be neglected.

Hence, we may assume
22 &2
8. =06
Z 2,

r /'
e s e

o
i




2 . 4 2
(bx) and (Gy) are both functions of(éz )2 and their
a
maximums can be expressed in & similar menner +o
o .
§ Zb?;max

=y 2 2
(8 ume = (833, )

(6)2=o'b &
ok (xc za)

with maximum values of Bl and Ox' very seldom ex-

x‘max x :

which is evidently negligible in comparison with
2

6, “.

Ox 0 v is of the same order of magnitude as

c
ceeding 10° on adtusl designs, or \
{
. 2 . 2 -7 i
(Op) oy = .OH o \
|
.\ 2 . \
(8,) = o4 o, 2 \ !
X \

éy G and 6x 2 and therefore 1s negligible.

Gx Gz and Oy Gz both are quite high, about

20°4 of 62 2 and probably cennot be neglected in
N !

cases vhere calculations involve Mx’ torsional

\

moments. k
{

\

(Ox)max and (b.y)max are of the same order as

. . 2 o . 2 i
(ox 2’)mx and (oy );ny Which iz % ©/5 of oza . \
\
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§, 1s of the same order as bx 2am 18 2.5 °/0 of
b

2
g

o

On the basis of the above, the expressions for
accelerations given in equations (¥-4a), (b} and
{¢) can be reduced to:

(@-6a) %= x(Oybz: +9 )

.e e 2
(4) X = -x0,
a
o, + 0
Yz, z

)

(c) 7= x(-eoy )

The dynamic loads:

The dynamic leoads acting on & blade element
due to sccelerations imposed on each particle of
this element are obtained by integrating over its

volume.
Therefore, if the mass of each particle is called
Am, we have
(2-7a) (Fz)m = -3 ZAm

k) (Flp= -23m

() (Fy)m = <3 yAnm

where 'z, X, J are component accelerations of a
particle and (F.) , (%) , (Fy)m are the component

inertis forces of a blade element mass "mdx",

e e e e I e
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For &ll purposes except the calculations in-
volving torsional moment M , combining (-6a) , (b)),

@ , @79, & , @,

we have

(7-8a) (F.), = -m::(oyb‘a2 +3,) ax

2

k) (Fp), = m::bza dx

(€ (F)y= mx( 208, 653 -%,) ax

b. Gravity loads

X,¥,z components of gravity loads acting on a
blade element of weight w are:

(T-9a) (Fg)y = -wcos &
) (Fx)' = ~wsin oy
@ (FI)V = 0

These are, in general, small and may be neglected.

Ve
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Ce Aepodynamic 1o0ads acting on a blade element

in steady forward flight.

In calculating the aerodynamic loeds imposed

on & blade in forward flight, it 18 common
practice to neglect the effect of flexibility
of the blade. However, if the evaluation of

that effect is desiread, the following procedure
involving successive approximations is suggested:

1. Calculate the coefficients of the
hermonic motion of the blade, agsuming
that the plade is infinitely stiff.

2. Calculate the totel deflection of the
plade in the 7X end ZY plenes, using
the dynamic and sirlosd distribution
on the basis of the assumption in (1).

3. Calculate the atructural gwist of the
plade, using the dynamic and sirlosd
distribution on the basis of the
assumption in (1).

3, OCalculate the atpuctural gwist of the
blade due to bending in the 2X end 2Y
planes.

5. Correct the airload distribution for the
filexural deflection found in (2) end
the twist found in (3) end (%),

6. Repeat the procedure 1f necessarye

The angle of attack of a blade element on en
ggyinitely gtiff blade:
The angle of attack of a blade element 1is:

(z-10) B 8, + e.x, + 08,

rr

where

- g =6 +9 cos(e~0)+eog
(m =) x " "x,. %o 2, %g x( v zb)







o

accurate value of “eo“, the con-

A sufficiently
, (the leg angle of the blade in

atant part of Gz
b

. "power on" £1ight) cen be obtained from
Mz:

(z-12) sin e, ¥ €, ,
b(e, cos Y+ e, 00883) (Fxo)m

where
Mz' is the total rotor torque
b 18 the number of Dblades
Al (eq cos '+ e, cos 83) 1s the distance from PG
hinge to the axls of rotatim
V- h = 0.
when OY
(r. ), 1s the total inertis force acting slong
, X axis at " hinge.
see page F-63 end Fig. (L-3) belov

For reference,
which is part of Fig.

(x-3):
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where 01

drag coefficients.
If we let (Fz)a and (Fy)a be the component airforces

and CD are the section 1ift and the profile
o

acting along 2 and Y axes respectively, the distribution

of these forces along the blade can be expressed by: U

ap
a(r,) al 0

~)7a) z’a = — cos O; +— 8in Q,
¢ dx &
ap
a(F_) aL o

A ma—8inQ, - —cos O

(b) — B ax 17 3z i

<

T NNBERD LIFT LINE

FlG.B-4
where
(2-18a) °x1 = Oy + 0%y
A
9, = =X
(4) =
¥y
Since all angles except °z are small, we take

a
8in O = tan @ = @
cos O = 1.0

Also, the Z component of the drag forces, except near
the atall, is very small in comparison with the com-
ponent due to the 1ift} therefore, the equations (3[-|7a)

.-
o e b g s it







Plane.
z' Vaz' s1as Gy
V4
\47241:059’ /)(
“Vax’! cos &34
/“’? Vax’ cos eéa cos 6y
&, Vioxt cos O3, S1u O,
4 T P S X'y’ pane
0,0’
o t
FlG. o-7
Fig., (=z-7)

at a blade element in the ZX Plane due to the rotor
velocity VA.

N OIRECTION OF MO TI/0A/

FIG. o-6

Fig (z-6) shows the velocity components due to
V) scting at a blade element projected on X' Y

shows the velocity components acting




\\

The total velocity components along ZXY due to
rotor velocity VA are

(z-21a) Vag = Vpgt coB Oy = Vygt 8in & cos o"‘a ) “
%
4) Vg = Yyt 8in Oy + Vyyxt cOs Oy cos oza ‘\
Vie = Vot 8in @ :
(c) Ay " 'ax z, ‘l
|
\
Following the usual assumption that the effect of ‘.
the redial velocity component on the 1lift and drag is E
negligible and since sin Oy - Oy and cos °y = 1.0, ix
the above equations become %\
(z-224) Vag = Vag' = Vaxt 9 oos Oza .
(s} Vix = neglected
V,.=V,_¢+ 8in ¢
(c) Ay T 'Ax z,

Velocity components due to induced velocity Viz
In accordance with ref. /0

it is sufficiently
accurate to assume the distribution of induced

velocity in forward motion along the fore and aft \
diameter to be triangular as shown on Fig (z-8 )i
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FlG. -8

int of the blade the distribution can

be approximated by equation.

(m-23)

vy

="T1'+"Vi'xr cos @,

a

Therefore, remembering cos °Y = 1, and neglecting

the radial component, the velocity components due to

V‘_L are:

(r-244)

()

()

Vig = T4
Vix
Vyg= O

+ \L_L X, cos Oz

a

= neglected

The total veloclty components at & blade element

ares

(z -25a)

e

- +VAz +Viz




v —

ay * Viy

From nomenclature we have

vAz' +V
——

(ﬁ—160-) }\ =
R bz
a
vy
(4) )\1 = ——p——
RO
Zg
V.ot
(c) ho= —2X
R Oza

Substituting into equations (Z-25a) g ( ¢ ) the
éxpressions of their component terms. a

nd using the
Parameters given by equations (I-2¢0)

to (¢ ) we have

(z-2/a) Vy = -xOY + AR Oza + AR Oza X, cos Qza -
- u.Ré 9, cos ¢
Zqg ¥ Za
(6) Vg = neglected
(<) V.= -x_ R & -uRé sin ¢
N2 b z, z, z,

Fd :
Y

B
|

i,

N
[PoSigp

T




Part I

where from notations,
(n-28a4 °y =8, " 8y cos Oza - b1 sin Oza - 8 cos 20za -

- b, sin 26
2 Zg

(b) 5 -a 0, sin® ~-P o cos o, +
v 17z, Zg 17z, zg

+ 2a, sin 20 _ op, cos 20
2 Zg 2 Zg

and therefore
(¢) =8 6 2 cos §, +D o sin 26, +
b'i 17z, Zg 1 z, Zg

+ hae cos 20za + hbe sin 20za

gubstituting Oy and by 1nto equations (7-27a) and
(z-27¢), snd aividing by R b, e have
8
(z-29%) u, = Xﬁ—— o nt Susy + (-us + X b, +
Z RO 2 1 o r 1l
ZB
+ L pa, + 24X ) cos © +(— a, +
> 2 1%r Zo Xpf1

1 1
+ 2 pp,) sin 8, + ( X pa, + 2%,D ) cos 20, +
> 2 Zg > 1 r2 z,

1 1
+(E by - 2xr°2) sin 2053 + Euaa cos 3023 +

1 L]
+ = pub sin 3@
2 2 Zg ’

o




Vv
z-295b u = —I— = - -psin @
( ) ¥ RO xl‘ za

&

The distribution of air load along a stiff blade.

"Z" component of the airload:

Considering the equations {m-/6a) and (x-i9a.)

—— e A
S S

-~

T T e e B

I
|

|

|

|

|

I[ we have

|

' a(r,)

| _ z’sa _1

: (z-30) v > ch1V2

[ '

} I , where

| c is a chord

I

: cl =& Or is the section 1lift coefficient
,[ vV = Vy 1s the air velocity at a blade element
|

|

| . Substituting into equation (z-30) the values of
[' 6, from {mr-/5) we have

I

| . 1

4 a({r,) +1 2.2 '
‘ (z-3/) z’a -5 pca uy Oza R[ Oxo + ¥, cos Oza +
I axp,

I

|

| 1

‘[ + q—'e sin Oza + Otxr + 01]

|

|

f where

|

I | v

L , (&) e e N K

| 1

| .

| : 1

B () ¥y =¥ - Tyey

|

[ 7 !

| '

I ! (<) Yy = ¥y =T b

[ 2 2 171

|

|

|

e

e ——— e g
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-

Tf—=—21~

V.
9, = e =2
-Vy uy
=X
R

The sign minus is used for all values of @

z frem 1 to
2r.

Substituting from (z-29) and. ( » ) the expressions
for uy and v, into (z-3/) and neglecting aftey

that substitution all harmonic terms above the second,

we have the distribution of the Z component of the air
load:

a(F,)q 1 A A e B, _sin @
= F‘T“o&’*'lacoa za"'lasnza"'
r a
+A2a cos eoz + B2n 8in 2oz >
8 8
where
1 2
C, ==pag? g>
Zg 2 2a
b 2 e
! 2 t 1 A
A = <)k —_— AY
oa (Ox°+-2.) 5 +(2 + ¥ 1) ux, o+
1 2
+ (Oxo + ert) x,
A

2 b
- ! A, B .2
Big = (3%, + 4 " 81)T+(20x° _a)uxr-n-
1
+ (2u0t + ¥, - al) xre

2 a
ty W 2 ! 2
18 = (by +¥7) T--(a°+?) uxr+(b1+?1+)\1) x

1

-
e e e e n e L

P
- v




2 ue \
' ' t 2
26 ™ -oxo i£2-+ (8 - ¥, - T) ux, + 2b, X,

2 A
] 2 2
(e) Byy = -8 %r + (o) +¥; + 75) ux, - 2a, x

The above equation gives the distribution of the airload
aIong the blade in "Z" directlon for any azimuth angle ©

e
and 18 expressed in terms of flapping coefficients, blade

incidence, cyclic control, angular velocity of the shaft,
and u, A, and kl.

The underiined terms,being small, can be neglected .

Total average thrust produced by the rotor in forward {
\ Total thrust

!

\\ vhere (an)

\ |

is the average thrust produced by one blade.

(sz)& = (Fz)a

'\
|
' \
T = b(F,1), ) \
|
\ Therefors ‘ \
\\\\ - T = b(F,),
|
X
1

where (Fz)a is obtained by integrating d(Fz)a from the

root to the tip of the blade and from O to 2w.

3

t

2T B a(r.) \

(11-36) (Fz)a-z;; f doza‘j; de a d.x ) |

r |

‘ -1t 8in 0 E

\ : 1 i

~ ‘ t -= dOz fd(F )a 5
4 : v aYg dxr \_

& \

P! o B :

RS
—

_ — —

-
e e h

(—
I

|

|

\

\\

\“

A
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The second term represents the effect of reversed flow.
The blades are in the region of the reversed flow from

Q =T t0 @ = 2r and fromx = 0 to x = -uR sin @_ .
z, 2, Zg

Integrating and neglecting the terms of the order above
u3, the thrust expression for uniformly tapered blades is:

(z-37) T = % be, pa §2 R H‘;‘ A(B2 +% p?) +

————y e ga—
— rssirlin s e

a

v 1.3 1 2 b o1 2.2
+°x(3B +2“B)+°t(I]fB +4p. B<) +
2 X 2
Ve BBT L By .
+ ¥, ( = . )] t;[?\(?-i~ %I-)+
B#

5
1.2 B 2.3
+-£u B)+ot(—5—+—u B”) +

[ﬁCTUﬁ'L BLROE
T " o Ty —x

flg. x-9

where
¢, is the root chord extended to "0,

c1 4s the extended tip chord




- — it

e !
c0

taper ratio

[e)
[}

cqy (1- xrt) squation of the chord

For convenlence of calculation,the actual chord ¢ may
be expressed by the mean chord ¢ 1in the expression of
thrust, and the equation (z-37) becomes

1, -— 22 3 |1 2,1 2
‘38 -—b G - B —
(w-38) T=2DbTps zaR {27&( +2p.)+

s 1.3,1.2 1 b
+on (;B +-2-u B)+ot(7}-13+
P 2 3
1l 2.2 ' W
: +x“’*‘*‘a”"'§"‘e"]

GRS U
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Flapping coefficients of "03_"

From p.I-/3vwe have

°y =8 - alcosoza - blsinoz‘- aacoseoza-

- b,8in2¢
2 z,

The expressions for flapping coefficients in
terms of other parametera are found from equations
derived from the dynamic equation of the motion of
the blade in flapping.

I

Z z

)
\ F'é = (F})a '(F§)m

P
! X'y

’

FI1G. n-/0

Taking the moment of all forces acting on the
blade about the y axis,’wve have:

My = 0 = (M) + (Mp)y + (M), + (Mg)y + (M) o

(z-39)

vhere
(My) a 18 the moment due to air losds

(My)m is the moment due to dynamic loads

(My) g is the moment due to weight

(M’) q 18 the moment due to mechanical damping
devices. Tnis momsnt will bs sssumsd
be proportionsl to angular velocity of
the flapping éy.

o e _ - = &> o
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(z-40) (My)y = Kb
This assumption, in most of the cases,
represents & good approximation. It ocan
easlly be seen that any other assumption
except completely disregarding that term
does not give any practicel solution.

(My)oo' is the moment due to the eccentricity of
the flapping pin with respect to the origin

"o“'

" Moment d&ué to air loads (Mx)t:

From ( z-/9a, f-lba, n- (4o 2146, T~/0 ) and
following the derivations of ref. 2
] B 1 22 b g J '
- = = pca 0 R *) . o, +
(xr-#£1) + (My)a > P z, x + ¥ cos z,

' 2 2
+W231n02 +°txr uy-%uz;xrdxr-

a
~|t8ing
-2/1 l!‘caz"'fil}b2 s 0! +%w cos @ +V¥eineo_ 4+
o-é- z, X, 1 Zg 2 z,
27T

+ Otxr uy‘?- %1& ; xrzdxr

T
The second integral i1s the reversed flow term and enters

(My)a only from Oza = 7 and o’a = 27.

B is the tip loss factor.

Substituting uy and u_ into the above equation, integrating,

¥
combining and dropping all terms of order above u"’, we have

e d ——




+

AB> + .080 u31+

Wi jps

1,0t 4 2 1 & 1 5.5 3
1 B 22 _ 1 1o (B2 +2u%
#o (B" + p 8p.)+.5t( +6p. ) +

(=

3
wPngB? + v (B + 0332 wh e

2 3 L I 1 4
sin @ g—u.e B+ .053u 0, +=pnoB -
Zg '3 X X 2 t

D N

4 1 3 1 2
B -1 w3 +1uan? -
&1 g WP o 8

Ea ]

@ |

4
ugalBg-‘*'; (%—u”-%—-%sa u?) g +

1 3 L 1 4
cozsoza $ - 3 uaoB - .035 p L +Tl: blB =

gt

1 2 I e
bBT -y (g w - -

3

u82133 + % u2

2
u 1 3 1 3
)+I X,B g+sin20za$3p.b18 -

8
4

2
a°+

1,41 2 1
-g-bB -xl.l. 803 +-2-n-|J-

3
w:'L ( u§3—+.00885 ) +%u >\1133;+
4 o1 1 2

2 1 3
%o 32 X 6 t

1l 2
coszozag-zu
1b4 1 33 05 3 l{J' (P.‘.'£+
;2B+-3-u£1 = 053 p” A - 2 3
c0221 *))
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where ¢, the actual chord of the blade, is replaced,
for convenience of ¢aloulations, by the mean chord
g

Moment due to dynamic loads (Ng,)m:

From equations

_ t 2 3 2 .e
(=~ 43) (My)m = [, - mx_ R (°y 628 + oy) dx
vhere "m" 1s the unit mass of the blade.
Since I_ = I = [’ m? g3 ax,

and substituting o, and '6y

(z- 44) M), = -Ig 558 (s, + 38,c08 2°za + 3bysin 20‘:;}

Moment due to weight of the blade (My)g:

(z-45) () = - fwx ? 7% ax,

vhere "w" is the unit weight of the blade and is
usually quite small.

Moment due to mechanical damping (My)d:

(z-4¢) (My)d = -%oy = - jgybza( a, sin eza - by cos ,
+2 8531n 20, - 2 b, cos 2 o, )

a a

where Ky is a constant depending upon the ad justment
of the danper.

a




In the first case the effect of change of pitch
due to the cyclic pitch control applied by the pilot
will be combined with the change of pitch due to the
flapping which is obtained because of the hinge
arrangement, ’

The combined effect will be assumed to be known
and can be called the effective pitch control.

In the second case it will be assumed that only
the effect of actual pitch control is known.

In writing. down these expressions in a similar
manner to the procedure used in ref. 2 » the ex~

pressions for 8, 8, and b2 vill be cearried to the

order of u2, and &, and b1 ¥will be carried to the

order of po.

Neglecting (My)g and (My)oo" substituting

(r-42), (z-44), (7-46) into (z-37), and equating
coefficients of identical trigonometric functions,
ve obtain the five equations below:

¢ I 6
(z- 47) Let D = S5 . T
Ky R
“e 1 1 4
(x-48a) 3o=—2—- §—3—- A B> +T O;O (B +u2B2) +
¥ us?
1 5 5 3 2
+20, (8°+ 2% 4
5 ¢ 6+ 3 ;
2 2
(%) 8 = 1 Cunt B -2+
B ne B-, 2 (
! k) Dy
>
! 2B 4 3 1 (B 3 2
+u0°.-—3—+—-u0tB - S ubBY & ¥y (5 +-8-B2u. );
T T T T ]
- e

MY
\




1
(I1-48¢c) b, = g na  =— +—2—ua B> -

17 % > 2
B 2B 2 3
el 8-1-y
SN B‘*-w'(_B.lf,LueBz)g
T 10y "7
" 6 2
B _ B® 1. _3 3
(a) -;&2+-§;b2—uf-&ou—£—+—blB + = AR 4
3
' B
ey
(e) Efl—b --6——a=p.§g' u-Bf-laB3+lueB3+
2 2 z<F 2 XO N 3 1 t
3
B
N

To a first approximation (II-48a), ( b ), and (c)
may be written:

¢ 4 5
II-4 =E (1 g3 r B B’
( 9a) a, 5 §3 B +exo + 8, S g
B!
(b) ap =l hyo B, 2,07
1 ?é X, 3 t on g
3
(c) bl =—§§uao - Xl - "P]'.




Substituting (II-49a), ( b ), and (¢ ) in (1T-484)
and ( e.), and solving for 8 and by

2 2
- K ¥ S
- —_ F SQXB5+3§9' B® 4

(11-50a) b
144 + B8 32 9 36 %o

2

- 2 B 2.1 3
(b) &, = - §3XB+360x0B +5 6, B }+

(e) 8, = . f ZAB% + L g (8% + u?B2) 4
o}

(a) a; =

(e) b, =

N

R et —
— o vt B A



vhere, as Previously defined,

(z-324) O‘o - °xo +a, Tq
1
() Yy =t - Tiay
1
() ¥ =¥y - Tiby

In order to find the values of the flapping
coefficlents with control and flapping terms separated,
we substitute the expansions above for O; > i, and

[o]
W% in equations (x-4¢9a), ( & ), and { ¢ ), and ob~

tain the following first a8pproximation values for a s

al, bl'
LN SN Ef (e,) +0 EE
3 4 % t5
(x-574) & = 4
= . B
v v T
T
6l e = Lo ,:)\J-B(ox ta, Ty +
1 +’fi %B °

(e) by = 2 s Ay - ¥ + Toa

The first approximation values given by (x-57)

may be used to solve for 0; ’ Wi, &nd ?é » vhich
o

may then be used in equations (r-50) in the usual
manner,
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Y Components of Air Load )

. 1t vas shown on p. x-/4, equation (z-/95), that the air
load acting on each blade element in the "Y" dimection is:

a(r_)

(z-198) — B 9, aL _ dp_
ax ax  dx

Combining with (@-/6a)and (4) and replacing x by

xroR
a(r_)
(z - 52) —E==£0c) 0 RP - & o) RVP
dx, 2 2 o
From refs. )% and 5 |,
2
(zx-53) %, = B0 + 8, 0, + 6 o

50, 61, and 52 depend on the characteristics of the chosen

airfoll and can be determined from the charts given in figures
/ and 2 of ref. 4
The angle of attack, . » 1s given by equation (z-/5)
and the velocity components by equations(Z-29a) and (b) .

letting

a(r_)
(z-54a) Gl cC; 0, RV
ax, 2
a(r.)
() S U
dxr 2 (o)

N

and expanding (z-54a); we have
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(z-556) A,

I

ar

2
-a‘f 5.2.2 (9.2 - aao) - 38, ao% + Mr§A (2bl +'+'i) -8, 0;
i

(w

t
' a, ©
a, ¥, b, ¥ 24 2 °x
+—1——}-+—L-g-+alb1+—-§-+%}\1e.l- 9
2 2 18 2

a
2 t A 2 1
- 28, ba)} + X goxo (b1 +/1) - o, (a, +—2-) + by ¥y

- 8, w; +2b by + 28y 8, + 2by %1} + xz got (v, + Al)g

2
i 2A (.t
2 2
A Py, 5 ¢ 8 b B Ay
+ SA N -2a,) +=Y¥ -28, ¥ -—=+-=+
‘”‘rfu““t 1721 oy 12 22 2




‘, IT = 36

+ux§4 b, + 8, @ -‘°2?1-a°b1+-‘f-v‘+b2?2

+ 2a +b1 2-51 + e, 11§

+x2 {bl:i 81:2 f‘k 31— + 2b, 0; +8y 0 1+ )\l;’i
+b111+}%-

"{"1 >tl !o
+ 8, 2 -2&132+b1b2+ p

(continued on next page.)
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t t
+82{210t+2uotw2—a1w2

2 1
+ xritso + 8y °x°

o o
' t 2 2
X +‘4‘1 (b1+7\1)+b17\1+(°x°) +T+T
i‘ -
‘ . (continued on next

page.)
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R - . - .l; T — L
-~

8D 18

564) A =22 -482 la°+|,J.x -6 8 4
(z- 1 5 B— by 1 “o

+ 5, [2% (wl' b +A)) 4+ (a, + ‘Pe')(bl ’“"1') - 28 O;OJ?

“53281 [y +m 427 48, 20y + 0 )4y 41 1)

]
+ 2a, (al - *?2) -2 e aolf

+ xf {52 [20, (‘!-’;_ +by o+ 11)]}

4A ¢!
2 p 4
&D 2 B K

! A M
+ u.xrg 28 + 8 2910 + 6, [275 (¥,

-31)

(continueq on next page, )
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(x-56d) A,
*p

2
+-§- (\f']'_ +b1)(\f'l' +bl) -;+

12

3
¥2

p + 20z

+ 2/\ot -8 ¥y 4+ 2a, ‘2]}

2 1]
+:5,{‘i>1 [2uot+w2-.1] +82 [20;0 (2p 0, +v - &

2 1)

t
+2by (8 - 1) - 28, (¥ + b, +11)]§

+ xf, 582 20, (\P; +Hoy - ‘1%

2
-2

: g -8, +5, [aé(al-v;n}

+ u.xri 5 (s, - v;] + By [4p, % + 28, (b, + o;o)

+ 2¥, (b, - o;o) -8, (b + wi)]} |

2

1 Lo
+ ’&-{81 [2n,] +82 [4v, Oxo + uoy (28, - 2?5 - %)

(continued on next page.)
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2
1 A ' t l
';(31""2) +'<P1(‘1’1+bl+ 1)

+-]é (b, +7~1)2]§
+ ggﬁz . b, otg

| (x-56¢€) Bz‘D = }2&2 352 .2 (\y; + “)}S

©

1
- 26, (8 * ) + 8, (8 - v;:)]%
+ % i"%’l 28, + 25 120 O (#) + %)

U 3 1]
- - )y, + P +A,) - ey @
i (al 2)(1 1 1 2 "X,

| +x25(_52oua293>
\

' ] t by
+ ux,%%l (¥y + ) + % [2ox° (v, +by) - H {82




Torque Moment

the Drag Pin Due tc

in the XY Plane About

Aero dmamic T,08d8

The moment due to air loads about the ax!

g of rotation is

given by
2T
a(F a
57) (M) [ +R ( y)aDdx + fBR (Fy)aLd
' - = X e X e QX
( z'a ° T ax T ° r ax b
r T
o)
2T
a a '
w sin O, (¥y) (Fy)aL
-2 aer[+__—---——+_.-—-———-]d:«:r
[o) dxr dxr
T
2r
where \ means that the expression enters
1 ]
T {
into the moment only in the interval T to 27 . Evaluating .
these expressions, which are harmonic fupctions of Oz , and
a
combining into 8 single harmonic function of Oz » continuous
a
from o to 2r by the methed of ref. 2 we find:
1
7-58 M), (=) =¢ +G, cos ®, +Hy sin®@ + G, cos 20
( ) z’8a R'é'cz o 1 Zg 1 Zg 2 Ty o
a =
+ H2 sin QGZ
a
] —
[ !/




whers, neglecting terms of order u.s or b.ighér:

2{p% & _ fg
(II-58¢L) GO )‘ 5; "2-; 4

2 > ¥
+-&(a2+fa§) --p%:ﬂ(kl+b1+—})

2 2 2

(w-888) G, = ffﬁ { 2% (a2 - 2&0) - 38 nO}
A
B

] 28 ]
+§Z 7 (o g 4 2 - 22 (4

(continued on next

! 2 2

W A ¥ b.
1’1 11 ! L.L 1 2 2
— +b1Al-..1\p'2+_+__+23 .,.Qb)%

page, )




o — e e i e
- .

(3

1 1
\*J
2 3 t
33(1._3}. S b+_ka-2ab-ae)
2 2 al 12 171 o 2 o X,
2 o' (b X)) + Dby (¥ +2D ) . - 22.)
L+ Ay H Dt L +2N) eyt m 55

2 .2
B A (o
(z-56<) g, =& E2;(0x0+b2)§
+ 2 LAd(ne —2a)—3i-(w -al)]-a-s-‘l
3| t 1 . 2 P '
2 ~
A ;

+B° [31— (v +¥) +2a, 8
2 1 1 5 2

4
4+ 5=

% 1
. gba (2&1—‘i’2) - 8, (2b1+2>1+w1) -8 oxi :
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IT = 4h

2( 52 ' 2}
(x-584d) G, =t tB : (28, - ¥,) + A
uB

1
3 Db ¥,
+_§u_%+al (20, + 6, ) ~ &, (b1+2_1)}

3 s o
4 b, W v, &
B A 1 1 2 1
+ = (A, + = + =) + &, (po, + = - =)
4 {bl 172 "2 1778 % 2
H
9 ’\lgx
+2b, 6. + +2B%0p, 0
2 “x, > 5 2 %t
2 25
B° ) A '
(-58¢) H2=.L;_ -;(2bl+‘i’l)
3 bAg a_ ¥
+ BB 2-1—b19;c SO +e e - 28 8,
3 U o
H 1 H
4 e AW
B 2 1 1 L 1 &
+2 b, (po, +-<-a) - - 28, 8 +
4 1 t 1 5 2 %, > )
2 35
-EB 9'291:

3 Since the sum of the constant part of the serodynemic
torque and the engine torque should be zero, we write

(@-59) G, + —2 =0

Where Go is given by (r-5&a) .

'
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(x-60)

vef. 4 , we
the expressions for

Folloving the lead of Bailey in
substitute in the expansion for Go

the flapping coefficients given by equations (r-50)
1

The result 1s an equation in 4, A, Al’ Ot, Ox ‘+‘ ?2,
o

2C
x, 9, % 51, 6,5, of which the unknovns are /\

’
F ao

and 9; . Substituting into this equation the value of
)
?
o, from equation (z-38) , we obtain an equation of the
)

type below:

2 S
pY {t + tl (-TQ-)}

+ A {teu (-2) + (-;—f)[n + t (——)] + 0y [t + t3 (—-)]

t 1 52 ' v 6p
+¥) [ty + by (-a—)] + ¥, [t5 + tg (-a—)]
y B
+ (—--)

) 2C 9, 5
1 I 'l2 o2
23 (—a—) + -a_o-’. [t7 + t7 (-;—) ]+ Ot [te + t8 (—;—)

![ ! 52 t
+ [ty + tg (1-)] +9 [ty + by (—-)]

(continued on next page.)




t %o
+ >\1 [tll + by, (—a—)

+ 0, tos (%) + 0, [ty + t_-;_z (-Sf)] + ‘Pi [t13 + ti3 (Eag)]
+ ‘Pé [t14 + by (-s-f)] + 7\1 [t15 + tis (ff-)]

¥ ) ¥ Db + g (%)] + ¥y [ty = t0 (23)]
+ /11 lt,g + t'18 (if-)]

1 S ' 1 [ ¢ B
+ ¥y, g tog (—al) +p [t + tyg (-Ta)] + A leyg + thg (..f.)]?

+ /\i toy + tél (-5:2) + by (%9-) +3:§—' =0

The coefficients tn and tr'x are functions of g ,
)‘F, D, end B . As shown by Bailey, varistions of Pl P2
Dy, B from average representative values do not affect
the coefficients very much. The coefficients t and t;1

n
have therefore been computed &8s functions of W for %F =15,

B =.97, Dy = oQ . For the actusl computation, & more
complete expression than (z-s58a)for Go was used, in
4

vhich all terms in ¢ of u or lower order were retsasined,
Where possible the numericsl work presented by Bailey in

ref. 4 was used. Por the sake of brevity, we give only
the results of these computations in figures IE-/f 7o I-9 .

e — o —— e, —— e —— —
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)\ is found by solving equation

(z-60), ana Ox'
équation (r- 38)

et

by
o]
|
]
!
¥
— '
/.,
// ' g
I
§
|
!
i
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Equation of Motion of a Stiff plade in the XY plane (The

Funtin Coefficiants)

O, ORAG PIN

—_—

(F)‘)rn
O -
px15 OF eoTARTION
Fig. 720
Tt was ghown in the analysis for the £1apping
ooeffioienxs on P. % ! that the effect of the eccentri—
o small. it is gherefore

pin and the axis,of pJel
tation coincide. Y 3¢y of the dreg pin, however
may Ve considerably jarger, a 1 be considered.
in Fig. u /0o above, the actusl plade position is
while dotted lines show the
b % have

sketched in solid 1ines,
1dealized position for Wh jons X and ¥
been derived on pp. L1 tom-"1 - is the
ise coordinate of
ise coordinat

ion, while X
the plade in

city of the

assumed agsin tha

ich accelerat
In the sketeh, Xq
spanv th the plade in
1ts true posit e of

the same particle with

From the aketch
.
Qu-cd x sin Yz = Tq sin Yl or sinY2 = = sin Y.
since Yl 18 very nearly equal Lo -9, and is 8 fairly
v
importanx

Ty s
is amall for the

—

small angle, and sinc® %

e




et e . 4t
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is a very smell angle.

(1arge) yalues of X, Yo
or the moments about the

Now we write the expressions £

arag pint

1.) perodynamic moments
R

(H"Z) Mo1 =/ Xy (Fy)a dxy
e “ny

A more pigorous expression would be

R
f x1§ (Fy)a cos Yo ¥t (Fx)a sin'fzg axy
™y

+ the radiel component, (Fx)a , and since Yo

where the forces are
to

but we neglec

18 very amall, exceDbt near the root

amell, cos8 Y2 z 1. Further, since Yo
e Ty is small, W€

i1s small, X = xq

a very close approximation, and sinc

assume

(z- é2) Mol o x (Fy)a ax = (M) g (giv?n b}fAequation
a o I -o<

2.) Dynamic Moments

R
(#-63) M°1m =+ E‘lxl (F‘yl)m
From the sketch,
(ﬂ-@;) (Fyl)m - (Fv)m cos Yo ¥ (F,) , 8i® Yo
Tl
s (Fylp * % (Fe) sin Yy




e i e

(x - 64)

Now, from p.Z-8& equations (z-8b) and (z-8c):

(z-8c)

(z - 85)

Substituting the above for (Fyl)m and again assuming X; = X, i

(x- 65)

wvhere

npt is now the "line density" of the blade.

14

(F,) ()Tl
F - (F — s8in 6
v'm x'm Zy

F = nx * 6. o )

( Y) (28 Qy z Qz) ax
_ o2

(Fx)m = mX Oza dx

. 2 - . -.-
M = mx (29y 6 eza ez) dx

¥
Ty

R
e 2
- mx r, sin & 8 dx
f 1 2y, Zg
Ty

R

~
J mx2 dx mey be taken as Iz, the moment of irertisa
A

1

~R
of the blade about the drag Pin, and | mx dx 1s the
kI/'1

" of the blade, and 1is designated by the

mass moment
speclal symbol Mp.

e




e v Pl

P i

.+ _ o by definition

ﬁherefore

(:ﬂ: —66c) o, Zo,

[\

Therefore

-6 M
(x-1) o

3.) Danping Moment?
-68) M =-FK )
( o1d 1 T2y
ng moment proportional to
mation, but the
n are

gion of dampl
s at pest an approxi
ny other assumptlo

Tne assump

anguler velocity i
difficulties of analysis with &

tremendous.

summing the three moments apout the drag Pin, and equeting

to zero:
.. . . .2
69 (m)—x(e —2000)—Mrsin9 2]
@f ) %’ & pA Zy, v Y %4 m -1 Zy, Zg
- Kl sz =0

— e vesmroee
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T
2z QN QN - .H
Q 9 9
M g%+ ( %qle + Ta%e - To%¢- ) 71 W e M 72—+ (%alq - Zgle T%; ) % W e
z, T ' I
024 "p o2u'H
& (4/L-1)
1
N .
H
QN
9 z
() + ;I
g
= .Hw
QN <] 1]
) %9 %o
bopi e (Pt - Bt - Tty *r b (2 @t s T - T ) T ) 5
oou'H %, 0uls

4

- R
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(Pll-x)
mN . .
(=) + 71|
e ' Iy e
* No
oz *Zgz °z4
V4 z
wlml@l|+ Amap +Mﬁm - mmomi *1 W IﬁL.l+ .mll.le+ Aapamm + mmﬁ: } I W I
*oou’n X %908

et ptmin s m =
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pefiection Curve in

Calculation of Bending Moments and

the 2 pirection.

(’Ezf)m FLEXIBLE BLADE

(Frel

X
STIFF BLROE

F!g.n“li

ne for calculation of the deflections
position of the infinitely stiff blade, which
from the fig.m-21 Gy . ¥hen the

cting the blade element with the

with the plene b & SN

The reference 11
is the ipstanteneous
18 defined by Qz and,
blade vends, the line conmne
origin, o' , makes &n angle Oy

1f the deflection of the blade element 18 Z > to a close
mpared to x ¢

degree of approximation since 2z 18 amall €O
(11-73 a) Ve y

(b) L =°V+ﬁ

s wretraa
vt




[

Forces on the Blade Element

1) External Forces - (refer to fig.nm-2!)
a) (Fz ) is the aerodynamic force acting perpendicular
a to the blade element.
(xr-74) (FZ ) = % pcV? Cy dx,
f f
a
where Cl is section 1ift coefficient ,
f
b) (sz) is the gravity force acting parallel to the
g 2' axis. It is usually small and vill be
neglected.
c) (Fx }  is the inertia force due to acceleration
3 m along the line O'xf .
(2-75) (F, ) =+umx, 5 ax, (vef. p.z-&, equ.7-&b.)
£ a
i
a) (Fz ) is the inertia force due to acceleration
£ m pPerpendicular to the line O'xf 3
02 oe
- F = - mx e
(-7¢) ( Zf) e (eyf z, * ny) dx
m

{reference, p. -8 , equation Z-8a .)

-




= (sz)m sin (¢ - ng) + (Fxf)m cos (¢ - ny)

(z-79) s (P, )

-(Fz) gin ¢ - dF, =0
£ f

Substituting into@-78)} (x -19) from (F-74) we find the
equations of motion of the flexilble blade:

1 . ‘5 g i
(zm -80) 5 pcV? ¢, dx, = mx. (Qy e, + Qy ) dx, cos (¢ Qy )

f f “a f f

e
- mx, 67 dxfsin(o-ey)-(Fz) cos ¢ +dS, +F, d0 =0
a £ f f
g
and

(z-81)

‘o .. ‘0
- Q Q - Q -
mXp (QYf 2, + yf) dx, sin (¢ oYf) + mx07 dx, cos (¢ Oyf)

-(F,) sine¢ -dF =0
£ b
g

Since ¢ , Qy , and 9y are smell angles we take

b

Vo=V

£ 3 Xp =X

cos(¢-0yf)=l,sin(@-Qy)=(¢—Gy)

cgin (¢ - Q_ ) =0
a ¢ I I

Neglectlng the gravity forces and using the above assumptions,
( r-s80 ) reduces to

(x-62) 3 pov® 0, ax - mx (¢ 02 + 'éyf) 0% + a8y + By d9 = 0
X a

onr o — =

e~




o oo

e e e = e A —— yo—— i SR o O mwaes S o

and ( Z-8/ ) reduces to

(1-83) nx Og dx - de =0
e £
For a stiff blade, ( wx-82

"' and setting ¢ = ey , A9 = 0 , becomes

(z-84) % pc‘v2 ¢, dx ~ mx (9yé§ + .Gy) dx +dS = Q
a

Subtracting (z-&4 ) from (r-42 ):

1 Y
(x - 85) 3 pov? (le - 0;) ax - mx 6% (o - 6) ax

proary
4

-mx (9, -0.) dx +4aS. - A4S + P do =
'm;(gy:\ Y) Q-L 0

Integrating (z-83 )

. R .
2 2 .,
~86 F_ =405 [ mxdx=0°
(x-86) N 2, % zg “m

where M
%nx
station x .
Dividing thru (7-85) by
(x-732), ( » cnd (2-86 ),

(z-81) 3 pev® (le - ¢;)
. - das . 2
2 dz f as 2 .. a“z
~ mx @ =~ ~ mz -+ - =~ + @ oo =0
Zgy ax dx ax 2y “my gx‘z
However,
ar_
]
= a°z
(z-88) Sp = = end i, = -EI =%
if dx

), by dropping subscript

is the "mass moment" of the blede outboerd of

dx , end substituting from

—mors et 4 b o —— T
T
e o S s et e

e ———

IRV




- v

e we— A o

P

e e AR —

the structural noment

1g of the vlede element

where I is
of inert
apout the v exis.

. 2 3
a(gr) 47z a’z
r-89) - oo 4l — =X
( £ ax ax ax .
end a 2 2 3 h
S
f ac(81) 4°2 a(g1) 47z -4z .
- 90 +_-_—=-_,__2-—___§__2__._——_.3— El —x
( ) ax ax ax ax ax ax

The term %% represents the distribution of load on
the stiff plede. It is
thrust joed end the inertie 1oed.
is glven on pP.I-211 > equat*ons -
inertie j08d, ©Y process similer toO that use

equation z-44 (p.T-28 }, is

in tWO perts - the gerodynemic

The gerodynenic losd
3. to -34€ and the
d in obteining

a(r,)

Z .

(m-91) TTm x5 (8p ¥ %2 %% 20, + 30 50 2% )
ax Za e &

ting the appropriete expressions into gx

sybstitu®
and substituting X, = %
a(r, ) a(F, ) a(F, ) d(Fz)
m

(m-92) %ir —-r‘" —d—f‘" 1"“

2 2
- 3mx, Gza e R ) cos 2928

(continued on next pege)

PR




et ot i woem e

w2 2
- (B, € - 3mx 8, © R°) sin 20
2a Zg T 24 2 Zg
wnere & A B , A and B are glven by
%a ' Tl ' g 28 2a

(zI-34e ©O e )

2

Let 2Zp T % , and substitute xrR and er for X and
as
4n ( z-87 ) end peplace _a-J—f- by ite equal of ( z-90 BN

3 3 82 1 2
gn) .2 aten) $% 4 (- 2g My L1 2(e1)y Lz
> R R dxg axe

1-93) + ——
(-7 R ax, > OFp  axg

daz
T

a2 1 ds
+uRey O T TR T

- 1
+Rmz, - 3 pcV2 (le - Cl) =0

ngteady state" solution

rerested in the
functi ot

since the forcing
the “particular

We 8are only in
to the foregoing squation.
function of OZ ,

ds is & nharmonic
*r a
1ntegral" will also be &8 narmonic function of 6, and
will be written 8
x-94) 2. =2, TZ cos @, t+ 72 sin@, *+2 cos 26
( T Ty To Zg 3 A Ty Zg
+ 2, sin 26,
5 a
and
o <5
T-94 _ . g° f(z, cos g +z ain 0, *+ yz_ cos 20
(&-94 ) T Zg 2 z 3 2 i z

ey




enrtiaan 4% - epampy

[T S

4as

Substitutirg the expressicns for 2, and air given

by eaustions (z-94) and (z-92) into (=-93) , we obtein
five differentiel equations in zrl B zr2 P zr~ R zrk and
2, s by equating coefficlents of identical trigonometric

functions. Eech of these equetlicns can be solved epproximetely
by eny ore of the rethods described in Fert I, pp. T-1]1 ro I-25,
Experience has shown that the easiest of these is the
collocation method. The epplicetion of this method to these
particular equations is illustrated on the following pages

end is set up in tables which can be worked out by non-technicsal
computers. The five differentiel equations are as follows)

assuming es a first arproximetion that Cl = C1 .
£
4 3 2
d'z d“z 8c M d“z
(To9sa) B __T1,2 aED) "1 a &®E1) _ %"k, 7
R’ ax; R Fr ax? R ax R axe
T T T
dz A ¢cC
- r . [0}
2 1 2 a “a
+ RO X =—— = - IX_ 6 a R +
Za Q.Xr r Za o] R
b 3 :2 2
d'z a“z M %z
( b )EL ze L2 aED T a®(E1) _ Za Ty, T2
R’ ax B & a0 R dx° R axe
r T pg
dz A. ¢C
2 T2 "2 1o Zg
+ nR © X s mR @ 2 = +
a T X %2a T2 R

C e e e

vt bt s e e e




T 2 =
2 5. 4% mR 65 2z, =
+mR°zaxr~a'i—r' a 5
. Bzacc"
e &
- 3 mx QZab2R+

S T e g




It will be convenient to write these equations in the
following way.

The equation for =z, becomes (L =1, 2, 3, 4, 5):
1
a*z a>z a°z az
0] At 4B Bt R
r-37 — = - =
( e =
F, +G.x_ + H.x2 + Lxo + J,x
1 1%r i 17 r 1%
_ _ _ _ _ 3
where A, = A, = A3 =4 = A5 = EI/R
_ _ _ 2 d4(E1n)
131_132_133_}34_135_1?3 .
P | Q®(B1) _ 42 o
1= =0 =0 =0 =070 " %, mx/é
E, E .
_ _ _ _ _ _ . e T~
1)1_1)2_1)3_1%_1)5_}32_EB_-Q-_n—_mReza
E, =0
cha . 2
F1=+T‘gxo%
cC
_ ‘5 Zg uOt Y
Gl"mRaogza“"R'—“(T*‘*’a*E)
cC cC
Hy = —p— 6! I ——2¢
1 - X, ’ 1~ TR %%t
- cC%B ue(. L cha
Fop=—g—7 (by + ), Gp = ~ —— ¥8,
cC cC
z z 2
o a ! _ a 1
Hy = — (by + ¥ +X)), FB_T%(B‘P2+T+31)

- A et v e




(1!-97) —Tz_d?-=z0 at H:l;

The end conditions are that the deflection, Z, be
1
gero at X, = 0 ; that the moment and shear be zero at the

tip, d2zr d3zr
4 1

dxr r

and that the moment be that caused by the mechanical damper
at the root,

2

a~z
T
1 R
(x ) (-—vz—) -(m——-—n—o- (My)D
d'xr X, = 0 Xp
R .
= 8, K (8, sin 9 - b, cos @
(EI}O z, %v 1 Zg 1 z,

e
!

i

A

i

|

!

|

!

i

|

|

+ 2a, sin 26, - 2b, cos 20, ) i
a a 1
|

l

f

1

!

|

1}

%

t

(refer p. 5-28 )




o w—
R g

——- :
P
e

(

i1 - 76

olutlon of the fornm
(xr) co03s Gza (x,.) sin 9,

to find 8 s
+ 2
r.j T 8

Ve wish
Zy (xr) = 2y, (zr) * 2y,
+ zru (xr) cos 2928 + Zr5 (xr) sin ?.‘Gza
the above end conditions.
y the

sfies all
o¥ will satisfy

which satl
of the type pel

Functions of Xyp
and conditions:

Bk andd
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2 2
+ ‘1‘31 x; (3 - 8x, + 5x7)

+ Ty :53,(4-10::

2
. - er)

i

(g-r00e) 2% =85, (16 (x, - 1)* 1 18 (x, - 1)24+12]e T
r
+ Toi (2)
+ Tli (-4 + 6x )
+ ‘1‘21 (2 - 12x, + 127&,2)
+ '1‘31 x, {6 - 2hx  + 20x$)
+ '1‘41 xs (12 - hox, + 30:&‘2)
At the root, X, =0, from ( Z-100c ):
dezri
(£-10/) TXE— =8, (6e - 2) + ‘1‘0:L

And from the end conditions given by equations ( 7- 98

(7 -lo/a) Sy (6e - 2) + ‘1‘01 =0 - L

(x, - 1)

(continued on next page.)
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b &%,
2 % T

Sy (6e - 2) +T02= - &

’5-"°= *

(o ) . Lo O’a Kf(
- = =
3 2) +To, ..._---—----—(M)o Ly

2b, oza KYR
34(69-2)+T0--__.__—-——-—=Lu
4 (E1),

28, 8, KYR
35(69-2)+T0 -+_.._-——§-——-—-L5
5 (E1),

Substituting equations(zz-/ooa,), (b) s (e} (d)

() s into (zr-%) , we get an equation in X,

S1 and Tn . Assuming that the equation 1s satisfied at
1
five values of X, s yields tive equations which can be

solved for S1 and Tn . 'This work 1is discussed in mare
1
detall in the next sectlon.
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golution of the Differential Eguations for the peflection
and Bendi Moment Curves_in the 2 pirection.

Substituting the assumed solution for 2n and its
1

ges (given ©Y ), into (x-96) »

derivati
jon ©

we obtsin an equa®
(z-10%) Sy z Aifl(xr) + Bifz(xr) + CifB(xr) + Difu(xr) + EifS(xr) %
+ Toi{ INEAC R B0 (%) * o Fglmg) *+ D, folx,) * £, f10(%) §
* Ty ikifll(xr) b . .Eifls(xr)zs

E.£0(%) |
. . Byfpol®n) g

| .
+ T21 {Aif16(xr) Foe e P
. . E1f25(xr) %

+ TBiﬁAile(xr) Foe e
e
+ Tui 1}\11‘26(11,) Foe o .
2 |3
F, o+ GyFp ¥ % t 11::2 v 3,50
where
3 2 (x -1)°
fl(xr) = (16 (x, - 1)+ 48 (xy - 1)% +12) e T
(x., -2 2
_1)3+12(xr—1)]er )

i fz(xr) = [8 (Ir
_ 2
ylx) = U (xp e e Ve

_ 2
fl'r(xr) = 2%, [(Xr -1) e(xr 1) - xr]

« o o *° EifBO(xr)} =




2
-[e(ﬁ'-l)-xg"e]

= 2

= = 2 + 2xr

-1+

12)

f9(xI‘) “&2 (l-xr+3ﬁ

f18(1r) = %2 (1~ gxr +

—Y——«

.
e e — o e i e ot S b
i ~

{

2 4,1 1 1 .2
"'11.('2’—'311‘4--:2-%)

=~h4 + 6x,

2
=1 - hx, + 3x

o

]

2

2 - 1211' + 12xr

=x_ (2 - 6x, + 4x2)
r hod r

)

o

x2)

Ui+

- At SR, - i o o e T e i S mn

[ et

b




foo(xp) = - 1y~ y = + 55 2

£,y(x,) = x, (6 - 24x, + 20::12,)
fp(x,) =25 (3 - 8x, + 5x3)
foy(xp) = 1 (1 - 2x, +x5)
() =% (-5 x + 5 )

fo5(x,) = - =3

R CESES )
£6(x,) = x2 (12 - hox, + 30x3)
£or(x) = x0 (4 - 10x, + 6x2)

st = < 3 21, + 2

f29(xr) =

I
o
Ul

|
ol

"
H

+
\‘

M
H

6,2 1 .2
f30(xr) = - x (36'-_ T X+ Bg xr)

and Ai ’ Bi 5 Ci .« 50 00000000 & Ji are

given on page [I-74 .
On account of the complexities of the equations fon
the flapping coefficients, it was necessary, in their

solution, to make certain approximations. The result of
these approximations is that the coefficients of the

airloads, F, thru Jy » P. 2-74 , do not quite satisfy
the conditions that the moment, due to all forces acting,

PUENESRERSY

e+ Am————————— i o ———l < o

e —

1
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be zero at the root (equation Z-39 ). The bending
moments as found by the collocation method appear to

be quite sensitive to such discrepancies, and the loads
computed by (r-26) should be modified so as to satlsfy
equation (z-3%) . An arbitrary method of modification 1s
presented in the Sample Calculations, pp. Z-/58 to I-155 .

The modified distribution of air load is then entered in
Table m-/ in place of the first five rows of column ( 8 ).

Substitution of five values of X, in equation
gives five equations with six unknowns, which can be
solved with the help of equations (m-/o/) .
The solution has been arranged in tabular form on the i
following pages. i

When the constants Si and Tn are known, 1t is
1

only necessary to substlitute them into equations (m-/00) to

obtaln 2, and its derivatives as functions of X, s
i

and then to substitute those functions into equation (Z-93)

to obtain z, 8s a function of X, and szimuth angle.

The tables are arranged for & five point solution,
vhich has been found adequate in most cases, It may,
however, be found that the approximate solution, using
five polnts, has not converged sufficiently toward the
true solution. In that case, & larger number of "n"'s
wmust be used, and equation (r-/02) must be assumed to be
satisfied by more values of X, in order to obtain enough
equations to solve for the increased number of coefficimts,
Tni . Tables z-/ and z-3 can be extended accordingly.
In the case of the first harmonic, (i = 2, 3) the solution
by collocation, using five points, has been found not to
converge sufficiently. The failure to converge is due to
the fact that in the choice of an approximate solution
¥we 1lmpose the end condition of & definite slope at the root.
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TABLE 1-2 - VALUES OF f_ (x,) FOR VARIOUS VALUES OF
Xy
n
.25 .50 .75 1.00

1 206, 589432 77.332111 32.100625 16.0339%1 12.000000

2 -5k, 365640 ~21,71E€06 -8.988175 ~3.32655% [

3 1%,309692 5.45898% 1.852078 .395112 0

5 0 -.783146 -1,142013 -1,52%185 ~2,000000

5 0 1,025726 1.685257 2.216288 2.718282

[ 2. 000000 2,000000 2.000000 2.000000 2.000000

7 -2.000000 - 1.500000 -1.6:0720 -.500000 0

8 1.000000 1562500 4250000 062500 0

9 0 .ok8177 155833 . 25609% 333333
10 0 -.026367 -.088542 -.166992 -.250000
11 -%.000000 ~2.500000 -1.000000 +500000 2.000000
12 1.000000 1187500 ~.250000 -.312500 0
13 0 150625 125000 .046875 !
1% [ .005552 .028645 +059326 .083333
15 [} -.002002 ~.011979 -. 029534 ~.050000
16 2.000000 -.250000 -1,000000 ~.250000 2.000000
17 0 187500 ! -.187500 0
18 ! ,035156 062500 .035156 o
19 [ .000863 008333 022812 .033333
20 o -.000236 ~,00260% ~.008569 ~.016667
21 0 312500 =.500000 -.562500 2.000000
22 0 082031 062500 -.105%69 0
23 0 008789 031250 .026367 0
24 0 .000157 002865 010382 016667
25 (] -. 000034 ~.000707 -.003178 «.007143
26 0 .252188 ~.125000 ~.632813 2,000000
27 [ .029297 + 062500 -, 052734 [
28 [ . 002197 .015625 +019775 [
29 [ .000031 .001079 . 005403 .00952%
30 [} ~.000006 -.000218 ~. 00136} =.003571
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, bage x-88t

| . Explanation of TABLE w-3

| The operations are &s follows:
' . E - Enter the appropriate velues from TABLE z-/ .
D - Divide the value in the seme column, previous Trow,
by the first (from the left) value in that row which is

not zero. The first values in rows marked "D" are

1 , and are already entered.
S - Subtract the value in seame column, previous row, from

) the value in the seme column, row denoted by the

number following the "s" The first values in
rows marked "S" are zero, and are already so entered.

{

|

|

{

|

‘ To illustrate, the value in rov 13, coluym 4, would be
| taken from Table x-/ , column 6 for x = .250 . The
;’

{

I

{

{

!

value in column 4, row 14 would be the value in
column 4, rov 13 divided by the value in c¢olumn 1,
row 13, The value in column 7, rovw 26 is the value
in column 7, row 25 divided by the value in column 3, {

l . row 25,

It may be observed that when the values in TABLE 7 - =
multiplied by the "Tn " at the head of their
respective columns, the sum of the terms so obtained
in any rovw, plus the constant of column 8, equals zero. ;
Thus row 30 provides the solution for Si , and T4 A

i

are

The

equations corresponding to rows 28, 26, etc.
numerical work in the table may be checked by

substituting the solutions obtained for Tn into
i

the equations represented by rows 1, 7, 13, etc. TO
i

|
I
I
{
|
I
}
f T31 » etc. may be found by successively vwriting the
!
{
I
{
I
{
!
(@-101) , page r-78 .

is found by the use of equations
Table r-3 must be solved for each of the five values of

h—— e = . o .
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Referring to the sketch above, 1t is assumed that the
blade 1s a series of streight segments, each of length &x,
the numbered points denoting the ends of the segments, and the
letters denoting their mid-polnts. It is assumed that the
bending moment 18 constant between lettered points, and
that the running loads due to aerovdynamic thrust and centri-
fugal force are constant between numbered polnts.

bending moment be known at "1"
known at

If the
(say), and the slope be
a" (=ay), then the change in slope from "a"

to "p" 1s known to be M . The slope at "b" is,
AX(H)I

therefore, known and the change 1n deflection between stations
2" and "1" can be found, from which M, can be evalisted

in terms of Ml ;5 the aserodynamic shears, and inertia

forces. This process can be continued out to the tip of
the blade.

Considering now in detail one segment of the blade

between stations 1 and 2 , and neglecting for the moment
the Z direction shears due to the inertia loads, we have

(A).,

Ax —————

F/G.n-24

+—




where (F.) , and (Fz) , at the left are the total
x/ A

centrifugal force and aserodynsmic shear at station 1 , am
s and (fx) are the constant (over the segment) running .
m

aerodynamic¢ shear and centrifugal force.
By inspection

(827 ,)2
(m-106) My =My + b2y (F) - (2) L2 (r) Ax+s (%=
ml m 81

)2

fa¥ 3
1-2 Ax
= Ml + Azl_z[(Fx)ml— (fx)m *T-] - bhx [(F‘)a\l" B -2-]

= My + 027 ,5(F) - ox(F,)

8y
! where (Fx) 1s the total centrifugal force at "b"
my
and (Fz) , the total aerodynamic shear load at "b" .
&y

We now consider the effect of the inertia shear loads.
The total bending moment and deflection are harmonic
functions of azimth angle, and are written

(z-107) z =2z, + 2, CO8 Oza + 24 8in Oza + zy cos 2oza + Zg sin aeza

and

(z-108) M =M +M, cos Oza + M3 sin Oza + My cos 20za + M5 8in Egza

a——— AR p——— bt

The principle of superposition allows us to compute the
various harmonic parts separately and then add them together.
The harmonic parts of the acceleration of a blade element
are given by

S

-

S e U - -
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1solating

1 and 2

agsin the s€
sn figure 7
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as indiceted

easured from station 1

y B23.2
(1-1/3) z =2, t% -5

1
wvhere X is

sipnce blade was assumed stralight petween 1 and 2 .

similarly, the change 1in shear at uol 4g

mz dx‘

(m-114) a (bs,) = FO
Nlﬂ to Ilell

iptegrating from
due to the

sybstituting (@-1/3) for 2 s
ror the total changes between " and not

inertia loads on the segment, W€ have

2
(z-113) 88y p = Bz 4 j m(zq + % —r") ax’
and
1 <o Ax ' AZ
(I“JIQ) b Ml-? = sza 5 (Zl + X -—EE_) (ax - = ) dx
N
o
Evaluating these integreals, egsuming B constent &t
1ts value 8t np"
. Az .
2 1-2
(== e T pay ®p OF (29 + =5 |
bz, ,

a2 2 1l . 1-2
=PGZS%AX(T*-6‘)

1
(z-118)  ° My_p
ows these inertia 1oads end moments

Figure 7-26 belov sh
ne root:

on each segment and their reaction 8t t




oo pivt—— v 4 pfaranrm haSTN.S g v e
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R

2

a'M,.y

o] /1 ‘a'M,

a=1

ax dax

|
% F1G, 0-26
The increments in shear and moment shown zcting et
each station, and defined by equetions (z-.~7)and (r-/1€),
ere due to the inertie loads on only the previous segrent.
For the present, we neglect the inertle shear reaction &t
the rool (SO) , and then the totel change in moment,
say from (2) to (3) , Lliy_ 3 due to the ‘nertia

loed on all the segments is

1
(m-119) My 5 = O My 5 + 0% (a8, 4 + 885, 5)

But, from (7-//7) ,(x-.18)

‘5 5 z2 . Aze_
sz mc ATX (TT-TZ)

I}

(@-119a) M, 5

a
. Lz
2 o-1
(b) B3y q = Pez&me ax (z + —5—=)
. Lz
= pge 1-2
© 88).p = POy my Ox (27 + —5=)

o " S —————— — 4914 2 A Y 0 T ¥ oS
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Hence,

22 A22_3 Az
(a-120) MMy 5 = PO A x [m (:r + —-E-_) +m (z_ +

O-l)
a ‘%o T T B
Az
+ my (zl + ——%Fg)]

which, since m, = m, + Am&_b + Amb-c s By =my + Ama_b 5
o T B2 q +82y 5, 2y =2

0-1° %o = 05

I, =2 ot Jat

can be written as follows.:

(n-/ZOQJ

AM23=PO Azx[z (my -

Az
) + 2, (m

However,

(mb - Am&—b) end (mc - Amb-C)

—a—) are
i respectively, the average line densities of the blade
\ between stations

a ,b and b, ¢ ; and msy be taken as
the true values at stations (1) and (2)

i - Thus

m. Az,
(g-121)

2 .2 C -
A&z_s = PozaA x (mlz1 + myz, + ——-?7-2)

In neglecting the root shear reection,

So ;5 We have
allowed the inertia shears to accumulate so that at the tip

the inertis shear is the sum of s8ll the
(= -r22) AS = sz Ox mz
8

from equations (z-779b) and (c¢) , where the m's
sre at the midpoints of the segments, and the z's
1 are the average z's

for the segments. The sum of

811 these terms we cs8ll S . It will be convenient
\ to consider the quantity &x-S .

Thus, for any of the
parts into which the actual bending moment is separated

- —2=%) + m, —E222

s e

e e o et
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(- 123) px8 = 5 P02 0%xmz
a

are tsken at the midpoints as above.

where the mz's

Az , may be seen to be the

The chenge in deflection,
&x times

change in deflection for the previous segment plus
the change in slope. The change in slope is M 5

Thus,
(z-124) B2y y = b2, 5 + 02 (g%)
3-4 2-3 ET 3
(.‘zz'-/z4 «) Az = Oz + 0%x ( M) ete
2-3 1-2 ET 2 ’ :
Az  betvween an.:y two numbered stations is the sum

of all the A°x (’r%.') for the Drevious numbered stations,

end of course, 2z , &t any station is the sum of all the

previous AQz's ,

In equations (x-/21), (m-/06) end (r-/24) , we have
the basis for table Z-4 , vhich has been arrenged in order
to allow en untrained computer to carry out the step-by-step

process defined by the foregolng analysis. The table is

set up for 2x = .1R (i.e., 10 points).

* The verious parts into which the whole bending moment
is divided, for any specific harmonic, are es follows:

]
The bending moment due the known aserodynamic
== shear loeds, the known part of the root moment

(due to mechenical damping), and the known slope of

the blade at the root (due to "built-in" coning),
with

s =




unknown root moment = 0
unknown root slope

= 0
unknown inertia shear reaction at root = 0

Initial entries are

(l)O = known part of root moment

(4).05 = .1R - known part of root slope + (3)

o
(7)r = .1R + total serodyneamic shear at the
station ‘"

M; may be entered as the title for column 1 ,
aend the sum of column {3 mey be subscripted
Ax~SM' 3

Ci: The bending moment due to a unit root slope,

— with

root moment = 0

eerodynamic loads = 0

inpertia shear reeaction at root = 0
Initiel entries:

Column 1 should be heeded "C," , and I (13)

should be subscripted Ax-Sc 5

The bending moment due to & unit shear reection
at the root, with

-Y——-

S
o -




-

root moment = 0
aerodynamic loads = 0O
roct slope = 0

Initial entries:
(1), =0

(4).05 =0

(7)y = -1

Column | is headed

subscrivted AxeSE .

"Ei" ; and T (13) 1is

g

The bending moment due to & unit root moment,
with

aerodynamic loads = O

root slope = 0

inertia shear reaction at root = 0

Initial entries:

(1)o = 1,000
(4).05 = (3)o
(7)r =0

Column 1 4is headed "a", snd = (13) is

subscripted Ax-SA .

For the fully articulated rotor, we need not solve for
A

i 2 since we know that the only root moment Possible is that

due to mechanical damping which is known at the beginning and
1
included in Mi ’
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1.0 . N 12 . , .
C, [y 0(3‘*‘2 + 4&' + al)-q_- + 2exouxr + (2uet + Wy - al)xr dx,,

(z-125¢) (Fz)3 RS

1.0 2 Ve 5

(d) (Fz)4 = Czafxr ¢ —Qxaﬁ + (al - ¥ - "Q—)uxr + 2box, ¢ dx,,
1.0 2 A

(e) (Fz)5 = Czafxr cé-ab % + (b1 + Wi + ?l)uxr - 2a, xi} ax,,

It is not necessary in this case %o arbltrarily modify the
air load curves so that they exactly satisfy equation(z-29),
since in the step-by-step method the inertia loads are
determined simltaneously with the bending moments, and,
therefore, the error in the bending moments should not exceed
the error in the air loads. In the collocation method (pp.T-65)
this was not the case, and errors in the bending moments due to
inconsistencies in the flapping coefficients might be many
times the error so caused in the air loads. 1In order to
compare the resulits by collocation and the tabular methods,
however, it is obvious that the same air loads should be
used in both methods.

1]
When Mi 5 Ci , and Ei are known, the total moment
at any station is

¢ M, =M, +C, (323) +s E
(u-26) 1=+ 0 ) ¥ 8, Ey
i
where (%%) and S, the root slope and inertia shear
i

o
i
reaction at the root, are as yet unknown.

However, at the tip Mi = 0 ; and the inertia shear is
2zero, 80

S e e oy R« msne e e e e o
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z —
Sy +(§i)o S, +8,°5g - S =0

or, multiplying through by Ax = ,1R

’

d
(xr-27) (axS),, + (;ﬁi—)o (axs) +s, [(ax8)p - .1R) = 0
For i=19% P=0,E-= (Ax-s)M, = (Axs)c =8,=0
and
1
(z - 128) (&) = -4 et the tip.
[o]
For 1 =2, 3; by setting
M =M 4C (gg)o +S,E=0 at tip,
and solving with (Z-/27) we find
c_ M
(6x8),., (axs) (6xs)
(2xS) E__ ¢ I 1 - __IR ] \
(ex8)g  (exs), | 77 (o) |
M' +3E
(z-130) and  (95) - - °
c

Tt will, however, be found that equetion (4 -/27) for
So reduces to the indeterminate form g » 8ince

M E
(0x8), = (axs). - IR

c -
(Axsfg"

This may be interpreted as meaning that any combi
)
o

nétion

and S, which satisfies equation (Z-/30) could be

chosen, without affecting the bending moments, If we
dz M?

choose (32) =0, then S, =~ (for x, = 1,00,

of course),

PR -—

e e e
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and

|
(11—/31) M=M +5,B
ion. obviously, the solutlions of table T- 4

at every stat
Mt and B .

required are for

For 1=14, 55 P#0 and by setting (g i) = 0 and
solving viﬁh(v-/zq we find
1
c _ M
(28 )y’ (ST, ~ STy
Cu?/z9) 50 % —
(axs)g % 8 5. % .ml
(ST (BxST o (axS)g
and
1
M +5 B
(x-13) ) =___.__,6..9.-—-

t
where C, E, M are for X, 7 1.00 .

Hence, Mi is aetermined at every station.

There are some approximations involved in the me thod

which may be pointed out -
g) As in the collocation method, the 8ir 1o0ads
are computed essuming @ stiff blade.
b) The cenﬁifugal forces are assumed tO act parallel
tv the x'y' plane. For small coning end £1apping
the errors SO introduced would be negligible.
ns are also nede in theé collocation
« o #-E7 . in fact, the tebular

solution, PP L w-
method 1is essentially 2 step-by-stéyr s>ylution of
751 which forms the pesis for the

angles,
These essumptio

equation(:
collocation method.

-\»—-
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Explanation for Table X - 4.

i1ling out the table.

Instructions for £
(n), ®e the velue in column n

g8 d@epend on physical characteristics
depends on the nharmonic

1et station T -

Columns 2, 5, T
of blade, except that wpt
veing considered (p.x-93).

(1), = initial entry; (3o = (Mo (2), 5 (M) 05 = (3),

or initial entrys (€) o5 = (#) o5 * (5).05 (9), =03
.5 (10)0 = (8)0 (9)0 3

(9) 05 = o ¥ 3 %).05
(11) g5 = (1000 > (12).05 = (8) o5 - & M.05 "

} (13).05 = (8).05 ° (9)_05 3 (1).10 = (1)0 + (6).05

(3) 10 = @10 (1) 303

- (7).05 + (ll).os + (12).05 ;
= (4).15 M (5).15 3

(u).ls == (4).05 + (3).10 K (6)_15
(9) 40 = (9o * W05 (9) 15 = (920 * EAORTE

(8).10 . (9).10 3 (11).15 = (11)~05

I

(10) 10

(12) 35 = (@25 " B
+ (11) 45 * (12) 15 3

(l).zo = (1).10 +/(b).15 - (7).15

and so on. Finally, &K ° s =3 (13)

ed according to the part of

5 discussion of the yvarious

!

I . Column (1) should be 1zhell
f the moment being compu ted.
{

end conditions and init

+ (10) 10 %

. (u).15 K (13).15 = (8).15 ° (9).15 3

ial entries is given on page r-9%97
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Forces on the blade element

—— a4 it o &

PRSI

1) ZExternsl forces {ref. fig.r-17)

a)

(1—133)

b)

(z-134)

c)

(z-135)

(Fy ) is the aerodynamic drag force -

fa

(Fy ) = + 3 peva F(C
fa

)
1r
where F(C1 ) contains the drag ccefficient
by

and 1= & function of Cl only, since the
by

profile drag coefficient is a function of 1ift
coefficient.

(F'y) is the inertis force due to acceleration
b

m
perpendicular to line 0'xf -
) = 6. 6. -©
(Fyf) mX (’aeyfcaYf 2, 2) axg
m

(ref. equation(r-9¢) p. z-8 )

(Fx ) is the inertis force due to acceleration
£ - .
along the line O Xe

°2
(F_ ) = mxg, 6 dx

Xp af

m (ref. equation (x-8b) p. -8 )

2) Internsl forces

Exactly as in the case of flatwise forces acting

internally, p.Ir-67, we have

e U IS et e o s T e o s

o e

{

o e

t
|
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(m-137)

(x-138)

A
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a) Shear forces S, and (Sf +d8,) acting on
element &s shown.

b) Bending moments M, and (Mz +daM, )
1 1 1
£ by by
&s shown.
¢) Longitudinal tensile forces, F and (P_ + dF
xp X Xp

- d .

Yy Fxf Of
Equating the sum of all forces, dynamic and
static, acting Perpendicular to the blade element,

to zero:

DProducing a forwards force F

E(Fyf) = (FYf) + (Fyf) cos (Of - o‘b

a m £

+7,)

- (Fxf) sin (o, - ozb +2.) + s, + pyt -0
n r
and equating forces parallel to blade element to zero:
= - r

Z(Fxr) (Fyr) sin (e, ozb + %)

m T

+(Fx) cos (Qf-oz +t'f) -dF, =0
t m bf £
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{@-139)

(z-140)

(z-141)

xp (20

Substituting (x-133); X-136) from (zm-/37),

(m-138) we find the equations of
of the flexible blade:

12 S
peVs F(C. ) + mx, (26_ 6_ ©

2 f 1s T Vo Vp Zg

~2

- mxy0, sin (¢f = sz + ff)

8 £

axp

and

6.0, -0, ) sin (¢, - © + 7))
yf yf zg zf by zbf by

- _
+ mxfoza cos (¢f -9 + ff) dx, - dF, =

z X
by T

Since ¢ Q 5 t} are small angles, we

£ 7z
be

Vf =V, Xp = X

cos (o, - @ + %)) =1.00 ,

£

sin (4>f -0 = (¢f -8 +

[
—
|

(20.6. 0 -6, ) sin (6. - @
Y Vr 24 2 £

Using these asswumptions, (z-/39) reduces to:

+mx (26_ @_ 0. - ¢

d
Jp Vp 24 zf) *

% pcV2 F(le)

° 2
- mx@; (¢f - 0

. + 2}) dx + ds, + Fxfd°f

¥4
be

-0 - >
sz) cos (¢f Ozb + f) dx,

+ dsf + Fx de., =0

motion

p L

dxf

0

take -

= 0 {
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and (Z- /40) to:

-
T-s42) mxeS dx - dF. = 0
( 22 - Oy

For a stiff blade, dropping subscript "f" and
setting ¢ = 6, , d¢ =0, (Z-/41) becomes
b

(z-/43) % pcV® F(cy) + mx (2oy5y5:‘ -%,) ax

-mx02 (Z) dx + aS = 0
za

Integrating ( z- /42 )

R
: _ 2 e
) (z-144)  Fy =0 ['mxax oz, My

where Mm: is the "mass moment" of the blade out-

1
board of station x , about the Z axis (axis of
rotation).

Subtracting (z-/43) from (z-/41):
(z - 145) %pcVe 83 (clf) - F (€g)]

+ o, (6. 0. -6.0) - (o %
| mx [2 za(Yfo oyoy) (ozr )] ax

-2 !
- mx & (¢f-ez +?’f-‘£’)dx+dsr
a bf

-dS+Fx‘d0f=0

4

|
|

1

AN

1 ! s ’
f‘__ S

B
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0 = 0_ 0 d C, =C d substituti
Assuming Oy v Voo, , an 1 1f s an ng
from (11‘*/23 2) and (7r-/44) .
d 2 d 22 1 £ _ds a2 dié _
(Z- /46) -m-c;'%-mxoz EAme, S +tgx-F + O My =0
a a 1+_l a dx
b3

As in the section on "Flatwise" deflections, p. z-7¢, the
das
f
term H is

as 2 2 3 )

%_JS? represents the distribution of load on the stiff blade and is

in two parts, serodynamic (given by equations
and inertia.

(7 - 34) pp. -2/}
The inertid load is givén by equation(zr-&c¢) p. Z-5

7 d(Fy)
148 m_ o2 e
2 a2 €1 8501  Dy8y 83by
_umereza{(T- m— - === + — )cosoz
a
f a & a.a b.b
1 01 1%2 1°2
+ (g + == = = — ) sin %,
8yby
+ (e, - a b, + —=)cos 20
b.2 2 8
!
+(f2+&280+—1r———¢—) sin208}
Then
as d(Fy)aL d(Fy)?‘n d(FV)
5 m
T-199) = =, tTE, T T, )/R

Since the forcing function, %% is a harmonic function of @
T

so is the steady state solution for vy .
Yo = ¥/R and

We, therefore, let

e o e =

H
za




* V.. 8ing_ 4y cosog.
za I‘3 za I‘I‘ za

+ 4yr5 sinzéz )
a

Substi tuting (@-147), (z-/‘/8), (z- 149), @ ~150), into (@-ra¢), Reglecting
r

the ?l term 1p - /44), Ve obtain five differential €quationg for
yri by equating Coefficients of identicay trigonomet:ric

functions. Ve can conven.iently ¥rite these ®qQuations in the
form 8lven below;
: ' dqyri ' @’ ! '
@-157) 4, R Tt Dyx, = - By,
| ' = Fi + Gi'xr + Hi'xr2 + I_.Zxr3 + .T_.{xz,4

Htﬂ
]
N
]
o
W -
I
&
]
to
]
N
a
—
)
H

R’ Tax,
2 .
! ! ! ld(EI 2
C, =¢ =C, =¢ =CL = j—l-OM
120G =g R?dxr za"”xR
1]
1]

|

v o
]
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4]

$1 a4 224 ¢
+b2)-80b-.-—a—2‘—].-4—a—"—’.°xo
2 2
o +ay
,\ t
—(al-‘i’a)]
+albl'

172 172
3z
[26] B 4+ w) - ag(by + %)) ]}
(o}

] ]
al‘i"l bl“P2

1 T
(2b) +%) - 8,9 +—F=+—7 * &%

[o}
t
a2°xo
- — " 21510b2 +

Aoy +¥) +A) + (e + )0y )

' 2 2
blkyl_Sa.ﬁ.,' -al +bl
-l Jh - S B2

Jo Jl '
+23230-2—é——2—5—9x0
312 12

—— EEEEEEESE SR d s amaas e
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1 4; 1 a ¥ 1
G4=T—[J. Eb2+810x -T—Bb 22‘{" +b‘+’

o

o
[

1
o1
7 (8 - %)

+ 2a;b, + blae - a'o)‘l + 82)‘1 -

8 1 ' [
2
(u 2 T by + 28y (b2+oxo) + 2%, (b, - @
1
- a, (bl + ‘Pl) ]
a2
+ ngza (4e2 - 4a°b2 + 2a.lb1)
cC
G| _ Za B A O| 1 o
5= —g— M Eaz+b1xo—-2-a‘¥ -z-a.u + 8,8

' 1 '
p ¢ -2 b ‘P + 8, ¥, - 28,8, + b b, + 'E)‘l°x

2
1 ! 52 1

= (b +w) - 32 [20°(b1+\}’1)—4%82
- 2a, (a1 + *P,'a) + & (8.1 - ?’é) ]}

02 2 2, -
+ nmoza (4f‘2 + 4&082 + b7 - al)

t ccz 1 ] Ae 32 b2
Sp— 1 -1 1. % . 21 2
Hl -— )\Ot+-2b1‘i"1 gal‘i’2+.2_+.§.+_z_+282

- 2 1 t 8c) 81 1
+2p +gAy (g +wy) -2 -2 %,
62‘ 1
[2Xe, + 2u0,¥, - 31‘*’2 +¥) (b +A])

] 2 WQ Bi

k!

r B

Io)

o — et
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11 - 115

PR

c e '
. {0; (g +Ay) - wo (8, + 22) +oah
(o]

+ 2b2>\1

' 2byby t 2313,2(

)
"(1 (by + A +~v1) -‘133 [2(vy

1
+ 252‘(31 - “’2) - 2uot30]73

+ o;o) (by wNy * )

Hy = ff_;g {““‘1"; - 28 ;. WoLPs - ay¥y - Po¥2 j
+ 2agby - 1% " 2L (200, + v, - 8y) ‘
-".{32. [ao;o (ep0, - 21 F wp) + 22 (8y - ¥p)
_2ay(y *A1* w'l)]i , :

2 CE ’ 0' + u.Otal

cC . 3 5 )

z

HL:.—ra %lbf"'l*‘léaf" T+T+2°210
AN 41 s o,

+ N YT .
% 1 -
-g——{hbo +p.0t(2a-2‘|‘2-_-2-¥)-§(a Yo
%

2
+~P (o + A +—2—)+1(b1+)\1)~]}

1
1.4 - La - b. - 28,9 Y-
: . ‘5"1“'2"281""1 8% 2°x, A

1Ay -
+3711
)2

A ""2 +3 2w -

ia (200, (g N O ~v2)(

- l&aao ]







1T - 22T -

S
and Bending Moments in the Y airection.

The assumed solution 3a of exact
b4

The samé tables may ve used for the
)
coefficients Tn and Si in the golution
p

(x. - V7
(1—151.) Yri = S'1 & e - xi - e)) +
: o 1
+ 2 'J."n n+2 & (n+2)(n+1)
nq 1
f 2
| o e
(n+3) (n+)

[ ) )
' The coefficients Ai’ Bi’ Ci’ Di’Ei’ Fi’

' given on pp.x- 112 for the edgevise defl

!
. be used instead of the coefficients Ai’Bi

for the flatwise joads.

The coefficients i:l, L;, L'B'

“ equations corresponding to (=~ j0l
]
; (=- 1534) 5'1 (6e - 2) + T'oi =0=1q
: ' (6e - 2) T D o
) b 5 e - + =
(k) 2 05 .
- U ge - 2) * T "2 2
\ S oe - + =
! © E °3 (1),
\ C (6 ) - 2f29z8 :,lh
k gy \ve ~ o) + % = sl
. @ ) on (21,
|
\ -
\ ' 232°za KlR
(e) g (se - 2) *To. =
5 (E1),

| R

or the pefle ction

olution of the Differential gguations, £

1y the same fornm as for the

the 2 airection deflection, 2 , gilven vy equat
1 .
golulon for the

ections, and musb be

LL, L:i ave given pelow BY

2%,

/
(n+2) (nt+3)

i

).

[}
£
Ul
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Hence, aside from priming the coefficients Ai"'Li and
using the new definitions above and on pp Z-//2

» the
routine involved in solving the edgewise differential

1]

1

|

|

}

. |

equations is exactly the same as that for the flatwise \

differential equations. The same tables (z-/,z-2,Z-3 )

and pertinent remarks and instructions apply.
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Torsion on the blades-

a. Stiff blsede:

A. Torsion due to dzgamic forcest
It is assumed that the elastic center and the

center of gravity of any blade se
gero 1ift chord 1ine of that section

The torque sbout
inertia forces acting on & Dar

element is

(x—/55) dm;d =z (cD cos &4 - v) am

+%5 (2 - cD sin Ox) am

where dm is the mass of the particle,
are coordinates

aistance in 7o chor
to the peathering axis.

Substituting for the accelersations from equation

(.zr-éa.) and (I-ér;) :

(z-15¢) at - { (oo cos o = 1% ()
-(trc cos 0L - y)z (1I)
+(De cos O - V)Y (111)
+(g - Drcsin OL)% (Iv)
-(z - Tc 8in OL)z (V)

-(z - Dc &in Ox)y (v1) g dm

ction lie on the
{see Fig. Z-29)

the elastic center due to the
ticle of the blade

v and 2

of the particle, and D is the
d from the elastic center

[UUR——
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S

v the plede

sty of the plede,

element let
the torsion due to the element ist
1
(_-:t—/57) de (1) xme (D cos 9y ~ a cos Ox)
1,,)

and

-(n) I,
2
-(v1) (IYz _ ccDmd co8 o_ sin Ox)
i, are mass moments of inertid gpout the

where Iy’ z
y of snertisd,

v and 7 8XeSy and Iyz 1s the produc

1stance in o% chord from the center of
~eatnering exis.




1T - Rl

8 coincides

pgsuming that the ‘Ip principal axl
yith the ZeTo 11fe chord 1ine,
(z-158) 1, =Ty cos? 0g + Tz sin® O
P P
2 2
b 1 =1 cos” O F 1 sin ]
( ) 2 Zy x Jp X
1
© 1,,°73 (14 - 1, y sin 20y
¢ P P
where I 5 and I z are moments of 1nertia gbout
P
the principa} axes.
substituting (g-/58e) 872 ¢),l) ® (1-157) R
since all angles are «mall, assuming
sin O = 0xr cos 84 < 1.0
in 9, = = 1.
sin Oy Oy, cos@Y 1.0
terms in 03 are negligi‘ole
. 2 . 2 .o o
w o = @ e = ]
Z Zg ’ z Zy
b 2 3s small compared to 9,
we obtains
' . 2 Xl L4
x-159 —mxc(D—d)(oo +9-09)
( ) de ¥ Zg v x 2y
2 ° @ 'xd . 2
‘ + mdc (D-d)(ox+ey zb+exez )
| a
L X .0. 2
_1. (e * 0 + 6. B )
1 o X v Zb x Za
-1, (e +°Y”Z —Qx°za+2'0 6Z)
P ] a v

-

\\

e
R -
e A, -

6
|
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S"bstituting

' '
o = Gxo + ¥y

1
+ Y gin ©
2 L

+0txr

cos O
Za

5.2 (Wi cos 9,
s

(erom (Z-// )

]
+ Yo sin oza)

-

a, CO8 20
2 Zg

- b, 8in ]
1 L

o = 8, ~ a., CcO8 Q
o 1 z,

- v, 8in 20
2 z,

(84 sin oza - by

v Y
- 2b, cO8 20, )
8

. M 2
by = +°za (8 coO8® Oza

+ Uy sin 2953)

5. = 5;2 ( eq cOB °za + £

) a

+ 4, sin 20’3)

cos © + 28
Zg 2

+ by sin Oz
8

ain 6 + Ao
Zg 2

gin 20z

+ hay

+
cos 20
Zg

cos 26
Za

._-.-.e_.,--—ne P
. .

and 1ntegrat1ng £
ting harmon

torsion, neglec

second’

yom X O the tip to get total
1¢cs highe?T than the

A

\

L

\

\

.

T

1




T-/60 M
( ) %y
where
(z-r60a) J
4
b J
(b) 14
(e) L
1a
¥ ‘
.

.0
an 2
= Q_°R (F. +J, cos &_ +
"‘a/ %a ld Za

Xy

+L1 sin Oz +J2 cos 20z +

d a d a

+ 1..2d sin 2°‘a) dx,,
= mRx,c (D-d)(a, - -2’;' o) ¥ - % £, %5 )

(o,

4

2
°+0tx,)[mdc (D-d)-IYp+I=p]

2 1
[mdc (D-4a) -1, -1 (= e,a, +
yp zp]2 171

1

5 byf, + 20,8, + 2b,0, )

"

2xzp (b, + ¥) - mx Re (D - d) { el(o;o +

+

L L
O x,) + 20, ¥y + 2f, "’2]
[
|

- 2&132 -

2
mc® (D-4) - I. -1 ](ae -
yp zp o 1
1 1
-5 6132 - E b2r1 - 2f2bl)
t t
= -21, (a) - ¥p) - mxgRe (D - Q) [rl(oxo +
t t
0, X)) + 2% - 202‘-}’2]
+ [mc2(p -a) - Iyp - Izp] (a,fy + 2e5b) +

1 1
+ -5 a2fl - 281r2 - -2- Olba)

.




(z-160 d)

71 - 127

Ip, Xb, Izp + mxRo (D~ d){i}aa,- nez(o;o +
§ 0% - % oy¥y * : flyék
(e - @) - 5y rzp]\ (¥agop -
'%°f1+%bfﬁ

Lad = -he, I + mXRC (p - a) {3b2 -
- if, (0;0 + °txr) - % (eit% + fiti {X
+ imdce(n ~a) -y T Isz (4o fp -
- % alf1 - % eibl)

The indicated integrations can ususlly pest be

e done graphically, unless the
airfoil section &8re

b, and €, ®1?

constant along
bys Ba? £y, ©p T2
of coursé, respectively,the £1apping and
nunting coefficients.

porsion due to & concentrated messs
if & concentrated mass, m',

the torsional moment produced
o movion of the plade can e evaluated
of equation (r-156) 1et ' be the
tween the
vlade and

vlade chord and
the span.

are,

is jocated at X, = X

by tnis mass due
vy meens
distance e~
mass and the Feathering axis of the

& ve the engle between tnis daistance




(z-101a)
(»)
@

(J.'~ 162 a)

(z- 162 b)

and the zero 1ift line of the blade section at .
station xI" (see sketch, Fig.m-29). Then in

equation (X-/i56):

v = 4' cos (Ox-i-Z)
z =a' sin (6, +3)

dm = m'

Substituting (x-/6() , making the approximations
of p-X-i24, and substitutingp.-/25, we obtain the
expression for the torsion due to the dynamic
forces on the concentrated mass, ,
b&:m'éa 53" +J) cos o +1'y sine
da Za Vv % 1d. Zg 1d. Zg

J
24

+

]
cos 20 + L sin 206 g
2a 26. Za

("
[

= c'(D' -a' cosg) $ RII" [Bo - %(el‘*’i +

+

£1% )J

c'a' cos? (0;0 + Otxl',) 3

t ! t t ] ]
c'a sing(er [ao(oxo + Gtxr)}
(] ' 1y2 o',
+ D c2 (Oxo + Otxr) +¥ T+
a b, 2 :
1 1 2 2
+ -2-* + -—2—- + 2'32 + 2b2 ]

-+

+

+ c.dr[cosé- sing(g; + otxz" )]-;
o

-




11 - 129

(z-162¢) 5 =c (p* - a' cos é)i RX), [- °1(°‘x° + Otx;) -

14

- 2(e2~v‘1 + fa‘i"a)l z

'R [] ] ] ]
+d'c gin b i RX, [_ao\"l + 2(32"!'1 + ba‘i’a)-\- 28,by

2

aabl - al'b2 + el‘x

[ ] L ] ] [
_p'c |28%2 + 3b,Pp + 2¥q (04 + 9%y )X

o

[ | r%
ysdc sin %\_wl- e, * abln

() L'ld Lo - a' cos &) &nx; K— fl(o;t + OXy) ”
(o]

-1¢ 2 ¥) - 2 w'a)l‘s
+a' e sj_néi Rx;,‘_ao‘i"a + %(‘p2 '1-"1 - 8y

+ blb2 + 81&2 + fl

]
‘1’2) - 28,81

1 0 ] 1 ]
.D¢ &231‘02 - 28,01 + 2¥p (O"o + 0%y )X

© J:,a _co @ - a' cosd) in'r r\?aa - lhey (9; +

2

-0

[ IR | ] ] ]
ya'c sin 6& RX,, ‘.382 (Oxo + thr) - ha o ~

- 2°1b1 + hea_x

+ a'c' sin A X.-e2 + Wby -B .




e e

i (m~1e3) Ay = § 2 fAJ(; + AJid cos o,

¥
&
)
&
g
[

*II = 130

(z-r%e2%) Ly =¢' (D' - a'cos %’)g Rxy {3b, - by (op 4 9.%1) -
[o]
1 ' '
-3 (31‘*'2 + Yy )B

[ ' ' H
d'e sin %f Rx ['31)2 (oxo + otx;) - 4aoa

+

2 =

2 2
8y + bl + 4!‘2]

+

a'e' sin S'{- fp - ka, B

¢' 1s chorg at sta.xl', vhere the mass 1g located,

D' 1s distance, 1n *Z of chord, from the blade ,
elastic center to feathering axis, at sta, x5

d' and ¥ are 4s defined p,x-427,

and the vz distribution of p' is, from (x-/4¢
b4

]
+ Ale sin °z +

a d a a

t
+ AJ:)d cos 20"3 + AL2d sin 2028 }

] ' ] t
(Izp - IYp)(G"‘o + 0,x7)

+

' t 1 1
(Izp + Iyp)( 5 €18y + 3 byfy o+ 2eqm, +

+

2b2f'2)




: (z-163 b)

(e)

)

(e)

IT = 13% -

' ' 1 ' '
ATy =2I) (b, +¥}) - (1, + I Yae, -
15 Zy 1 1 z Yp 0 1

= - 21 .1
2aje, - 2f, b, > 8, = b,f )
t 1 t t
AL, = -2I_ (a, - ¥!) - (T +I)(af+
ld zp 1 2 zp p

4

1 1
2bse, - 28,f, + 3 ayfy _ 3 elba)

AL = t4p, 10 - (2! + 1! )(%a ey - i e
?d 2 zp zp yp o 121 7
1 i
+ = bafy)
2 171
AL! = -la - (1! +1')arf, -Lar -
2(1 z’:p yp 2 171
- =ed )

where I; and I; are the moments of inertia of the

b b
mass, m', about axes through its own GG and parallel
to the principal axes of the blade section at sta, x;.

The term involving the product of inertia of m'

about these axes has been neglected., The term would,
of course, be gero 1f the principal axes of the mass,
m) were parallel to those of the blade section at

t
sta, Xpe

Torsion due to aerodynamic forcess

It is assumed that the aerodynamic forces act at
the aerodynamic center of the bdlade element. The
distance of the a.c. from the feathering axis in

the Y, and Z, diredtions is called h, and h, (7 of

chord), respectively. The torsion due to the 2

——— = e ettt .

B T B

- —




(z-164)

(z- 165)

(8)

e i e

II - 132

direction serodynamic forces is
d(Fz)a

.0
L&a - CR cos 9 (D - h, +h, tan Ox).
1

Ly

ate,),
vhere ————2 18 given by equation (z-34).

Assuming cos Ox = 1,00, sin °x - Ox
.0 2
=/ C, SR (J +J cos @, +
Hxal Za sy lal Zg

+ L sin ¢, +J cos 20, +
1&1 s, 281 za

L, sin 2oz‘) ax,

8
where
5, =4 [D-h + hy(0! + 0 )1+-1-A ¢ 4
%, % 1+ B2l% F Ot 2 1y 1
1 '

3 A [D-h (! +0 ]+A ¢ 4
1, =" 1 Hp(0y + 0px;) 0, "1

1 v 1 '
+1B w42 @
2 24 2 2721




(Jl‘-/é7) I&ea . .xr/,l

)
pI'Obably bes




-

L

|




(z-170)

h—— e
.

The total torsion on the stiff blade is, then,

' 4
r& = de + de + Ade + anl + H, o+ MX

8o

a

3

equ. (r-/60) (r-nz) (z-163) (z-765) (z-167) (Z-148)

Hmena,

-




(z-r74)

(zz~/7/a.)

(z- 172)

b, Flexible blade,

A, Torsion due o 2z def‘ection.
ZI

F(é‘z\’/&(é‘ BLRoe

- —l

-dz,
-~ -
X,

= ST/FF BLARDE

iy

The torsion at stationx due ¢
8t station '

# Outboapg of x,

r
' dz
= [z, - 5 ) “ (=) (x!
xr dxr [ r r d-xr r
d"r

——

1s the 8lope @ sta.s.
dxr

T

ay loagq, d(Fy),
is




(1—173)

. (x- 174)

(z-175)

!. (z—/7é)
i

(z-177)

\

\ .

B

\ (r-178a)

However,

2
a(r_) a°M
habinl Ad __E__z at sta. x.
d.x; R ax%, T

The torsion at & station X, is, of course,

a harmonic function of °z :
a

(sz) - (sz)l + (sz) , cos Oza + (sz)3 sin Oz‘

+ (sz)l¥ cos 29.,‘a + (sz) 5 sin 29‘,‘a

Mz and z, have been found as harmonic functions

of 6, ¢ .
Zq

M =M + Mz cos O"‘a + M!3 sin °z + MZ)& cos 20z

z Z 2 a

+M_ sin 29
Zg z,

+
a

L. =2 +z cos © + 2 sin @ + 2 cos 20 +
r Ty T, 2, r3 z, Ty z,

+ 2z sin 20
g z,
s dzr
1 1 i 1
Letting szi = (.v.r1 - zri) -(_d—x—)(xr - xr) and
T
substituting (z-173),(@-114),(x-15) and (r-176) into
(z-172) , and neglecting harmoniocs higher than
the second, by equating coefficients of identical
trigonometric functionss »
1 a“M
a2u z
1 ) '
(M, ) = 2y pg! 4+ 2 (R B2,
M"z 1 -z~ T1 2 ax; T2

l
\

\

h

1
=

-
e e o o et




e

—

e e e e




Myi dx; ax’
omm— r
EIY

1 1
T T
(11—'79) pry, = (}
.
xl‘ xl‘

ons 1ndicated c

an probably best be

T™he integrsti
done gT aphic ally.

B. Torsion due to deflection in¥ direction.
r to that for

is exactly aimile

The theory for Mx
k)
tion of (11—/78) ,

Mx s write, vy inspec

z

and we c8én

if
‘ + M
¥

= <+ Q
R

+ M sin 2°z
a

I5

s e
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ﬁ
—_
<
-5
e o
I
= o
#
[}
'3
& -
2%

-1
- oV
Avur
4/
LA
<3
¥
/
ovurz.,
<1
& [y 5
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e s A
. .

(z-/BZa)

(_u:-l?Z b)

Ay,

or

may be used,

For Ay;i either

T3

(

]
Ayri

dyri

= (9, ) - (%p = Xp)

-7
r r
1 i dxr

ay
*

1 15 slope at xr)
dax

fx'.:‘ x;'MZi , ,
[ mee
Z
%y Xy

vhichever is most convenient.
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The Effect of blade flexure on the distribution of load
along the blade in the Z direction.

The effect of blade bending and twisting on the load
distribution in the Z direction will arise from their effects
on the dynamic pressure and angle of attack at any given
station along the blade. The effect of change in dynamic
pressure will be entirely negligible. The change in angle
of attack may be appreciable, and is in two parts, that
due to structural twist, and that due to chenge in
downwash.

7 =-§-
(z-183) From (z-73a) Oyf o -

If we assume that the flapping coefficients for
the flexible blade are

(z-/84a) aof =8, + 08,

(6) alf = 8y + Aal

(<) P, = Pt Ay

(L) azf = 8, + La,

| (e) Pp, = P ¥ AP

where 8,5 89 bl, 85 b2, are for the stiff blade, then
it is appsrent that

g
(z-185a) ba = "1
Xy
z
r
2
(&) bay = - —=
i L X5
: 2z
: T
| () Bby = - —2
i x,,

] o L

[ ;
|
i
l
!
|
l
'

f K
s s e i s u




(It“ /85&) Aaz = - ——;""

(@ Ab, =
2 Xy

From (z-29) 1t mey pe seen that the change in downwash

angle, 9i =-T§L, 413 & linear function of the changes in

Yy

ing coefficients, given above.

the flapp

The chang® i1n angle of
.yill be & harmonic function of Oz
a

tural twist

attack due to struc
garded as

and can be Te

a change in O; , Thus
o
+ 00, T on cos Oz + on sin Oz +
a 83 a

(x-186) .

4 Su 35
where
' x
g My
| (I-—I86a,) po, = Moax
8y GIp
i (o]
' where 0Oy is the structural twist at any station
$5
(reference 1s the root)

Mx 1s the total gorsion 8t any gtation.
i

\
GIP is the gorsionsl rigidlity of the plade.







The additionsl air loads as found from the sbove relations
‘can be added to the constant of col. 8,table -/ or added
to the shear values in col., 7 of table r-4 in order to find
the effect of blade flexure on bending moments and de-

flections.
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Controi;

In this example
ycllic pitch is taken as

&ngle for maximum Positive
Pltch is taken ag 0°,

Thus, \PJ'_ = ,131 radians,
1
9’2 =0,
Tip =spsed ratio, g . 250
From equation (- 5) ,
1o 3
C = 4R 'g R- xr dxr

3
axp

=2.35-19 . .08 . ,’;.- 1.135 r¢,

o, ,!&",MS__. .0571

TR

{equ. p.I-/4)
T19
5‘ = 220 - 27 = 23.1 rad/ssc,
a 60
B o 2700
vp

= .00523 (equ.p.I-/4)
-00237 - 7 . 23.12 1% w-p

———re = .966

3

B=1-Y2" .00523 (equ. 7-4 )

(for simplicity, neglecting taper)

[
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From ¢igures

w= ,250
Tty ™ -.015%
ty = .89%
ty = .00587
T = -.00010
t5 - .0019
tg = . 00050
t7 = «99
tg = . 0095
t9 = -.0050
tq0 = 198
Ty = 0072
%2 - , 00005
t13 = -.00014
Ty = .001%8
t5 - .00019

g = .00%9
= -.00013
= ..0886
- -.0011
- .00007
= 0620
- -.265
to5 = -.79%
tol = ,0525
= -.0230
- 093

olution for A

r-/2

-,0%66

329
.0390
..0001)

-.0276

.0212
-%.02
-.150
-.00060

.089
-.838
-.00960
-.00002

.0090
-.0195
-.00019

.00011

. 0068
-,0057
.0071
-.0700

, for
oy * C;?) t;
-.0183
.919
,00858
—.000092
0
.00198
.380
-.0009
-.0050&
. 20h
-.0510
-.000619
-.0001#2
,00211
-.o00x17
.00389
—.000122
-,0881
-,0015

. 000564
L05T

e o =
PR T—




substituting these coefficients into equation (@-6o) and
solving the quadratic for A, we get

A= -.067 (discerding the + root). .

The tip-loss factor, B

The tip-loss factor, B , was computed on pagez-/47,
neglecting the blade taper, to be

B = ,966 .

It will be noted that both the collocation method
and tabular solutions for the bending moments and deflections
involve airloads, the expressions for which are contlnuous
out to x, = 1.00 . To modify the 'solutions for the bending

moments so that the air loads consistently become zero at

x, = B would involve great numerical complication. It is

udvisable, therefore, to compute the alr loads in a manner
consistent with the way in which they are treated in the
later work, i.e., B = 1.00 . Therefore, in the following
calculations the value of the tip-loss factor, B , is taken
as unity.

Solution for flapping coefficients:

\
(.
Using equation (mr-38) to solve for O; , Wwith B = 1.00 , .
o e
we find g
‘ i
9; = ,182 radians. \
o]
K Ru
3{1? = _'If;— = 13.387 (see definition)
|
!
/ '/ x
A
v .
e e
e T
[
- = -



solving for the £1apping coeff

we find
b, = -.003091
a, = +.006538
a, = +.174107
8y = +.091199
bl = -.073674
Solution for 2 girection air 1oads:
Z direction

the coefficients of the

Solving now for
(1-34) , V8 find

air 108ds, by equation

- 2
A = .005639 - L067 X, * .182 x,

Ca

2
A, = ,00089¢€ - ,oohlBll X, + . 057355 %y
_ 015325 + 091387 Xp ° 091199 %o
A = =.005688 + .022800 X, - . 006182 xﬁ

L .00544L + .OL335 Xy~ 013076 %5

We now find the parmonic par

a(Fz)a cC,
A2 A
d.xr R 8
d(Fz)a cC,
2 . 2 A
ax R a

T

jcients, by equations

s of the air load distribution,




= 25, 043.8
a

o =2.35 - ,08R X,

From (z-35) , C,

and substituting

ve find the anelytical expressions for the air loads as &
function only of x_ -

pd
a(r )
— 331.871 - ¥157.797 x, + 13,261.673 x; - 6928.106 x;
byl
a(r.)
z'a, ~ 2 3
~———= = 52.732 - 2643.878 x, + 5063.526 x_ - 2183.305 x7
de‘
a(r_)
z’a
2 = -901.920 + 5961.753 x, - 8846.10k xﬁ + 3471.628 x2
dx,, =
a(r,)
Z 84 _ " 2 3
= -334.755 + 1558.367 x, - 1231.745 x_ + 235.327 x
dx,, E

a

\\‘

. -
[PPSR




—

——

e e s

2w

(Z-/é& n.)

3 = -320.218 + 1050.775 x,, - 1315.243 xi + 497.758 xg

wvhere, of course, the total air load at any station 1is

d(Fz)a d(Fz)al d(Fz)a2 d(Fz)a
= + cos Oz+ sin Oz
dxr dxr dxr a dxr a
d(Fz)a d(Fz)a5
+ cos 20z + sin 2oz
dxr a - a

We observe that the ailr loads givensgbove faill, by more
or less, to satisfy the equations from which they were derived,
because of assumptions made to simplify the equations for
the flapping coefficients. If one attempts to use the air
loads in such a state to solve for the bhending moments and
deflections, one may find an error in the bending moments
out of all proportion to the error in the air loads (particularly
by the collocation method, which 1s especially sensitive
to such inconsistencies). The equations which the air loads
must satisfy come from equation(r-39), and are as follows:

fl d(rz)al .02
R —— X dx - I a8 =0
° r T F z2, ©
T
() i e ‘
R x, dx. + 8, b, =0
° dxr r T Ky LN 1

S -

e e S i
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These €quationg

however, ev

» Of courge

uationg @- /88 )

Such g Procedure

en for the sample casge

(Z-188)
d(pz)a 88 unknowng
\1

dx,




analytically in this case,
we find that the

the integrations,
n coefficlents,

tions are 88 follovs:

. Upon performing
and solving for the unknov

modified air 1oad distribu

a(Fy)y
%8 390.931 - MST.TIT Xyt 13,261.673 x5 - 6928.106 x2
dxr
| ar,),
1 T 2% _ jou.1kk - 2643.878 Xy + 5063.526 x5 - 2183.305 x2
! dx
' T
a(F,)q
P83 g40.101 + 5961.753 Xy - 88146.104 x3 + 3471.628 =
dxr
d(FZ)a
2 PM_ _350.592 + 1558.367 X, - 1231.745 x2 + 235,327 x2
ax,, ‘
d(FZ)a
SFaes _ _sp0.752 + 1050775 X, - 1315:243 <2+ 497758 X
d'xr
These air loed distributions are plotted in pigure Z-3/,
page r-16b.
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a) Collocetion method.

The moment of inertis distribution for the subject plades

js given in figure -3
quantity EIY

, page

the derivatives of EIY with

is & discontinuous function of Xn

n-158 . the

Before

in genﬂral,

espect to X, are teken,

obviously ghe curve must be approximated by & continuous

function of Xy, °

arﬁitrary°
the actual diatribution of I

points of the straight segments
meens of

1nvolved thereln does
of the faired EIy

not seem

and

{obteined graphically) are shown 1n figure n-33
the units be

It is 1mportant that

case, ¥e choose 1bSes

1n figure X- 34 , pege I-/66,
of the blede,

mass moment,

and,
M, 2
X

We now c¢can compute the coe

as & functl

By of page r-74 of the qifferentisal equations (- 26) )
Ve tabulate these solutions pelov 88

We simply fair 88 smooth & curve

by 1ntegrat1ng graphically,

™he method of dolng this 18 complﬂtely

as possible thru
R attempting to hit the pid-

(p. X-158 Yo Mathematical

arriving at this approximation have been suggested,
such 88 the method of lesst squared error,

but the complication

to be justifiable. The curves

its gerivatives with pespect o Xa

, pege z-/159% -
kept consistent-in this

we plot the veight distripution
obtain the
on of Xn

eficients A1 , By »

i Cilni

i

cunctions of Tp * (P z-161) ‘.,
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X, — 0
A | 6.109
By 0

' c, -363

Dy, Bpy By 975

Eu, E5 3900

E = 0 , and since Ky =0, from (z-s0/)

II - 161

.25
6.021
-3.499
=375
956

3824

.50

2.770

-27.978

-182

905

3620

.75 1.00

. 641 «117
-9.335 0
-101.6 +14.6
610 545
2440 2180
s Ly = 0.

T™e procedure for the constant and second harmonic
5) 1s from here on somewhat different
from that for the first harmonic parts

parts (i =1, 4,

i= lz 42 5

The sum of the first five rows of column 8

is simply the value of

a(Fylg, 2 (R,

R dx

r

for the harmonic (value of 1

table applies.
column &

1i=13 -~ £
R

a (7,),

ax,,

(1 =2, 3) .

ol

T

) and the x

B e . e

T

s Table -/,

for which the
That is, instead of the first five rows of
, Table -/ , we enter

‘ AN

I °
e o o e

L
T



= te

We 1llustrate the solutions of Tabls z-, by giving the

solution for 1 . y » Xy = .25 (table Z-5 , page xr-/67).

combinations of 1=1,14, 5 and X, =0, .25, «50, .75,
and 1,00 , Except for the constant of colump 8 , the
solutions of Tables ZX-/ , for any X, are ldentical for
1=14an 5, Finally, the Tosults of these tables are
éntered in Tanies Z~3 (one for each value or 1 ) as
indicated on page x-8¢. The solution of Table -3 for

1 =14 314 g1iven on page z. 68 .
the unknown Coefficients Tn

Serles for the g deflection.

from Table z-¢ : row 3o
row 28
Trov 26
row 24
row 22

and fropm equation
(Z-r0/4)

Having Tapie I-& we fipa

and si » 1n the assumed

This 1s given below for 1 = 4,

S)* = . 00230550

’I‘44 = + 3.397599

T3 = ~,061221
M

2, = ~.T79188%4

-~ 4, 461759

= ~.032991

T
)y

T
1y

T
Oy
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L= 163

the equations represented by - H°

. dzz

2
axc,

at each station 1is

a2 EI
4 M:._-E:E-.o_—l
ax T R

——

s - - - - e e et s T -

. It 1s advisable to check these values DY subst

i3, 2 mable Z-& and seeing that the
satisfied to at least five significant figures.

These coefficients are then substituted pack 1

where EIY 1g from figure 7-33% , page r-159 -

For 1= 4 , these jast steps are glven below:

a°z

: T =y
ax?, R

A 0 0 2210
; .125 .0%05 2210
.250 .0381 2180
375 .ou38 1820
. 500 . 0554 1000
; . 625 . 0654 510
. 750 . 0582 237
} 875 .0270 8l
! 1.000 0 0

{tuting into

vy are

equation(a—looq for X o find the values of'the second

derivative as a function of Xy, ¢ Finally the bending moment

(ft—lbs)

0
67
83
80
55
33
14

2

0

' This, elong with the other harmonic parts of the bending
moments, 18 plotted in figure.z-sz R page.ﬂ-/é?.







-

-8, (z_ )
1 ri 1

which, upon solution, gives us

-8B, A, 2
. 121'1

for the entry in columm & , Table r-/, for the third

approximation, A3 Mi and A3 Z, - In the subject example,
1
it was judged that the second approximation gave sufficient

7 accuracy. It will be noted that the first five columns of
. Table z-/ are identical, for both 1 =2 and 3 , and for &ll .-
the approximations, with the corresponding columns in the
solution for 1 =1 . This fact of course saves 8 gfeat desal l
of computation. Finally, the bending moments and deflections
are
M

= [ \
M \Mi)l + b, My + B

4 = 4 T oo 5 e e e e e

1 3

Y + 4

Because of the indeterminacy of the blade position, we '
can determine only the deflections due to blade bending, that :
is, relative to the tangent at the root. This, when added to
the ddflection of & stiff blade, will at least give a rough -
approximation to the actual deflection.

. Thus

~
'
{

P

:
DU R

e v J




and

for

L

.125
.250
<375
. 500
. 625
750
875
1.000

-

2 = R {z

z; = R g(

To

} 4
T3

IT - 166

+x, [20 5, - 31]}

) + A

z

+ A

R {(z ) +45, 2, + L.+ . .
I N I

z + . .
3 rs

«+ xr

[2e ((s

+ b, 8

2)1 2 "2

+ A3 Sy, + . e .)- all E

o+ X, [2e ((s

+ A3 33 +. .

3)1

) - 1] g

+ A2 S3

The results of these approximations are tabulated below

1=2:

(M,)4

48
69
72
55
38
17

by My

10
12
12
11

o+ + @

58
81
84
66
46
21

0

(zre)l %2 *r,
0 0
-.00220  -.00025
-.00248  -.00016
+.00075  +.00061
+.00782  +.00234

-.00245

-. 00264

+. 00136

+.01016

These results, with those for 1 = 3 , are plotted in
figures Z-35 and =-36

-.b2

-.80

-1.10

-1.31
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PABLE g-6 - FOR THE SOLUTION OF THE FIVE LINEAR SIMULTANEQUS
EQUATIONS IN FIVE L‘N!GIO‘]HS
1al,
Column 1 2 3 § 5 6
Row e Tlﬁ TE’& T3:; Jr,‘h 5y Constant
1 - «63. 349615 -17. 933411 =6, 254225 -2.360200 )L0,033.100985 -. 444000
2 ) 1.0 283086 098726 .037257 | -158.376660 +.007009
3 -37.179312 -9.218827 ~3.476197 -1,934831 | 8,167. 409638 -2, 601306
L] 1.0 . 247956 . 095498 .052041 | -219.676191 +. 069966
5 = 0 . 035130 .005228 -~. 014784 61.299522 -. 062957
6 1.0 148819 - 420837 | 1,74%.933732 1. 752115
i ~35.965755 -16.030115 -B.787680! -$.751290 |7,936.253762 +1.221525
8 1.0 . h45705 244334 .132106 | ~-220.661398 -. 033964
9 0 -.162619 -.145608 -. 004849 62.204729 +. 050973
- .50
, 10 =<1 1.0 1895394 .583259 | -383.010159 -.251957
’ 11 0 -, THE5T5 -1, 004096 2127.943891 -1, 540158
12 1.0 1.344937 | -2850. 274776 +2. 062965
13 =70.8864TH -15, 422249 -1.5§1262 .538521 | 9e22.96542% +6. SH5644
14 1.0 .217563 023718 -, 007597 -73.680706 -. 092340
. 15 [ .065523 .075008 .0b48sk -B4, 695963 +. 099349
16 2 iy, 1.0 1.144758 .684554 | -1292. 614242 +1.516246
w | Tl 0 -.995939 |  -1.105353 | 3037.5%7974 -3.308361
‘ 18 (e 1.0 1.109898 | -30%9.933755 +3. 321851,
19 ><f: 0 235039 199. 658979 -1.258886
20 e | 1.0 849. 471700 -5.356073
21 ~24. 436000 12. 218000 0 0 1087.210023 418, 452200
, 22 1.0 -. 500000 0 0 -h4.592512 -. 755124
23 0 . 783086 . 098726 .037257 | -113.88M157 +.762133
24 1.0 .126073 LONT577 | -145.4299%9 +.973243
25 g e 0 . 022746 -.46851% | 1890.363681 -2.765358
. 26 1.0 -20.503247 B3,107.521366 -121,57557%
. 27 0 21.938184 185,957 . 796142 +123. 638539
28 1.0 [-3918,18197} 45, 635769
: 29 TRt o 4767653631 -10.991842
L]
30 o | 3225.997714 ~7.4375%2
. = = ==t S

b ot (g

o e e e e

————

Explanation on page -89 .
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b) Tabular method.

The tabular method of finding the bending moments &and
deflections is conslderebly easier than the method of collocation.
We present here the solution for 1 =4 , that is, the "cos 20, "

a

part of the deflection and bending moment. The entries in
Table -4 , common to all the different solutions of that table,

.01R?

EIy

distribution of EIY
as for the collocation method, and (Fx)m is simply

are (column 2 ) and (Fx)m (column & ). The

is taken from the curve in figure z=-33 ,

7]
o
E

where Mm 1s taken f
p

1]
The entries in column 7 in the solutions for M
are computed from the modified distributions of air loads used

in the collocation method:

dx

IR (F,) = 1.9 jl'o f_(iz.)_&

r
X, dxr

a(r_)

: vhere —2-8 is given on page X-/55 , and in this case

T

(see p.x-/00)

e e e e

. .
SRS

[P




P T2

the 1ntegrat10ns nhave bveen performed ane.lytically.
computed from figure n-34

in column 8 are
case of 1=1¥,P=1¥,and
pm o2 (L1R)% = ¥ 1.9% - 53.1% -
a

e solutions of Table 7-4 for

Cy are given 88 tables z-7 to
from these tablest

(Ax~S)M' = -341,7T34.1

-

(ax-8)g = 25,992,638

(ax-8)p = 35297
and ab xr=1,
M o= - 1,0io,o73.2

c = 76:7989564

E =- 9815.914

The entries
In the

pu———

32.2

1
1=)‘¥,f0r Mn,Eu,

r-9 -

o




.

i
[t

"‘,

page z-103

Then, &b every station,

11 - XT3

and S, YY equations (n’—ll9)am1(12-130),

solving for (%;)
o]

(%Pi) = -.01415057
(o}

8, -213. 61k

M= +c(%.;) +8,E
o]

similarly, for the defleotions,

az
z, =2y T % (‘as‘c')o + 5, I

vhere zM' y 2o 0 %E are column g in the

1
solutions for M » C > E, respectively.

are plotted in £igure x-37 .

ents SO computed
As in the

The bending mon!
The defleotions are given in figure.ﬂ—38 .
first harmonic par

collocation solution3s, the ts of the defiection
do not have physicsl significanc®, since for 1 =2, 3 it vas

necessary to assume the value for (see p.X-102).

a

(&)
o]

ion as in the collocation

1f we make the ssme assumpt

method, for Zo and 23 , we have

(r-/89aJ z, = ”M‘ +8, 2 R X, &

(6) 25 = zy' t Sy 2§ ~ R x, D)

e

\
|
1

i
|
|
!
l
|
|
|
|
1

. e e . s A o
v —
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i o

z, and 23 in figure I1-38 wvere computed by these formulae.

Comparing the ddlections and bending moments as computed
by collocation and the tabular methods, we observe a con-
siderable difference in the results by the two methods.

We believe that this is attributable to insufficient convergence
in either or both of the methods, and that more terms should

be taken in the assumed solution by collocation, and/or smaller
increments of blade radius (i.e., more stations) should be
considered in the tabular method. Extension of the collocation
method to more terms would seem impractical from the point of
view of time required to complete the solution. It is desirable
to obtain a solution of the differential equations involved by
means of a "differential anaslyzer", which should definitely
settle the question of relative accuracy of the two methods.

The hunting coefficients:

Since in later solutions for the Y direction bending
moments, the air loads are taken to x, = 1 rather than B ,
it is advisable to be consistent, and in the equations for
the hunting coefficients, to set B = 1.00 . The coefficients

of aerodynamic torque, (Go, Gy, Hy, Gy, HE) are computed

by equations (@-58), pege ¥-42 . Finally, the hunting coefficients,
€ys ©1» f1, €, £, are computed by equations @-71) , page Z1-62 .

The Y direction air loads:

The Y direction air loads can be computed &8s a function
of xr from

dxr ) dxr dxr

L o

PR ——
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b) Tabular methoqd®

The solution by this meth
the Z direction bending moments,
loads were not modified in this cas
table 7 - 4, can be computed direct}
on page z-/20 (equations Z-154a ko r-154¢ ),
relations corresponding to equations &--694)and
for the first harmonic deflections, are

Ya’YM'+SoVn'erel

y3=yM'+S°yE-erfl

od is exactly similar to that for
except that, since the air
e, the entries in column 7
Y by the relations given
Finsally, the

2

() , page z-/73,

S et
PRI
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e
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PART 111

CENTER-HINGED BLADES RIGID IN THE PLANE
OF ROTATION

(SEE-saW TYPES )
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Center-Hinged Blades Rigid in the Plane of Rotation (See-

Saw_Type)

The subject blades are continluous from x
x =R , and are hinged at the hub by & hinge having its
t 1
axis in the X Y ©plane. The hinge axis may make an

=~R to

angle, 53 , With the blade Y axis, and the blades may
have a "built-in coning angle", Oy » a3 shown in the sketch
below: °
Y
83
~/
8 HInGE RXIS ~ / ‘\

C e————.

£

The equations that have been derived in Part II for the
accelerations, inertia and aerodynamic forces are, in general,

applicable to the "see-saw" type blades. The expressions for

the flaepping coefficients need be modified, however, and the
solution for the inflow factor, A , should theoretically
be somewhat different. It will be necessary to change some
of the details in the solution for the blade bending moments,
torsion, twist, etec.

If the flapping angle of the right half of the blade be

e =8a_ - a, cos Oz - bl sin Oz - &5 cos eez - b2 sin 292

o}
yI’ a a a a

then the flapping angle of the left half is
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; a(F,) -4 al®y)
(zr-7) (My)=f_—-—-—£‘-.xdx-f_—-———-.xdx
m ¢ ax 0
for 6, for (@
a

The values of the above integrals are given by equation (IE-44).,
R p. X-28 and, making appropriate substitutions,

(71 -8, M, = 0 .
(m-g) (g)
(My) , the moment due to gravity loads, 1is obviously zero.
g

Mx , the torsion on the blade, will be small compared to My s
and since 83 1s seldom greater than 30°, we neglect

the term Mx % sin 83 .

Substituting (m'-5,6,7,l)into (m - 4), 8nd squating coefficients
of identical trigonometric functions,
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2
(uz-7a) 8 = ._r-}—-———- pA(@2 - )+ 9; 4 (-';. B> & .10647)
B _ 1 2B2 o -
5 -
oust r v, B #3800 - 5w
% ACERE i3
(Iﬂ-?b) b1=..B.r~]—'1-—"""2‘ u-gy (%BB-}-.O'TOLL}) —%A]_Bu’
(o]
-2-4‘11.12‘5
s 2.2
' (B w°B 1 4
R e
which are

With the exception of the underiined terms,
small enough to bYe neglected, these expressions are identical

with equationstz-5m0 and (@ » 1n which

5 ao=eyo, 82=b2=0,Dy=&

solution for A

‘ Theoreticelly,
and o (engle of attack of rotor d

{ 1
. % Cp

f (- 10) tan @ = e
Y2 + N

are, Oof cCourse, indpenden

c

A cean be shovn to depend on W 7

1se) by the relation

Ti>

CT and W t of the plade hinge
configuration, vhile ¢ a function of the 1./D
may be remotely affected bY the flapping characteristicm For
practical purposes, howvever, 1t will be sufficiently accurate

to solve for A by the method arranged in Part 11 for the
general type of hinge configuration.

of the rotor,

The Hunting Coefficients:
the relsation petween the lag &
by methods similar to

'meoretically, ngle and the
f1lapping angls cen b those of Part I,

r-26 to r-43 , to bes

e shown,
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cos @

O

- sin @, = ————— 8in &_ cos &, -
¢ ) %y cos @ 3 >
2
1 sin2 %) 2 >
1 -f/—= (1 - ———I) + tan 6, tan 83
cos® @ cos® & o
Yo 3

Since @ P ) and @ are small angles, this relation
2y Jo v

is closely approximated by

2 2
(m-11a) .Ozb = tan 63 (Oy - OYO)
Substituting
] =68_- e, Co8 @ - f, 8ln @ - e, Cos 20
Zy o 1 z, 1 z, 2 Z,
- £, 8in 20
2 Zg
and
Oy = Oyo - &, cos Qza - bl sinp Gza

and equating coefficients of ldentical trigonometric functions,
we find

(m-12a) e =% (Bi + bi) tan 53

(5) ey = 2aloyo tan &

3

{e) £, 2b1°yo tan 63

1 2 2
() ey = % (‘L:»1 = al) tan 53

- a Y
(e) £‘2 “lbl ten 35

———— y " a R S—
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Calculation of the Z Direction Bending Moments and Deflectioms

for the "See=-Saw" Type Blade.

On the subject type of blades the end conditions are not
known to us for either half of the blade separately since the
deflection curve for the right half 1s influenced by the left
half, and vice versa. Therefore the solution must consider
the blade as a whole (i.e., x =R to -~ R ). Fu<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>