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ABSTRACT

With the aim of developing a fast and accurate

computer code for predicting the aerodynamic forces

needed for a flutter analysis, we review some basic

concepts in computational transonic$. The unsteady

transonic flow past airfoils in rigid body motion is

adequately described by the potential flow equation as

*long as the boundary layer remains attached. The two

dimensional unsteady transonic potential flow equation

in quasilinear form with first order radiation boundary

conditions is solved by an alternatinq direction implicit

scheme in an airfoil attached sheared parabolic coordinate

system. Numerical experiments show that the scheme is

very stable and is able to resolve the highly nonlinear

transonic effects for flutter analysis within the context

of an inviscid theory.



1

1. INTRODUCTION

We begin with a survey of the behavior of flows

past conventional airfoils. Then, we introduce the
I 

unsteady transonic problem in flutter analysis. Finally,

we discuss the mathematical difficulties of solving

such a problem.|
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1. Flow Past Airfoils

We begin our discussion with a brief survey of the

behavior of flows past airfoils; when a conventional

symmetric airfoil accelerates from subsonic speed to

supersonic speed the flow pattern usually develops in

the manner shown in Figure 11. As the flight speed

of the airfoil reaches the critical speed, the local

flow speed equals the local sound speed. Beyond the

critical speed, a supersonic region appears on the

airfoil which is usually terminated by a nearly normal

shock through which the flow speed jumps from super-

sonic to subsonic. With a further increase in the

flight speed, the shock moves aft and the size of

the supersonic region and the shock strength both

increase. If the pressure jump through the shock

is sufficiently large, separation of the boundary

layer occurs. This shock induced separation starts when

the local Mach number, the ratio of local flow and sound

speeds, just upstream of the shock is about 1.25 to 1.3.

When the boundary layer downstream of the shock separates,

the nature of the flow around the airfoil changes

'-
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completely and often turbulent flow phenomena, such as

buffet or buzz, start to occur.

The other important flight parameter is the angle of

attack, the angle between the flight direction and the

airfoil chord. The effect of chanqinthe angle of attack

of a conventional symmetric airfoil at a given super-

critical speed is shown in Figure 9 . When the angle of

attack is increased, the speed over the upper surface

increases, and the shock strength and the supersonic region

on the upper surface both increase.

The flow patterns for a modern supercritical airfoil

acceleration in speed or angle are usually similar to the

patterns shown in Figures 12 and 10, respectively. The

supersonic zone in these cases may consist of several

pieces.

i
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2. Engineering Considerations

An aircraft under certain circumstances may experience

vibrations of an unstable nature. This phenomenon, called

flutter in aeroelasticity, is governed by the interaction

of the elastic and inertial forces of structure with the

aerodynamic forces generated by the motion of the vehicle.

These forces interact in such a way that the vibrating

structure extracts energy from the passing flow. This may

lead to a progressive increase in the amplitude of vibra-

tion and may cause structural damage and loss of control of

the vehicle.

For a given vehicle, the aerodynamic forces increase

rapidly with the flight speed while the elastic and

inertial forces remain essentially unchanged. There is a

critical flight speed called the flutter speed, above which

flutter occurs. The requirement that a flight vehicle be

free of flutter over the entire flight range, which may

include subsonic, transonic, supersonic and hypersonic speeds,

is one of the most crucial factors in the design and construc-

tion of flight vehicles. The vibration characteristics of

the vehicle at zero speed can be determined quite accurately

by numerical methods or ground vibration tests [44). Thus

flutter analysis depends mainly on the knowledge of the aero-

dynamic forces. In subsonic and supersonic flight, aerodynamic

forces can be predicted reasonably well by current

methods based on linear theory. For transonic flight,
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nonlinear effects make the evaluation of the transient

aerodynamic forces considerably more difficult. This has

concerned the flutter analyst sir ce the beginning of

transonic flight. The transonic regime with its mixed

subsonic-supersonic flow patterns, usually containing

shock waves, is the most critical regime for the deter-

mination of the flutter boundary. A typical flutter

boundary with transonic dip is depicted in Figure 1.

The flight speed may exceed the flutter speed in the

transonic region.

speed

~flutter speed

flight speed

.4 .7 .9 1.1 1.4
Mach number

Fig. 1. Typical Flutter Speed vs. Mach Number Curves

of a Flight Vehicle.
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Currently, supercritical winqs make it possible to cruise

at transonic speeds with low drag. This leads to a renewed

interest in transonic flutter analysis. In this paper

we consider inviscid unsteady transonic potential flow

past airfoils in rigid body motion with the aim of provid-

ing a method of predictinq the aerodynamic forces needed

for a flutter analysis.

4

p .... L
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3. Mathematical Problem

In mathematical terms we find solutions to a partial

differential equation that describes flow outside a wing

section which is in rigid body motion. There are several

difficulties in this problem:

1. The equation is nonlinear,

2. The physical time direction is not the time-like

direction of the equation when the flow is supersonic,

3. Shock waves occur, and

4. The body surface is moving in time, which is equivalent

to saying that there is an essential singularity at

infinity in the airfoil attached reference frame.

While much progress has been made in the mathematical

theory of transonic flow, many basic questions remain open.

For example, even for the small disturbance equation, one

of the simplest nonlinear mathematical models, it has not

been shown that the problem is well posed in a suitable class

of weak solutions. The linear theory is deficient in

predicting important features of transonic flow outside

airfoils in low reduced frequency motion [291.

At present, a very effective way to study unsteady

transonic flow is to obtain approximate solutions by compu-

tational methods. We overcome the first difficulty by the

use of finite difference methods. This allows the solution

to be advanced in time by solving a sequence of linear

equations which approximate the nonlinear equation if the
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time step is small. The second difficulty, as well as the

third, is solved by a type dependent differencing strategy

which employs central differencing for all terms at sub-

sonic points and upwind differencing for the streamwise

derivatives and central differencing for the transversal

derivatives at supersonic points. Shocks are captured

automatically. The fourth difficulty is solved by using a

coordinate system in which the airfoil is fixed. The

far field then has an essential singularity that can in turn

4 be treated by introducing radiation boundary conditions at

the artificial boundaries which are a finite distance away

from the body.
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4. Plan of Work

The plan of this work is as follows; In Section II,

several flow models derived from the conservation laws of

fluid dynamics and the proper constitutional hypothesis are

reviewed in decreasing order of complexity. We begin with

the Navier-Stokes equations and step down to Euler equations,

potential flow equations, small disturbance equation, and

* low frequency small disturbance equation. We discuss the

proper boundary conditions and related concepts in each

flow model. We also review some basic numerical concepts

and discuss a splitting technique for constructing stable

implicit schemes.

In Section III, we restrict our attention to the poten-

tial flow equation in quasilinear form. We study the

characteristic surfaces of the equation and derive the

proper radiation boundary conditions for the artificial

boundaries of computational domain. We also discuss

coordinate transformations which render the airfoil surface

lying along a portion of coordinate surface in the compu-

tational domain.

In Section IV, we construct a highly stable alternating

direction scheme for the potential flow equation in the compu-

tational domain. The finite differencing strategy and

approximate factorization technique are analyzed through

linear models, convection equation and wave equation .

It is shown that the scheme is unconditionally stable for
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these two cases.

In Section V, we check the scheme by calculating

steady flow past some airfoils. The computational results

show that the scheme is very stable and there is no problem

in calculating sonic flight. Then, we demonstrate our

ability to calculate unsteady transonic flow past realistic

airfoils in rigid body motion.

In Section VI, we present the conclusion of this work.

In Appendix A, we describe a 5-diagonal matrix solver

employed in our scheme.

In Appendix B, we explain the operation of the computer

program and the glossary of input parameters. We also

present the listing of the computer program UFLO5.
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II. BASIC CONCEPTS

With the object of developing a fast and accurate

computer code for unsteady transonic flow past airfoils

we review in this section some basic mathematical models,

including governing equations and boundary conditions

for unsteady transonic flows and some relevant numeri-

cal concepts including the resolution of the finite

difference mesh system, the ideas underlying the split-

*ting technique and the shock capturing technique used

* to construct an alternating direction implicit scheme

and the advantages and disadvantages of conservative

and nonconservative difference schemes.

J l J . .. _ _. .. .. ... ,A, . .
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1. Customary Flow Models

In many aeronautical applications turbulent flow is

observed. The phenomenon of turbulence is not well under-

stood and currently much attention focusses on finding

useful models to describe turbulent flow theoretically.

Continuous flow models have been found adequate to

describe a large class of flows of practical importance 1321.

1.1 Navier-Stokes Equations

4 With the proper constitutive approximations, the

*conservation laws of mass, momentum and energy lead to

the Navier-Stokes equations in Cartesian x,y coordinates

in the conservation form [32,381

(1 U+F + G =0
i t + Fx y

where

P PU

Pu Pu 2 +
X

pv Puv + TI xy

e. (e+a, x)U + Tyxv- W-

Pv

Puv + Ty x

G= Pv 2 + a

y

(e+y)V + TU- K
y xy

with



13

xy =Tyx au av

ax= p - x (L -v 2 .L

and

a =p - (au I2) -2,,a

in terms of density p, pressure P, velocity components

u and v, viscosity coefficients X and p, total energy

per unit mass e, specific internal energy c and coeffi-

cient of heat conductivity K. To close the system we

adjoin the equation of state p = p(c,p). The simplest

equation of state is the polytropic relation (y-law)

P = (y-1)Ep , y = constant ,

where y is the ratio of specific heats, equal to 1.4

for air.

The above system can be rewritten in the nondimen-

sional form [421

-i
(2) Ut + F+ G = R (R + S

t x y x y

where

o ]pu p

pu Pu 2+p PuV

Pv Puv Pv 2+p

e u(e+p) v(e+p)
0 0

R= TX ] = Txy

xy T yy
R4 S 4
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with

T = (A + 21j)u + Avxx x y

T = V(u + v)xy y
Ty= (X + 20v + Au

yy y x

R = UT + VT + KPrl(Y - 1 3a 2

4 xx xy r x

S = UTy + VT P-(y - 1 3 a2

and 4  xy yy r y
P = (y-1)[e - 0.5 p(u 2 +v 2 ) ]

where the local sound speed a is given by

a 2  = y(y-1) [E - 0.5(u 2 +v 2 )]

A is taken as -(2/3)pi, the Stokes hypothesis. Note that

the nondimensional reference quantities are arbitrary, the

Reynolds number Re and the Prandtl number Pr used in equa-

tion (2) are defined in terms of these reference values.

Usually, two types of boundary conditions must be

specified to determine flow past airfoils in motion.

a. The body surface condition requires the flow velocity

relative to the body be zero (no slip condition), and

b. Appropriate far-field boundary conditions must be

specified at the necessarily finite limits of the

computational domain.
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1.2 Euler Equations

If viscosity and heat conduction are neglected, the

flow equations(2) are reduced to

(3) Ut + Fx + Gy =0

and the equation of state for the y-law gas,

(3') P = (y-1) EP

In the inviscid flow field, if there are surfaces

of discontinuity, the solution of the differential form

(3) has to be interpreted as a weak solution of the flow

equation with proper entropy condition. u(x,y,t) is a

weak solution of differential equation (3) if

T IrWt.U+wx.F+W.G} dx dy dt = W*U dx dy]Tf ff It _-Iff
s s

for any smooth test function W(x,y,t) which vanishes

for !(x,v)ll large. An equivalent statement of weak solu-

tions of the differential form (3) is that

a. The differential form (3) holds in the smooth region, and

b. Across any surface S of discontinuities, the following

jump condition holds;

nt[U] + nxI F ] + ny (G] = 0 on S

Here n = (n xJny nt) is a unit normal vector to the surface S
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of discontinuity pointing from the region (1) to the

region (2). More specifically, if q is the velocity

vector of the flow and s is the velocity of the surface

of discontinuity, then the jump relations derived from

the conservation laws of mass, momentum and energy are
F.

(4) m = (nql-s)pl = (n.q 2 -s)P 2

(5) m(q2 -ql) n(p- p 2 )

and

(6) m(- -- ) Pl(n-ql) (n

Equation (5) implies the following two equations:

(7) m(iiq2 -iiql) = Pl-

and

(8) m(nxq 2 - nxq I ) = 0

We can distinguish two cases with either m 0 or

m = 0 across the surface of discontinuity. In the first

case, the tangential velocity component nxq is continuous

across the surface which represents a shock wave; in the

second case, it is a slip surface across which the pressure

and the normal velocity component n-q are continuous while

the density and the tangential velocity component can have

arbitrary jumps. In the particular case both m

vanishes and nxq is continuous, the slip surface is called
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a contact discontinuity where only density is discontinuous

and there is no relative motion.

If there is a region of supersonic flow in the flow

field it is well known [30] that shock waves will

generally appear. The entropy condition to pick the right

weak solution is that n.q decreases across the shock.

For the inviscid flow model the boundary condition at

the body is reduced to the kinematic condition requiring

the body to be impenetrable to the flow. Namely, the flow

remains tangent to the body surface. In mathematical terms

it is subject to the condition

Ft + qVF = 0 on the body surface F(x,y,t) = 0
dt t

At the trailing edge it requires that the pressure and

the flow direction be continuous. To be specific, the

rate of change of circulation 1, measured counterclockwise,

is given by

dt d q dr

!! -q dr + dq 2

J dt 2

q 2 (qu+qq) (q q
=[q] 2 u
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where the velocities qu and q. are the upper and lower

velocities at the trailing edge. Consequently, if the

circulation is to change with time, neither the average

velocity nor the jump velocity can be zero. The vortex

sheet, comprised of vortex filaments, trailing

downstream of the airfoil, is viewed as a

slip surface. In reality, the vortex sheet

is convected with the motion of the fluid and rolls up

on itself due to its self-induced velocities. A consistent

model accounting for the roll-up of the sheet would add

greatly to the difficulty of constructing a boundary

conforming coordinate system. If the convection and roll-up

* of the sheet are ignored, the vortex sheet may be assumed

to be along the streamwise coordinate surface that leaves

the airfoil trailing edge smoothly. The constraints applied

on it are that the pressure and the normal velocity component

be continuous across the vortex sheet.

The appropriate radiation boundary conditions at the

artificial boundaries of computational domain are again

needed.

We remark that in steady flow calculation, the enerqy

equation can be replaced by Bernoulli's equation for constant

total enthalphy H = u2+v 2  const. thereby reducingY-l P 2

the number of dependent variables from four (p,u,v,e) to

three (p,u,v).
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1.3 Potential Flow Equation

Assuming that the flow can be described by a velocity

potential, the Euler equations can be reduced to a single

quasilinear equation. This implies that the flow is irrota-

tional and hence in view of Crocco's relation that there are

no entropy changes in the flow. The entropy produced by a

shock is proportional to the third order of the shock strength

[12]. We may assume that the entropy is conserved across the

shock if we just consider weak shocks, such as occur on the

surface of a well designed airfoil. This approximate model

should not be a source of serious error if the Mach number of

the normal component of the flow ahead of the shock is less

than 1.2.

Let D be the velocity potential with q = VN7 the

velocity vector. The equation of motion Dq/Dt = -Vp/p

leads to

- qx(Vxq) + p 0

V(t+ 9-+ f 0P
tt 2p

22

t + + df = f(t) + constant.t 2 P

if D- f(t) dt then V = V4 and t = 4t - f(t).

We therefore call velocity potential as well and

we have the Bernoulli equation for

(1) 2 +  dp = constant.

h ci oP

The conservation of mass is
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(2) Pt + (P X)x + (P y)y = 0

We take the equation of state to be

1 0y
3 ) p = (

with p. = 1 and a_ =1

In the smooth region of the flow we may eliminate p from

the above equation and get a quasilinear equation for ,.

The equation of continuity yields

- 1 = V.q = V-V =A

The Bernoulli equation, after differentiation, leads to

D ( + 2 - - y _ -2Dp
DtDt 2 Dt Dt (-i = -

"a 2 Dp = 2
p Dt

Finally, we combine them and get an equation

(4) 2- (at + a .V), = a 2 A

or

(5) tt+ 2u xt + 2Vy t = (a2  u2) xx - 2UVtxy + (a 2 _ v2)¢y

The shock conditions which will be applied in the model

(1), (2) and (3) are

a. nxq is continuous across the shock which implies

, is continuous

b. (n-q - s).p is continuous which says mass is conserved

across the shock, where s is the shock speed
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c. n.j decreases across the shock. This is the entropy

condition.

Here n is the normal to the shock surface.

According to these conditions, a normal shock is to be

modeled as a jump between equal points of an isentropic

stream tube. The corresponding change in normal momentum

is balanced by a force on the discontinuity. The combined

force on the body and the discontinuity is zero so

that the integral of the pressure over the body surface

yields a drag which is an approximation to the wave drag.

The surface condition requires that

V4.n = vB- n on the body surface.

Here n is the normal to the body surface and vB is the

body velocity relative to the absolute reference frame.

The trailing edge and wake condition are basically the

same as for the Euler equations. Specifically, the rate

of change of circulation F of airfoil is given by

dF d q d(6 q r =dt TE tTE

With the continuity of pressure and normal velocity component

across the wake, the Bernoulli equation gives

!2
(7) ]  + ( 2 = II + ] l = 0

where s stands for the average velocity at any point in the

wake. Thus the circulation can change only if
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there is a velocity jump at the trailing edge. Hence a

vortex sheet is shed and the wake condition (7) expresses

the equation for the transport of vorticity downstream.

We will discuss radiation boundary conditions for

equation (5) in a later section.

1.4 Small Disturbance Equation

For small disturbance transonic flows, the flow

7 equation can be further simplified by a perturbation

method [i]. Namely, assume that the thickness to
I

chord ratio T of the airfoil under consideration

is small in the sense of T 2/ 3 U I- M2 << 1 , where M is

the free stream Mach number. If we expand the potential

to the potential flow equation in the powers of T and

retain the lowest approximation, we obtain the small

disturbance equation

Slott + 2S2 xt v c xx + yy

where

=2 2 2/3 2 /
S1 = 002(K2/T23, S$2 = M,,(K/T 2 3

and

v =(-2 2/3 2 2

c (I-M2)/T 2 /  (Y+l)Mb x - (Y-1)M KOt

The reduced frequency K = wc/q. is a measure of the

degree of unsteadiness of the flow field since it is the

ratio of the time scale of the airfoil flight speed c/q.
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and that of the unsteady motion 1/w, where c is the chord

of airfoil, w is the frequency of the unsteady motion and

q is the flight speed. The flow velocity is the sum of

the free stream velocity q, and the gradient of . We

remark that , t, y and x have been scaled by
2/3 1/3

c1 q. , l/, c/T and c respectively.

The primary merit of this approximation is that the

surface condition is very simple. The surface of the

airfoil is transferred to the slit y = 0, 0 < x < 1,

which is the mean surface approximation to the airfoil

in the new scaled coordinate system. If h(x,t) is the

unsteady displacement of the airfoil surface from the true

mean contour f(x), then the surface condition is

y = f + h + ht on the slit y = 0, 0 < x <1.

The wake condition is that the jump of the pressure coefficient

across the wake y = 0 , 1 < x, must vanish Namely,

c = 0 where c = 2- 2 +/3(+ )
p p x t.

[Cp] @t)
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1.5 Low Frequency Small Disturbance Equation

For low frequency K % 1-M 2 ' T2/3 << 1, it is well

known [1] that the small disturbance equation reduces to

2S 2xt= V cxx + yy

2 2/3 2
where V = (I-M)/t2/  (y+l)M x

The surface boundary condition and the wake condi-

tion can be either that of the small disturbance

equation or as follows;

a. y =f + h on y = 0, 0 < x <

b. [cp] = 0 on y = 0 , 1 < x where c = 2T2/3
p x

1.6 When to Use Which Model

Each model has its own limitations based on the assump-

tions used in developing the flow equations. For example,

the low frequency small disturbance equation does not

describe high frequency motion well, the small disturbance

equation does not describe the blunt leading edge airfoils

well, the potential flow equation does not describe the

strong shock wave well, the Euler equation does not describe

separated flow well. We briefly remark that when strong shocks

lead to separation, viscous effects cannot be neglected. Either

boundary layer correction equations or the Navier-Stokes equa-

tion have to be employed [10]. The consideration of turbulence

is probably needed to resolve the complicated flow phenomena

such as buffet separation, reattachement, and so on. Here we

will consider flows with relatively weak shocks which can be

adequately described by the potential flow model.

7
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2. Basic Numerical Concepts

The numerical problem is to find an approximate

solution accurate to within some tolerance. The most

basic and widely used method to solve time dependent

problems is the finite difference method. In this sec-

tion we review some basic numerical concepts about the

finite difference method and propose a finite difference

strategy with a splitting technique which result in

unconditionally stable schemes for the heat equation,

41 linear advection equation, and wave equation, respectively.

And we will apply those ideas to construct an ADI

type scheme for the potential flow equation in quasilinear

form in Section IV.
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2.1 Mesh Spacing

In the finite difference method, one performs all

calculations on the grid points of a computational domain

which is of finite extent. Once the grid points are

given, the resolution of the physical phenomena is

naturally limited by the mesh spacing. To be specific,

we introduce some terms through the definition [36] of

a Fourier mode:

1,
i (wt x)y =a e iw+X

a ei (x+(W/)t)
4 i (x+ct)

(1) =a e

where a is called the amplitude; w, the phase rate;

, the wave number, c = w/E, the wave speed; X = 2T/E, the

wave length; wt + Ex, the phase angle; f = w/27, the

frequency; T = 1/f, the period.

Suppose we express a function u(x) as a Fourier series

0 ix
(2) *u(x) a. e

-CO

On a mesh system containing I equally space points of

spacing Ax, the Fourier mode of shortest wave length

resolvable in the system is Xmin = 2Ax ; the longest

wave length is X = (I-l)Ax = L. The corresponding
max

wave numbers are max= 7/Ax and rmin = 2r/L.

So the total number of wave models resolved by this

mesh system is N = (1-1)/2 and the part of u which can be
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resolved by this system is the partial sum

N
U= za e with

-N NAx

In viscous flow, the diffusion and the advection for

i~xa Fourier mode u a e lead to

2udu-= _ - 2

dx
2

and
du

pu = pu(iE)u

Their ratio is (Pu)/(VE). As increases the diffusion

becomes stronger and dominates eventually. The mesh

spacing should be fine enough to understand the dissipa-

tion mechanism. On the other hand, for computational

efficiency the number of mesh points must be kept to

the minimum required to resolve all the significant

phenomena. Hence, in practice [321, a typical computational

domain consists of a fine mesh region where viscous effects

are important and a coarse mesh region where the flow is

essentially inviscid. Some techniques, for instance,

coordinate stretching and/or coordinate transformations are

useful [14,19,24,41]. Automatic mesh system generation

techniques for flow about multiple bodies in a plane have

been developed [42,43].
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2.2 Time Step and Approximation Factorization Technique

Explicit finite difference methods have demonstrated

their ability to solve a wide range of flow problems. How-

ever the size of a time step that a solution can be advanced

during each step of calculation is restricted by the

Courant-Friedrichs-Lewy condition (CFL condition). The CFL

condition imposed on the time step is

A:- At <

where A is the grid mesh spacing and ]qf is the fastest

* ; propagation speed anywhere on the mesh system. Therefore,

the solution requires long and expensive computation time.

Unlike the explicit method, implicit methods can be

theoretically stable for all time step sizes. Unfortunately,

an implicit method in two or higher space dimensions

requires a set of equations to be solved at the advanced

time level which is not always easy to accomplish directly.

Accordingly, the splitting technique is introduced to yield

feasible computational processes. We illustrate the split-

ting technique on the heat equation in two space dimensions.

(i) Ct =  xx +  yy

The finite differencing strategy is replacing the

differential operator in time Dt by the forward difference,

the in the right-hand side by the average of 0 n+l and n
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and the differential operators D and D by the secondxx yy

order center difference operators in x and y respectively.

Namely,

n i -1 n+l n

(2) .i -tij E +- 21 -2 Ex + F -214 F +2iF

At + Ay

n n n nwhereE = .similarlyEF i i = ij+l"

The accuracy of the finite difference equations is of

second order in time and space.

We may write the finite difference equation in terms

of x = E -21+E = E ,2 +F with p =At/2Ax.'xx x x yy y y
2and q = At/2Ay as the equation

(3) (1p -q )n+ 1 (l+p6, +q6y y(1-Pxx- yyl ly ~ xxq yy) y

The idea behind the splitting technique is to generate

a perturbation of the above equation that permits a simpler

computational process. Namely, we may factor equation (3)

as follows.

(4) (l-p6,x) (l-q6y )4 n+l n(l+p6)(l+q6 4
y y lx yy y

Here, we add a term (At 3/4))xxyyt of third order in time

to the equation (4). The von Neumann stability analysis shows

that the scheme is unconditionally stable which means there

is no restriction on the time step At to the spacial steps

Lx and Ay. Indeed, substituting = e (mx+ny) into
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equation (3) we obtain

I -2p(l-cos 1 -2(l-cos)
1+ 2p(l-cos 11)i +2q(l-cos n)

with = m Ax and n = n Ay. By the fact that both p

and q are positive we conclude that the right hand side

is less than 1. This shows the amplification W is

bounded by unity without any restriction on p and q.

The algorithm for the solution of equation (4) con-

sists of three easy steps%

X = (l+qs )n
'I yy y

(l-P6 xx)Y = (l+p6 x)X

(1-q6Yy) y

Each of the last two steps requires a 3-diaqonal matrix

solver which is not expensive at all and can be found in

any standard numerical method book [23,41].

It is worthwhile noting that equation (4) can be taken

to represent an iterative procedure which converges if

n+l = n = for sufficiently larqe n.
4ij piJ 1J

Then, equation (2) is reduced to the standard five-point

difference approximation of the Laplace equations. In this

case the quantity At can be viewed as an iteration parameter

and may be varied from iteration to iteration to optimize

the convergence of the process.
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Equation (4) can be rewritten as

(1- t Dt)(1- t Dyy(n+l - ) = At(D +Dy) n

2 x 2yy 1] iJ xx yy ij

or

.n+l n , n
xx yy ij j xx yy ij

It falls in the following general form [20,25],

(6) Ncn + Rn = 0

which is used to solve the steady differential equation L4 = 0.

Here, c n  n+l - n is the correction, Rn = L n is the

residual which measures how well the finite difference equa-

ntion is satisfied by the nth level solution n, w is a

relaxation parameter and N is chosen as a product of two

or more factors indicated by

N = NI1N 2

The factors N1 and N2 are chosen so that (1) their

product is an approximation to L, (2) only simple matrix

solvers are required, and (3) the overall scheme is stable.

This type of implicit scheme has been found very power-

ful in the calculation of steady flow. We remark that the

parameter a in the equation (5) can be replaced by some

lower order differential operator to speed up the converqence

rate as well as to introduce damping which is needed in the

multigrid technique [26].
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2.3 Artificial Dissipation and Upwind Differencina

In inviscid flow calculation, a scheme that seems

stable for shock free flows sometimes blows up when it

is employed to calculate shock waves. This is due to the

fact that using some difference formulas across a disconti-

nuity can lead to oscillations which may grow. To remedy

this, the well known shock capturing technique is to add

to the inviscid flow equation a proper amount of artificial

dissipation to simulate the physical dissipation in the

shock layer and to provide the necessary damping for large

wave number disturbances so that the shock wave is smeared

out over several mesh points [28]. Namely, if we model the

physical solution by the inviscid flow equation

(1) ut + V-f(u) = 0

For shock calculations, we look at the solution u of (1)

as limit of the viscous flow equation

(2) u t  + V-f(u) = V(CVu)

where c is positive and is of the order of the mesh spacing.

Equation (2) is of diffusion type and the solution

can be shown to exist [31]. Suppose that the solutions u(s)

of (2) tend to a limit u boundedly almost everywhere as c - 0.

Then, ut (c) tends to ut , Vf(u(£)) to Vf(u) and 7(c 7.u) to 0

in the distribution sense. This says that u satisfies (1)

-- A
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in the distribution sense which is equivalent to saying

that u satisfies the conservation law in the integral form.

The artificial viscosity can be viewed as a kind of

truncation error exhibited by the approximation to the

differential equations. It may be either in explicit or

in implicit form. We consider the artificial viscosity

introduced by upwind difference for the advection

equation

(3) + Ux = 0

The finite difference approximation for the case u > 0 is

n+l n
(4) ti + 2- n+l -i-i.)  +  (, n_-iI )  0

The von Neumann local stability analysis is to substitute

a Fourier mode e = e into equation (4). This leads

to
1 -p(l-cos ) -ip sin <

1 + p(l-cos ) - ip sin

with p = uAt/2Ax > 0 and $ = mAx. It is trivial that the

scheme is unconditionally stable.

In equation (4), we did add an artificial viscosity

implicitly through the upwind differencing in x. We can see

it explicitly by Taylor series expansion. Equa-

tion (4) is equivalent to the equation

Ax2 2
(5) +  = u cxx + O(At 2Ax2)

- i._ ~~ 2 . t:_, ... .. ...
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The extra term u(Ax/2)G is the leading term in the trunca-xx

tion error and is referred to as the artificial viscosity.

To discuss the diffusion and dispersion properties

of this finite differencing, we first derive the dispersion

relation of the differential equation (3). Substituting

i 'wt+tx)
= e into the equation (3), yields the relation

W+u = 0. w is a real number so that there is no damping

of any wave mode and all waves have the same phase speed u.

Next, we apply the same Fourier mode to the viscous

differential equation

(6) x u  xx

It has the dispersion relation

iAx

So a solution of equation (6) is

iF(x-ut) AIfu L t C2] t

= e e

The magnitude of the damping increases with the wave

number F and the velocity u. Hence, the effect of arti-

ficial viscosity is to introduce larger dissipation for both

the larger wave number mode and the faster flow region.

We see that there is no dispersion up to the first order

approximation. However, if we add an extra term of 4 toxxx

the right of equation (6) then dispersion occurs. This

means that different frequency waves propaqate with different
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speeds in the flow field.

The upwind differencing has played a very important

role in transonic flow calculations. The main purpose is

to exclude the expansion shock.

2.4 Conservative Finite Difference Schemes

The main idea behind the use of conservation form is

the fact that if the difference equation to the differential

. equation in conservation form is again in conservation

form, the solution of the finite difference equation satisfies

the Rankine Hugoniot jump conditions automatically [30,39].

The differential conservation form

(1) ut + div f(u) = 0

can be derived from the more general integral form

t t t

f U dx + f f f-n ds dt Jj ut dx dt + J f fn ds dt
R s s aR s R s aR

t t
(2) - ff ut dx dt +f " JVf dx dt

s R s R

which says that the change in the amount of a substance with

density u contained in the region R of space under considera-

tion is due to the flux f of that substance across the



boundary DR from time s tu 11ti,1t t.

The conservative finite Aifference approximation is

then defined having the form

n+l n-i tn + !
(3) [ B[[u r -u~r .r I n- + I ( t =- 0,

B r 2At)(D

~R tn-1

which simulates the integral conservation form.

Our differencing strategy for the flow equation in

conservation form yields the finite difference equation

n+l- n-I ( a n + ( F n-i

[uar ur + R 2 R+(4) + 0

The question is how to solve for un + l for this large

nonlinear system. Some linearization for F is needed.

L a
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III. POTENTIAL FLOW EQUATION

In the steady inviscid transonic flow calculation,

the nonconservative form method agrees well with wind

tunnel pressure data all the way up to the onset of

buffet [18]. On the other hand, for the conservative

form method, the agreement is less satisfactory and the

adequate correlation with experimental data seems to be

achieved by making correction with boundary layer shock

wave interaction. For mesh sizes of practical interest,

instead of doing a better simulation by combining a finer

scale model of boundary layer shock wave interaction with

conservative transonic equations, we pick up the noncon-

servative quasilinear potential flow equation as our model

and develop a computer code for it.

We first discuss the characteristic surfaces of the

equation and explain the domain of dependence for super-

sonic points. Then, we give a set of radiation boundary

conditions which is shown to be very satisfactory with

the numerical scheme we propose in Section IV. And,

finally, we introduce the coordinate transformation such

that the airfoil is fixed on a portion of coordinate line.
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1. Characteristic Surface

It is helpful to know the characteristic surface of the

flow equation on which the wave front along with informa-

tion is propagated throughout the flow field. Let s and N

be coordinates in the local stream and normal directions

respectively. The direction cosines of s are u/q and v/q.

ss and 4NN can be expressed locally in terms of the actual

coordinates as

I u 2 + 2uv + v2y
q xy yy

1 2 2
NN xx xy yy

The potential flow equation in Cartesian coordinates locally

aligned with the natural coordinate system (s,N) can

be written as

tt + 2qst =r (a 2 -q 2 ) ss + a2NN"

The characteristic surface satisfies the equation

(q 2 -a 2 )t2 - 2qst + s 2  ( )N 2  = 0.
a

As shown in Figure 2, on the (N,t) plane, the character-

istic equation is reduced to

at2  - N2 = 0 or (N-at)(N+at) = 0.

The disturbance propagation speed is a.

On the (s,t) plane, the characteristic eauation is reduced

to
2 2 2

(qt - s) = a t
or

(s-(q+a) t) (s-(q-a)t) = 0 .
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The particle speed is q, the upstream propagation speed

is q-a and the downstream propagation speed is q+a. Thus

the disturbance information is propagated by the Doppler

shifted sound wave velocity. For transonic flow, the

particle and downstream waves quickly travel away from

the airfoil but upstream waves remain in the vicinity

of the airfoil for a much longer time. The slow waves

force a slow approach to a steady state solution, while

the fast waves stipulate a small time step by the CFL

condition At < Ax/(q+a).

If a new time coordinate T = t + qs/(a2 q ) is

introduced, then the potential flow equation can be

expressed as

22(a2 q q ),tss + a2#NN = (a 2_ TT

So for supersonic points, a2 < q2 , T is a space-like

direction and s is a time-like direction. This means

the differencing in the s-direction should be retarded in

the supersonic region in order to have the right domain of

2 2dependence. For subsonic points, a > q , s is a space-

like direction and T is actually a time-like direction.

2
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t

N
(a)

q-aa

(b) subsonic case, q < a S

t

q-a

q+a

(c) supersonic case, q > a S

Figure 2. Characteristic Surface of the Potential

Flow Equation in Ouasilinear Formt

(a) (N,t) plane; (b),(c) (S,t) plane.
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2. Computational Boundary Conditions

Problems of transonic flow field are usually posed

in the exterior of the body which is an unbounded domain

[4]. Owing to the finite storaqe capability of the

computer, the numerical computations require that the

computational domain be finite. The proper boundary condi-

tions must be developed at these computational boundaries

so that the computed solution closely approximates the

free space solution which exists in the absence of these

computational boundaries [15,16,17].

For steady state calculations in transonic flow,

coordinate mapping techniques are a traditional and

effective way of handling these computational boundary

problems. The reason for the success of coordinate mapping

techniques lies in the fact that the steady state far field

asymptotic behavior is given by a regular algebraic

singularity without oscillation. For genuinely unsteady

transonic phenomena, the solution of flow equations usually

possesses a strongly oscillatory transient behavior and

the far-field asymptotic behavior is an oscillatory

singularity. The standard coordinate mapping technique is

not adequate to resolve this problem. It must be supplemented

by a set of proper boundary conditions at the computational

boundaries.

In this section we will give a set of radiation boundary

conditions for the potential equation in the Cartesian



42

coordinate system and in a later section we will give

its corresponding form in the computational domain.

In the physical domain, the computational region for an

airfoil in two dimensions is depicted as

R 3 P2

44

Q1 02

Figure 3. The Typical Computational Reqion for an Airfoil.

The design of effective far field radiation boundary

condition depends on the wave propagation properties of

the flow equation. We consider the potential flow equation

(1) (tt+ 2uxt+ 2v4yt= (a2-u2 )xx- 2uvxy + (a2-v2 )yy

For a plane wave = ei(wt+x+ny) to satisfy equation (1),

it requires that its wave information satisfy

(2) w2 + 2uw + 2vw (a2-u2)E - 2uvn + (a2-v2)n2

or (w+ u& + vn) = a (2 2 + n2).

A boundary condition on the upstream wall, R1
boundary, which annihilates the upstream propagating

~9
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wavelet is given by

(4) w + u + vn = a/l+)2/ 2

Recalling the dual relationship between iw, i , in

and Dt , Dx , Dy respectively, the equation stands for

a nonlocal condition. By the first approximation of

$l+x = 1 + 1/2 x - 1 x2 + O(x) we get the first radiation
8

condition for R1 boundary, namely, w + uE + vE = a

which leads, after Fourier transformation, to the condi-

tion

(5) + (u-a)x + Vfy =0

Similarly, we can derive the artificial boundary condi-

tions for the R2 , R3 and R4 boundaries. At their inter-

section points P1 ' P 2 ' Q1 and Q2 ' we use the average of

the corresponding conditions, and have the following general

formula

+ = 0(6) Ct + U x + VTy

with u +iv (u+ iv) + ae i s where 7T 37r 5

31r
at Q 2 ' P2 m Q1 and Q1 and = 0, , , - ,on

R2 , R3 , R1 and R4 respectively.
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3. Coordinate Transformation Technique

When the body surface crosses the coordinate lines

it is difficult to satisfy the physical boundary condi-

tions. This is particularly the case near the leading

edge of the modern supercritical wing section where the

surface has a high curvature and the flow is sensitive

to small variations in the shape [41]. For the rigid body

motion of the airfoil the treatment is facilitated by the

use of a moving sheared parabolic coordinate system in

which the body contour coincides with a segment of coordi-

nate line and the whole mesh system is moving

with the wing section so that the relative position of grid

points is kept.

We describe the moving sheared parabolic coordinate

system as follows [3,25]:

3.1 Coordinate System

First, we consider the physical plane to be described

in a Cartesian coordinate system (x,y), and the airfoil

attached coordinate system in Cartesian coordinate system

(x*,y*). Let the origin of (x*,y*) system be at the

singular point of the parabolic mapping which unwraps the

airfoil and will be described in the next step. If the

flight velocity of the airfoil is M~ei (n - 0) at time t, then the

position of the origin of the (x*,y*) system can be described as

0 *0 = ftM~e'7) ds. If the angle of attack of
0
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the airfoil at time t is a, then the x*-axis on which the

airfoil chord lies will have an angle - (a + 6) with

respect to the x-axis. Their relation can be seen in

Figure 4 and described as the relation

t

(1) (x+iy)= I M,(s) ei(7 - 9( s )) ds + (x*+iy*) e-i(B+a)

0

y

y

0 0

o

Figure 4. Frames of Reference.
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Second, we unwrap the airfoil by introducing the square

root mapping

(2) 2(x* + iy*) = (xI + iy)
2

which maps the entire airfoil contour to a shallow bump

near y1 = 0 , as shown in Fiqure 5b.

Third, if we denote the heiqht of the bump as yl= s(xl),

then the shearinq transformation

(3) X + iY =  x + i(yl- s(xl))

reduces the airfoil contour to a portion of the line Y = 0.

Fourth, we stretch the coordinate line by the stretch

mapping to render the computational domain finite. The

stretch mapping, for instance,

bY
(4) Y - 0 _ a < 1(i _ 2) a ' - -

will map the infinite lines Y 
= + to Y = + 1

Fifth, avoidinq discontinuities at the trailinq edge of the

wing section, the branch cut is contined smoothly downstream. In

physical space, the continuation is represented by

n[x-x ]
9n[ X-

(5) Xte-X*

y= Yte + IX Xte- x I _ _,
x-x

xte-X

where T is the mean of the upper and lower surface slopes

at the trailinq edoe (x teyt ) and x is a suitably chosen

scilin i -onstant ( jstj,]]y taken as the ordlinat. of the

1 ca] ,liarttr-chnrfi po int)
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A (a) Cartesian

coordinates

C

(b) Parabolic

coordinates

A

C B

(c) Sheared
Parabolic
coordinates

C A B

Figure 5.
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3.2 Flow Equation

The transformations (1) and (2) are conformal. We will

write the flow equation on the (xlY I ) coordinate system,

and use the chain rule to convert the equation into the

(x,y) system. Several key formulas are written down for

reference. We begin with some notation.

Let z = x + iy, z = X* + iy

z I X1+ iy, Z X + iY , Z X + iY

Then the mapping (1) and (2) may be expressed as

the following compact forms.

t
i *T- -is) (t) +0.t))SM() i( ()) ds + z e

0

2 *
zI= 2z

The modulus of the mapping function to the zI plane can

be evaluated as

H dz - = / x 2 +Y2 • thus V = d_ ddz1  H dx I ' ! dy1 "

The velocity components in the(xl,Y I ) system:

U -- V H-H H

The chain rule gives the relation for t in the (x ,yI)

system:

dx II dYlt
' t - + dt + ' d

z fixed T 1 x z fixed Y t z fixed

-'|, . . . . ... .. .. . -,L . .. I I II " an lil i ~ i -j'- L
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where dx /dt and dyl/dt can be found as follows. Since

z = 2 = 2e i(+) z - f M* e'(.) ds

0

we take differentiation with respect to tim2 t and hold

z fixed. Hence

d zI  I + Me i

dt-z fixed - 2 [i(3t+cit)] +

We remark that -t 
= ¢T (vR* V) if vR is the relative

velocity of the origin of the (xl,yl) system to the (x,y)

syatem [36). Then, we conclude that

-VR = - (H dx dy

The same differentiation applied twice on zI yields

2d zI z z, fdM, i }t o

dt 2  2 [i (tt+ (dt + M*(iet)e
z fixed

2 2
(0 M* i2a

4 1 -3e
z1

which will be needed in the evaluation of the following term:

dxd2x 1  d 2+d--l + ~ 6 +l

1tt 1 1  l 1 dt xlT 1  l dt2  dt

dx1  dy1  dxi

11 11 dt dt

dx1  dy1  dy1SxlY + yly idt dt
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Similarly, the chain rule gives

dx1  dy 1  dx dyl

xt xT 1  d 1  dt x 1 dt 1  dt

dx1  dy 1  dy l  dyl

Ylt =YlT1 + xly1 dt + yly 1 dt + Yl dt ') + CYl dt ) Yl

Recalling that

S 2 1 u + 2uv + v 2 ,

- H_)(ux + vy I ) I

and

1

H 2 X11 + 1 ylYl

Finally, we can write down the potential flow equation

in the (xly I ) frame as the partial differential equation

2U V U u Vr + r r 2 r r
11 

1 H2 + 2xlY H2

v2 d2 x dx }+ Y~ - + J~ld + 2 u (__)l+ t fd ld l

Yl dtH2  
2 +dt Hl Hd (uIvYJl

22

+ yfd~l 2 - +~ 2ii 2 2dt) +--dt3 Cux +vy1 )

dx 1  x dY1
2. - x x + J IH 1~ yy

where u = u + H dx1  and v v + H dy1
r dt r dt
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The shearing anA the strctching transfor-lations

will further bring the flow equation in much more

complicated form. We will not write down the flow

equation in the (X,Y) frame here. Instead, we write the

useful formulas

x 1 X X Y

Yl y

= -2sp +2
xXX - sx XY X YY xx YX1

4s

xlyl XY - ~XYY
,~ y =Iy -Sxy

=~ -s~
xlT 1  XT X YT

YlTI

and X dX
X dxX

dYy = f- 8-Y

dX 2 d2-

XX XX X X dX2

¢XY XY Xd

- 2 
2

+
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3.3 Body Surface Condition

The velocity observed in the (xi,Y I ) frame is

qr = (ur'vr) = V$- VR . Thus, the nonpenetrating surface

condition requires that r n = 0 , which leads to

OYl s 0 + H 2 f sxl d

= 1  dt dt

3.4 Wake Condition

The zero pressure jump in the wake which lies on the

portion of the singular line along which the airfoil is

opened up can be [211 expressed as

dxl

w e e d t I + Cs 1e 0

where u is the average of the upper and lower wake velocities.

3.5 ComDutational Boundary Conditions

The computational domain is depicted as

P1  ) P2
__ __ _- 2

lower wake upner wake
airfoil

01 - -- 02

Fiqure 6.

The radiation boundary condition is of the form

dx1  dy1  _ +- =0
w Te rXl + ad yl aUr xdeie Vay I b 0

where 5 and v are defined as before.

7/
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IV. NUMERICAL METHOD

In this section, we apply the idea introduced before

to design our numerical solver for potential flow equation

in quasilinear form. Pirst, we use type dependent dif-

ferencing to introduce the proper amount of dissipation

into the finite difference approximation such that the

scheme is stable and shock waves are captured auto-

matically. Then, we factor the finite difference equation

into one-dimensional factors so that we are able to solve

the equation efficiently by employing a 5-diagonal matrix

solver. Since the disturbance of potential flow is prop-

agated by the total effect of advection and wave propaga-

tion, we examine the stability of our method to two linear

models: advection and wave equations. The local stability

analysis shows that our finite differencing strategy and

approximate factorization technique result in uncondition-

ally stable schemes for these two models.

1. Finite Difference Scheme

The finite difference scheme is a time marching

alternating direction implicit scheme. Before we write

down the differencing strategy we need the following

convention:
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N =n+l n

M = in 
-  n-1

D = central difference

D = upwind difference

D = Type dependent difference

To be specific, we define the operators in x-direction,

D p. i+l-i-

xi 2Ax

i £* Ax if u > 0

tu*( I ) if u < 0Ax

D for subsonic point

X for supersonic pointtx

1.1 On interior point of computational domain

The potential flow equation in Cartesian coordinates

locally aligned with the natural coordinates system assumes

the canonical form [21]

tt + 2qOst = (a 2_q 2 ) s s + a iN

with q = (u,v) the velocity, s and N are coordinates in the

local stream and normal directions.

..........
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Basically, the velocity components u and v at the

grid point are evaluated by using central difference at

time level n. The t term in the Bernoulli equation is

evaluated by backward difference in the natural way.

1.11 For term, central difference will be used for

temporal derivative,

1 n+l n n-l 1
'tt 2 ( $  __ + ) = 2 (¢N-$M)

(t t) (At)

* 1.12 For contributions to s upwind differences- st'

will be used for all spatial derivatives and central

difference will be used for temT~oral derivaqives,

2q st = 2U xt + 2V yt

= (2ubx+2vb y)t
= (n+_ n-i)

(2ub +2vb ) N+lM).
x y 2At

- (UD x+VD y) (ON+ 11)-

1.13 For contributions to (ts, type dependent differences
n

will be used for all terms. The term t is substituted

n+l adn-i n n+l +n-i
by the mean of and , i.e., = 2

= -(u 2 +2uv y+V 2

$ q2 xx xyq

1 2uF v2-2-5 n+l n-I(v2 + 2uvT +v2 ( I

q 2 xx xy yy 2q
I (u 25 +2uv +v25 (tN-tM+2n).

xx xy yy
q
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1.14 For contributions to iNN' central differences will

be used for all terms. The term i n is again replaced by

nil n-l
the mean of n an,, n

= -L(v2' -2uv ,+u~

= (v-2 D -2uvD +u" ) (N( M+2n

xx xy yy
q-

Finally, the finite difference approximation can be

written as

-.- + -(uO) +vD ) ( N+ M)
(At)

(a2q2) (U2D +2uvD +v 2L (nI1+2

2 xx xy yy 2q

+ (v Dx 2 uV +uv D ) ( -
+

q xx- xy yy 2q

or

2 2

2 ,_2 4-v2 - 2 UVy+v +uD Lt

[l+' U~+AV~-(.a (At) (U?-Dxy

q 2

2 (-- )(Vxx- 2UV q xy + u Dyyyy

q

2 222 2 2 n
(,t a- - 1 F+ub +V2D+y a-v-D -2uvO +u 'D ]

2 XX Xy y q2 x y y

[i ,t (B+~) (At)') a7-_2 1- - 2
+ [ 1- U ) (uD- x+Vb y2 q (u-D xx +IuvD XY+v2D y

(at ) (V 2 r -2uvD +u 2O D I'fM (i)
2 2 xx Xy vy
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The dliscretization errors associated! with the finite

'-ifference approximation is of first order in space and!

secondl orrer in time. The leardinq error terms in the

sp)ace dlerivative introdruc-e the resired shocl- viscosity.

The system of algebraic equation generatesl by the equation

(1) is large and7 cannot be solved' efficiently. !!owe ver,

th-is equation can be factore,4 wi t'dn thie same ordier of

accuracy in time and. space by the spirit of splitting

tec-hniq-ue. The Following factorizition '-as been teste:1

andl foune to be numerically stable with time steps muclh

larger than the time step allower' by the CEL condlition

for explicit methods. Le t M ) = /

Lb + At 22- 1 (L)(2- v2
tD + X u x -M(.2.2 )(uD+D XX~

an dl

L ~~At 2  2- 1Z
L ~E+ tvb y +-v D - M2 (-y+u D y)]

Then, the aporoximate factorization of the equation (1) can

be written as

L *L Y ,N = P! IS (2)

This factorization reluces the large complicateO matrix

inversion problem to two one-dimensional problems. The

algorithm can be expressed as

XLXX =

L 3
y T
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Each of the above steps requires a 5-diagonal matrix

solver which will be described in the Appendix A.

1.2 On the boundary points of the computation domain

The artificial radiation boundary condition is of

the general form

+ Utx + v . = 0Ctxj

We approximate it by

n+l- n-1 n+l n-i
+ (uD +vD ) = 0

2At x y 2

which can be expressed as

*_ (l+Atu5 +AtvD )cN = (-!+AtuD +AtvD ) M

1 x y X y

+v- ),n
- 2At(uD x+v5 )

which can be factored within first order in space and

second order time as

(1+Atub x ) (l+AtvD y)N = RHS

The algorithm consists of the following two steps.

(l+AtuD )X = RHSx
-_4-

(l+AtvD ) N X

1. 3 Wake condition

As before, we assume that both pressure and normal

velocity components are continuous across the wake which
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is assumed to lie on a segment of the x-axis. The wake

condition is

[ t] + u[x] = 0 on the wake

where u is the average velocity of the upper and lower

wake velocities.

The finite difference approximation is given by

t{ [n ] - n-l } + ,[n_[,x, 1 0
At 1. 2 AX i '~i- 1

Let B ut then
A t

n  fn
-:[ i = i +B]+ [ -I~ (1)

Hence, once the jump at the tail point has been estimated,

all the jump in the wake can be calculated from the equa-

tion (1).

We iemark that the artificial viscosity we have added

in the finite lifference scheme is of amount

fh(sign u)uuxt + k(sign v)vv ytI

+ o{h(sign u)u(uu xx+vv ) + k(sign v)v(uu +vv )XX xx yy yy

with i = max {O; (I - -i)),h = 'x, and k = Ay.

The term in first braces is an advection viscosity %hich will

damp out some noise generated either by the artificial

boundaries or the body surface. The term in second braces

is the desired shock viscosity. The whole artificial vis-

cosity can be cast into the divergence form
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22Ii 4 ,"

w i t h P -- ! i { s ; , n ' ) t i n ) 2 : -

2 2

and ( k { (siin v) v% , (s I vt S -

Failure to maintain proper conservation >rr can rtsult

in computed shock speeds that depend on i1 sp-acinc.

2. Analysis for the Finite Differencing Strategy an'

The Approximate Factorization Process

We have shown that the disturbance information in the

potential flow field is propagated as the Doppler sound wave

which consists of the advection and wave propagation effects.

The potential flow equation is nonlinear. As a guide to the

stability of the difference scheme, we consider two linear

models, the advection and the wave equations.

2.1 The radiation boundary conditions is modeled by the two-

dimensional advection equation

t + ut + v. = 0 (1)

Our finite differencing strategy says that

n+ I n-I 1 n+I+ n- 1

t + (uD +vD ) (' ) = (2)
2 At x y 2

We examine the amplification of a Fourier mode. Substi-
k- m: ,ny

tuting t, ne for at the -1evel, the qrowing

factor is governed by

2 2
I (Pu (e - qv(e-1)) ( 2+1)
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for the case that u -,0 and v -,0 where p = t/LIx,

q At/PIy, -m x, n = nAy. Tience,

1 1 -pu(l-oI )c-cos co -)-i Cpu sin c-.tav sin < I
l--p(1co ~±q) -co ,)+i Cpu sin +qv sin 77H

So it is unconditionally stable for this case.

The scheme for the other cases where either u, or v,

or both of them may Ibe negative are easily shown to he

uncond itionally stable.

Next, we examine the approximate factorizatinn methodi

for this finite difference approximate for thie advection

equation. Our approximate factorizatio. says that (2) can

.) factored as

(1+tuQ 14tv )*N - -. tu )(l-.ltvD ) M - 2.',t (uP DvD

Ki(mx+ny)

~Fourier analysis, we substitute e

-2

2, - -ou (-cos -.)+ipu sin 7 ' I-q-(1-c-os r)+igv sin n <1
14pu(I-cos :)ip in 11+qv(i-cos r)-iqv sin p ,

We, there fore, conclude that th a pp ro)xi mnate factori zation

methord loes- nreserve( the unec(n'i t innal stahi lity of our finite

Ii f fornnci ng stratr-iy an,' that )iir niimori cal schemne 'or the

arivection equation is uncond!i ti ona 1 1% sf uPic~.
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2.2 As a quI.(Ic to th(, differanc sche iil( at fh- ir ,-:-I

I nts at the comI)ut at inaI dom a in, -,e c-nsi (or th, w! . , : ,

Ctt <xx Vyy

Our finite differencing yields

n+1 n-i
D t~ (D + D ) +
tt xx yy 2

or

At At 2 2
2[(D +D ) RN = [1 (D D)] .- At F)
2 xx yy 2 xx

Subs t it ut~inq e. = e t m~y and lettinn l k _t,

we have

(cos w-1) [ cos T- + 2 (Cos !I- ii cCS

t
(cas , -- ___... .._

L )2 c"s
r + , (]- c:s r )4 y . - 'as

iS o-' :S at, h,' i ta:, is d e re l tr a..

moa .ns that the' f in ito Uif forence aa>prax. ': at at; is 5121''? i t I ,II !

;?taa Ic:
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Next, nur approximate factorization preserves this

property inl permits 1,s to solwe the large algebraic

system easily. In,.',e , if we write

- t
X Xx ., 2 yy

M +N t ( +D n
2 xx 2 y( ± )

i(kt+mx+ny)Let ,,: ,we haive

2OS l q+_ (1-cos )(1-cos p)co2 ~2+2q2
(+p (1-cos .)+q2 (1-cos n)+p q (1-cos F,)(l1-cos r)

For all real p and q, o is real if .T and n are real. In

other words, t is real whenever x and y are real. This means

that the scheme is unconditionally stable.

Finally, we remark that the scheme has no time step

t restriction based on a linear stability analysis.

However, in actual computation, an instability can be

uenerated by the motion of shocks across which the

differencinq switches from upwind to central. To prevent

this instability from occurrinq, it has been found in

Tractice that the time step '.t must be chosen small enouqh

that such shocks do not move a distance areater than one

spatial qrid point per time step. This restriction is

necessary to maintain time accuracy anyway, and it is much

less severe than the time step 't restrictions associated

with expl cij t methois.
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V. COMPUTATIONAL RESULTS

Our computer code UFLO5 consists of steady and unsteady

modes. The steady mode is the standard line relaxation

scheme for the steady equation. We use it to qenerate

a good initial guess for the unsteady mode. In fact,

any steady potential flow solver can be used to

replace this steady routine. The unsteady mode can

also be used to compute the steady solution. In this section

we first check the unsteady mode by calculating some steady

solutions. Then we present some computational results for

conventional and supercritical wing sections in rigid body

motion.

1. Steady Calculations

As a test case, steady state calculations for the

NACAOO2 airfoilat Mach number M= 0.79 and angle of

attack a = no are performed by the standar' line relaxa-

tion method for the steady equation and by the unsteady

scheme. The two modes produce virtually ilentical results.

The time step size for the unsteady mode in this calculation

is set to At = llAx which is much larger than the time step

allowed by the CFL condition for the explicit method. For

a coarse mesh of 32 , R grid points, the time requi red to

converge to the steady state using the unsteady mode is

comparable to the steady mode.
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The optimal location of the artificial boundary is

problem dependent. If the artificial boundary is moved

too close to the airfoil, instability can occur. The

computational domain shown in Figure 8c has also been

used for the NACA0012 airfoil at M = 0.79 and a = 00.

Note that the upstream boundary is about 1.5 chord

lengths from the nose as compared to a distance of about

10.5 chordlengths used for the above example. The ratio

At/Ax is given the value 10 as above. The correction is

observed to decrease much more slowy in this case. Since the

grid system is stretched in the code, the reduction in the

computational mesh is not linearly proportional to the physical

distance of the boundary from the airfoil. The benefit obtained

by the reduced number of mesh points is overshadowed by the

reduced numerical stability.

There is no difficulty in calculating flows with sonic

flight speed. A Joukowski airfoil at M = 1 and a = 0'

is chosen as an example, with the ratio ,'t/xx set to 3.5

in this case. Usually, the numerical stability of the un-

steady mode, in terms of the ratio At/Ax, decreases with

either flight speed or angle of attack.

2. Unsteady Calculations

The NACA0012 airfoil and KOPN airfoil (75-06-12) are

chosen as prototypes for conventional and supercritical
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airfoils, respectively. Both airfoils have the same thick-

ness to chord ratio. The rigid body motion of an airfoil

can be described by three parameters: angle of attack,

flight speed, anO flight angle. We consider the flow past

each airfoil when these parameters are varied separately.

2.1 Variation of flight speed

First, we consider the acceleration of the airfoil in

the streamwise direction. That is, the airfoil moves with

a sinusoidal variation in flight speed but with flight

angle and angle of attack fixed.

In Figure 11 a,o,c, fortheNACA0012 airfoil, as the flight

speed increases (decreases), the supersonic region grows

(shrinks) in size and the shock strengthens (weakens) and

moves aft (fore). The shock wave displacement can also be

observed in the pressure distributions in Figure 11 d.e.f., or

from the position of peaks in the traces of pressure sensors

on the upper surface of the airfoil in Figure 11 q The

peaks in those local pressure traces are produced as the

shock wave passing by the pressure sensors. The nonsinusoidal

trace curves demonstrate the nonlinear transonic effects

caused by the shock wave displacement. The same calculatlons

for the KORN arrfoil appear in Figure 12. The unsteady

loading distributions are shown in Figure 12 e,f, where

peaks in the loadinq distributions are aciain due to shock waves.

The loading is the difference of lower and upper pressure

coefficients.
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2.2 Variation of angle of attack

Next we consider the pitching airfoil which moves with

a sinusoidal variation of the angle of attack, but with the

flight velocity fixed. Small variations in angle of attack

may lead to considerable changes in the pressure distribu-

tion, shock position and shock strength. As shown in

Figure 9 a,bc, for the NACA0012 airfoil, when the angle of

attack increases (decreases), the supersonic region on the

upper surface of the airfoil grows (shrinks) in size, and

the shock wave strengthens (weakens) and moves aft (fore).

In Figure 9j the nonsinusoidal trace of the pressure at loca-

tion *6 on the airfoil surface clearly displays the shock wave

movement. The unsteady pressure loading distributions are

shown in Figure 9g,h,i.

The same calculations were performed for the KORN airfoil

as shown in Figure 10. It is worthwhile noticing that the

unsteady traces of the local pre-sure sensors for the KORN

airfoil are much more nonlinear than those for the NACA0012

airfoil. This pattern is also observed in the loading distri-

bution for the two airfoils. The fact that the shock

excursion amplitude decreases with an increase in oscillatory

frequency can be seen from the unstoad'., traces of the pressure

sensor *6 in Figure 9 j,k,l.

2.3 Variation of flight anqle

Finally, we consider chanries in the airfoil's fliqht

angle while keepinq the anqle of attack and fliqht speed
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fixed. The motion, for angle of attack a 0, of the air-

foil is described in Figure 7.

Figure 7. The Chords of Airfoils are Tanqent to the Flight

Trajectory.

The characteristics of this case are similar to those of

the pitching airfoil. Computational results for the

NACA0012 and KORN airfoils are shown in Figures 13 and

14 , respectively.
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VI. CONCLUSION

1. Summary of the Work

A numerical method has been presented for determining

the inviscid transonic flow past airfoils in rigid body

motion. The method is based on the unsteady transonic po-

tential flow equation in a computational domain designed

for accurate application of the body surface boundary con-

dition. A set of first order radiation boundary conditions are

applied at the artificial computational boundaries located at a

finite distance away from the airfoil surface. The finite differ

ence approximations of the potential flow equation and radiation

boundary conditions are constructed by using a type dependent

differencing strategy. The leading truncation term provides the

necessary dissipation to stabilize the scheme and to capture the

shock waves automatically. The inite difference approximations

are perturbed within the same order of accuracy in order to

permit their factorzation into one-dimensional operators. Conse-

quently, the problem can be solved efficiently by using a

5-diagonal matrix solver. The resulting algorithm is a time

marching scheme without any iteration Process in each time step.

Numerical experiments show that the scheme is very

stable. The results presented in Section V demonstrate

that the method is able to resolve the highly nonlinear

transonic flow effects for flutter analysis of airfoils as

long as the boundary layer remains attached.
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2. Extension of the Technique

Our numerical method can be extended to three space

dimensional problems. An important application i_ the ur-

steady transonic flow past wing-body combinations that

model our airplane. The necessary geometric mapping tech-

niques are available in analysis codes that compute steady

flow past a wing-body combination [27]. Singularities

associated with the geometric mapping would not be a

serious problem and could be treated in a manner similar

to the one used in the steady calculation. A further

application could be the helicopter rotor in forward

flight. Here the flow is unsteady because of the relative

velocity of the advancing and retreating blades [8].

In principle, shock accuracy would be improved by

shock fitting methods [45] or, alternatively, by the use

of a difference scheme in conservative form. In practice,

however, a turbulent boundary layer correction would be

needed for more exact shock jump modeling [10, 13, 35].
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APPENDIX

A. A 5-Diagonal Matrix Solver

Here, we present a method of solving a 5-diagonal

matrix problem. Suppose Ax = y is solved for x, where

x and y are nxl column vectors and A is of the form

a cI  e1

b2  2 c2  e2

d b a c3  e3
4

dn 2 b -2 an 2 cn-2 en-2

dn_1 b 1 an-1 cnl1

dn bn a
n nn

Assume the matrix can be factored in the tridiagonal form

2c 1 y' 2 a 2 Y 2 ' 2

63 S3 a 3

A =LU= .

. . 1 ¥n-2 'n-2

1 n-1

n n n.
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Then we find

6. = d.1 1

6 iYi_ 2 + 8i = b i
iCi-2 + iYi-1 + ai a

(1)C i-1 + LiYi = i
1t e

. a. = e.

for i = 1,...,n if the default values are set equal to

zero. Namely, bI1 = d1 = d2 = C n  enI = en = 0

1 6 2= Yn = 'n-i Cn =0 and which can be

solved as

zd
J 6. = d.

1 1

ei b b i - 'i- 2 (Si

(2) c. = a. - iYi- - 6i i-2
Yi 1 1ci- il/i

i= ei/ai

for i = l,...,n, in ascending order if none of the a. vanish.
1

The intermediate step Lg = y becomes

igi-2 + igi-I + aigi = Yi for i = 1,...,n,

we can solve this system recursively in ascendinq order.

Namely,

(3) gi = (yi - igi-i igi-2)/i

for i 1,...,n, if the default values q I q-2= 0.
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The final step Ux g is expressed by

x.i +yixi + 'xi+" ~g. for i=1,...,n,

where x nl1 = xn2= 0. The system can be solved in

descending order recursively as

x.i =g. -i~ 'ixi+2  for i n,...,l.

We remark that the LU factored form is not unique;

for example, L and U can be the following

4

1~~ 'I 'i~1£

21 a 2 "2 '2

L 3 ~21

cn-2 ^rn-2 C£r2

a n-1 Y n-l

1 ~a
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B. Computer Program 'IFL05

1. Operation of the Program

The sheared parabolic coordinates described in Sec-

tion 111,3 are introduced. The input parameters XSING

and YSING determine the location of the singular point

about which the square root transformation is made. It

is important to choose these two parameters so that the

unfolded profile does not have any sharp bumps. The

mapped coordinates are printed so that this can be

checked.

The difference scheme for the steady routine used to

* initialize the calculation is in fact the standard line

relaxation method. Faster convergence is usually obtained

by using horizontal relaxation, y-sweep, marching toward

the body. The difference scheme for the unsteady routine

conforms closely to the description in Section IV, 1. It

is implemented in the computational domain described in

Section III, 3 as first performing a y-sweep, marching

toward the body with horizontal lines, then followed by an

x-sweep, with vertical lines marching from left boundary

toward right boundary of the computational grid.

The initial values of the time dependent problem are

provided by either using unsteady mode alone or using both

steady and unsteady modes. The proqram contains a switch

for the choice. For fine mesh, such as 128 x 32, the

method employing both modes is recommended. A run using
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both modes can be described as follows. First, using

steady mode, calculations are first performed on a

coarse mesh and then on a fine mesh with twice as

many intervals in each coordinate direction. The coarse

mesh result is interpolated to provide the starting

guess for the fine mesh. It usually consists of 200

cycles on coarse mesh, 32 x 8, followed by 100 cycles on

a fine mesh, 64x16, 50 cyles on a finer mesh 128x32.

The resulting reduced velocity potential is used as the

4 starting guess for the steady iteration using the unsteady

routine. After 75 cycles in this steady iteration step,

we begin our time marching calculation. A better initial

value can be obtained after one complete periodic cycle.

Computational results show that the difference between the

second and the third period cycles is small. We therefore

consider the results from the second period as our desired

output.

The input data deck for a run is arranqed to include

title cards listing the required data items. The complete

set of title cards provides a list of all the data which

must be supplied and can be used as a guide in setting up

the data deck. Each title card is followed by a card

supplying the numerical values for the parameters listed.

The input parameters are given in the Glossary in the order

of their appearance on the data cards. All data items are

read in as floating point numbers in fields of 10 columns,
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and values representing inteqer parameters are converted

inside the program. The data deck for NACA 0012 at

M = 0.79, a = 00 + 10 sin kt is shown in Table 1.

The output consists of printout and Calcomp plots.

The program prints the mapped coordinates of the airfoil

generated at the mesh points of the computational grid.

Parameters such as mesh size, flight speed, fliqht angle,

angle of attack are also printed so that the case can be

identified easily.

For each ieration using the steady routine the

program prints the iteration number, the maximum correction

to the reduced velocity potential, and the maximum residual

for the steady flow equation together with the coordinates

of the point where these occur in the computational grid, the

circulation, the relaxation factor pl, p2, p3, and the

number of supersonic points. After a maximum number of

cycles has been completed or a converqence criterion has been

satisfied, the angle of attack, flight speed, fliqht angle,

lift, drag and moment coefficients are printed. If

desired, the pressure distribution along the airfoil surface

and a chart of the local Mach numbers can be printed.

If the mesh is to be refined, the program then repeats

the same sequences of calculations and output on the same

mesh. A Calcomp plot is generated to show the pressure

distribution over the airfoil on the finost mesh at the

end of this subroutine.
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For a steady iteration using nonsteady mode, the

program first prints the flight conditions, the mesh size,

and the dimensionless time step. After each iteration,

the program prints the maximum change in the velocity

potential with the coordinates of the point in the grid

system. If desired, the pressure distribution along the

airfoil and the local Mach number chart can be printed.

Calcomp plots for the pressure distribution, the leading

distribution, and the supersonic zone over the airfoil are

- . generated separately at the end of this step.

.4 Before the unsteady time marching process, the

advanced time steps required to finish the assigned period

is estimated and printed. After one complete period has

been computed the flight conditions together with the

aerodynamic forces, lift, drag and moment coefficients, are

thereafter printed periodically. If desired, the pressure

distribution over the airfoil is also printed. Calcomp

plots for the pressure distribution, the loading distribu-

tion, and the supersonic zone over the airfoil are

generated periodically. At the end of the calculation the

unsteady traces of the airfoil motion and the grid system

near the airfoil are plotted. The graphs can also be

produced as individual frames in a film strip. Then a

complete history of the time dependent motion will be visible.
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2. Glossary of the Program

The input parameters are li'ted in the Drder of

their occurrence on the data title cards.

Title
.- Card I

ISYM Indicates the type of profile.

ISYM = 0 denotes a cambered profile. Coordinates

are supplied for upper and lower surfaces, each

ordered from nose to tail with the leading edge

included in both surfaces.

ISYM = 1 denotes a symmetric profile.
I

A table of coordinates is read for the upper surface

only.

NU The number of upper surface coordinates.

NL The number of lower surface coordinates.

For ISYM = 1, NL = NU even thouqh no lower surface

coordinates are given.

NX The number of mesh cells in the direction of the

chord used at the start of the calculation. NX = 0

causes termination of the program.

Ny The number of mesh cells in the direction normal to

the chord.

MHALF Determines whether the mesh will be refined.

MHALF = 0. The computation terminates after completing

the prescribed number of iteration cycles or after

convergence for the input mesh size.
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MHALF 3 0. The mesh spacing will be halved after

NRELAX cycles have been run on the crude mesh size.

The refinement will be performed MHALF times.

RSTAD Determines whether the steady mode will be employed.

RSTAD = 0. The steady mode will not be called,

the steady flow calculation entirely depends upon

the unsteady mode. RSTAD = 1. Both steady and

unsteady modes are employed for the steady flow

calculation.

STADI Indicates the type of flow calculation.

STADI = 1. The computation is running for the

steady state solution. STADI = 0. The computation

is a time dependent run.

Title
Card 2

NRELAX The maximum number of iteration cycles which will be

computed in the steady iteration process.

RELAXO The desired accuracy. If the maximum correction

is less than RELAX TO the calculation terminates

or proceeds to a finer mesh; otherwise the number of

cycles set by NRELAX are completed.

CHECKPT Determines whether the CHEKPTX is required.

CHEKPTX = 1. The CHEKPTX is called.

Title
Card 3

COORS The stretching factor in the x coordinate stretching

transformation described in Section III, 3.
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COORT The stretching factor in the y coordinate stretchinq

mapping described in Section III, 3.

RCBDY To locate the computational boundaries.

Title
Card 4

Plo The subsonic relaxation factor for the reduced

potential in the steady flow calculation routines.

It is between 1. and 2. and should be increased

towards 2. as the mesh is refined.

A P20 The supersonic relaxation factor for the reduced

*potential in the steady routine. It is not greater

than 1. and normally set to 1.

P30 The relaxation factor for the circulation. It is

usually set to 1. but can be increased

P101
P102 The increments of Pl0 as the mesh system is refined
P103

1 time, 2 times and 3 times, respectively.

Title
Card 5

FREQRA The frequency rate (rad/time) and amplitude (degree)
MAPLA

of the sinusoidal variation of angle of attack (in

degrees).

FREQRM
AMPLM The frequency rate and amplitude (mach number) ef th-

sinusoidal variation of flight speed in mach number.

FREQRC
AMPLC The frequency rate and amplitude (,f the sinusoida.l

variation of fliqht angle in deqrees.
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PERIOD The complete sinusoidal periods to be calculated.

DEGREE The degree interval to plot the graphs, pressure

distribution, the loading and the supersonic zone

over the airfoil.

Title
Card 6

ALPHA1 The angle of attack in degrees.

MACHI The fliqht speed in mach number. The speed of sound

at infinity is set to be unity.

THETAl The flight angle in degrees

TSRATIO The ratio At/Ax(min ) between time step and

minimum spacial step.

Title
Card 7

TE ANGLE The included anqle at the trailinq edae in degrees.

The profile may be open, in which case it is the

difference in anqle between the upper and lower

surfaces.

TE SLOPE The slope of the mean camber line at the trailing

edge. This is used to continue the coordinate surface,

assumed to contain the vortex sheet, smoothly off the

trailing edqe.

XSING The coordinates of the sinqular point inside the nose
YSING

about which the square root transformation is applied

to qenerate parabolic coordinates. This point should

be located as symmetrically as possible between the

upper and lower surfaces at a distance from the nose
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roughly proportional to the leading edge radius.

It can be seen whether the location has been correctly

chosen by inspecting the coordinates of the mapped

profile printed in the output. If the mapped

profile has a bump at the center, the singular point

should be moved closer to the leading edge. If the

mapped profile is not symmetric near the center,

with a step increase in y, say, as x increases through

0, the singular point should be moved closer to the

upper surface.

Title
Card 8

x
Y The coordinates, upper surface coordinates, of the
THETA

upper surface and its tangent angle in degrees.

These are read on the data cards which follow, one

pair of coordinates and its tangent angle per card

in the first three fields of 10 from leading to trail-

ing edge inclusive.

Title
Card 9

x
Y The coordinates and its tangent angle at the lower
THETA

surface, read from leading to trailing edge. The

leading edge point is the same as the upper surface

leading edge point. The trailing edge point may be

different if the profile has an open tail.

Title
Card 10

End of the calculation.
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1-10 11-20 2 1-3 31-40 41-50 51-60 61-70 71-80

NACA0 012

ISYM I NU NL NX NY IMHALF RSTAD STADI

1. 37. 37. 32. 8. 2. 1. 0.

2 NRELA I CHECKPT

200. 1.E-6 0.

3 COORS jCOORT RCBDYI

0. 1. 11__ __ __ __ 1
4 Plo P20 P30 P101 P102 P103

0.94 0.8 1. .19 .58 .72

5 FREQRA IAMPIA FREQM AMPII4 FRF)QC AMIPLC IPERIOD DFGREE

0.3 1 . 0. 0. 0. 0. 2. 90.

6 AIPHA1 MACH jHI SRTIO

0. .79 0. 10.

7 N fESLOPE XSINGJ YSING

16.15 0. .8 0.

8 X Y THETA (UPPER SURFACE)

NN

9 X Y THETA (LOWER SURFACE)

1I

NL 
b

Table 1. Data Deck for the Program.



3. L IST I G 3F P T

T TAP E7)
C THE AN~ALYSIS F TRANSJ.L C -LQ 'A 5T ,Ab'k L I N R 1C BODY MiOTION

c +fE LNSTFAjY T PAN SJIC ~u T L NT IL F L ; F wo A T I .ITH RACLIAT1L)N
C :j UNu A, Y C N DI TI N i I 'N t'j JING SHF A'E L FAOAjGLL C COp LINATE SY TEM

Akr- S~jLVFL) BY AN. A LT E P',A TI No PkECTILN IMPLICIT SCHEME wITH
C F gV E J I A GL14AL M1ATRIX .IjLVF ,
C d'QJGPAlP1Ll BY I-H H CA'- LtIN u ) EP T EMt3L k 198 C

r, I S TH P V EL CC ITY UTEiT14L I~ THiE AbjSLLUT E FR A ME
C j MM -N / A GVl-.( 13 2 p3 b) 2v( 13 2 ,3t .),GN(132,936),S50(132 ),S1(132),sz(132)

1 A40( 13 Z) PAl ( I J2) vA 2( 13 2),A3(I32)j, 0 (3b) ,B1(3t),#b2(3b)
2 b 3 (3t ) NX#NY, IX1,sIX2pKSY:' 4 FCHpAL PHA,#C ApSA,*FMACH2

C(IMMuN/3/ SV( 132),s)M(132'),CP (132)
CUMrON/C/ XP(26C) ,YP(260),D1(2't0),D2(2bo6),D3(2b)
CCMMON/D/ SLJiPT, 1R41Lp,)CAL
C ,MMG~N/F / C H r I , CLCLCM
C lM M U /F / X PpY RjSt XS( 50C) ,YS(',O0)

CCuM'iN/H/ 3X, UY, UT, UXDYY, OTT, UXYDXTDYTTSR
CUMMON/I/ X(C'60) ,y( ?bQ)
C L MMUN / J/ qAOPI, ALSALTALTT,4MPLA, FRj5 -AFASAGAFMACHSFMACHT

1 PAMPLM, F. p ,ASAO?~C TASC FTATC ETAT TApPLC F REORCEASAGCC ETA
2 PFPFwlP,1 U .Ii

C 6M MCJ IL/ TCL ( dO1),TCt)(tc1 TCI'.(01),oTCP(9,b01),PTCPS(9),CLSC)S

C 0V1 JN/1 1,p P?, P3, TAU

CL;MMUd'/S TAD 1/ Ok, 1P pIv1<S T AU

.jATA VAR./0/

I PL 0T -I
3.-l~1I5'2f 5j5,)479

P A D '.7. i57?%o 130823
1 0,ITE (I i T 60

? Q'IAIT(14hi('P~2~. Q u x 4(i L i ' ,p X32h I-CHUNG CH AAGvC4UR AN T INS TI TUT7E/
5 briC3 i L J ' I IfV' A( Y T kA',5 Nl1 PO TE NT IAL F LOW E 'A TI IN

L .) tA b, I (TI I T 1 L I I , 20

I~ r I
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P E AD ( I P E AOQDC )
k fA D ( IvE AD, 51C ) iSYMP FNJFNL FNXP FNYpFHALF PFPS TADPFSTADI
I SY M F Sym
IkSTAUz FRSTAD
ISTALI= FSTADI
Nu= F NU

NL =FN L
IF CNU.LT.1) GO 10 302
NXO = FN x
NYO zF-NY
NX =NXG
NY = NYO
IF (NX.NE*4*NY) Go TJ i3)2
Mf-ALF = FHALF
NHALF =
R E AD (IRE APP5CC)
Rt AD (IREAD,5IG) FIIPCJV,#CHECPT
ICFIECK= CHECP T
,EAD(IP.EADP50C)

4 ~tAD( IREADP"10) CCIfSCGA TRCBDY
LtiALF= RCBDY
IF (LHAt.F.LE.C .Jfk.LLIALf-.GI.3) LHALF1l
R-EAD( IR-Dp500)
?EAL'(IWEAD,951') P1UP~uF3UP10lpP1O2,P1j3
'L AD( IRE Abi, 560
PL D(1 E b ~ C F tk pA P A K p lP M ~ .- L M L PP k L~t E o

IFCPERIU].GT.?.) DLGRL 4'..

IF(PERIUfC.LT.3) G J Tu .j

[1,L(GR L= 45.
iF(PERIUD.LT.4) Gr'TC 3
L DEGRE.= 9(1

3 i1,RAF- 3lO./DtC-kt

I rSUkFi PER~iI';qU'AF
FK.EQ(J'= 1Co.
If (Fi'FORA.LE.C. ) GO Ti 's)
F KE UR = A MI N IC(F F kA p kQk

4. IF( RE RM.LE.C.) Gi] TO 5
FRE0kz AMINI( FkL(;'N, FkEf'

5 1 ( F wE 0RC .L F. 0. ) GJ TO] b
FREQP= Af.INI( FPEwRC FKFQP)

6 1rCFk~tQP.LE.G.) 60 TG 302
il1ITO = FIT1
PEAC (IREAO,50C)
RLAC (IkEAC;,510) tALiF~liCTlTSR
FMACH = FMI
FMACH2= FMACH* FTMACH
CLTA= C Ti
CrTAS= CETA/NAD
k t Ab (IEADP5OG)

'LAD f) I ),E A0 , 10) TP A iLSLUP TXR Yk
TfrAI L TkA I L AC
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DU 7 I='iLPN

L =NL +1
Ii- ( ISYM1.GT.0) 0 U TJ

Li ', I t rL

Q L AD (IKE A D).)1 C VALPiLjUM
z L -1

b Y~J = rufl

L T C 1= Lj

J J, - 1

10 Y (J s -YC(I
11 L H0 -JR XC(1 ) -X(HL)

x'f X(NL) +.25*CHURD

12 ALPH A tL ALkAD
A. L S= AL PH A
K )YM il I SYM
IF ( 4LPHA. NE .0.) KSYM =0

13 CALL CGO0 C(NLpN)

IF(Ixl+I\2 *NE.NX+4) GJ TOJ 302
IiCIk'STAD.GT.C-) GG TO 37
CALL ESTIM
u(, TL 38

37 CALL )ESTIM
3o UTIM= 0.

LIT = IT

AL T T= 0.

F;.ACf~S= FMACH
FU'iACriT= 0.
CE TAT= 0.

WX= NX+1
i? 15 I- 3,KX

1 kI TE (I W ITpt, AOIb2I) S I P 2( ) A ( ) A21C3 I

ITL (1I4kiTv Ilt)
MY z NY+2

(1i 1 1 J = 3,pMY

I~ IPSTAO).GT. 0) GO TO '50
IF(NHALFatQ.MHALF) MIT= 1IT* 1 5

j i r 3

KHAL =L H tL F L** H AL F
1 3 3 + N Y-04AL F
J?2 J 3 -1
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10- 2 + KF-ALF
Il 10 +1
13= 2 + NX -KHALF
12- 13 -1
INX= 13 - 10
INYS J3 - JI

ik I TE ( IWR IT , oOO)

wkIrE(IWRITpb4O) INXINY
w R ITE ( I4RlTp12o)

WRITE(IWRITL-10) FMACHAL
%R I TE ( I WR I T132 ) T
CALL SFCLIND(T)
WRITEC IWRITPbbC) T
wkITE(1wRITP126)

20 N IT t. IT +1I
CALL U ST h 0i
W RI TE C 1WR1T.6 ') N1IT pk ,I GJC, 14S
I& (N IT.GE.MIT ) 6L CI TO1
I,:(kC.GT.CJV) ( - TJ 20

21 LALL SEC6NflCT)
6RITE (I*FKI1 , G C) T
IF( NHALF.GE. HA&LF ) LJ TI1 22
NHAL N Hi, LF + 1
MITzMIT/?
NX =NX +NX
fiY NY+ *1 tY
CALL COO~u(NL p N
IF CI~1+I X2 *NF.r.X+4t) GJ TL~ 302
CALL PEFIN
GL) TS 1'4

C U S ING THE S TE ADY M3GE TJ likNRATE TiE IN111AL DATA

50 kITL (IWPITR1T, 4)~

W kI TE ( IWkIT P 4U ) tiXpNY

wR ITE (IWRITobIC) -Ai L

CALL SECYND(T)
wR IrE CIwRiT,,u) T
wRITECI WRIT, I29)
NI T = 0
A LT - u
P1 2.1C1. 4(e./;)10 -1.i#:.!**NHALF)
I F(P1 1 CU. 6 L T b 5 1
P1 Ipl1O
IF( NHALF.EQ. I) P1= P10 + P101
±H F (-AL i .F Q. 2 .) Plz PJ10 + P102
fl(NHALFaEi~e3) P1= PlO + P103

51 Pe P20
p j, = 1 .
J 1 3

.2 13= NY+2
10. 3
13- N X+l1
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.)3 J2- J3-1.
11= 10 + 1
I2= 13-1

C STEADY ITERATL--h USING THE STEADY MODE
54 N IT =N IT +1

CALL STEALY

IF(NIT.GF. IT) GJ TO 55,
1 F(C4< .GT .C J ) CC TIC-) 5 4

:CALL StCJNDIT)

IF( NHALF.LT.MHALF) GJ TJ 57
CALL SVELD
"ALL F-OKCE
wR I TE 1(I IT 50C)

wkITL(ld IT'.J1610) ALFMIACHCETACLCDCM

'w IT E ( Iw P IT Pbib0)
C AL L C PL 0

CALL SCHAkT
IRJL'TE- I
CALL PSU-,

IF(1 IADI.CT90) GO TL 303
ki Li T L 5,9

57 %HALF- NHiALF + j

N Y NY+ k Y
C AL L C 0 00J( N L .N)
I t( I 1+1X2.NL. .x+4) Gw TI 302

4 L L S PE FI N

Cu T L 14
C IEA['Y ITFKATION USING, UINSTEALY MODE

A L T~c
ALTT= 0.
F AC-S= F.MACH
t 'AC.-TZ C.
CL TAT 2 C.

CALL FSTIM
Ml T- MII / 2

~ I~f CIAk1TPOOC

w IT E (IovRJ 14)

HALF - LHAL F 2**'HAL F
J3a 3 + 4Y-RHAL -

J 4, J 3 -1I

J1x 2 + K~iALF
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Il - I0 +1
13- + N~X -KHfALF
Ie= 13 -1
INXx 13 - hI
INY- J3 - JI
WRITE(I4KITr,640) INX, P'
*&ITF (IWkIT,12b)
iRITE( IWRIT,610) FMACHPAL
wkI T F(1viRITP132) OT
C AL L SECONU'(T)
-kITE ( IWRITpot~o) I

59 N IT 1' iIT +1
C AL L USTAI'

IF ( N IT .LT .3) G C T G 59
IF( NIT.GE.MIT) CO TC tO

LF(~.~,TCiv)G~j TC 59
60 CALL SECL-ND(T)

22 LNSTFADY CALCULATICN - --- TIMEF MARCHING

C INITIAL DATA
NITS% 1
J S T E P 0
CALL 'ELC
CALL FORCE

wkITH Ioi1TclG) "LPfM4CHPLETAoCLCJjCM
W kI TE ( I hP I T,91 e4
Li L 23 I= X1,9I X2

23 P.P I IF (I WP I T, I I , XPCI) , Y P(I) S V (I), SM (I), CP (I)

CALL CPLJT

CALL CHART
I ROU TE: =
CALL PSU~t
IPLOT2 0
IF (ISYM.LT.0.AN[ .ALS.F. 0 ..AND.AMPLA.EC*..AND.AMPLC.Ec;.0.) GOTC35
lkJUTF= I CUTF +I
CALL LUPD

35 IPIUTV= IP']UTF+ I
CALL SJNIC
CALL SFCjNO(T
op(I1F (IWb'ITPbbG) T

1F(LTAI.GT GO GTO 301

ISTEP2 PEkI0D*2.*Pl/(FE(oR*DT)

M TcP- ISlrP/IPSL'R[

IJKL :Nz MINO(0(UCISTEP)

K(F:IPCx IJt(LMNI IPSUktE
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~JLHECK(= ISTEP*.2'
24 IFc(ML,[)(MSrEPKFu3C).E.'.J) u 1(C 2 5

\F'.).RC- KFLkC-l
6 L T(C 24

L TEP- ISTEP +

'TP= 1.jA~l

?t CALL USTADI
IF (E13.,.) G~ :; C 33

34 F ( MC(sSTL~p,*15TEP).E i0) GL T. 27
GC L t 30

3 3 1[kS T E P .LT .KK S IcP Tu T 30
6D J11 34

27 IF IK~UTE.LT.25) G! J I J 2o
CALL ROUTE (bL3LuPU T,2LLP)
IKJUTE= 0
CALL PLOT (0.,0.p'o~i)
1PLdl= -1

2 IrOJTE= IROuTF + 1
CALL VELu
JSrC'-F JSTLP + 1
LALL F~lKCE

f EF ( IW kI T pb10 ) ALPFMACHCETA,CLPCOCI'

Du 29 1= IllIxL

CALL ieSUkl
lIPLOTs 0
IF(ISYM.GI .0.ANL).ALS.V).C..AND.AMPLA.E(..0..AN0.AMPLC.EQUo.) GOT036
IRUUTEx IRJLTE + 1
CALL LORD

3t HJIUTE- IRJUTE+ 1
CALL SONIC
u , TO~ 32

3C IF(MUN0KSTEPoNSTEP).E J.0) 66 T1231
G2 Tii 32

31 CALL VELIJ
J ST FP =J S TLP+ 1
LALL FURCL

32 S TFP=KSTE P +1I
IE(M[D(KSTEPpJCHECK).E4.C) GO TO041

39 lF(KSTFP.CE.LSTEP) GC, 10301
oLi T1, ?-b

41 lF(lCH CK.GT.0) CALL CHEKPTX(VAR)
GO T 0 39

301 CALL TRACE
ji = 3

KH-ALFm 3* 2**M~HALF
i - . + % Y-r,,,A L-

1,; 2 + KHALF
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13- 2 + NX -K(HALF
CALL GRID

303 CALL PLOT (0.,0. p 199
302 STOP
112 FLJkMAT(41HOIMAPPED COO.RD1NATES AND X STRETCH FACTORS/

1 15H-O X #15h y *15H yp
2 15H ',P P , Al j,15H A2
3 ljH 43

116 FORMAT(lbHOY STRETCH FACTOJRS/
1 15HO y 11 FBi 15H B2
2 1 SHB3

124 F f M A T (15H0 r D~ IVISIUNSP 15H VER 0)1VISICNS I
-126 FORMATC15HO MACH t.0 P15H- ANG OF ATTACK)

128 FJRMAT(10H0TEkAT(Jr~.,H CIJFRECTI(UN .95 H I ,5H J
I 5H ,1OH S 9NhIC PT S

129 FORMAT ( 1HJlrT1JlN15H CCRkECT IGN v,5H 1 .SM 5H JI
I I 'H RESIDUAL ,5H 1I. p5H Jp
2 10H CIIkCULATN,1 CH REL FC T 1,1OH REL FCT 2,10H REL FCT 3,
3 10H SUNIC PTS)

132 FURMAT( IHOP*TIMf STEP p F 15 .10)
134 FURMAT (I Ht~*uNSTE AY iTEKATIUjN*
136 FORMA T( 1Hj.9*UNST EADY )TEPS = , X,I 10)

182 FURM1AI(15H0 ANG UF AITACK#15H FLIGHr SPEED p15H FLIGHT ANGLE

1 15H- CL p 15h, CL , 15H1 C m
164 ru~MAT(3bhUCJDkRl'NATLS U)- INTERPOLATED AIRFOIL,

I 26H ANJ PRESSURE LISTPIBUTIGN/
2 1 :H x p 15F- y ,1H V/ V)
3 1m .Aci kOl .151- CP

500 FUkilAT( 1 X
510 FORMAT( bF13.7 I
530 FORMAT(?0A4)
600 FURMAT( 1H1 )
t10 FURMAT(8Fl2P.4)
620 FORMATr(BE 15.f j;

30( )LRM AT ( iHO ,2C A')
t40 F URMA T ( 18,A7 115)
650 FORMAT(1CL15.,255,i3)
b0 f URM A T (1 5H0CDMPLT IN~G TI ME ,F10 3, 1CH SECONDS)
o70, FuPMAT(C CL15.lp,15,E25. 5,2l5,'F1U. , 11))

SuBRCUTINE COGRL,N)
C ,ETS UP MO2 IF I Eb PAP At JL IC C CLIPD INA TE SY STE M

CGMTG4/A/ &'M('I32,#3t),),C132,36),oGN(13 ,3b),tSO(132),S1C 1321,52Z(132)
1 ,AOC 132),A1(132),A2(132)A3132),B0(36),81Ubt),B2(3b)
2 ,33(36),NXNY, IxII2,p(SYMFMACHALPHACAPSAFMACH2
3 pAL PU 711" CbS8,N)PG,1GJG

CuMCN/C/ XP(2iO ),YP(Ze0),D1(26C),O2 (2f'0),03(2b0)
CuMMt'N/D/ SLrPT, rkAILSCAL
CUMMOJN/Fl XRpYR~p'SpX)( 500) ,YS(500)
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CulrMAN/HI OX.o DY, DTDOXXDYYP OTT.*UXY, DXTDYT* TSR
1 ,1 L, / ?~ Y C ?b"

C LM.N /3 CJIR SsC CCR T

Pi 3.14159?b~i58 79

SL 50=*XTD*2/XND-XY

MY 12 i=1+2

XO SCAL .C0*XI *() -XR)

YO =SCAL*(Y(I) -YR)
R = sQkT(XC*XO *VO*YO)

ANGL =CMPI.A(XOYO)
IF (I.LT.L.AND.ANGL.LT..5*PI) ANGL ANGL +PI +PI
lF (f.Gr.L.ANC-.ANGL.Gr.1.5*PI) ANGL ANGL -P1 -Pi

S $R T ( + R
AN(AL .5*ANGL
Xk(I) = P*CCS(ANGL)

1? YP () I x *SIN(ANGL)
D b 2 L 1= 3PKX
XX= (I-2)*UX -2.

IF (ABS(XX).*GT.XTE) GO 10 23
SA ~ SliN(PI*XX/XTE)
cx CUS(PI*XX/xTt)

xc 2 xx +S*xTE*SxI(PI*(1. +S))
Xl 211(1. +5*(JI. +CX))

X2 z S*PI*SY*xl/XTE
xi a Cl1. +S)*xl
G3 - T 24

23 lt- (XX.LT.0.) 8 -1.
A = 1. -(XX -B*XT)I(2. -XTE )**2
XO) = 6j*XIE +(XX -E*XTE)/(A*C1. +S))
X1 ( I. ,S)*A*A/(2. -A)

AZx-2.*CXX -t3*Xr!)*(A.o -A)ICA*C2. -A)*C2. -XTE)**2)
?4 IF CXO.LT.xPCJJ) lXi I

I F XO0. LE.*XP (N) 1X2 a21
I (I ) 2 3
41(1) 2 5 XID

4 ?( I ) 2xI *x 1
2? 1A3CI)m.5*X2/UX

X1~~ I~
3) 2 J = 3 p MY

YY= (J-3) *LJY
D. -YY*yY
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8ia *t/((2. -6t)*T)
80O(j) x T*YY/O
61(J) = .5*Yi/EDY
8 2( J) a Y*Y I

32 63(J )Z-YY*(4.-2)/(B*(2.-t)*V)
ANG = ATAN(SLOPT)
AIN GI = CMPLA((XC1) -XIRY (i 1 -YR))
IF (ANGi.GT*Pl ) ANGi = ANGi -P1 -P I
ANG2 =CMPLA((X(N) -XR),(Y(N) -YR))
IF (ANG2.GT.PI) ANG2 = ANG2 -P1 -PI
ANGI. = ANG -. 5*ANGi +.5*TRAIL
ANG2 = ANCG - *5*AtiG2 -. 54TR41L
Ti T IAN (ANGi)
T2 =TAN(ANG2)
CALL SPLIF (lp,r'XP,YPpjiD2,D3, 1,r1,1,T2,Oto.,INDJ
CALL INTPL ( IXl,1X~ AOSC)uINPPYP,&1,G2,93,OJ
xi X(i) -.75'*(X(l) -X(L))
SO(2 )= 0.
$G0(MX)= 0.

A =SLOPT*(A(i) -Xi)
C 2 i./XI) -Ai
DLi 42 I41,,M
xx 5 .*AO(I)*42/SCAL + XR
X0 S SC AL(X X -XR)
y U =SCA&L*(Y(l) +A*ALOG(C*(XX -Xi) -Yk

R = S, PT(XO*XO +Y*YO)
AI\AL CMPLA(XOPYO)
IF (ANGL.LT..5*PI) ANGL ANCL +PI +PI

k ~~ S,) pT (R + R
AIIGL =.5*ANGL

4.2 SOCIM R*SIN(ANGL)

A SLOPT*(X(N) -X 1
C 1 . I(X( N) -X I
DLU 52 1% MKX

XX = .5*/4(1**2/SCAL +XR
XC 2 SCAL*(XX -XR)

Yz 2SC A L * (Y (N) + A *A L UL, CC*AX -Xi) -YR)
R = SlfrT(AO*AU +y0)*YU)

ANGL - CMPLA(XOPYO)
IF ( ANGL GT .1 .:*P I) AW(,L a ANGL -P I P I
k = SQPTUk +P)
ANGL *5*ANCL

52 S0(1) 2 ,*SIN(ANGL)
SCAL I ./SCAL
D Li b?2 1- 3.vK X
Ds I = '0(I+l) -SO(1-1)
7SIIz(SO( 1+i)-2.4'SO( I)+30( I-i)) /DXX +A3(I )*DSI
51(I) a Ai(I)*iJSI

62 S2(I )-A2(I )*D)SII
DOC 72 IIlj-i1x2
XPCI) 2.5*SCAL*(A.3(I)**2 -SO(I)**2) +XR

72 YP(I) - SCAL*AO(I)*SO(1) *YR

Wall
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kE TUf'N

,Lijk~uTINF - PLIF(,NPjF, FPFPi-,FPP-flMVM,$KN, VNMODEFQM, 1N))
C SPLINE FIT - JAV'[SUN
C INTEC-kAL PLALEE IN F P PP IF llDE GkEA]EF THAN 0
C IND SFT 10 ZERO IF DtTA ILLLGAL

i ABS N -.1

11 - e. 1 /1

zM +K
-S(J) -3(I)

D OS

11 DF =(F(J) - -(I))IS
IF (Kill -2) 12,13,14

12 u= .5
V 3o*(DF -VM)/lDS
Gu TO 25

13 U z0.
v= VM
GCL TU 25

14. U = 1
V x -os*vl1
GO f(L 25

21 I1

L 5 (J) -S I
IF (L*DS) 81,31,23

23 Di z CF( -F (1I))S
0 1. (3 +01) +0)

v = 0 (t

25 F P( 1 2 u
FPP() I =v

IL- 2. -u*D S
..* Df + DS * V

31 IF (r(N -2) 32 333
32 Va (6.*VN -V)/U

UL', Tu 35
33 V = VN

G 2 TU 35
3'4 xv C [J*VN +FPP( ) )i(1. +FP(I))

4t1 LS s S(J) -SCI
U FPP(I) -FP(I)*V
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FPPP(I) =V -Uj) /0
F 11 p i) 2 U

s -K
IF (J -M) 41#51,',1

51 1 N -

FPP(M B

FP (J) z bP +D*(FiPP(I) + B +b)/6.
IND 1
If- (MODE) 8IpHiptil

bi FPPP(J) = J
v FP ( )

71 1 = J
J J +K
us S(J)-Si
U F P P( J
F PP P iJ) F PPPF(I + 5*:Js*(- + F(j -fJS*)S *(u +V 112.
v =0
IF (J -N) 71,E1,71

* ~R Tt 6 TUN
F N D

F L,'JC T T N C'P LA( x9 Y)
CANGLt 9JF CD]MPLFX NU~bEk X +1*Y IN ANGE 3. TO 2.*PI

p I =2 3 .1 it15,42 tD35 b9 79
IF (ABS(Y) -ABS(X)) 1,1,11

1 SHIFT z P1

2 S HI F 1 2

I F ( Y 3,4,4
3 SH I FT 2 2.*P I
4 CMPLI. SHIFT +ATA 4(Y/X)

GLU T ''31
11 SHIFT = 5*PI

IF (Y) 12,12,13
12 SFFT 1 I. :*p 1
13 CM PLJ5 2 SHIFT -ATA4CX/Y')

P..T 31
21 CP1PLA = 0

31 IkETURN

SUBkWUT INE I Ni FL I tNI-S I F I, MN, S, ,F PF PPFPP FMODE)
C INTF;P,2LATIJN US.ING TAYLjo SIf IES - JAMESGN

C AUDS CLIRRLCT1UN FUR PIECEwISE LUNSTANT FOURTH DEkIVIATIVE
c IF Mt)DE GREATFP THAN 0

OIMENSIJN S Il )F 1 (15 IF ( 1),F PC(I)F PP (1 )FPP P (1I
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N I INSN 1

N IN N

NIN =N

13 K I t,8 ( N3SINN r-IN)
I F ( KI) 2 1 21 915

15 KI N (I N -MIN)/KI
21 1I 1 IN -K I

I F (mUDE) 31 23
23 1 1.
31 1 1 1 +K I

33 I = I )r

IF( -N) 35,p37,35
435 1 F (U*(S( I -SS) 33j,33,37

37 J I

F PPP P C(F PPP(J) -FPPP(I))/(S(J) -S1))

iF ( II -N I N) 31,41, 31
411 k ET U N

E ND

F L,4 CT IJN C.UARP(DSFFPFPPFPPP,FFPPPP)
L EVALL ATE S FDIFST FOUR T ERMS OF TAYLOR SERIES -JAMESON

QUARF, = FPPP +.25*DS*FPPpP
(.UAR'P = FPP +DS*QUAk(P/3.

wUAkP zF P +.5*bS*juAkr?

k TRUARP =F +ZS*QUAQP

ND

SU3PGuT It. PARAF (Sl1,),S 3,Fl, 2,F3,, FP, FPP)
P A AtjJL IC F IT - A;ML ON

Fo (F3 -FI)I(s3 -S1)

FPP (F3 -F2)/(33 -521) -(F2 -Fl)/(S2 -Sl)

FP p 2 . ,F P P /(S 3 -sI1)

F? -S?*(Fr)O +FF(*SL -sc))

PE TUPN
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SUBRCUTINE SFSTIM
C STEADY ROUTINE
C iNITIAL ESTIMATE OF kEDUCED POTENTIAL

Z2MMUN/A/ 'GM( 132,v3o),pG(132,36),GN(132,3b),SO(132),S1(132),S2(132)
I j,ANC 132) PA 1( 132 ) iA2 (132 ) PA3 (132 )p 80(36) PB1 (36 ) P 2C(36)
2 # B3( 36) PN)(PNYP I X11IX2t SYMP f-MAC'-iALPHACAP SAP FMACH2
3 ,ALUTIMCBS-oNSRPIGYJG

CUMMON/MI PIPP2, P3,TAU
CLMiMON/WAKE/ NITWG(13'7)

IX= NX+4
I Y N Y+ 4

MY: X+ NY +2

Cc: CJS(ALPrHA)

C kC= FMACfi*CB
SA= FMACH*SB
TAUT 0.

DL 12 1 z I I

12 G;( 1 9J ) =
DO 22 IzIXIIX?

I~A4C 1) BS*S 1(I))*,1. +

2? G (1,2) G ( I i4)-CCA*Sj(I) -SA*AO(LI +UO*S1(I))/BIS
JE 3 I-: IX, KX
M= iX+4 -1

23 P.G(I)= GCIP3)-GU1,P3)
kt Tux<N
E ND

SUi~i -JTINE SREFIN
C SIEALY kJUTINiE
C HALVES MESH SIZE

C,.-M!frN/AI GmC1323o).PUCi32tib)YGN(132p3),SO(C132 )PSI(132),oS2(132)
I vt.O( 132),PAI( 132),42(132)A3(13)9!O(3b),F1l(3),Pb2(3b)
2 p t33 (6),NX.,NYIX1,IX2,SYM, FMACH, ALPHA,#CAPSAFMACH2
3 , ALUTIMCBS),NiSPRG, 1GJG
CUMMDN/WAKE/ NI T,'G( 132)
KXz N X+ I
I t. rX+2
KY N Y +1I

M Y= N Y +

LX x lNX/2 + 2
L Y= NY/2 +3
[)L, 22 K= 2PLX

11- (I-2)*? +2
LLJ 22 KK= 3,LY
J - LY +3 -K K
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~Jjz (J-3)*? +3

Du 421 ,2PMxP2

UC 3 Z Ji= 3, i Y

32 UAIj ) . . '*G(LIpaj) +G(I-1,#J))

N G x -1 ,3

+U Ij p 3,

~E ITS I

tND

C (T~~ :1 9 UTG1I + W

b43 ( , ,4LUIBS,~,G G

SUBRM T N/8 SVC3 E L L2,C(12

2 P ( 3 t- ) P C XI Y X ,I 2 K Y v M C A P A A S F A H

H-L5MMT(A0C S V~* ( 32)p0(1 )*2).oP 3

1 IAP~~ EO (I + 1,3)-Cj L11 3) CE T EIAT MP~ ERFSGP T
2J P CC FJ I s-uC R,?

,, j ',']N / I CII j, 12 p S 13 P*1() j, *O I) f jA*Y)/H

J G I P - 4 C P
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AAm AAO -.2*OQ.
AA= ABS(AA)
A- S'R<T(AA)

S M ( i Q/ A
12 CP(I)= (AA**3.5 -1.)/(.7*FMACH2)

k E T U RN

C STEADY ROUTINE
C GENERATES Ml'ACH NJ3 CHAkl

Ci~,iN A O( 132 )1(13 bpN12p6.S(3)S112P21

2 j~B3(3b),PNXo,YIXlI 2,KSYMF jACHALPHA,#CASAFMACH2
3 ,AL, LITIM.CBSINSRGIGJUj

CGiMMbbJ/J/ RADPI, AL.),ALTAL TT.AMPLAFRE; RAFASAGA,FMACHSFMALHT
I *AVPLM, FI<EQPMFASAGMCE TASCETATC ETATTPAMPLCPFREQRCP ASAGCPCETA

2 ,FEOPIP URE

LIMENSION IND(15C)
AA0 = I. + .2 * FMACH2
I nR 11

=NY/32

IF (NY.GT.32*K) +1
wkITE (T WkITP2)

2 FORMAt(1HCOMACF- tlO ChAdT)
11 DO 12 I= 10,13

14. N= N+l
Y= So(I) +BO(j)

HH-AO(I)*AO)(I)+Y*Y
H=S',PT (HH)
GI =G(1+1.9J )-G (1-,,)
GJ-G( IJ+1 )-G(I,*J-1)
U =(Al(I)* GI -Sl(I)*B1(J)* GJ +CA*A0(l) +SA*Y)/H

v = (B1(J)* GJ +SA*AO(I) -CA*Y)IH
QO=U*U+V*V
AA= AA0 -. 2*QO
AA= A 3S(A A
.1, -Q OA A
IN)( N)= 1O0.*SC.PT(C A)
IF (u.LT.O.) INDCN) - -iD~(N)
i-j= J+K
IF(J.LE.J2) GO TO 14,

k E T UikN
610 Fu6(MAT( lX#321'.)

END

LP1
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SLEPC UT IN E S TEALY
SIFADY Rf'UTli',E

C T':ACY TkA;,S]NiC P(LTE.,rIAL FLIJ6 EQUATI~iL IN SHEARED
c PAPA30LIC CuC2 E)INAIS SYSTEM SCILVED BY kU RELAXATION

G IS TH4E VEL-ICITY PO~tiTIAL IN~ IHE AbiSCLUTE FRAME
A ND j THE frF3UCt,5 PKJTE'T1AL IN THE UNIFJkM MOVING FRAME

, A G132),Al (13 2iA2 (13 2) pA3( 13 2)80( 36),j-B I( 36),B2 ( 3o
2 ,p33( 3L), XNYIX1,1X2,PKSYMFMACHALPHACASAFMACH2
3 , AL U T I 'tC 3 15 Sp kGp IG,J G

Lil L21N / H / u X j,C,UT , b )(A, L)Y Y tL)T Tp LAY.9 D X Tp DY T, U P T
C LM MGN / K/ IO0,I1I, 12, pz I-)JiJ2, J3
CEM Ni-N /M / P 1,9P 2,9P 3pTAu

A' M tNS IJN C( 1 32) p D(13 2
Jt t4 J 3 + I

110 = 10 +2
113 = 13 -2

EL= 1./DYYx

z 0
AAO 1. + .2 FENACH2

RI = C

k L J*

C ( 1 0

J= j 3
21 luw 32 r- 10#13

Y=SOC I)+BOCJ)
HH=A0( I)*O( I )+Y*Y
H= SQP T(HH)

P=1/H
~.I=CG (I +1 J ) - C,( (I - 1.
uJG(I -J +1 )0( I, J-1
u=C41(!)* GI- (JF-( GJ .CA*AO(I) *SA*Y)*Dh

315 V =(Bl(J)* GJ +SA*AC(1) -CA*Y)*DH

T~ 1.
IF( (L.LT.O.) ST- -.

= I.
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UUZU*U
',-v aJ* V
V VCV* V
.Qauu + VV
AA- AAO -.Z*QQ

GJJz (G(IJ+1) -G(IPJ ) -G(IJ ) +G(lIJ-1) )*EE + t63(J )*GJ
,z-(AA -UJ)45S2(I)*61(J)* GJ

1+CA* (VV-UU )-2. *UV*SA
2 + CC*(U*40(I)+V*Yr)*DH
IHV)Q*GE.AA) GO) TO 3,

A X XAA -UU )*A2(l)
AXY=-(AA*SI(l)+U*AV)*2.*A3
AYY-(AA*FX-AV *AV) *B2 (J)
kAXX*GI I+AXY*G U +AYY*GJJ+k

Aiz -k.*AXX*UD -Cl*AYY*EE
13i= AXX*DL)
Cls AXX*DD

GO TU 35
33 N~ N NS

IT I IM -K

L= T
JtMi J-L
J'lm= JM-L

A . =4A/QQ
BXX~vV*A2( I)
8XY= -2.*AB*V*AU
BYY- AU*AU*B"(J)
G N N= E XX * G I I+ B V* 1J+6~YYV*6~J J
Il-t lMM.L.2.0P.1MM.U.14) GLj TO 66
Gl.! (6(lJ) -G(IMJ) -G(lMpj) +G(IMMJ))*DD +A3C1)*GI
GO Td 67

66 G IU I M G 11
67 GIJM- G( IJ) -c ~ -G(lJM) +GrIMJM)

iF( JMM, LTe2.Lb.JMM.GT.Jt) GC~ T3 wt
GJJIM (G(1,J) -G(IoJM) -G(IJM) +G(I,.jMM) *L1 E B3(j)*GJ
GUJ T l 6 5

64t GJJ.9= GJJ

AX x x X * *T*1 AV* A2 (

AYY=AV*AV*b2( J)
GS S aA XX *G IIM+ A XY*CGIJ P+ 4 Y*G JJ M

a (A( 1.' +AQ*GNN 4+&

A,- AC*(-.?*B3't*EE -2.*HKX*O)
+(Ai. -. )* 2.* (AKX*00 + AYV*EE 4&XY)

Din AQ*'3XX*DD-CI .+S)*Bri

Ci= AQ *bxx*L'j -1-)
y I -
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3 Ir A S ) LE, k G[- I1 3 7

zA e

j
37 A= I.I(AI-RI 'C(I-I))

C(1)= CI*A
C ( I = (y-C I - )

3? CJNTILJE
1= 13

L 42 k ,'I IJ.91 3

CO = i(1) -C(I)*CG

L S ( C ET)

JG= J
43 6~ ) 1(I, i +C

4 2 1 1 -1

I F( i. Id G I15 21

f A1 ) A e , -C, ,3)-G(IXI,3)
I- YKSY..L .J) IAU= IAU+ P3*(TTAU-TAU)

SDLi 52 I=IXI, 1X2
I G ( I+ , 3 )-G (1-1, 3)

LU AI)* G +CA*AC( ) +SA*SO(1)
t)I S B 1 3)*(i +S I ( )I ?
G(I, )= G(I,4) -(CA*SO(I)-SA*AO( I)+U3*SI(I))/ BIS

5? C .NT INUE
t, : il -i

()C t2 I= IO,)
M1 X+ 4 -I

t, 2 G(4 2 = I 4) + T AU

I X2 +I
DU it4 I- NP13

lm, = ix+ 4 -I
164 G ( M,2 )= G(I js 4 TA U

IF( F(IACH.LT.I.) G 013 91
6- .3? J= JIPJ4

G(I, J) 3 ((1 , J )-G (IiJ ) ) C (I0, J
9? G( 14,,p = 3.a t( b( 3,J)-G(12,J)) + G(II3,J)

IJ OL; ,' J: JIJ 3

2 (II, J4) -. 5* AU

§C14,J4)= .2 *TAU
L T ,

3 T IA . L S T I
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I ,AO( l32),Al(132),A2(132),Ai(132)f30(36,el(3e.),L (3t)
2 ,B3 ( 3f',NXPNY, IXl, IX2sK YfMsFMACHALPHAPCAt SA,*FMACH2

CUMrIUN/H/ D Xi D Yp JT p xXXp OY YpDTTpD XYp0X TsDY I yTS P
CJMMN/J/ P A2 ,PIALSALTALTTAMPLAFRE<AFAS AGAFfA H SFMACHT

PAMPLMFfREQ I-Im j A SAG , C ET AS, CE T ATC E TAT T A M P L tCPtp F A S A6CC E TA

CDMMONiSAI<F ,IkiJkPIRSTAC

K X = N X +1
rIY NY +2
C6=i CJS(ALPHA)

E = SIN(ALPHA)
C.t= F.MACH*Ct3
.,A= FMACH*S53

L, 12 1- 3pKX(
L)C 12 J= 3,9M Y

G N IpJ J3
G(19 J) 0.

11 , L; 22 1= Ixlp1X2
Y= 30(1) +bj C3)
A= AU I )
1HH X*X + Y*Y

XT= -. 54Y*(ALT+CIETAT) + rtiH*(Ct*X + SA*Y)
YT- . *X* (ALT+CE TAT) -UHH*(CA*Y-SA*X)
Vo.A~H+ CxT*Sl (I) -YT)

~>G( I+1 3 )-G( 1-1,3)
Fxzl.+Sj(1 )**2

5j5:S Fx(*bj(3)
(t>(SXVB= Al (1) *(j*Sl(1)+V-3N

0(1,) 0(,4)-2GSXV3/IS

22 C L T INU E
LL. 23 1= I X?,P(x

NX+4 -1
23 W C(I) z ( (I1.,3 ) -G( M,3)

HFIN: lu.
Cu 13 1= 3PKX

L_1: J= 3,MY
Y SO CI) 30(J)
HH=Y*Y+AO I )*A)( 1)

tiX= .5*H/Al( 1)

13 C AT r1'E
DT= t'MIN*T>)P

10T 2. 1I /~U' ( 1. L
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JT 2.P 1/ (1 IT* I U RE* F KE Jk

L) IT b T* 3T
ixYT-L Y*UT

t N D~

)UBRLUTINE ~EF it"
c H 'LVFK- MF SHr S1IZ F

C L MM ( N / A/ G M( 13 2,P 3b ),C(l32,3t)GN( 132, 3b),SO(132)h51(1321,52(132)
,AQ--( 13 c') pA 1(13 2) p 42(13 2 )A 3( 13 2 )#O ( 3b6) PB (3 b ) p 2 (36

2 , 33( 3t- ),JpiiX p NY pI I 1 2,pK SY.M, F MAC HPALPHApC ApSAvF MACH 2
3 .9A L j LT INPC 3 , iI4,CI Gp J
CuM[N/H/ Xp D YpJTpDXAPDYYUTTU)XYPDXTDYTTS
C C MMLN/ / A),PI PALS pALT 9 LTT ,,.MPLAP FfPE4RAo FASAGA,0FMACHSOFMACHT

LOMMCN/WA~t/ NIT, WG( 132)
DDT= DT
HMI~m 10.
,<X2 NX+1

MX9 r.A+2
KY 2 *y +1

DOi 13 1- 3PKX
Cj~ 13 J = 3 M Y
Y=$0( I)+80(J)
HH-Y*Y+AO(I)*AG(I)
1i= S R T ( HH

HX= .5*H/'A1(I)
iiY z*.5*/ b .J)
HM 1 4= AM IN 1 (HMI r.,H X v HY

13 CLUNT INUE
31= F4MIN*TSk

ILrz IDT/IPS'Jf + 1.
DT= 2.*PII (lOT*II SU~f*FRE~t)
C.TI= AM I N1 (DT Pr) T)

14 ATI[: OT/DDT

j I T = U Y * k T

lY= NY+3
LX= N>X/2 +

LY= NY/2 +3
L L 22 K2 2,LX
I - L X +2- K

U L 22 KK: 3.9LY

JJ= (J-3)*2 +3
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GM( I IjJJ )-t GM(I IJ )*RATr1J
22 G ( IIPJJ) G(1 j)

DC 42 1 z ?PMXP2
0 G 42 J - 4,MY,?
GM(IJ)= .5*CGM(IJ+1) + %uM(IJ-1))

42 G ( PJ) .5*(G(IJ+l) +G(1,pJ-1)
D U 32 J = apIY
DU 32 1 = 3# K XP2
GM( IJ) .5*(Gtl(I+1J) + Gr(I-lpJ))

32 G( IJ) 2 5*(G,(1+1,j) +G(I-lPJ)
DO] 33 1- lX2#KX
M= NX+4-1

33 wG(1)- G(1,3)-G(M,3)
00] 52 1IIX 1,PI X
Y=SO( I)+BO(3)
X= AO (I )
HH= X*X + Y*Y
OHH= 1 ./ HH
XT= -.5*Y*(ALT+CEIAT) + JHfH*(CA*X + SA*Y)
YT= .5*X*(ALT+CETAT) -)HH*(CA*Y-SA*X)
VLNHH*(AT*S1(I) -YT)

CIS F(I+,3()(-13
FAXV. Al(I )*GII+B

G~.X~~=Al(IP) *GI+1 (1 )VP~b

GM(l1,2)= C1l(l,4)
52 CLNIINUE

J 0 62 1= 3,;4
M= NX+4 -I

N I 1X2 +1
0 G 64 12 K
Mz NX+4 -I
GM(M,2)= (,M(I,4)

64 C,(M,?)- G(I,4) -G1
RE TUkN
END)

SU3RLurbliE VELLJ
C CALCLLATE. JPAF 1-CT

2 ~, d3( 3tJ PNX, NY, 11, IX2,K SYmp F.ACH,ALPHAP CAPSA,FIMACH2
3 PALUTINCRPS3,NSPG, 1GJ2,
CI]Mm1ur/i/ SV( 13i),SM(13?)PCP( 132)
L L Vij t/H / UAP UY,1,UXxP DY Y PU TT PD X YP9T, )Y TP T S
C b M GNI/JI/ R AG;,P IPALSPALrPALTT, AMPLA, FRE A FA SAGA FMCHSFMACHT



1 v? II1'J,-

Y )(3 + (I)
T A( I )

*/ t4'

' I' -. 5*Y#('LT+Lb TAT) + 1.*(C" , +.A r

Ii +( I ip )- 1( - I , 31

j J+ V*V

x= )[*H+ LO
V&= IT*H + V
. uR UR*U + VP*VR

IF( Uk. L T. ) G . =3 ([ = G(iQ

.'AI N xT*T X + YT SY
fiT= G'(I I ) *DOT + C H AIN
A m 4AO -. 2*Q.-.4,FIT

AAz A9S(AA)

A= S.KT(AA)

SC1'QP/A
L?~ A,( ) (A *3. -1. /( 7* F 'AC H2)

t,.E T I Ik
i- N 0

Sj'3 LJTINE FUkCE

C CALCLLATES FuRCE COEFFICIENTS

S~., i./ /A/ G (13?,36),(ljg,32),G (136,3),Sj(I32),S1(l32), 2(132)

" ,AQ( 3 ),A1(1j2),A 2(13 j ),A3(l.2),t3O(36),E1(36),12(3b)
.,93( 3 ),NXNY,IXl1, 12,' KSY'iFMACHPALPHACASAFMACH2

3 , AL, J T I M, C H , Sd ,3, , 16

. 'L '4 1 e S ( 1 , 5 '( 13? ), C F(132 )

.."; L 'i / l x P t( #,Y P ( t 0 p , 1 ( (),fbE(2tO),D3(26C))

C M' (NI/" CH kl 9 X ,MvCLPL[DCX

IL TC.L L T v1 ,TC t',I),TCP( ,O I),ILPS(Q),CL'pCUS
L ~, j. p o, S TI E, P p PJ" ' F K E E I [. L-',p MHA L F
M M , , W P, K til ,,L(I 3

C L =
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C11 C.
N= IX?-1
DO 12 11IX1,N
DX=(XP(I+1)-XP(I))/CFJRD
DY-(YPCI+l)-YP(I))/CHU)RD
XA=( *5*( XP( 1+1 )+X P(I) )-XM) /CHOPD
YAx.*5* ( YP(1+1 )+YP C)) /CHJRLD
CPA a .5*(CP(1.1) +CP(I))
D CL --C PA * x

DCD C PA*DY
CL C L + DC L
CD c C D +DC D

1? CM CM +DCD*YA -LCL*XA
DCL CL*C6S(ALPHA) -CD*SIN(ALPHA)
C 1 CL*SIN(ALPrA) +C D* C SA L PhA)
C L )C L
IF-(NIr.NE.0) PFTURN
I F(NITS.EQ.0) GC Toll
IJUMP= 2**M1HALF
C LS= C L
C LS= C D
LMS= C M
ISP= (IX1+IX2)*.,

10 TC P S(I1)= CP(ISP)
IF (ISP.GE. IX2) GC TD 11
1= 1+1
ISP= ISP+ IJUMP
GL 1 10

11 NITS= 0
JiSrTP= JSTEP + 1
TCL(JJSTEP )= CL-CLS
TCD(JJSTEP) = CL -CU'S
TCM (JJSTEP) =CM -CMS
1jUMP= 2**M1H4LF
1zSP- (I)(1 + 1XZ)* .5
I= 1

13 rCt)(IPJJSTEP)= C ,(ISP) -rcps(i)
IF(15P*GE.1X2) GO0 TO 14.
I= I+i
ISP= ISP + Ijump
GO T'L 13

14 k'tTUkrN
E ND

SUtPiiUUT INE CPL3T
C PUJTS CP AT EwoAL INTLkVALS IN THE MAPPED PLANE

2 # 33( 3R ) PNXN'YIX P1,X2t,KSYM#FMAC-4P ALVPHACAP SAPFMACHZ
3 PA LPUT I NSPP IC, J G



169

CJ'1liMCN/STAjA/ ~I~iij
L) I INS IJN KJ b C 2) ,LINE 11 )
L)ATA KJDOE / H p , i+I/

C C -O IS PFEEVJR P;(tSSUkF CL EFFICIENI v HERE z0 AND FIT=0
CPO 0.
1F(I 3 TADI,vT.U) LP3=( (l.+.2*FMACH-2)**3.5-1. )/(.7*FMACH2)

12 - X ~2
I ~T E

2 FCRMAT(5)Fl'3tLfT uP CP AT -4k.AL INTERvALS IN THE MAPPED PLANE/

1 H x C CP
F , 12 I= 1,i1l,

12 L I NE (I) =KUDEC( 1)
D L, 2 L 1=11,p12
Ks 20., (CPC) -CP( I)) +55.J
IF( K.LT.1) K1J

SL T I N NE (A~ T

GENERATI-S MACHi N3 CH-AKT

pA ( 13i ) pA I ( 1.) )pA13 2),pA 3 (I?2),B 0( 36 B I (3 6),v82 ( 3 b
,.( 3F ) P>x ,Nn', IX 1.I X 2K SYlpFACHPALPHAPCA-SAFMACH2

I AMiPLM0- ' EC, Mpf A S A ul pC ETA S PC ET A TC ET A TpAM P L CF RERC pF AS AGC C E TA

2 p F ?<E ,pI P 'J k E
CC M MCNI/KI/ 10s I1 .9 12,vvJ2,sJ3
[jI1MEr.S I Jf I N D( 15~

AOt 1.n
Ivok 1. z b

IF (NY.GT.3?, K) K z +

2 F~jPMA T( 1411 OM AC H L C HA k T

Nz 0

14 t4x
x - AC)
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rzSO( I)+a3CU)
Hriz X* + Y*Y'
LriH 1./HH
XTx -. 5*Y*(ALT+CETAT) + L)IH*(CA*X +SA*Y)
YT= .5*X*(ALT+CETAT) -DHh* (CA*Y-SA*X)
H=5CR r(H H
UIIU 1 ./H

GY x 81()~ GJ
U= IJX*DH
V- GY*DH

CHAIN= XT*GX +YI*QY
FIT- GM(IPJ) *[LT + CH41N
AA- AAO -. 2*QQ--.4*FII
AA= ABS(AAJ
URs XT*H+ U
VF.= YT*H + V
%J.,cz'= Uk*UR + vkV

IN(N L.( )=.(N =C.S~ C INA)N

J= J +w
iF(J.LE.J2) C tj T 1

kr E T U F r4
010 FLkMAT( lX,32I4t)

E NO

SU~kt<.IUT INE PS'JP

C E'd-kATE2) PREfI$URE L~.f~Ult UVEk A1I.FCIL
C AT E(CUAL INTERVALS IN~ THE !vA PEL PLANE

C ~iTH~ THE 4A)SJCIAIEJ SHuCKS

C CM L AO M1p3 ,j 1 3Z),AI( 1i) 3),PUN( 133),v S(132 ).o 13)p2( 132

? ,*jj( 3L) N,,.Y,I~1,I>l2,KSY?,,FMACH,ALPHACASAFMALH2

3 v AL UT I M, C L.# 3t3 i N S , k , J 6

C j'lMLZN/C/ XP( 2 6C ) Y P( 2 p, I ( C,2( 2b 0 ) pL3 (26 C
C L)VM1L Nt C HIF J A MPC L ,CJ C M
C Ll ML N /G/ T IT L F( 0 ),1PL CT
CGMMON/J/ RAD),PI,ALS, ALT,ALTI,AMLA,-RFQPA,FASAGAFMACHS,FMACHT
IAMPLMPFt. ',FASA(,r,C ETA'-,CLTATLE TATT,AMiPLCFREQRLFASAGCCETA

uIM EN SION K (260,Y ( 2L) 60k L t5C
1[ ( IPLOT ) Iv1,1101

ICALL PLUTSA L C 5CLGu, 2 ml -C -ukC, CHANG 1C9 1C'.W
11 CALL rLT(2~?U,3
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r 4 1 T I T lL
I? FWKAT (I A1 )

tALL SYMPL(-.,- .7 , .4, ,.,4')
AA 4= FASAuA .1 0/P

r-.t 1 T t F A A p Fl 7 2 p X. v 5 H C
AN: FC ASAC . /

F7.2)

CALL SYXM tL(-.,-1.2, . j,,. 7)
tC, L, F ( 2,1 ,k ) AL,F AC ,CFTt

1 M FMAT( A L =,F7.3,3A,H2 :,F7.3 3 XSCETA-,F7.3)
"ALL SYM L I- ,. 25 .14 ,L .,42)
Er-C]DE(42, 1,0 ) CL,CD,CM

.t L0!;4(5HC L =t 7 .4 , -)X p:ori LL z,7. y3A tH C M ,F 7 4
CALL SYInUL (-.5,-i.5C, . 14p O., 2)

AX = XP ( I X )
X P A I 1

X A X AM A X I X P ( I) X i AX
S2Z A,' 1' 4At' I I N ( X P ( I ) M I,' N

SCALE = 5.1 (XAX -xMI N)
ZIL 24 r: IXiIX2

24 Y( I)=SCAL E YP ()
!N= Ix2-IX1+1
CALL LINE ((I X1 ),Y( IXI), 4,j ,,,P,I0 I., C., .)
CPNAX= 0.
INAX: Ixi
0 0 C : iXI X2
AbSCP: ABS(CP(I))
IF(AeSCR.LE.CPtAx) GO TO 25
CPMA A3SCP
I,4A = I

25 CLNTINUE

ALL PLCT(C.,4.25,-3)
C ALL AX IS (-1 i. p-4 ., 2HC P,, 2, . , , .I. O, -. 4, 0)

C CPC IS CRIIICAL PESSURE CLEFFICIEU T
tA= (I.+.2*F AC .2)/1.2

CPC=(AA**3.5-1.)/(.7*FMALH2)
IF( PC.GE .-l . .AND .CPC. L ..1.6 )

I A L L 3Y M L (- I.p-2.50 £P C , 4 p 1 0 ., I)

Ci ( P(I G T. I. .) CC T j 3,1

Ir F'(I ).LT.-1 t) GLU TO 30

1, 0NT IGU T J,3

I ~CI L.( .1.. ) (,. Ii 3I ,

t L Y ' I L - I C - ] ( S1 . 7

.LL Y"'1,, L(7 , -C

L- U&
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CALL S~Lb~-.5.73GJ
CALL PO -
CALL FRAME(l)
RE TU N

101 CALL PLOT(CJ.,C.,)?~))
E TURN

Su3'<UUT I NE L f,',D
C GFNEPATFS THF LLAD ING u IS T .I Ll I iNt JVE R 41 kFOIL

C AT F QUAL IN'TC PVAL It, THF MAPP1 L P LANEF

1 ,AO 13L).,A I( 13 2 tA2 (13 2,A 3C(13 2 0(3 bE I ( 3 b j, 23 b

3 ,AL, JJ P ',C ,S 3 ,Sk, p, (,J6

C,>u /C, x P 2 ,0pb12 (?2t, 0,.3 ~b -)
CC I M L N/E C HuRX, C L ,C D,
CJ M M )N/F/ yP YK S, A S sC)OS ('5C)

C 2 '1 , N/J k kA L, IA LS,.9AL TipALTT,A,'LAFRE3 AFASGAFMA -S,ht1ACHI
1 ,AM1PL'-,F L.;,AAMciCiAlEATILFLCAA,,CT

IC A LL P LO0T S iL ( 5CC2, 3 3HI -C tA. " CH AN~ 1C9IC 14 w
11 CALL PL'JT(?.5,?. 3,-B)

C AL L SYMB'L(-., -1 . :), . ;73j,G.,
C AL L SYMBuL ( r).5,1. t)C, .L) - , .,-
1NCJuE (4o. 1 p Q T I TL E

12 tWkMAT(12A4s)
C A LL S Y M BUL ( - -5-7 ,1 C',.,i
tA A= F A S A u A *1 3,j I9
FAM= FASAG.-i410. /PI

A C x F A SAG C ,1 0. / PI
ENCLUF U7,14, P) uTIMPFAAPFAiMFAC

14 Fuk'IAT(5tiTllt=,F 7.zp3X@,5b"ALPAF7.2.93X5HM~ VA:,F7.2,3Xp5C~tiAzp
1 F 7.)

CALLSY0L.,1.,.t,,0,7
[ NC 00E ( i2,p 15 p R) A L , FMACH,)C ET 4

15 FU RMA T ( 5H AL *. 3,.3 x, 5 1 3X P 51C ET A F 7 o3

FNCF)iA ( 4?, It, C L, LU ,C M
I(- FLPMt.TC5HCL =F7.',3XSHCL) =, 7.4,3X,5HCM =,h7.4)

CALL SYM~BOL (- .D,-I. 50,.*1',, lC,4C
XMAXsXPC II)
.A ) IN: -x P (11 )
DO, 2 1 11.1 ?
XMAX-AMAXi (XP (l), XMLX)
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t 1 XrII II X

SI S( CALI XYP( I )XrI )

,.S-= "*.* I 1 + ?

2t) I z 1 1 21~
, + 4,-I

.L,P I) = CP( M )-C P(I)

2~ L, iT J
L I? -Ii i

CALL L T., 4 .2 ,-3
C ALL AXI (-I .,- 4. , 3H D ,- d ., C I ,- . 4. , 0 * U

iY ( J (1 . T.1 e G ] T , 32
D:. L; I~ IN 4) T

IF(CP(I).L1.-I..) CI 10 32
CALL 5Y4G L A (1), 2 .5 JC F(I) ,.*?, 3,0.*, -1)

j CL'4 T I N iE

C A L YM L L( -2.C,-.7 , 7, O. ,- )
CALL SYM EL L t .5,-5.75, .07, 3, ( 1,- )
CALL PLOT (-2. ,- .25,-3)
CALL FKAMrlE (1)
PE TUkN

1CI CALL PL r ,J ,- 9
ET U 0k

S 3 LLT 1 4E 3J I C
C GK4E ATE r]0NI C LINE ,JVEk AIkFC IL
C t tA L CU . /A/
c THE rJSl IJ T I F CN IS 'JVtkLAPPE[ BY SHUCK

CL-.IMUN /A/ li 3( 13 236),G(132,3 ) , SHOCK( 13, 3)

• ,SO( 132),31132), 2(132)
,AO( 132), AI132 ,I'(132),A3(132,0(36 ,BI(3b). (3)

,t33( 3L ) ,NXNY, IXI, Ix2,tKSYMp,FACHALPHA,CASA,FMACH2

LL.'!K[NIb1 3V(132),jM(132)pCP(132)

C J;4f '4/ C / XP (2 )0 ,Y P ( 2 b , U I ( 2tO) D2 ( 2 t0 )pD 3 (260) '

LJ DN// JL PT, I RAIL, 3CA, L
C /NFE / CHiJ, x , CLCD,CN
C L.'1ACN / F / XP, 'K , X S (uU) , Y S 00)
C ,AM' N/G/ TI TLF (20), IPLUI
C bMl DN/I/ jX, 0YDT, X AD #YY, J I, XY, O D T, DYT , T S k
C hM r',/J/ P ADPI, ALSAL T AL T T , AtPLA , FR E .PA, F ASAG A , FMACHS , F 'IACHT

I , A IPL , -k4 QF Mpf ASA L F I A S,C F T AT, L E T AT T, AMPL C , F REQPC P FASAGCP C TA
2 ,F41..P,IPSUOI

I~ I'. ,. ( 2 ) , y

I ( L T) I I I2
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1CALL PLOTSbL(50069?31I2HUfo CHANG loC)O'sh
11 CALL PLJI(2.5,2.DoP-3)

CALL SYMi-dL(-2.Gp-1.5 , .0)7,3,O.,-1)
CAL L SYMbULU 5,-1 . U, .u7,.5p0.p-1)
E NC;3 PE ( 48,o12.# R) I IT LE

12 FJRMATC12'.)

FAA= FASAU.A*18.,. /PI
FAM= FASAGM*1 O./ PT
FAC= FASAGC*180 . /P I
EN C',D E (57 pI 4.t J) uI pF A A , F AMt, C

i 4 FLkAT(5HITIMt, 7 .2,p3 X )ri A L F t F 7. jX p5 1I' F A F 7 2,p3 Xp5 HC L F A

CALSYJL(-.;t-.OP.14,kpG.qt7)

P:NCLE (42.9 lu, 'C3L,FC,C E

16 f iR'

DL 22 1= IXI, I x
xMA X = tMAX X CxP ( 1 , X M A x

?L A MI =A M1 41 X P( I),X .I
S CA L t 5./,M A A -xIiij

.J x= lI, I x
Xt(I ' = S' L A L * ( A P Ij A- M I N

24~ YA( I SC4LE.*YP11I
C AL L P L OT p 4'.,-3)
ri= I %2-IXI +i
C ALL L13L( X A (I1 YA1.')N1CIU,.C,.

DL T= 1./UT
DLU 2 I= 1 U, 13

Y=SO( I)+BO(J)

r-H X* + Y*Y
LUH= 1. /H 4t

XT= -. 5*Y*(ALT+CFTAT) + U'G*(CA*X + SA*Y)
y= 5* X#AL T+CL TAT) - #CA*Y-SA* X
H= S T (HH

A1(A)1 1 G1 S i(I 1 jJ * uJ

Lz ox*UH

V= ry*.H

v 4: =) v V



175

X XT*1i+
~L T*H + v

ou +*V

Cr-AI.h4 XT*r,X + YI*&Y
t- . GMC(IJJ L' + C H 4 1

IA = 4 A X 1 A Ap )G*
t~i )CK(I , ) = SQ oT( W./ A A) .

L'LAA1ES THt S]NIC Pa1iTrS

L17 J = J 1,3
*7 4J ) =S ri-CK(I C pJ

1 tK=J1 Ip

j +1

y~S SJI) + r 0( J
T 1 8

S KS +1I

Y, SO I~ + ,' SC 1 C (J ) +kT *(i G( J+1 )-oO(J)1

'~ S + I

Ou 21 12 lf(S
xxz .5*SCAL*(XS(I)**2-YS(I)**2) + XR
YS(I) = >CAL*XS(i)*YS(l) + YY'

21 =I X x

YY 5CALE*Y'S( I)
IF(X X. L T.-2 .0) G L Tu 5 e
I F(X x. GT ~5) GJ IC]T 52
1 4 L S (YY)GI .4 . ) GUj TUI 5.
,-ALL SYM uL(C~X, YY, .(07, 3p0.,-i)

)2 CLiNT INUE
7u CALL SY-MUL(-2.C,-'). P.c7p3,U.,-1)

,-ALL -YMLL(!f.5o-'.5 , .o7p3pO.p-fl
:ALL PLOT (-2.5p-b*O,-3)
.tLL FRAIL(1)
K F T L RN

ICI CALL PLJT(0.o0.,',9v)
Q t TU N
L N D)
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5ULPUrTIq4 TkACt
C 6GENFRATES J, N T EA)Y TIfA2E. uF AIRF.JIL

CLMMCN/A/ ,3(13 !, ),G( 1 2,36) (ri 132,3b),S3(132 PS1( 132),S2(32)
1 AJ( 13 ) A I( 1 3Z ,A2(13),A3(132) BO(3),Bi (3 ) L ( 3t)

2 93 (3o ), NX, NY, I Xl, i X 2 Yrp FMACH, ALPHACASA, FMACHe
3 A L T T ,S , G , I G J

C A,'A C CMUNIC/
CUMMLN/CI P( 2 ) ,Y P(2 j), 1 (b U p Y(2bC)k(20)
CJ & ,N/u/ TI ET ( ) , IPLLT
CLMMLN /r / X E;Y p b XX, r) Y Y TD IT. P 1XY DXT, DY T T S R
CJMICN/J/ A&,;PI ALS,ALI, ALTTA,'LAFkEQkA,FASAGA6F., CHS, rN'ALh1

I PA' FL ,FF f, FM L E T AS p( [ ATC F TATTA PLC,FkELPCFASACj C ETA
2 ,FRLQR, IPSUP F

C M M ElN/L / TCL ( l) T C v 9 . T CF( t- I T C P ( v,;8 J } I)pTC P S( ,C L ,L JS

p C iS p I T p I UI P , S T E P J% Tt P p P R IC- , MH AL F

DI ME N S I N X( n'~ U p &A A( o00 1 p, S ( Ci p r 4 3 CI)

IF (IPLUT) UT 1 ,11l11
1 LALL PL JT L, L 3C HC I -3h J-Cr o Cf A,, IC 1U4W

1! CALL PLLT (2.5,2.C -3)

CALL SYhFiCL(-A.C,-.5O,,.,7p,3;0..p-1)

C TITLI
LNC JL(, , 12, ) TI TLE

i2 FLkMAT(1ZA4)
CALL SY'iDL (-. ,-.C, 1, R p O. 14

14 FJA('TCfiHJNSTFAE, Y IJACF3 CF AIkF'jiL IN SINUSOIDAL,
3 ' -  P G, L IL t 0LY 'i T. ), k)

CALL S YM B(hL (- .,-. 7:) ; - .. ,4,? , u. , )
AZAS= ALS*PA '

rNC L E 57 15, R ) .A S , A P Lt A, FP k F A
15 hJATC I.HlliN 4,TTACK ANUGLL F .2,SXt,4HAMP,F5.2,5X,

Si0 h :?E 4 T =,F .2)
CALL SYt-[L 1 • ,, v 0 . 5 7
LNCIr(57 E57', ) FMACHSpAAPL LFPERM

I F 0 kAT ( TIdHM-AN FL I, HI Ls LU=, FS.25XP 4fhAiF= F .2,5Xp
1 1OHF<F J tTL=,F. )

CALL SY.I3QL(-.5,-1 .25, .14i, O.,57)
FANGLE= CETAS*'AL.

ENCJDE (7, -7 k) FANGL[E,4MPLCFfE RC

17 F u ,mAT( Id mI'E FL Iu T , LE:, .2,SX,',-AP F5.2, X,
1 1O[4FkL ' RAE ,F.)
CALL SYMRLL (- .5p-1.50,.•14, KO.,57)

11 = Il

12 IX2
XCMAX=XP(Ii)
XPII=XP(If);LU I= I1,12 II

X M 4 X A M Ax 1 I X P Il X XMA X
t = i r4t (' r, ) X 0A ) p X MIN
C L X ' . X. X (n X K - I }

X(I) =SCAL ( XP( I )-XMIN)LI
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,4 Y (I) -,C ALi Y I
- L: -Ii +j

CALL PL T(i ., -.." p-_)
CALL LI NL (A I ) Y (1 1 , o I

d 2 *'IH iALF

IPCIzr. T 1

CALL. sYM L ( ( I P ), Y ( jP) ,.C7, 3,4bU -1)

A(IP. ,.,tx2) LP IC 2u
IJT I IPu!V1 "+ 1
1-N LL IS + Y ISL7p

L NSTFAOY P S' k I LA L C l Tht PPL.SURE SENSORS

I•A P I ( pL A. L. . t 1 T C 55
* ,CAL=.?/AMPLA

I A L, 5 7
, ASCAL= 0.

"AL: .21AmPL v

57 F CAL= 1.
uP IF (A:vpLc.tQ.,. ) ,L. Pi "C9

CSCAL-- .2/tt'PLC

6,J TL 60
5'v CSCAL- 0.

cC J = JSTEP + I
DL 2 i=I,CS

II'IL= DT*NSTE P*( I-I)
X( )= XSCAL*T I IE
A.,A( I): ASCAL*At PLA<S1!,( TI'IE* FIE0Q )

I3 } F SC AL* 6VPL4 * S I T( I IE F, KI I E )
A( 1)=FSCAL$,AMPLMl*SiN(FKE(kt*TIME}

c r r} i l,,u E

CALL PLOT(-2. 5,.75,-3)

,NCJL~t ( II, O, P
5C i IJP 0Ar ( IIH P H ASF A N LL

CALL S Y 6CL .,-. , 1 , R .,I )
CALL PLTC 0.,0.,3)
CALL PL T( . , .,2)
CALL PLCTr(0.,.5,-3)
,ALL. SY M3LL (3.,L., • u7, Li5,0.,-1)
CALL 3Y~iBL-.75,O., .1,YIAAGl ,0.,b)
CALL PLJT( 0.,O.,3)
[; 3 I- 1,JS
CALL PL C ),A JA(1 ), 2)

T I ,t , U
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CALL PLOT(O.,.5,-3)
CALL MrL(.C. 7,5J-1
CA4L L S YM bL L -75 , Nu , o
C AL L PLOT ( C,0., 3)
DLj 4 I= J, JS

CALL PUJTCX (I ) ,F4 I) ,L,
4 C(ATINUE

C AL L P LO0T ( .,,3)
C AL L SYMBUL UJ* ~ , * 07,15ti. ,-I)
C'A LL SYMBLL(-.7~,,o., 14,'iF P J-FEp, .,t
C AL L PLOT( 0.,p0. ,3)

DO 51= 1, S
C AL L P LLuT(YIF()2)
5CONTINUE

1)Li 7 1 1 = 1,J1
ABt3SITC *= A BS( T C M( I)
IF(AESTCY.% L E. T C iN;A X T. Ji 71
T CAI A x= A6 S TC 'I

71 CtN T I NU E

GL Tu 74
7c~ 1CiCAL=J.
74 U.ALL PLIjT(0., -5,,-3)

CALL SYN 3ILL(C *,U.* * 7, l5, 0 * -1)

C AL L SYMLL C.~L, ~ ,2

C AL L PLDTC1 'J.3)
D 0 ) I = 1 J S
CA LL P L CT(AI )T C MC AL * T C 1 2?

6 CL., T IN'UE
TCD~Itx= 0.
DG 72 I= 1,JS
AL6STCD'i Aor(TCO( I
lF(46STCD.LE.T0LMAX) J~ T] 7eL

ICOMA X= ABSTC J
72 C UY1T I NUE

TC DC AL~ *TC D !A X

C AL L PLJT( ., . 5 -3)
CALL SYMB3UL(O.,u.,.G7,i5,0.,-1)

C ALL YM 6& L - . P t * 4 v 1', r i l ,C 2
CALL PLOT( 0.,G.,3)
i G 7 I= 1,JS
CALL PL6jT( l),-TCUCAL*TCD;( ),?)

7 CJNTINUE
IF(KSY'i.,J *J.ANL LSL- *.A;4u.AMPLAEC.O..AND.AMPLC.EC.u. ) GCT077
TCL'1t. X= C.
DG 73 1= 1,JS
A4-STCL= APS(TCL (I))
IFCArSTCL.LF.TCLrAx) 31 1Kl 73
TCLMAX= AIIS12-L

73 C GNT I rL:E
TLLCA L- . /TCL~tx
Goj rL 75
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77 rCLCAL=.
7 CALL PLJT(O.,.5,-T)

CALL S Y I V L (-. C C. , .1 , HCL .

C LL PLOI( I .,u .,3)
,'.u = I ,JS

CALL PLJT(X(I ),1CLCAL*TCL(I),2)
C\.",T INUE
TCIAX= 0 .

)L 3, K= 1
J 0 1 iJS
ALSTCP: AaL Ci "P(K,I ))
1F(AuST'.P.LE.TCF{'AX }j Ti. 3C

TPMAX= A-3S IP

T PC 4 L = . 2 T 'iA K
CALL PLJ (., .5,-3)

4 LL SY'ieLL L.,C., .C7, li.,-l)
CALL SYM L L (-.2 ,C., .14, £PILp., 2)
CALL PLCT( C.,...,?)

.ALL PLUT C , (I), 1CPCAL"IC (1, ),2)
C L j NT1 NUE
CALL PLJT . 5. 5 . -3)
CALL SYMUL C(J 0. p 07,lS O.t- )
AL L S Y M L ( .2 0o . 14 fl P 2 v . 9 2)

CALL PLDTC 0.,C.,3)
J- 29 I=  1,JS
CALL PL3T(X(L),TCPCAL*TCP(2p ),2)

C L NT 11: IJ
C ,LL PLT u., -3
:ALL SYYBLL(J.,( . 07,!5, .p-1)
CALL SY l L p(- . P 3., .i , 3 , .j, 2)
(,MLL PLLJT C .,0. p
Lu ' i I: I,JC
A. LL PL iT ( x ( ) ), Ic ;C AL ; ,( i , ) , 2

4 CS 4T I \L
LALL PLCTI,, .LC,-3T
CALL SYM6LL (Y .M ,C. L J p C p L 7
LALL SY L 2(-.?t, ., .i ,, '1 4, . ,2)
CALL PL T( .,.3)
Du 42 I= 19JS

CALL PL iT CT ( I), IC PCAL*ICP( 4, ) , 2)
42 CUITINUL

CALL PLIT(0., .5 -3)
CALL SYM30L( .,.p.07,15, .,- )
CALL SY M 60 L(-. 2, G .14, 2H'P5. , 2
CALL PLJT( 0.,0.,3)
uJ 43 1,J

CALL PLUT (X(I), TCPCAL* rCP(5,I),2)
43 CUNTINUF

-ALL PLiT (J., . ,-3)
CALL )YMR LL.,O.,.07, ,O. ,-1)
CALL SYMB LL -. 2F,0., .i4p IP p 0 . p)

APf
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CALL PLuIC 0.,O.P3)
LX 4 1= 1,JS

CALL PLniI(X(I ),ICPCAL*TCP(6pI ),2)
44 CLNTIN~lt

C A LL PL0JT(C)..5-)-
C A LL SYM 9UL ( 0.,C. j.C7,15,vG.,I)
'-tLL SYMd.LL (-.h9tC., *1',2HlP7,0.,2)
CALL PLOT( 0.#C.,3)
UL, 4 I= l ,J S
CALL rLi'T (X(I ),TC'PC-AL4TCI"U7,I ), )

4.5 C U NT NUE
C AL L P L JT (G.,.5,-3)
C AL L SYMBUL(0.C.. j7,15pO.#-i)
C AL L S YM BL. L (- .L-t..9(. , . 14 .?HPG b p )
C A LL P'LOTC 0.,.9C,3)
L)U 4 6 1- 1 .J S
CALL PLJT( X(I ),vTPCAL*TCP(83, ), 2)

4 b C lN T I NU E
C A LL P L :jT ( 0. ,3)
CALL SYMBLL(C .,C.,.C7,15,p).,-l)
C AL L S Y M B0L ( , p. .14. Pu p?2
C A LL PLOJT( G. v0. v3
Lu, 4 7 1=Iv ,J S
CALL PLjr(x( I),PTCPC L*TCPi-( ,I bl)

4.7 JN II NJ E
rCA LL PULL T 5 *5,-C *Qj - 3

CALL SYMIPfjL(-2.O,-i."O, * u7,3,O.,-1J
CALL SYMiaL(b.5,-l.'5u, * 7, iC.,-.
ALL PLJT (-2.5#-2.O,.-3)

CALL PP4ME(J)
s~ ETUPN

101 CALL PLOTC.,0.,p~y9'l)
F E TOP N

SuB zUr1NE G6ID
C PLOTS lift MtSH )YSTF~

P E NAMiL C1,M 10N/ Al
C THE P13S IT I ON J'r '7,M AkO Gt4 APF LVEdL APPE J ti XME SH At-b YME Sti.

C TH-E RCJT ltF ShbULD 6F C AL L F) Al TH E KIGHtT END UF- THE PkUv3RAM

C ,* j A , MS t- 13, # (3 ),$c.(! 32~ )v ,ES (1 L. 6

AC;(I3 z),A1(i32),pA 2(1 2 ),03(132),60 (36J 6c1 ( .6 )P62 ( 3t)
,B3( 3t,) , Nxp-YoI X1I X2 , KSYM,MCHAL PHA C AvSA PFMACH2

3 ,ALtUTlmC,33,r5,pt4 cIluJ3
C LJ9N' jN/ D / S LiP T TRAIL, SC AL

CJMM'ur/G/ TITLL (2C)PIPLOI

i~ C ( P L UT ) 1, 11 . 0 1
ICA4L L PL CT S bL(5 0CCGp? 2H I-C HUN C ANG 1C910U4w
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I CALL P LUT(2 .2Jp-3

CALL SY;16-L(- ?. p - .: p . 3,O.,-1
AL L Y , LL( . - I. t , 0 1p-1

.-\ JrE C ( , 1 I, ; ) I ITL-
IC F 2C ,T( A4)

CALL SY L .,- - L 0

E';C C{ [( 35, 14, ' ) X p Y
1 ?,M ' Tr(24 HNL, IEL ' G iD YSTt i , p 3H X ,14)

CALL S Y"L ,-. 75, 0 3

CALL PLUT (1.75,4. L ,-3)

A = AR/SC;,L
YO= 'tf, / CAL
I Lj 13 1 1 ,13
JLu I v = J1,J3
x S (.j1= x.C +.5 (AC( ) 2 -(BCCJ) +S (1)1 **2)

13 Y E S H(IJ = Y 0 +40( 1 ( 60{j) +SO(1)I

C L,kA S THE GCrI) CURVES A k_,U ND AIRFLIL
Xt AX X M1 S H (I XI, 3)
X> I N Xi1A X

.. L[ 22 i: l)I I I X2

A AX A11 A x C H I #E Sh (1 , X AX)
P x 1';j AMINI( M E H T,3 ,.1I)

ST ALE 1 I tx AX-x MI N)
6. 32 J: ,j,J3
-(F = 3
JL 3 [I Io, 1 3
P= SCALE* XIES H( I, J )-x' I4

YP: SCALE ( YIEP.( I, ) YAES Si( I 3))
I (t ..LT.-3.7. ER.XPGT. .7t. C P.YP.L1.-4.5.Uk.YP.GT. .) GO TO 33
CALL PLI1(XPtYPKP)

G,, Tri 32
3? KR P,

3? CLNT INUE
kAdS THE (RID CURVES ALIATINC FKOM AIRFLIL

uL, 42 1- Iu, 13
= 3

CL) 42 J= JIJ3
X k- SCALE* (XES ( , )- X IN
Y P SCALE (Y'E5H( I J )-Y'IES (I , 3)
IF (P .LT,-T.7).[.P.xP.r.4.75.,oP.YP.LT.-4.5,o.YP.GT,4.5) GO TO 43
CtLL PLOT(KPYPKP)

J C 42
43 Kt - 3

42 CUNTINUE
CALL PLOT(-1. 75,-4.".,-3)

CALL SYMbC L(-2.C,-1.50, I07,3,O.-i)

CALL SYMB uL (.5- .o 5 07, 3C 0 .,- 1
CALL PLLUT (-2. ,-2 .QU,-3)
CALL FRAME(1)
RF TUkN

lul CALL PLUT(U.,. p 99)
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gE Tj' .14

jU3'qLUTINE U.) ALI

C Ui [S TF bD Y T 4AN S L I.C PL T tNT ItL FL'GSv EQUAI ION It, QUAS ILINEAR FC; ?r
C~- IIT -I)S I'F ~A T 'N [3~uW.u;AY CLP'DITIL'iS IN MOVING

c H zE AtE D P A RA n -L L 1U DI TF A TE-t S J V L E FY A N A LT Eb N A I N
C 1 P F.C T~ IJ41MP LI CI I S C r V!L ~I IH Y -S .4E EP F I P)T

C JAMi NI/Al 3M( 13 2 3 t,pG( 12,3)G(3,b,01 ,122, 2.~
,A u (i J 2tAI( 32 P A( 13 ? A 3 (13 2 6 ( 3c b 13 5 2 It

? 33( 3t,) .XItN Y I II Lr(SyMFMACHPALPHA,CA,SApF 'ACHi2
3 ,A L , L TI C 5, ) PN sR(p,16 J G
LUIMUN/H/ '.'x , D)Y, 1)t)I~jIYY,LTT,u)XY,0XTDYT,LP
CJM1MFJN/J/ k, ,,PIIALSALTALTT,AM PLA, FREQRiPFASAGUA,FMACSFMACHT
I jAM'PLMFRFC.k 'd ASAG-) CETAS,CETAT,-CETATTA?,PLCFF ECRC,I-ASAUC,CETA

2 ,FREQRPIPSURE
UM~t i N/K / I J pI 1912.913.9J1J 2 pJ 3

C JMI-N W A El NIIwG(13?)
L)I'IE NS IJ,4 L (13 2). F (132) ,(132)
CLYMPLEX .A
D DT =1./O T
LUXX= 1./O)XX

[4 S= 3
AAO =1

R G cO.

IM= ~ 10)-

C V-SwEE .

C1M 1=0 .1
IM111 10 .

(I M M 0 .

F- I M=0 .
F CI M N ) .

c LPPLr BjuN3LAi YI
I= IC
ANG=PI*. 75

x z AO( I)
HHx X* + Y*Y
DHH= /b
A 1 = t?*'Y *AL T L IAT) + j ril*(C A X +S A*Y)
Y T .5* * AL T +cL rA ri -jf~jj*(A*Y- S A* X

r 3 .N TIC HH)
C~-z I1./H

A..



- b I(J) G J

rA1 I XT* + I T 1*JY
TI =CG 'I IJ u T~~ + CH A I

AA-Av'AXI(AAP. OOcL)
A=SQQOT (AA)
%;A=LMPLX(CLJS( A N~,S I N( ANG )CM P L X(A L.
U= J+REAL(4A) + ii* xT
V= V + AIMAGCWA) +H*YT
AV= ~US(
T C, I G I

I J = 2 # C , r .i ( I P J ) -G i I ( , J -1

Y -GM (IPJ) + CT*(U*TGMI*Al(l)+AV*TGM~J*i~(J))*DH

Lh.

CI = D)T*OH*U*2.**A 1(I)
A is- -.C1I
GASIA. D I

AL FA = 1./ A I- 3E A*C ( I- )-GAMA*1 (1-2)
C(1)= (C -tiL A*F (I-i)) 4 ALFA
E(I)- E14ALFA
F (I Y YI-SE[jt*F (1-1 )-UAmt,*F ( 1-2) *ALFA

A~j 5*PI

X Soj( I)u)

HH=z X*X + Y*Y
D)HH= 1 * /HH
AT- -. 5*Y*(ALT+CETAT) + DHH*iCA*X + SA*Y)
YT= .*X*(ALT+CETAT) -ohH4(CA*Y-SA*X)
H Z )RTM(H )
iDH=- 1 ./H
G A =G IC 1+1,pj G-C( 1- 1,1
GJ= 2.*(G( I,U )-GC IJ-1))
Tk.J= G.J
TGU 2 * *C GM I, U) -(MCI, U-i))

GIX =AI1)* GI -S1CI)*BICJ)* GJ
GY BI(U)* CU
Uz (3 *DH
v: C, y *oil

-j U * IJ +,j * V
CHAPN: x I *uX + T*(,Y
F I 1 GM (1, j) *DDT + CH A I
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A A A . -X ' QI2A-A .C i L I T

J~d[AL(WA) +IH*XT

L J.. T. L,2

V.3

UA 1.-C

u t> -rL)j A* U T~ *~ I . v r 9 * 1 J )

C() EI*AEAVLI1)AF

ICJNTINUF

At-S= .25*PT
Y=SU( I)+8CLj)

HH= X *X + y -Iy
OMti= 1./H H
XT= -. 5*Y*(ALT+CETAT) + DHHj*(Ct*X + SA*Y)
yl=- **)*( 4LTCU TAT) -jH"* (CA*Y-SA~x)
H= S LPT (H H
DH= I1./H

41=~~ ~~ (.(J-C-jj

GJ=I G
U= GX*D

L) GYX*DH

CH4Afi= XT*LX + Y*,
F IT=-G,1 C( i,Ji) *LdL)T + CHAIN
AA=AAO-.2*GQ-.444lT
At- tAMAX1(AA.uOl)

. A = C ' P L X ( C JiS (A~k 5 NL M ) i' L X (A C .*
J 1)+ P F A L ( )J 4fli*x T
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, 4; A1' 9 a4 ,A) + -*YI

v -t! (1

I O j
l I .= . ( vY U T tJ - A I-

,, Jj) + r ( .4 -o.i >.1( 4 j 1 (U Ij ,

A A I I- Fr t I - I#
-3 E ,

' I-C( 1-?) *L.A' ,

PL Y I(-- i r1 - ) -AL( -

F I I.} (Y I-( rOA 46 ( 1-1 )-,A>A * (1[-2 )*ALFA

Y T X-' L T +

, + i J j 9
J, , += I A I 1 I
(I, = T G - ''b ' I I JC +-

U ?, lJ r ) ( . ,

A = J.-i
A p
, T A, , 1+1, U

L) L = ( 1(1) ',, i N ~ A (1 t, EL X

ij 4 w A1L. * )( 1

= ++1>i

U * ( I )+ ' -V "

i , T=LA r. -' 4 (" T+ -'r I)"*-+ ,y'( A X + A

A A, A= . ( ) 1 C - l(,)* 0l (JC*I J
A . F = Al 1

",,'= GY.1

v V= U*+ .V*V ,.A
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V ~ L T 0 T(0

tTQJ=2.*(G( IJ +1)-G( 1,J)

7 y -?+*L: (UT1*A ) u T ,:T,1 41 1 ( r J 1 J D

c .
Cl= rc. H J ,. 4.I

A 1 i. -C I

tj -.Ar =i I -L (1I- 2) * U t ~A
4 L FA =1 A I A- ) LA *C (1-1)- 4Mi A E 1I-?

F 1~ (TI - : EA L I I T -- A 4F( -2) ) L A

4 0 11,

,-r + * Y

YT= .5*X*( ALT +CET4T) -_-*I*(CA*Y-sA4X)

ATA (CA4*C X-C Y*) [Cdr1*DW

)(,T Y -. 5* ( AL T+CL I141 )-uHH*DHti* CA*Cx +C A*C Y

YTY= Xr
Cx= x**3-3.*x*V*Y

C Y= 3 .*X * Y- Yvj
bX= £.*SA*CA
o Y - C A* CA- ')A*4;A
x 1 1T - . 5 * Y * ( A L I T + i- A I T)-.I.~ A L T + C L T A T 2
1+ -1ACHT*JHH* (A*C 3+ Y *')- ) -A LT[ J,4* ( ( * S -Y*CA) -DH H *3 4 C X ~C y

ii T= .5*X*(ALTT+CFTAT I)-.k5!*Y* ALT+CErAT )**2
I+ VA C H T ulhH X* Sb-Y4-'C:A *ALTbHiH*( X*Ct +Y* SA +i)HH** 3* (bY*,'-Y- L,*C X

H=~ I . HH

c = A1I * l - SI C I ) * [ L( J *~

c I1( GJ
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V-z GY*DH
AUm L+V*S1(I)

A= V -*1f
U'k= XT*H+ U
Vks YT*i + V
AVRz VR-UiR*51(I)
UtA: UR*Up
VYR= VR*VR
Q R-= UUiR + VVR

It-( Lk.LT.0.) Sz -1

T1(V.LTO)1-.

uV =U*V

CHAIN- XT*GAx YT*r'Y
FIT= G.9(IJ) *WDI + CHAIN
AA=AAO-.2*(U-.4*FIT
A -AMAXI(AAp.JCOI)
Ai3,AlCI)*B1(J)
G11=(GtI+lJ)-2.*G(IJ)+G( I-lJ))*i)OXX + 3C1)*GI

v J(G(IJ+1)-2*G(lJ)+G(IJ-1))*COYY + b3(J)*GJ
C.MII=(Gil( I+lpJ) *I( Ip J) +GitS( lJ ) )*DKxx + A3( I)*GMI

GrJJ=(GM(IJ41)-2.*GM(1,J).GVCIJ-1) )*DDYY + B3(J)*GMJ
RO~TATED CUOPOIN'ATES TERMS
C X z XTT+ 2.*(U*XTX+ V*XTY)*DP
CY= YIT + 2.*(U*YTX + V*YTY)*uH-

*AXx A1(I)*Cx
AYs E1(J)*(CY-CX*S1(1))
iR AX*GI + AY*G~j
R= CQ *(U*X+V*Y)*DH -(AA-UUR)*S2(I)*GY -HH*wR
IF(QGP.GE.AA) GO TO 9

C CENTkAL DIFFEREUCING
AX. (AA-UUP) *A2(I)
AXY- -2.*A6*( AI.*SI(I) + UR*AVP)
AYYz F2(J) 4'CAA*FX-AvR*AVR)
Yka R + AXX*GII + AXY*kIJ + AYY*GJJ
AXYz -2.*Ux* VP*Ab
YMR=AXX*GMII + AXY*Gt'iIJ + AYY*GMJJ
bb- .5*OTT*DHH*A2iI )*(!JUP?-AA)
D I C.
31z bB*(DOXX-A3(I))
Als I.-2**Ba3*DDXX

C I- 8*(0bXX+A3(1) )I
GO rc 10

c TYPE VEPENOENT DIFFERENCNG
9 4s NS +1
K =
IM I -K
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1mm= IM -K

JMxJ-L
'JM Ms1M - L
AURx UR+ VR*51(I)
AQ- AA/QQR
6XXz VVR*A2(I)
BXY* -2.*A6*VR*AUP
BYY= AUR*AUP*LB2(J)
GNN=BXX#GoII+B'V*: J+BYY*GJJ
t)MNN= BXX*GMII+BYY*GtJJ

IF( JMM.CT.J3) GG TO 11
,JJM:(G(IJ)-2'.;G(lj;M)+G(IJ!MM))*VDYY + (3(J)*GJ
GMJJflc( GMC,(LJ)-Z.*Gg1UPJ )+GM(IJMM ))*0QYY + B3(j)*GMJ
GO ru 12

11 CJJMzGJJ
GMJJMz (;I*JJ

12 LF( IMM*LT.IC.tiK.I;-1M.GT.I3) GO Tji 13

ChuM: =(GMJ)-.*,(IMPJ )+MIM) )*JXx+ A3(A3(i)*

GG TC 14
13 GIIM= GIl

GMIIM= GM11
*14 tAX- UUR*A2( I

AXY= be *S*T*tjR*4VR*Ad
AYY: AVP*AVR*B2(J)
LSS=AXX*GI IM. Y ;Jii4Y J
GMSS= AXX*GMI 1M4AYY*GMIJJMi

y pt = ( AQ -1. )*.Jss +Ac*6d4J +R
YMR-AJ* (GV,'SS+C.1,NN)
(Imss AX * II+AXY*(; MIJM+AYY*GIJJM

.*D*TT*D.*UU*(.-Aw)0A?Ci)
CC= -.5*D1T*DHH*AQj*VVP *A('(1)
BBICC= BB+CC
IF ( LR.LT*Cu.) GU TG 1j
IF ( 1.EQ*I11) GU TO 16
DI2 BB*Dt)XX
B I DOXX* (CC-P. *JE ) -A3 (I )*bCC
Al I L. *30X* ( 8-.*C )
C1 I C*V)YX + A3(I)*BBCC

G c) TO 10
15 1 F IsJ1' G2 TO 16

D I C.
Bla CC*L)D~XX-A3(1 )*fBCC
Ala 1.+DDXX*(BB*-.C )
Clz UDDX*CC-?.*B3b) + A3(I)*LBLC
lz b'R*DDXX

GO TO 10
1b 91. Q*

31a P3CC*(OOXX-A3(I))
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Ala 1. -2.4.DDXX*tbbCC
CIS tBCC*(DDXX+43( I))

cAg)VIECTION' M tMS
C UPivIND DIFFEYkENCING

10 YYzAVR*2.v31(J)*(GIt(IPJ)-i.(IJ-1) )
IF (AVR. LT.0. ) YYxAVR*B1 )* (GM( ,PJ+i )-GM( IJ))*2.
tid=3U *DT*&H*2 .*A1 ( I
IF(UP.LT.U.) GU TC 18

~i a I-BB
Q.! Ala A4 33

1' TO 19

CIS C1488
Al- AI-38

* 19 YIz GM( I, ).[,TT*(Y4-.5*YfO") *DHH -OT*YY*Oii
CAMA- DI
UEDA-dIl-C (l-?)*GAMA

* C(I)a (C1-toELA*L(I-I))*ALFA
EMS) EI*ALFA
FC1)-(YI-BEOA*F(I-13uiAMA*F(I-2))*ALFA

8 CONTINUE
C FIGH1T BOUNdJAkY

t Is 13
ANGs Oe

Xx AO(1
tHu X*X + Y*Y
DhHx 1./HPi
X72 -. 5*Y*(ALT+CFTAT) + UHH*ICA*X +. $A*Y)
YTa .'*X*CALT+CE1AT1 -DHfi*(CA*Y-SA*X)
hvSQI.T(HiH)

v ~CHu 1 ./H
G1s (G(IJ)-G(I-1,j) )*2.
GJ..;(1,J+1 )-G C IiJ-1)
GX x Al(I)* GI -S1(I)*I1(J)* GJ
GY y 31 (J) CJ
L's GX*DH
V a GY*DH
Gw* U,*U+V*V
CHAINS XT*.,A 4+ YT*GY
FIT- GM(IvJ) *DD~:T + CHAIN
AAmAA-o2*rCQ-.4*F IT
AAuAMAX(AAt.O(1.
AsSORTI LA)
6AsaCMPLX(CUS(ANGJSIN(ANG))*CMPLX(APOe)
Us U+REAL(WA) ,H*X7
* V + AIMAGI WA) + H*YT
A V a V -U *S1I(I)
TGIm GI
TGMIs Zo*(GM(IPJ)-GM(1-1,J))
If-I AVLT.O.) GO TO i~i
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T.,Ja 2.*(GC IJ)-GCIPJ-1))

60 TO 21
20 1GJu2**(G(I:,J+l)-G(I,*J))

TG'1Jz 2.*(GM(IJ41)-GM(IJ ))
21 YI- -GM(IJ) + DT*(U*TGMI*Al(I)+AV*TGMJ*d1(J))*0H

1 -2.*UT*(U*TGI*Al( I)+AV*TGJ*B1(J))*DH

E11 0.
C 1 0.
B1s -OT*DH*U*2.*A1CI)
AlI-a .B I
GAMA- DI
BED A= BI-C(I1-2 )*GAMA
ALFAx l./(AI-iBEDA*C(1-i)-GiAMA*E(U-2)i

E(I)= EI*ALFA
F(I)=(YI-bEQA*F(I-l)-(,AMA*F(I-2))*ALFA
CsU.

A L ~ C cG -0.
DJ 22 (s 10, 13

I I- 13+IO-K

CCGZ DG
2 2 G( fp j C G

IF( J.GT.3) GO TO 5

C X-SwEEP

C 1) 0.
CCZ2 0.
E(1) 0o
E(2) 0.
F(1) 0.

C L EF T aOUNDARY
1210

DJ 23 J- J1,J3
IF( J.FQ.J1) GO TU 24
IF( J.EQ.J3) GO TO 25
ANGm PI
Gj- ((IPJ+1)-G( IJ-1 I
GCG TC 2b

24 ANG1 1.25*PI
(-Js CC IJ.L)-G( 1,J-1)
Gu TC 26

25 AiNGs o?5*PI

?b Y-SO(I)+BO(J)
Xx AC, (I )
rfH2 X*X + Y*Y
UhHu l./HiI
XT- -.5*Y*CJ1Lr+CETAT) + U'HH*(CA*X *SA*Y)
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YTz .5*X*(ALf.CETAT) -UDH*(CA*Y-SA*X)
Hh3A0 (I )*AO( I)+Y*Y
Hz ,PT( HH)
Ohm 1./H

13 x A 1(1) G I -S 1( [*11 G J

U= GX*DH
* V= GY*DH

Q( =U*U+ V*hJ
CHAIN2 XT*GX + YT*GY
FIT= GM(IJ) *DOI) + CHAIN

AA=AMAX 1(AA, * 301)

fAxCfMPLX(C3S( ANC),S IN ( ANG )*C PPLX(A,0.)
1i U.IREAL(WA) +I-*XT

NI Vz V + A I MAG voA) + H *YT
AV-z V-U* S I (I
IF( J.E.J.Jl) GU TO ?7
IFP J .EQ.J 3) GLC TO 28
I F AV.LT.O.) GOL TO 27

23 Elm -DT*DH*AV*2.*61(J)

CA1 - .-B

GU JTO 29
27 Cic D"T*DH*AV*2.*l(J)

A II-C I
BI C

2 Q Y 1 G N(IPJ
D 1 U.
E I= aC.
CCAMAz 01
BEDA= 3I-C (J-? )*GAMA
ALFA- 1./(A-BECA*C(J-1)-GAMA*EJ-2))
CUJ)= (CI-dEDA*E(J-1) )*ALFA
E(J)z EI*ALFA
FCJ)z(YI-BEDA*F(J-1)-cAMA*F(J-L,))*ALFA

Z3 CNT I NUE
CC42 0.
CGz 0.
DO 30 Ka J1PJ3
Jz J3 + JI -K

U.,. CG
CG- F(J)-CIJ)*CG-E(J )*CG
CC'.z DG

30 GN(IJ)u CG
C INTERIOR~

uO 31 1- 11P12
FX2 1. + SI(I)**2
L'.. 3? Js J1,J3
IF( J*EQ.J3) GJ TO 33
V. SO(M)+8O( J
Xz AO( I
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hHu X*X + Y*Y
DHHz 1./HH

* XTu -. 5*Y*(ALT+CE'TAT) + DHH*(CA*X + SA*Y)
YTa .5*X*(ALT+CETAT) -DfIH*(CA*Y-SA*X)
HaSQRT (HH)

* OHu 1./H
GI=G(I+lpJ)-G(1-1,J)
.JuGC IJ+1)-G(IJ-1)

GY x 1(J )* GJ
Us GX*DH
Va GY*DH
AUm UV*S1(I)
AV sV -LU*S1(l)

Uka XT*H+ U
Vkm YT*H +V
AVIK' VR-UR*Sl(I)

j VVR- VR*VR

4. Q(QR= UUR + VbIR

* Q~vu *u + V*V
CHAIN* XT*GX + YT*GY
FIT= GM(IPJ) *00LF + CHAIN
AAaAAO-*2*.Q-.4*FIT
AAmA' AX1(AAP,0001)
IF(QQk*GE.AA) G[ TO 34
BBu .5*UTT*DHH*(AVic*AVP-AA*FX )*B2(J)
DIU 0.

Ala l.-2.*BB*DDYY
Cl' FB*(DDYY + 03(j))
El- 0.
GO TO 36

34 A('x t'AI/QQ
AURm UR+VP*Sl(I)
BBm .5*DTT*L)HH*AVR*AV.* ( 1.-AQ )*621 JI
CCU -.5*D7T*DHH*AC*AUR*AU4*B2(J)
oc~cC BB+ CC
IF( J*E~j.4) GO TL, 38
IF(C J.FQ.J2) GO TO 39
IF(AVwReLT90*) (,L TO 4~U
DIU RB*DDYY

Ala 1. + ODYf*(BB-2**CC)
Cla CC*OOYY + 63(J)*cBCC
El' C.
GO TG 36

40 DIU 0.
dl- CDYY#CC -83(J)*BBCC
Ala le + DJYY*(BB-2.*CC)
Cla CDYYf(CC-29*BB)+l3(J)*3bCC
Elm BB*DDYY
GU TO 36

38 DIU 0.
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iF(AVI~.LTo.3.) G(, TO 41i

Elm c.
1'11 BBCC*(ODYY-B3(J))
Ala 1. -2.*EBCC*JDYY
Clu BBCC*(CDYY + 83W)
GOI TO 36

'41 11. CC*OCYY -33(J)*68CC
A Iale 1. 10YY*(8ts-Zo*CC)
CI- L0YY*(CC-2*t3) + !s3(J)*8bCC
t. I= 68*3yy
GC T~i36

39 L I 0,
1F(AVP.LT.o.) GU TO 4Z

61-. ODYY*(CC-2.*68) -33(JJ*&oBCC
Al. 1.+Do1Y*(aBE-2.*cC)
CI a D3YY*Cr B3(JI*B8:C
Gib TC 36

42 Dim 0.
31a B3CC*(DDfY-B3(J))
A Ial 1,-2.*PUICC*LDYY
Cis EBCC*U(D(Y+B3(J))

c ADVECTION TERMS
3b bbs DT*DH*AV'R*2.*Bl(J)

IF(A'VReLTo0.) GU TO) 43
61- BI-Bp
.I- AI+ b8

GUj TO 46
43 Cis CI +Bb

Ala AI-d
60U TC 46

*j 33 AN~ .5*Pl

YSS3(I 1+80(J)
Xm AG(I)
AH' X*X + Y*Y
UHM. l.hiH

- - XT- -.5*Y*(ALT4CETAT) + DHH*(CA*X + SA*Y)
VTu *5*X*(ALT+CtTAT) -DHH*(CA*Y-SA*X)
HxrSJRT (HH)
-'H 1./H
C1l G(I+l.J)-G( I-lpJ)

c-X x A 1 (I G I -5I(I)*BI(J)* GJ
(.,Y y Bl(J)* GJ
Us GX*DH
V. GY*DH
W;,Su*u+V*v
CHAIN* XT*GA + YT*GY
Hr.s GM(lJ) *DDT + CHAIN
AAsAA 0-. 2*4Q-.4*FIT
AA.AMAX1 (A,. 0001)
A*S,;PT(AA)

wAsCMPLX(COS(ANG),SIN(ANG))*CMPLX(A,0.)
Us L+REAL(dA) *h*XT
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Va V + AIMAG(WA) + H*YT
AV= V-U* S 1(U

48 61z -DT*DH*AV*B1CJ)*2.
A1x 1.-BI

El. 0.
46 YIz CN(IoJ)

IF( J.EQ.3) YI= YI-BI*GM(I,#2) -DI*GM(I,1)
IF( J.EQ.4) YIr YI-DI*GM(1,2)
GAMAx DI
BE DA=BI-C(CJ-2 )*GAMA
ALFA= 1./(AI-BEOA*C(J-1)-GJAMA*ECJ-2))
C(J)= (CI-iEDA*F(J-1))*ALFA
F(J)= EI*ALFA

A- F(J)u(YI-BEDA*rt-)-GAMA*F(J-2))*ALFA
32 CONTINUE

CCGz 0.
CG= 0.
DO 49 Kz JlPd3
J- j3+J1-<
DGz CG
CG- FCJ)-C(J) *C-(J)*ZCG
CCG- DG

49 G.N(IoJ)= CG
31 CONTINUE
C RIGHT SUUNIDARY

1- 13
L)U 50 J= Jj 3 J3
IF( J.EQ.J1) GO TO '01
IF( Jo.E~oJ3) GLO 52

* ANGz 0.
GJx G(IPJ+1)-G(IPJ-1)
GO TO 53

51 ANG2 -. 25*Pl
GJ* G(IJ+1)-'( IPJ-1)
GOJ TO 53

~2 ANG- .25*PI
GJs 2.*(G(IJ)-C(IJ-1))

53 Y-SO(I+60(J
Y-SOC M+B0(j)
Xx AO( 1)

- ~* HHz X*X + Y*Y
lflH= 1./Hh
XTx -.5*Y*(ALT*CETAT) + DHH*(CA*X + SA*Y)
YTx .5*X* (ALT+CETAT) -L)HH*(CA*Y-SA*X)
H-S5akT(HH)
DHa 1./H
G1s 2**(G(IJ )-G( I-1,J) )
GX - AIMI* GI -S1C1)*Bl(J)* GJ

GYz B1(J)* GJ
Us GX*DH
Va GY*DH

Q4#BU*U+V*V
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Cl-AIN- XT*GX + YI4CGY
PIT= GM CIpj) *Ui.T + CHAINJ
AAaAAO-.2*.(c-.4*F IT
AAaAMAX1 (AA,.OOCja)
A-SQIRT ( AA )

=ACIIPLX (COS(Atr ) PSIN( ANG) )*CMPLXC A, 0,
U= U+EAL(WA) +H*XT

Vs V +AIMAGC WA) + H*YT
AV= V-U*S1(I)
I -( J.EQ.-il) GO 1TO 54
I F J.EQj.43) GO Tri 55
I F AV.LT*O.) G~J TO 54

55 BIm -DT*OH*AV*Z.*Bl(J)
Ainj 1. -B I
CI a 0.

G;TO 50
54 CIm DT*DH*AV*2.*Bl(J)

Al I .- CI
3 1 0.

56 Y Ia GIN(I
L~l 0.
E I 0.
GAMA= D I
ftDA-B[-C(J-)*GAMA
ALFAx 1.1 (AI-BECA*C(J-1)-GAMA*E (J-2)
C (Js a CI-8EDA*E(J-.1))*ALFA

F(J)-(YI-bEDA*F(J1)GAMA*F(J-.) )*ALFA

CCG- U.
CGa 0.
DU 57 iKu 41,43
J= J3 + 41 *-K

C~in F(J )-C(J)*C(,-F(J )*CCG
CCG= DG

57 Gi\CIpJ)x CG
C UPDATE NEXr kUN L)ATA

UO 5b I- I0,13

CGx GN(Ip4)

IF( AtdS(CG)hLEIK(,) GO TO 58
RG* ABS(CG)
1GN I
41.3: 4

58 CUNTINUE
IFUJIT.NE.o) GO TO) 59
UTIMx(JTIM + DT
FASAGAz Fk.E0RA*UTI4~
ALPHAx ALS + AM.LA*SIN(FASAGA)/RAb
ALS ALPHA*RA)
ALTz AMPLA*FRE% kA*Cr)g (FASAGA )II.AO
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ALrrs -AMPLA*FRE.)A**2* SIN (FASAGAI/'RAO
FASAGM- FREQRM*UTIr
FMACH- FMACHS + AMPLPt *.IN(FASAGM)
FMACliTs AM~PLs9*fFRH~dRM*CJS (FASAGIP.)
FASAGCm FkEQQC*UTIM
CETARDsCETAS + AMPLC*SIN( FAS0GC) /RAD
CETA: CErARD *RAD
CLTATS AMPLC*FREQRC*CGS (FASAGC )/RAL
CETATT= -AMPLC*FREOiRC**2*S 1N(FASAGC )/RAD
Cbm COS(AIPHA)
Stb= S1I(ALPHA)
CA= FMACH*Cb
SAz FMACH*SB
FMACfI23 FMACfi**Z

AC 14AKE COND'ITION

GuL TO 61
60 ELQ 62 1- 1X2, 13
62 W ;(I)= GCIX2,93)-GCIX1,3)
f3 1: 1=X2

i.GCI)= WGCI) + CAN(IX2P3)-GN(lXl,3)
631= 1+ 1
Y=SOCI+B0(3)
X= AOCI)

t HHU = *X + Y*y
4 L -H 1./HH

XTw -.5*Y*(ALT+CrArJ Lj)HH*(C4*X + 4*Y)
S= SQ~KTI(H H)

y p y
tip H
(,I= CCI+1,3)-GC 1-1,3)

IFC 2.EQ.13p)GIo3.CGIj)GI-))

1= NX+ 4 -1
Y=SO CM)+BO(3)

H P. A H M)*A0 i

GIz GCm+1, 3)-GCM-1,3)
I F ( .EQ.13) GI= 2.*CGCM+1j,3)-GCl#,4)

Ll CAl(M)* GI -S1(M)*Dl(3)* GJ)/H
y- .*s(YP-YMa)
U- .5*CUP-UM)
Ha o5*(H P+ FI)
BFu 2.*UT*AlCI)*(U/H +XT)

IF( 1.0.13) GOl TC 63

CCGz GU,1I)
Cu- G(IP2)
Ma 14x+ 4 -1
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IF (I.GT.1x2) GiJ T-9 65
IF (1I.LT.I X1) GC TU 6b

* TANGENTIAL BOUNDARY CUNDITIUN
YmSO ( I )+BC( 3)
Xz A0 (I )

* HH- X*X + Y*Y
OH: le/rH
XT= -.5#Y*(ALT+CETAT) +UHH*(CA*X + SA*Y)
YT2 .5*X*(ALT+CETAT) -L)hH*(CA*Y-SA*X)
VBN=P-H*(XT*SI(I) -YT)
G12 G(I+lo3)-G( 1-1,3)

PIS- FX*E0l(3)
GXSXVBm A1(l)*G1*Sl(I)+VbN

GdJ TO 64

GO TO~ 64

4G(Il)= G(I,)-CG(M

GM(I,1)z GCI, )-CCG
b7 LbNTINUE

RETURN
END
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