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ABSTRAC T

This paper presents a simple approach for the study of

the following two types of multiserver finite queueing systems

each with two classes of customers demanding service with different

arrival and service rates: (1) Customers belonging to one class

have priority over the other and the number of low priority

customers that may be present in the system at any time is restricted.

Customers blocked from entering service at any time are cleared from

the system. (2) Customers belonging to one class are cleared when

blocked (loss system) and customers belonging to the other class are

buffered (delay system) under such circumstances. Furthermore, the

number of customers belonging to the loss system demanding service

at any time is restricted .
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INTRODUCTION

Consider the following two classes of multi—server finite

queueing systems:

1) Multi—server loss systems with two classes of customers

with different arrival and service rates. Customers belong-

ing to one class have priority over the other and the number of low

priority customers that may be present in the system at any time is

restricted by a number K (K < s, number of servers). These systems

will be denoted as A/B
1
,B2

/s/s.

2) Multi—server systems with two classes of customers in which

customers belonging to one class are cleared when blocked (loss system),

and customers belonging to the second class are buffered under such

circumstances (delay system). The two classes have different arrival and

service rates. As before , tne number of customers belonging to the

loss system that may demand service at any time is restricted by K.

We denote this class of systems by A/B
1
,B,./s/N.

Such queues are common in the study of telecommunications networks in

which several classes (such as voice and data) share access and traffic

line facilities. Under purely Markovian assumptions , the simplest of

such systems have been analyzed by Cohen [2]. However, when the

number of servers is greater than one, the magnitude of the problem

increases considerably as illustrated in Kotiah and Slater [3], where

a two server system of this type has been analyzed. For larger values

of s, even though an exact analysis is possible in principle, in

practice there are severe computational limitations (as also pointed

out by Bhat and Fischer [1]). An approximate technique to determine
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some of the system performance measures has been presented in Bhat

and Fischer.

Here we are concerned with the steady state marginal distributions

of each class from which one could easily deduce the expected values

and variances of number of customers and the respective blocking pro-

babilities. Bearing in mind the utility of the derived results and

keeping the generality of the above description to a large extent,

we shall assume the following common characteristics for the two

classes of multi—server systems mentioned above:

(1) The two classes of customers arrive in a single recurrent

process with mean (1/A). An arriving customer belongs to one of the

two classes with constant probabilities p and 1—p respectively.

(2) Both classes of customers have exponential service times

with rates and u2 respectively.

(3) There are s servers in parallel and if buffering is

allowed, no more than n customers are allowed in the system at one

time.

(4) An arriving class 2 (low priority) customer can not enter

the system if K of them are receiving service already and/or the

buffer has some clasc 1 customers waiting.

With these simplifications, .the two classes of queueing systems

may now be represented as GI/M1,M2/s/s and GI/M1,M2/s/N respectively .

In the above description of the problem, the queue—length process,

when restricted to the arrival epochs, describes a discrete time

Markov chain. Clearly, the measures of interest can be easily deduced ,

if we obtain the stationary distributioti of this imbedded Markov chain.

However , in reality, for moderate to large systems, the number of states
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[(K+l)(N+l_K/2)+ for GI/M
1
,M
2/ s/N , N > s] is going to be too large

to make an exact numerical approach for the determination of the

stationary distribution of the Markov chain possible. Furthermore,

because of the cumbersome nature of the expressions involving

binomial coefficients for the one step transition probabilities of

the Markov chain, generation of the transition probability matrix

(TPM) itself might pose considerable numerical problems. This will

be exemplified in the following section. Therefore, alternate

techniques are needed to provide at least approximate values for

system performance measures.

In this paper we develop approximation techni ques for determining

the first two moments of system sizes and the probabilities of blocking

for each of the customer classes . Exact analysis is used to ascertain

the adequacy of our heuristic procedure. Based on our computational

experience, the approximation provides better results for the system

GI/M
1
,M
2/s/s than for the system GI/M1

,M
2
/s/N. Nevertheless, in the

absence of an analytical justification these conclusions are restricted

to the class of systems used in the analysis. Incidentally , since the

expressions for the one step transition probabilities in the case of

GI/M1,M2/s/N are very complicated for numerical work, a justification

for the procedure should come from an elaborate simulation study of

these systems, which in itself is a major problem.

In the systems of interest, if 
~~ ~2 ~~ numerical methods

developed in Raju [4] and Raju and Bhat [5] would directly yield the

measures of interest since there is no need to distinguish the

customers when once they join the system. In an indirect way, the

procedure used in this paper heavily utilizes this situation. For
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further development we introduce the following notations:

A(x) : Inter—arrival time ~iistribution (0 < x <cc)

p .  : Traffic intensity of class I (i = 1, 2) customers

( = Ap/~i
1 
for 1=1 and = A (l—p)/~i2 

for i—2).

Q1 
: Number of class i customers at the ~th arrival epoch

in the system.

Q : Number of customers in the system at the n th arrival

epoch ( 
~ +

Define,

r l  2 1 2
ctij;rt 

P tQ +1 = r , 
~~+l 

= ~ — I , Q

Thus ct
ij;rt 

represents the transition probability of the process

(Q1,Q 2) from i-pr and j-~t respectively during an interarrival time

period. The TPM of the imbedded Markov chain has ct’s for its elements.

With this background, we shall next consider the approximations for the

respective systems.

APPROXIMATION FOR GI/M
1
,M
2
/s/s SYSTEM:

Recall that an arriving customer is of class 1 with probability p

and of class 2 with probability (l—p). For the sake of simplicity , we

let

f(m) 1 — e m
~l
x

—nii xg(n) l — e  2

and

h(m,n) — e~~m~l + nu2
)x 

(0 < x < cc)

We have for this system
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ctij ;r t  = p( 11) (
~

) f
Q~ f ( i+ l—r)  g ( j — t )  h( r , t) dA(x) 

*

+ (l—p) (~
) 

~
i?

~ 
f cc 

f ( I— r )  g ( j+ l— t)  h( r , t) dA(x)
0

(0< i+ j < 5 , 0~< j  < K , 0 <  r < i +  1, 0 <  t < j + 1)

— (
S i

)~~~~~ r f(s—j—r) g(j—t) h(r,t) dA(x)

(j < K , r < S — j ,  t < j )

and

— 
~~~~~ ~~ r f(i+1—r) g(K—t) h(r,t) dA(x),rt

+ ~‘—“~ ~ ~ r f(I—r) g(K—t) h(r,t) dA(x)

(I + j  < s, r < I + 1, t < K)

The cumbersome nature of the expressions is evident and moreover, it

does not seem possible to get around the problem of direct evaluation

of binomial coefficients. Thus, even for moderate values of s and/or K,

the generation of TPM might turn out to be expensive and unreliable.

However, i—f — 
~ 2 

— ~i, it Is clear that ~Q : n = 1, 2, 3, . . .} is a

Markov chain imbedded in the queue—length process. Additionally assuming

K — s in the above system, we obtain a system of the type Gu M/s/s. Let

— ~ {~~ +~ j  I Q — i} (0 < I , j  < s) .

we have

~ 
(
Ff1) r (l—e~~~)~~~~~ ~~~~~ d.A( )j 0

+ (1—p ) (
~

) c’ (l—e~~’5~~~ e_j~~C dA(x)

(i < ~~, j  < I + 1) (i- )

(
8

) [0 (1...8~~1~5
8..i e_ il

~C dA(x) (j < s, I — 8)
J O
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The resulting matrix P P
1~ II is almost left triangular (or lower

Hessenberg) and can be easily generated . Denote

= ~~~~~ dA(x) (0 ~ i ~ s)

After some algebraic manipulation, we can establish that P can be

generated in two stages through the following recursive relations.

First Stage

P
i,i+l 

= Pct
~+1

Pj j = p(i+l)[ct
i
_ a

j+i] (O < i < s )

1+1 1+1P = P — ( 1 < i < s  i < iij i—j+1 i—l ,j  i~j+l £ ij+l —

and

~~~ ~~5_ 1~ ”~ 
(0 ~ ~ 5)

Second Stage

Starting from I s — 1, s — 2 , ..., 1 and for j < I

p — p
ii ij p i—li

Then reset the diagonal entries to

P
u ~~~±1 + (]—p) a~ (0 < I < 8)

Remark: It uay be noted that if we set p=l in 1 , we get the expres-

sions for the ordinary Gu M/s/s system. Using the first stage of the

above recurrenc -. relations with p—i, we can very efficiently generate

the TPM for this system.

The objective is to approximate the measures of interest for the

—
~~~~~~~~
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system GI/M
1
,M
2
/s/s by the corresponding measures of two different

systems of the type Gu M/s/s for which the characteristics can be

easily determined by the methods developed in Raju [4]. For the

sake of clarity, we shall denote this approximating system as GI*/M/é/s.

Given below is the approximation scheme for GI/M
1
,M2/s/s system.

The Heuristic:

Initialize:

N
2 

(K p
2
/ (~1 + p2) ]  +

N
1

s — N
2

Step 1:

Solve CI1/M
1

/N
1

/N
1 
(i.e., in (1) , put p =p 1, s = N

1
)

ob tain N
1 

= E[Busy Servers] In the above system

Set N
2 

(s — N1
] +

Restart: N
2 

= min(N2, K)

Step 2:

Solve GI*/M
2/N2/N

2 
(in (] . ) , put ~ — p2 , S N

2 
and inter-

change p and l—p)

Obtain the stationary distribution -C IT2 ~2j 
: 0 < < N

2
) of

the Imbedded Markov chain. Let and V
2 

be the expected value

and variance of the distribution 
~2 

respectively.

Set N
1 

— (g..E )
+

Step 3:

Solve GI*/M
1

/N
1

/N1 (in (1) , put p — U1, s — N
1
)

Obtain the stationary distribution : 0 < J < N
1
)

of the imbedded Markov chain. Let E
1 
and V1 be the expected 

_ _ _ : — — -— — — — —- — .— - ———— — —— -.
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value and variance of the distribution 
1 
respectively .

Step 4:

Stop (or go to Restart with N
2 

= (s_E
1
)+) .

The measures of interest for the system GI/M
1
,M2

/s/s are now approximated

by E
i~ 

V . and itiN which represent for class I (i=l ,2), the expected num-

ber of customers, variance of the number of customers and probability of

blocking respectively.

Remark: If one wishes to improve upon the results obtained after

the first iteration, one could go to Restart from step 4. However, we

do not have enough evidence to suggest that such an attempt would always

yield better results.

APPROXIMATION FOR GI/M
1
,M2/s/N SYSTEM

The basic idea behind .our procedure is to approximate the characteristics

of interest for the system GI/M
1
,M2/s/N by the corresponding measures of

two different systems of the type Gu M/s/N for which the measures can be

readily obtained by the methods developed in Raju [4]. For the sake of

clarity we shall denote the approximating system as GI*/M/s/N.

The Heuristic:

Initialize:

[K . p2/ (p
1 
+ ~~)]  N2 

= K

Step 1:

Solve GI /M2/s2/N 2,

obtain:  s~ = E [number of customers in the system]

Step 2:

Solve CI /M1/s 1/N 1, where

____________________ 
_______________________________________ 

- -
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* *= S — S1, N1 = N —

Obtain the stationary distribution Cr11., 0 < j < N~} of the

imbedded Markov chain, hence get E
1
, V

1
, the expected value

and variance of the stationary distribution respectively.

Obtain = E [busy servers] due to the above system.

Step 3:

Solve GI*/M2/s2/N
2
, where

S
2 

= N 2 = [mm [K, s — s ]  1
+.

Obtain the stationary distribution 
~2j

’ 0 < j < N
2
) of the

linbedded Markov chain. Let E
2
, V2 

be the expected value and

variance of this distribution respectively .

Step 4: STOP.

The measures of interest for the system GI/M1,M2/s/N are now approxi-

mated by E1, V~ and which represent for class i(i 1, 2) the expe cted
I

number of customers , variance of the number of customers and probability
/

of blocking respectively.

NUMERICAL ILLUSTRATIONS:

A. The System GI/M1,M2/s/s

For the purpose of illustrating the approximation developed for the

system GI/M
1
,M
2
/s/s in the prece~ding section, we present below

tables containing exact measures of performance for the system and their

respective approximations obtained through our heuristic under special

cases. It is assumed that the time intervals between successive arrival

epochs have an Erlangian distribution (Gamma distribution) with a prob--

ability density function

m rn-i
f (x)  — ~~~~~ 

(m~ )
1
~~, dx m 1 , 2 , 3 ; A > 0
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The arrival rate is given by A. The following notations are used.

System parameters:

s : system capacity and the number of servers.

K : system capacity for class 2 access

p : probability of class 1 arrival

A : arrival rate

in : number of phases in the Erlangian distribution

c : coefficient of variation of ai~rival processV

p
1 
: service rate for c..lass .1 customers

service ra te for class 2 customers

Measures of performance: E(Q
1
) : mean number of class i(1 or 2)

customers at arrival epochs.

V(Q
1
) : variance of number of class i(.~l or

-2) customers in system at arrival

epochs

PB~ : probability of blocking for class i

(1=1, 2).

Approximating systems parameters:
N
1
: system capacity and the number of servers

for class 1 (-‘1, 2)

A
1
: arrival rate for class i (—1 , 2)

— pA if i—i , — (l—p)X if i—2.

The interarrival times for class i (—1 , 2) system are assumed to have

an Erlangian distribution with probability density function

m m-i
(isA ) x

= e
_islX

i~
C 

(rn—i) ! dx A~ > 0
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The measures of performance of the system GI/M1,M2/s/s are approxi-

mated by the measures of performance of GI /M
1/N1/N1 and GI /M

2
/N
2/N2

systems. In Tables la and lb, for each set of variables the exact

measures for the system GI/M.~ M2/s/s are presented and the corresponding

approximations obtained from the approximating systems appear 1n~ ediate1y

below. For instance, the digits inside the braces following the number

of servers in the system GI/M1,M2/s/s represent N1 and N
2 respectively.

Based on our numerical work the following observations can be

made.

1. The approximation performs well under low traffic conditions

which are combinations of the arrival rate, service rate and

system capacity.

2. The effect of the approximation is more pronounced on the

variance of the number of customers in the system.

3. The effect of the approximation is more pronounced under

higher variability conditions of the arrival process.

B. The System GI/M1,M2/ s/N

Because of the analytically intractable nature of the one—step

transition probability expressions (obtained by extending the expres-

sions given in (1) for cases s < 1,j < N), the exact analysis of this

system is extremely cumbersome and time consuming. However, if we

assume exponential inter—arrival times for each of the two classes

of customers, the desired characteristics of the above system can be

obtained by solving the balance of state equations. (See, Bhat and

Fischer [1]). Therefore, numerical comparisons for this system

approximating procedure shall be restricted to Poisson arrivals.
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6 I I l i, H2  I S I S S YS T ~ I

IC 
• 

)fl 
• 

U2 Coy E l O l )  8 ( 0 2 )  v Co D v ( c 2 )  ~a i Pnz

~~~~~ ~~~~~ :400 .354 ~~ ~~ .~~9 .51 .0000 .3607
1 9, 4 )  — 1.04 3. 1.9 .89 .51 .0000 .3607

12 4 5.000 2.000 .4 00 .447 1.05 3 .49  .91 .52 .0000 .36 14
9, 4 )  — - 1.05 3.49 .91 .52 .0000 .3614

12 4 5 .000 2.000 .400 .707 1.11 3.46 1.02 .54  .0000 .3641
8 9, 4 )  — 1.11 3 .48 1.02 - .54 .0000 .3641

12 4 6.000 2.000 .400 1.000 1.20 3 . 4 8  1.20 .58  .0000 .3683
— 1.20 3 .4 8  1.20 .58 .0000 .36 83

12 4 6.000 2.000 .400 1.545 - 1.38 3 . 4 7  1.49 .65 .0000 .3778
1 9, 4 )  — 1.38 3 .47  1.49 .65 .0000 .3776

12 4 6.000 2.000 .400 2 .04 ?  1.54 3 .46 1.73 .69 .0001 .3875
1 9, 4) — 1.54 3 . 4 8  1.73 .69 .0000 .3875

12 4 12.000 2.000 .400 .154 2 .23  3.76 1.87 .24 . .0001 .4728
8 9, 4 )  — - 2.23 3.76 1.87 .24 .0000 .4728

12 4 12 .000 2.000 .400 .447 2 .24  3.76 1.92 .25 .0002 .4710
1 9, 4 )  — 2.25 3 .7f~ 1.92 .25 .0000 .4730

12 4 12.000 2.000 .400 .707 2.30 3.76 2.09 .25 .0003 .4737 -
- 1 9, 4 )  — 2 .30 3.76 2.10 .25 .0001 .4737

12 4 12.000 2.000 .400 1.000 2 .40
’ 

3.75 2.37 .27 .0008 .474 8
9, 4) — 2 .40  3.76 2.39 .27 .0003 .4748

12 4 12.000 2 .003 .400 1.545 2.60 3 .75  2 .88  .29 .0022 .4777
9, 4) — 2.61 3.75 2.94 .29 .0008 .4777

12 4 12.000 2.~i00 .4 00 2 .047 2 .8 2  3.75 3.32 .32 .0040 .4610
I 9, 4 )  — . 2 .83  3 .75 3 .43  .32 .0016 .4809

12 4 18.000 2.000 .400 .354 3.40 3.84 2.73 .16 .0030 .5138
I 9, 4) — 3.42 3.8’s 2 .81  .16 .0010 .513?

12 4 18.000 2.000 .400 .447 3.42 3.64 2.78 .16 .0033 .5138
I 9, 4)  — 3.43 3.64 2 .87  .16 .0012 .5138

12 4 18.000 2.000 .400 .707 3 .46  3 .84 2.97 .16 .0046 .5141
1 9, 4) — - 3.49 3.84 3.08 .16 .0018 .5141

12 1. 15.000 2.000 .400 1.000 3 . 34  3 .64 3.25 .1? .0070 .5147
I 9, 4 )  — 3 .5 7  3 .84  3 .42  .1? .0031 .5146

12 4 16 .000 2.000 .400 1 .545  3.72 3 .64  - 3.79 .16 .0124 .5160
I 9, 4) — 3.77 3.84 4.08 .15 .0062 .5159

12 4 -18.000 2.000 .400 2 .04 ?  3.91 3 .8 3  4 .24  .20 .0183 .5176
I 9, 4 )  — 3.99 3.84 4.66 .20 .0100 .5175

_______ -—-—- .. - — ‘ - - ———
~ ——‘- ‘- ________________________
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6 I 111,112 I S / S SY STE M

S K LA ~ ru ut COV 8 r 3 1 1  8 ( 0 2 )  V IOl ) V IC ? )  1181 P~~2

5 2 3.000 1.O CO 6 .250  .354 1.03 .11 .88 .10 .0007 .00 24
8 5. 2)  — 1.03 .11 .68 .10 .0005 .0014

5 2 3.000 1.000 6.250 .61.7 1.05 .13 .90 .12 .0009 .0034
5, 2)  — 1.05 .13 .91 .12 .0006 .0022

5 - 2 3.000 1.000 6.250 .707 1.10 .19 1.00 .17 .0021 .0096
8 5, 2) — 1.10 .19 1.01 .16 .0012 .0069

5 2 3 .000 1.000 6.230 1.000 1.18 .28 1.14 .26 .0052 .0244
I 5. 2)  — 1.19 .28 1.16 .26 .0025 .018?

5 2 3.000 1.000 6.250 1.54 5 1.34 .35 1.34 .32 .0106 .0412
I 5, 2) — 1.36 .36 1.40 .33 .0052 .0304

S 
- 

2 3.000 1.000 6 .250  2 .04?  1.48 .40 1.49 .36 .0158 .0538
I 5, 2) — 1.51 .41 1.58 .37 .0081 .0381

5 2 6.000 1.000 8 .250 .354 2.11 .33 1.53 .28 .0218 .0472
8 5, 2)  — - 2.15 .35 1.59 .29 .0151 .0191

5 2 6.000 1.000 6.250 .447  2.11 .35 1.54 .29 .0236 .0518
I 5, 2)  — 2.16 .3? 1.62 .31 .0160 .0223

5 2 6.000 1.000 6.250 .707 2.13 .40 1.59 .34 .0305 .0697
I 5, 2 )  — 2.19 .43 1.71 .36 - .0194 .03 54

S 2 6.000 1.000 6 .250  1.000 2 .15  .48 1.65 .4 1 .0414 .0911
I 5, 2)  — 2 .25  .52 1.84 .44  .0250 .0511

5 2 6.000 1.000 6 .250 1.545 2 .24  .57 1.76 .46 .0573 .1311
1 5, 2) — 2 . 3 8  .63 2.05 .50 .0355 .0614

5 2 6.000 1.003 6.230 2 .047  2 .34  .62 1.86 .49 .0705 .1559
I 5. 2) — - 2 .52  .70 2.19 .54  .0455  .0978

5 2 9.000 1.000 6 .250  .354 2 . 62  .49 1.54 .38 .0715 .1343
I 5, 2) — 2.97 .56 1.68 .4 3  .0530 .05’.o

3 2 9.000 1.000 6 .250  .447  2 .31 .50 1.54 • .39 .0736 .1390
I 5, 2)  — 2 .98 .59 1.69 .44 ‘ . 054 1 .0590

5 2 9.000 2.000 6 .250  .707 2 .79  .54 1.57 .43  .0815 .1561
I 5, 2)  — 2.99 .64 1.75 .45 .0585 .0756

5 2 9.000 1.000 4 .2 50  1.000 2 .76 .60 1.60 .47  .0926 .1604
I 5, 2) — 3.01 .72 1.85 .54 .0652 .1001

S - 2 9.000 1.000 6 .230  1.545 2.78 .68 3 .68 .51 .1099 .2139
I 5, 2) — 3 .08  .63 2.00 .58 .0754 .1305

5 2 9.000 3 .000  6 . 2 5 0  2 .047 2 . 8 3  .73 1.74 .53 .124 1 .2391
I 5, 2) — 3.1? .90 2.10 .60 .0907 .151?
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Tables 2a and 2b present exact measures of performance and

their respective approximations obtained through our heuristic

procedure. The following notations are used:

Systems Parameters

N : System capacity

s : Number of servers

K : System capacity for class 2 access

A
i 
: Arrival rate of class i(=1, 2) customers

Service rate of class i(=l, 2) customers

Measures of Performance,:

E(Q
1
) : Mean number of class i(=1, 2) customers in the

system.

V( Q~) : Variance of class i( l, 2) customers in the

system.

PB~ : Probability of blocking for class i(=1, 2).

For each set of system parameters, the approximate measures of

performance obtained through our heuristic are presented right

below the corresponding exact measures.

A general observation that can be made is that the approximation

gives poorer results under heavier traffic conditions. Also for

reasons which need further investigations, the performance of the

heuristic procedure on this class of systems is poorer than that

of the previous one.



_ ;

15

• S P 0 -O .0 p. en,— 0 I.. ‘0 ~. P p. -r .4.0 N -z en 4-. p. p. • .4 .7 0- .7 — -o 1’-. .4 4-—. • .~ • —. -o 0- o en .0 IM.0 p en en 0. .0 - en 0- w 0 .0 p .-i 9 0 en .0 .0 ‘0 .4 en .0
• p .0 0 0 0- 1’— .7 0 .4- 0 .7 .4 .7 p .4 7. en 0- 0. ~, 4 p. .7 . N 74 0 .0 .4 0 0- .0 N 4
• • A. ~ 74.4 74 74 0 74 7 4 7 4  7 4 7 4  0 .7 0- 0 N .7 0- .7 74 p. 74 ~ 44-S 0- 415 0- —. .4 .7 0• .7 4
• • 4 0 — N 451 .4 N N N N : en en 0 en .-. en N .4 N N . o en en en — 15 — en e5~ ,,~ .

: : .  : :
• . ‘00  -o a- .4.7 en ~ ~ ~ . — ~~ .4 0- ~~ 0- N _. _ .. ~ ~~ ..~ .41. ..~ 0~ .0 0- :
• P — • .0W .7 0- N N 0 0 0 0 • .0.0 .7 .7 p. p. p. 74 .4 0 P 9-4 0 .0 74 4-. 4 p. p. . 0 . 0
• • A) P 74 0 — 0 0 0 0 0 0 0 • ... o -c 0- 0 —. 0 0 0 P .4 0 0- 0 0. 74 0- 0 en 0 .
• • A. • ..~ 0 0 0 0 0 0 0 0 • .7 0 .0 .0 0 en 0 0 0 0 P 45 en .4- 0 74 -o — en 0 0 •
• . a o ~~ o a 0 e 0 0 0 0 P en 4--. 0 454 0 0 0 0 0 0 .0 74 en p. 0 N 0 0 0 0
• P
• P — P  P • . p
• S N a  S p a
• $ 0 4  S p 5

• P 0 .0 0- 4-— .4 .41 N 0- 454 — N a .4 4.. 74 0- N 4--- 0- N en N P N 4-— .4 p. .4 0- 74 4-— 74 454
I S S .~ 4-— 4-— 0- 0 0- N 0- .0 0- 0- 0 .4p .  0 0 ‘0 0-  .4 0- p ~4 0 .7 0 0- p. en 0 .7 0- )
• • .0 P .74 0 .0 74 ‘0 en ‘0 ‘0 ‘0 P .0.4 .4 .r en e45 0- ‘0 4 ‘0 • en en en 0- 4 — 445 .4 ‘0
• S > P Q en .~ .7 .7 .7 4 .4- .7 p a-en  en 1— en .7 4 4 .5- 0 .7 en N en en en 0 en .7 .7 p
• • ‘ 0-0 en p5 en en en 45 en P . 70  4-— -0 .00 en 15 en 115 P 0 0 .0 0 ‘00  en en
$ • P
• S S N — .4 .4 .4 .4 .4 eS .4 0 .4 .4 .4 .4 — .-P p4 p4 P .i .4 .4 en — — ~.• P p P U U
• S _ p  S p p
• 0 .4 P 0- 0- 451 .0 e n O  en .C~ .0 U 0 0- en 0- en 0- 0 .0 p .-o ~ .7 0 7 4 0-  en 0 .7 0- p. .0 a -
• U 0 0 453 -0 .0 -4’ 0- .0 74 -0 en -0 • 4-3 451 -7 -0 0- N .4 .0 74 -0 U .4 N — N 0 .0  0- N 0 -0 .
• a — p p — .15 0 .15 In 15 .t 45 P p . 7 4  .0 44 InC 0 .15 p. 45 . .5~ C en C C en C — en U
• • w p .-. en en 4-— .~ p. -0 f~ p. 4- ~ N 0 p.4 S’~ ... 0 ‘Op. fl p P en 0 C 0 p. en — 0 -0 p.
• S ~ In 4-54 en en en In en 4e s • p44 0 p. 445 0 0 .r en en en o 0 0 en 0 4-— en 0 0 .5’ en .
• I .
• 0 4 S N 451 en 445 en .n en .n en en I en .. ~ N In in en en .44 en p en en — .54 en en en en p
• UI • P P p U
• I— • P p p p
• .0 P p -0 55 74 .r p. e... a- .7 P 0- p. .4 etS 445 0 0- .—S 74.4 P .4.0 4-. p. 74 en .7 0 ~4 U
a C P .4 U p. 0- 0 .0  en .r .5’ N 0. 0 5 .7.0 .0 .7 enO 0 en .7 .7 P 74 p. . 7 . 0  N .4- 0 p. en P
• ~~ U ~J P ..4 4 0 0 en p. 0 — .4 0 P 0- 4-— 7 4 0  .4 p. 0-74 ~~ 74 * t~ -0 .4 p. en 0 7. p. p. a

~4 —. • F— ~~ (45 .7 N .4 0 4’ en • .4 p. 454 0 en 0 .0 .4 en ~J -0 0 0 p. 0 0 0 0- .—.. S
I 0 I ~~ . .n .0 en en 0 0 .0 en .4 N P 0-en 0 0 740 en en .0.0 p. .4 0- en ~~ 0 0 .7 en p
• = 5 . 0  P
P 0. • > p .7 445 (54 .4 — — I N .7 e4 N 4-4 .-. .-4 P N .7 en N.4 p4 .—I I
• A. • P P P P
• C P P I U p
• P U N.4 .7 0 .4 (~J C en .0 .-4 U 0 p 74 N -0 N 0 0 .0 9-4 P p. 0 .—e 4-— N p45 N .. 0
P 0 U — p -0 .0 en 0 0- N .7 .4 ‘00 P 445 7. 0 .7 44-s p. 0 445’ .7 p. P. .0 N p. .0 .7 p. p. .15 444 p
P Z • p.. . en .—. en 74 .7 .0 en 0 0 C~ p 0- ‘~ ‘0 .7 en N 451 .45 .7 en 4 4’ en en t— p. .t 0 .4 0- -0
• .0 • 0 . C 7.4 45 0- p.. 0 0 0 en en p 0- p. .0 .0 444 0- 0. .0 en N 5 45 N .7 4-. .7 .0 .00 0 .0
P P — a ... .4 0 0 0 0 en en N N p N .0 es. 0 -0 -0 454 N .0.0 a .z N en 451 0 -0 ‘0 en 4..I 0
P — 0 4 4 4  

• 4.1 I ~ .7 .7 .4 N .4 p.S in 75 en N.4 .4,4 P 0- .5 C en en en 4-u e.g — ...
• C • P U • P

• N P P S 5 p
. 444 P a 0 0 0 0 0 P 0 0 0 0 0 P 0 0 0 0 0 .

- I N 5 0 0 0 0 0 P 0 0 0 0 0 5 0 0 0 0 0 .
• • . 0  0 0 ’  0 a 00 0 0 0 0 50  0 o 0 0 .
• t •~~~~~ P 4 P • 4 P 0  P . I
• UI U ~~ 453 4541 N N 4-u P N 4-4 N N N U (SI N N N PSI a
• 5. p p I P a
a 1.5 U P P I P
a — P S P P a
• 1.4 I p p 5
• P I 0 0 0 0 0 P 0 0 0 0 0 S 0 0 0 0 0 .
• P N P 0 0 0 0 0 P 0 0 0 0 0 P 0 0 0 0 0 5
a Z P P 0 0 0 0 0 P Ce 0 0 0 0 P 0 0 0 0 0 .
• P t O .  p • p P P P I S O  4 4
P ~~ P 74 ~ 0 0 0 e 0 P 0 0 0 0 0 P 0 0 0 0 0
P . ._ e I — — ..~ p.4 e.4 p ... p. • _ _ —
P 1.4 P U I P - P
• _ p p S P P
• . . I I p
• N 5 .0 0 0 0 0 P0  0 0 0 0 P0  0 0 0 0 I
P E P — P 0 0 0 0 0 a 0 0 0 0 0 a 0 0 0 0 0 Pp p p en 0 0 0 e p en 0 0 0 0 p en 0 0 0 0 P
• .4 • O P  . . . . . 5 5  0 0 P P P 4 U
• E P E P  . 5  N .7 P .4 4~ .4 74 U .4 N .4- 74
• U P P 5 P
• ~~ U * P P p
S S • a a P
P .4 U ~ a P I
• ~~ I . 0  0 0 0 0 10  0 0 0 0 .0  0 0 0 0 P
P P . . P 0  0 0 0 0 P 0  0 0 0 0 5 0  0 0 0 0 P
P ~~5 • P 0 0 0 0 0 P 0 0 0 0 0 I 0 0 0 0 0
• t .r. . . p . P .  . 4 . . P . • . P 5

• * 74 ~ N 454 4%. 4-4 N P 55 en en en en • 0 0 0 0 0 P
p p _j a p p .-4 .4 .4 p-I P.4
a I P I P P
S P P U 5 U

• . ~ : ~~ en p. en en .0 en vs en a’s S II ’. en en en S’s P

• a . P P P

a a a p p

• P • P P P
• P • P P U
• P e n . ?— 4-— p. p. p. p p .  4-. p. p. p. p 4--. p. 4-.. p. p. p
• • . I P P
a S P U P P
• a p p P P
P P P P P P
p p a p • P
I I p
• P Z P O  0 0 0 0 P0  0 0 0 0 10 0 0 0 0
~ P P ~ 4 P4 — P4 4.4 I p.4 p 4  p4 P i  p4 P — 4.4 4 p4 p4 I
• P P a P p
• p p a a p
I P P P P a
P a p P p P

H ~~~~~~~~~~~~~ 

“ 

‘ : -
~~~~~~~~~~~~~~



16

p U P N en en C p. C 415 C N 74 I 0 444 a- en 0 .4 .0 74 0 C a p. en .4 en 0 en ‘0 en en C
I U 414 P 44 .4 0. .0 —a -0 . 4 . 0  0- ‘0 P 45 445 N O n  ~fl ~, F- .0 0. .0 5 p. 444 C en N en N en .54 .0 P
p p 74 U 4-.. 145 0- .3’ en 4-l 0- ,15 .7 .0 • 4 J  444 en r. 74 en .? en en en p ..p pOS .7 444 0 en ..g 4., ~~ 445
• . A. p. ... 0- 4~ en r— ‘0 p. 4-. p. • i~~ en 454 en .0 en -a 7— .0 (~ p 0 in .4 p14 .5 en 0- 444 .54 4 .  p
P U P en C .7 ‘0 -0 .0 -0 .0 ‘0 .0 5 .0 C .5’ C .1 C .0.0 .0.0 P C C ‘0 74 4 74 .7 74 ‘0 .0 P

P U S S a 1
P 4 P P P P
P U P p P a
P P S 0 en N 0.5 en.0 74 .n 4-.. en P en 7. 74 ‘0 .0 N 7 4 4 5 5  .7 .7 P C 44. N p. 0 ‘0 .0 N en N
S I p4 5 0 415 0.4 C -07. .5’ .4 en 0 P F- F- N 0 C 0’ 444 0. .7 0- 5 en — — II. C 0 ‘0 0-  454 0- P
4 U 7. 4 444 0 0. -0 p.4 0 0 0 a 454 .4 N C II’S 0 74 en .7 0 • en 0 .0 N 454 ~ en ‘0 4~. en
~ • o. ... en en t— 0 0 0 0 0 0 a en 0 en 444 — 444 N .4 0 0 5 0 en en 0 II’S en 4 444 qIl en p
a a P N en 0 0 0 0 0 0 0 0 S -0 7. en -I- .~iP 4  0 0 0 0 P C .0 4-— e n.~ en —. a 0 I
• P U
P 5 — 5  a P p
I I N  U P p
P P O P  S P a
P P — a 0 0- 0- N en N 0 4-u N P~J a 4-. 0 4541 0 0 0’ 0 N .4 N a N 0- 44. 0 0- 0- 0 0- p. (51 5
P I 7 P 454 C 445 .~ en 0 en en P 0 C 0 C .074 C en en en P — C C 0 C p. C p. en
U 5 74 P N — en en en in 44) en P 7. C 0 C 0- C C en 0 en P P4 C 0 74 74 C 0 74 p. 4.’ I
I U > P 4-— .4 en 4 .7 .4- .7 -7 4 I .4 en F-en  ,0en 0- .7 7 5 4  p .4 en .7 en C en en en 74 ., p
P P P en p.4 415 444 in en en en en en P . en .4’ p-I en p en en en Sn P 0 —4 en en .7 ... en en en Ifl Ia P p
U P U P P P
P I U S P P

~~ I15 .4~ N .52 C N 0- N N.4 : -, en ., en 0 .~ inN ... ~~ : a- .0 en as en N .4 NN S
P I 0 P ~~ en N .0 en .0 .0 .0 ‘— .o p 0 en en 74 en N .0 . 4 .0  a en en N en -0 en pal 445 —4 .0 P
U P — P 4-— .4 en — en... 444 p-I 0 —i I N PS C .4 C .4 en en 0- p4 P 0~ en 0- 44’ en 1n en .4 5
P P UI P N en 0. 4-sI 0 451 en P.4 N N P 0 . 4  0. en p. en en N 0 N P — 444 N en p. en en pn ~ esi P
U P U ‘0 7 4  P51.0 In ‘0 ‘0 -0 .0 0 P — 74 .774 —l 74 II’S .0 .0.0 P 0 C p.4 C en C N C en .0 U
p a P
I 0 5 P .4 en 4.4 p-i 44 p.4 p.1 p.4 5 — p..4 p4 p.4 p4 p en - p.p p.~ U
a w P P p
p I~ S a a P I
P 74 U — P .5’ .0 en a- P. 445 0 415 II’S P’S P p. en .4 44 .4 — 0- p 0 .7 a ‘0C .4 ..4 C p 74 en a- p a
P C $ .4 P p. C en C en en e n e n  7.7’. 5 454 .0 7. — en ~~ N~~ .4 en • 0 0- en -o 0- en .0 C en ~ s
U I— P 0 P N .7 .7 N en 0 ~ 4 0’ en 0 p en fl .7 en C en 754 -— 0- 75 a en e’l C en .0 415 en en C p. p
P 54 P P C N 444 ‘0 en C en 0 In en a cn ’ en en p.4 49 .47. 74 .7 I — 0 7. en 4— en ... N .4 4-— I
P 0 P 7 P .7 C —4 0 .-4 0 en 44i N N P 74 en 0 .7 ~~~P.4 .7 en .0 -C a en N 74 en 0- -4 N N .1 .4 P
P 7 . C P P .  5~~~ P P  P~~~ P .
P A. S > P N P.4 N N .4 .4 P N r~ . 4 .4  — .4 I .4 ,4 454 N — — 5
P 7. P P P p P
P 74 U P P - P a
p P P .4-0 p..t .0 en p. en .0 0’ 5 0- p. 4-.. N .7 a’S ‘0 en p p.4 0- .7 4-— a’~ N en 4-5 .0 U
P 0 U P 0- 0 p. 4~. N 0 .4.0 0- en I .0-0 N N .4 C N en .7 C p 0 en en .0 .0 .4 I~ C -0 — I
~ Z P en P 451 .4 en en 0 4-  en PSI en 0 4 en 7’ p4 p. p. en en 0 0. 0 P 0 . 7  en 74 en p. 0 4’ p. 0 P
I 4 P 0 P N C N en 4 N .4 0 .5 55 P 15 C 0- -7 451 0- .7 0 .4 en 5 .4 P54 7,4 C PPS4 .7 N 0- in 0 - P
P P — U C 15 en en 0 0 en en N N ~P en en N 0. .0 In en en .0 .0 U 4-~ C en en N 0. .0 en en en p
P 5. P 1 4 4  P P S  P S  P P  P 5  P S  p
a Ci P U en en .47,4 pP4 .”4 P e n . 7  ,7in .4 414 e n, 4  P en~~~ p5 .7 .7 445 N N p. en p
P 74 5 P P P U
P 44 P P ‘p a P
P 444 P P 0 0 0 0 0 P 0 0 0 0 0 p 0 0 0 0 0
P P N U 0 0 0 0 0 5 0 0 0 0 0 a 0 0 0 0 0 P
P P 5 0  0 0 0 0 S O  0 0 0 0 5 0  0 0 0 0 P
p . r  p f l p  . S P p 4 p .  p P P P~~~~ P 5 4 U
P (44 P C P N (II N 453 7,4 P .4 P54 N N 454 P N 4-4 N 451 PSI U
p — p P a P I
p I-S p a .  . p p
P 4— P I - U P a
P In a • S P P
P U P 0  0 0 0 0 P 0  0 0 0 0 * 0  0 0 0 0 P
a P (4 P 0 0 0 0 0 4 0 0 0 0 0 P 0 0 C’ 0 0 P
O Z P P 0 0 0 0 0 5 0 0 0 0 0 P 0 0 0 0 0 I
P P E P ~~~~ P 5 P P •~~ P P P P P 5  P P 5 P
P ~~ P C P O  0 0 0 0 5 0  0 0 0 0 P 0  0 0 0 0 P
5 5 pS P p.4 en . p.4 en - — P ~ 4 p-I en en p4 P — p.4 p4 p.4 en ~p 1.1 P • a p
P —. S P 5 P p
U P P P 5 P
P N P P 0 0 0 0 0 I 0 0 0 0 0 5 0 0 0 0 0 P
P C p en p 0 0 0 0 0 5 0 0 0 0 0 P 0 0 0 0 0 P
P — a p In 0 0 0 0 P en 0 0 0 0 P P5 0 0 0 0 P
P p4 P O P •  4 P 5 P P P P P P P P P U
P C U C S — N .7 74 I .4 (54 .4 74 P p.1 74 .7 C p
P p P a P P
U — P P P P U
U P 5 5 5 P
P LV P P P P P
P 7 P 5 0  0 0 0 0 P 0  0 0 0 0 P 0  0 0 0 PP • a P O  0 0 0 0 P C  0 0 0 0 10  0 0 0 0 P
• — P P 0 0 0 0 0 P 0 0 0 0 0 a 0 0 0 0 0 P

t P E P  p P a p p 5~~~~ p P P 5~~~~ . P I P
P P 4 P P5. N 454 N N P P’S P’S 75 55 I’S 5 0 0 0 0 0 P
• • .3 U U P en .4 pPI p.4 en P
U P P P a P
p a p I a a
P P I P P P
P P N U 454 N N PSI N P N N (‘Ii N N P N N N N 4-si I
U P U P P
P P P p - U
P - P U p 5 p
P P P P P P
P p p p U P
P P P 5 P p
• P 1 4 P . 7  .7 .7 .7 4’ P . 7  4’ .7 .4 .7 p . ?  .4 .7 4’ 4’ p
I P P P I S
p p P a p U
P a p P I U
P P 0 P P p
P P P p 5
P U * U . P P
S • Z a . 0  .0 .0 .0 .0 P . 0  .0 .0 ‘0 ‘0 P . 0  .0 .0 ‘0 .0 P
U I P U p U
P P P P P P
P P 5 P a S
P P P U P S
U p ~~P P p P



17

REFERENCES

1. Bhat, U. N. and Fischer, M. J.., “Multi—Channel Queueing Systems
with Heterogeneous Classes of Arrivals,” Nay. Res. Log.~sticsQuart., 23 (2), 1976, 271—282.

2. Cohen, J. W ., The Single Server Queue, North Holland, Amsterdam,
1969.

3. Kotiah, T. C. T., and Slater, N. B., “On two Server Poisson Queues
With Two Types of Customers,” Opns. Res. 21, 297—603, 1973.

4. Raju, S. t.., “On Certain Finite Queueing Systems,” Ph.D. Disserta-
tion, Department of Industrial Engineering and Operations
Research , Southern Methodist University, Dallas, Texas , 1976.

5. Raju, S. N., and Bhat, U~ N., “Recursive Relations in the Computa-
tion of the Equilibrium Results of Finite Queues,” Management
Science, 1977, to appear.

________________ _________ — - - --



-~~~~~~r - ~~~
- -~~-‘ 

-_ 1___ _ -_ ___- - —~ — - —— —

UNCLASSIFIED
S,~~~~~~ITY C L A S S I F I C A T I O N  3F TH IS PAGE (Wl .n Data Ent•r.d)

ThE
~~~~~ ~~~~~~~~~~ ~~~~~~~~~~ ~~~ A & ~~~~ READ IN STRUCTIONS

ITI r~ ru~ u i.#u~..uMcri I ~~ I I~JI’~ r~~i. BEFORE COMPLETING FORM
NUM 5 7 4 4  2. GOVT ~~7SSI0N P40- 3- RECIPJEP4T’$ TALOG NUMBER

~~~~~~~~ J 
_ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _

4 T I T L E  (and Sp~btitl.) T & P E R I O O COV ERED(
~ ~f~~~Approximate Analysis of a Multi—Server Tech. Report, Oct. 1977

~~~~ ~~ 
Queue with Heterogeneous Customers~ j  ~ PERFORMING ORG. REPORT NUMBER

- AUT HOR( S)  B. coN -rRACT 0R GRAN -rNuMBERr .)

~:i:~ ~~~~~~~~~~~~~ ~~ ~~ ~~~~~~~~~~~~~~
9- ’ P E R F O R M I N G  ORGAN IZATION N A M E  A N D  ADDRESS 10. PR O G RAM  ELEMEN -r. PR OJ E C T . TASK

Southern Methodist University
Dallas, Texas 75275 ~ ..,NR042—3241,~_ _ _ _ _ _ _ _ _ _I I . CONT ROLLING OFFICE N A M E  A N D  ADDRESS -*I.J’S I1T •.LT_
Statistics and Probability Program ‘4-

~ Oct~~~~’- 7 7
Office of Naval Research , Department of the Navy u. N U M B E ~~~~T~~4A ES
Arlirtgton, Va. 22217 17

14- MONIT ORING AGENCY NAME & A DORESS(U diff.r.nt (ton, Con troll ing O (f l c.) IS. SECURI 
~ 

~r*F17~~ report)

Unclassified
ISa . OE C L A S S I F I C A T I O N / D O W NG RA O I N G

SCHEDULE

16. DISTRIBUTION STATEMENT (ol this  Report)

This document has been approved for public release and sale.
It s distribution is unlimited .

I?. DISTRIBUTION STATEMENT (of lb. abstract  .nt.r.d In Block 20, II dl(I.,.nt (p eep Report)

lB. SUPPLEM ENTARY NOTES - -

19. KEY W ORDS (Continue on rev.,.. .id. if n.c...a ,~ mid id.ntify by block numb.r)

Multiserver queue - - Loss System--
Finite queue Delay System
Heterogeneous classes of customers Performance measures
Priority classes Approximation

20. ABSTRACT (Continue on r.v.r.. •ide If n.caeaarv mid idant Sly by block IIUSP&•4-)

This paper presents a simple approach for the study Qf , the following two
types of multiserver finite queueing systems each with two classes of custom-
ers demanding service with different arrival and service rates: (1) Customer~
belonging to one class have priority over the other and the number of low
priority customers that may be present in the system at any time is restric-
ted. Customers blocked from entering service at any time are cleared from
the system. (2) Customers belonging to one class aro cleared when blocked

DD 1 3  1473 LOITION OF 1 NOV 65 IS O.$OLITIJ/4~~~ 7 1/~,3 //Si UNCLASSIFIED
-~~~~ It ~~ UkITY eLAIII ,IcATIpN OF 1141$ FAG$ (~ S4IaI D.o. tnt.r.d)



- _ _ _ _ _  N - - -

UNCLASSIFIED
~~ C L A S S I F I C A T I O N  OF TH IS P A G E ( W h en Data Ent.r.d)

20. (Continued)

(loss system) and customers belonging to the other class are buffered (delay
system) under such circumstances. Furthermore, the number of customers
belonging to the loss system demanding service at any time is restricted . 

- - SI~’~
’ 

~~
‘ - 


