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Abstract

We study the J1-J2 Ising model on the square lattice using the random
local field approximation (RLFA) and Monte Carlo (MC) simulations for various
values of the ratio p = J2/|J1| with antiferromagnetic coupling J2, ensuring
spin frustration. RLFA predicts metastable states with zero order parameter
(polarization) at low temperature for p ∈ (0, 1). MC simulations show that the
system relaxes into metastable states with not only zero, but also with arbitrary
polarization, depending on its initial value, external field, and temperature. We
support our findings by calculating the energy barriers of these states at the level
of individual spin flips relevant to the MC calculation.

Key words: J1-J2 Ising model, ferroelectrics, ferromagnetics, supercondutors

Introduction

In recent years, many compounds have been discovered in which electron spins form
a two-dimensional square lattice and interact with their nearest and diagonal next-
nearest neighbors via isotropic exchange interaction with the coupling constants J1 and
J2, respectively. This also includes the parent compound of cuprate high-temperature
superconductors La2CuO4 and is likely relevant to iron-based superconductors. The
corresponding quantum Heisenberg model has been studied extensively by a variety
of methods. Although its implementations seem less common in nature, the easier to
study J1-J2 Ising model nonetheless is interesting in its own right, and can also shed
light on some properties of its more complex quantum Heisenberg counterpart.

Main text

First, we use the random local field approximation (RLFA) [1] to study the J1-J2
Ising model on a square lattice. The solution of the RLFA equation for uniform (at
p < p0) and striped (at p > p0) polarization is shown in Fig. 1. Three solutions at low
temperatures correspond to a stable state with polarization m ≈ 1, an unstable state
(m ≈ 0.29 for p ∈ (0, p0) and m ≈ 0.65 for p ∈ (p0, 1)), and a metastable state with
m = 0. In an external field, unstable and metastable states exist only within a certain
temperature window.
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Figure 1: Polarization as a function of temperature obtained using the RLFA analytical
approach and MC simulations. (a), Solution of the RLFA equation (lines) and MC
results (markers) for uniform polarization in a uniform field at p < p0, and (b), for
striped polarization in a striped field at p > p0. The magnitude of the field is h = 0.001
(purple dashed line and triangles) and h = 0 (blue solid line and circles).

To further explore the metastable states, we perform MC simulations with single-
spin-flip dynamics, making a deep quench from a (high-temperature) random spin
configuration (Fig. 1). Метаstable spin configurations depend on the initial polarization,
external field, and temperature. For p ∈ (0, p0), where the ground state is ferromagnetic,
metastable states consist of rectangles with at least two spins on each side, surrounded
by spins with the opposite direction [2]. For p ∈ (p0, 1), the elementary excitation is
more complicated [3].

Similar phase diagrams of the J1-J2 Ising and quantum Heisenberg models allow
us to expect some features of the discussed metastable states in the latter case as well.
At least RLFA predicts metastable states for the J1-J2 Ising model in a sufficiently
small external transverse field [3].
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Title: Parabolic accelerating relativistic jets from active galactic nuclei 

Author: Dr. Elena Nokhrina 

Abstract: 

We review the most recent results on the connection a plasma acceleration and relativistic jets 
physics. Latest wave of discoveries of AGN jets with their shapes changing from quasi-parabolic 
to quasi-conical suggests that the underlying physics may be universal.  

We discuss the connection of a jet shape break with a plasma acceleration within a Bondi sphere. 
We relate a position and a width at the jet shape break to the key parameters: black hole spin, 
ambient medium pressure amplitude, terminal plasma Lorentz factor and magnetic flux, which 
defines the jet power and the dick state: MAD or SANE (Kovalev et al. 2020, Nokhrina et al. 
2020). This allows us to develop an instrument to assess the AGN properties through observations 
of jet shape break. We show that 11 distant sources with jets, unresolved at the expected jet shape 
break, demonstrate the parabolic jet shape at the scales of 8-15 GHz radio cores (Nokhrina et al. 
2022). The expected terminal Lorentz factor for them may be as large as a hundred, which is 
consistent with the kinematics Lorentz factor measurements (Lister et al. 2019).  

We discuss the impact of a jet shape and an ongoing acceleration on the core shift dependence on 
the observational frequency (k_r index). For parabolic jets (observed at high frequencies 8-15 GHz 
and higher) we predict different k_r indices for different observational angles, with typical values 
of 0.5-1.0. For all these cases, a magnetic field can be estimated by measuring core shift in a 
parabolic jet. 
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Multielectronic QED effects in the g-factor of multicharged ions

E. V. Tryapitsyna , D. A. Glazov , A. V. Volotka 1,2  1,2  2

Saint-Petersburg University 1

ITMO University 2

Abstract
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Introduction
In recent years, the g-factor of ions with a small number of electrons has been of

great interest. For example, high-precision measurements of the g factor [1-3] in
combination with theoretical developments [4-6] provided the most accurate
determination of the electron mass [2] and the most rigorous verification of the effects
of QED and recoil of the nucleus in the presence of a magnetic field [7,8]. Promising
areas of research include independent determination of the fine structure constant,
precise measurements of nuclear magnetic moments and much more.

Modern theoretical calculations of the g-factor of electrons in the bound state include a
rigorous calculation of first- and second-order QED diagrams. In particular, the
contribution of two-electron self-energy diagrams is currently being considered as a
possible reason for the discrepancy between the theoretical values of the coefficient g
[10,11] and experimental [9, 12]. One of a possible test for such calculations is the
gauge invariance of the total contribution of certain sets of diagrams. The method of
corresponding analytical consideration is presented in [13] for two-photon exchange
diagrams, the results are confirmed by numerical calculation.

Main text

Figure 1: Feynman diagrams corresponding to two-electron
self-energy in presence of an external magnetic field.
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It is known that all observable quantities in quantum electrodynamics do not depend on the
choice of gauge of the electromagnetic field. The choice of gauge sometimes allows you to achieve
certain advantages when calculating specific diagrams [14]. At the same time, it is possible to
distinguish sets of diagrams in each order of perturbation theory, the total contribution of which has
gauge invariance. This property can serve as one of the ways to check the correctness of the
calculation of complex diagrams. In the second and even more so in the third order of perturbation
theory in quantum electrodynamics for bound states, even the derivation of formulas is a difficult
task [15,16]. In such a situation, the gauge invariance can be used to verify the formulas obtained.
It is especially important that the so-called irreducible and reducible contributions are not invariant
separately. This makes it possible to check the coefficients in the reduced contributions, which may
not be obvious, since these contributions do not always have an analogue in quantum mechanical
perturbation theory.

In this paper, the Feynman and Coulomb calibrations for first- and second-order interelectronic
interaction diagrams are considered. Analytically, it is shown that the difference between the results
in the two gauges is zero. In the course of consideration, it becomes clear which minimal
gauge-invariant sets of diagrams can be distinguished. Gauge-invariant sets of diagrams are
identified analytically, then these results are confirmed by numerical calculation.
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Tests of pairing symmetry in multiterminal superconducting junctions 
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     We present the results of theoretical study of the influence of superconducting pairing 
symmetry on charge transport in multiterminal junctions. We derive a boundary condition for 
the Nambu-Keldysh Green’s function in diffusive normal metal - unconventional 
superconductor junctions applicable for mixed parity pairing [1]. Applying this theory to an of 
s + p-wave superconductor, we calculate local density of states (LDOS ) in the diffusive 
normal metal (N) and charge conductance of a junction between N and s + p-wave 
superconductor. When the s-wave component of the pair potential is dominant, LDOS has a 
gap like structure at zero energy and the dominant pairing in N is even-frequency spin-singlet 
s-wave. On the other hand, when the p-wave component is dominant, the resulting LDOS has 
a zero energy peak and the dominant pairing in N is odd-frequency spin-triplet s-wave. The 
results show the robustness of the anomalous proximity effect specific to spin-triplet 
superconductor junctions. 
 
      Using the developed approach, multi-terminal (SNN) junctions are investigated where the 
superconducting potential is a mixture between s-wave and p-wave potentials [2]. The 
ways are proposed to determine whether S has a mixed pair potential and to distinguish 
between s + chiral and s + helical p-wave superconductors. It is found that a difference in 
conductance for electrons with opposite spins arises if both an s-wave and a p-wave 
components are present, even in the absence of a magnetic field. It is shown that a setup 
containing two SN junctions provides a clear difference in spin conductance between the s 
+ chiral p-wave and s + helical p-wave symmetries. 
 
     Further, we propose new approach to distinguish p-wave from s-wave symmetry by 
measuring conductance a four terminal junction consisting of S and N terminals [3]. The 
N-terminals are used to manipulate the energy distribution functions of electrons in the 
junction in order to control the charge transport. It is shown that the differential 
conductance of junctions containing p-wave and s-wave superconductors is distinctly 
different, thus providing experimental test to detect potential p-wave superconductivity. 
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Optical probing of collective modes in low-dimensional unconventional superconductors.

In conventional BCS s-wave superconductors there exist two distinct collective modes
corresponding to the perturbation of amplitude and phase of the order parameter, Higgs and
Goldstone modes. However, as is known from the pioneering works of Leggett, in multiband
superconductors, additional collective modes may appear with resonant frequencies lying in the
bulk of the superconducting gap. In my talk I will discuss, how these modes may be probed by
means of AC electromagnetic field in low dimensional superconductors, discuss how the
spectroscopy of these modes may be used to extract the information on the pairing symmetry,
and speculate on the perspective of these materials as a novel polaritonic platform.



In this talk we plan to discuss the distinctive features of photogalvanic 

phenomena in superconducting systems in comparison with the normal 

metals. We analyze several theoretical models which allow to describe 

the mechanisms of generation of photoinduced dc currents, magnetic 

moment and Abrikosov vortices in superconductors and switching between the 

superconducting current states under the influence of electromagnetic 

wave of different polarization. We also discuss the relation between 

the photogalvanic phenomena and the Hall effect in superconductors, 

peculiarities of the nonequilibrium dynamics of condensate and 

 potential of charge imbalance arising in the field of incident 

 electromagnetic wave. 
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Cromium trihalides (CrI3, CrBr3 and CrCl3) is a family of 2D materials which combine 

the presence of ferromagnetic ordering of the Ising type with robust excitonic response up to 
room temperature.  

The interaction between excitons and magnetic lattice of these materials can lead to a set 
of remarkable optomagnetic effects, which include polarization-sensitive resonant 
magnetization switching and excitonic anomalous Hall effect.  

Moreover, huge binding energies (up to 1 eV) and optical oscillator strengths of bright 
excitons in CrI3 make this material an attractive candidate for polaritonics, with characteristic 
Rabi splitting of several tens of meV. The presence of lattice ferromagnetism also leads to 
record-high values of polariton Zeeman splitting up to 15 meV, which can be of importance 
for spinoptronic applications. 

In our talk we will present the theory of aforementioned effects. 
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Abstract
In this talk, we consider a nonperturbative process of electron-positron pair

production in strong electric fields (Schwinger mechanism). We discuss two
approaches to shaping the temporal profile of the external background that can
be used to enhance the total particle yield and, thus, lower the pair-production
threshold. First, one can superimpose a weak high-frequency pulse on a slowly
varying strong background, so that the former efficiently stimulates pair production
(dynamically assisted Schwinger effect). Second, the external field can be rapidly
switched off in the vicinity of its maximum, which also substantially increases
the particle yield. Here we perform nonperturbative calculations, discuss how the
two mechanisms are related, and assess their experimental feasibility.

Key words: quantum electrodynamics, strong fields, pair production, nonper-
turbative methods

Introduction

Electron-positron pair production from vacuum in the presence of strong external
fields is one of the striking phenomena predicted by quantum electrodynamics (QED) [1,
2, 3]. In the nonperturbative regime of a strong quasistatic external background, this
process (Schwinger effect) has never been observed experimentally. According to
the estimates obtained decades ago [1, 2, 3], the pair-production probability in an
electric field is strongly suppressed by the exponential factor exp(−πEc/E) unless
the field strength E is close to the (Schwinger) critical value Ec ≈ 1.3× 1016 V/cm.
Nevertheless, it turns out that temporal oscillations of the external field enhance the
particle yield. From the experimental viewpoint, the corresponding field setups can be
formed, e.g., by a combination of two counterpropagating high-intensity laser pulses.
Such fields can be considered classical and also preserve the nonperturbative nature
of the pair-production process. Moreover, one should also take into account a large
preexponential factor involving the interaction volume. However, the pair-production
threshold still clearly exceeds 0.01Ec, so the corresponding peak intensity is at least
2–3 orders of magnitude higher than the values that are currently available in the
experiment [4]. In this talk, we will discuss two approaches to optimizing the temporal
profile of the external field in order to maximize the number of particles produced.
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Dynamically assisted Schwinger effect versus fast switch off

As was demonstrated in Ref. [5], the (tunneling) pair-production mechanism in the
nonperturbative regime can be efficiently assisted if one provides an additional weak
rapidly-varying pulse. A combination of this high-frequency component and the strong
background field may increase the pair-production probabilities by several orders of
magnitude. Note that in this case, whereas the volume factor is not affected, the
weak pulse alters the exponential itself, but the nonperturbative part exp(−πEc/E)
remains. This scenario appears to be very promising from the viewpoint of possible
experimental investigations of the Schwinger mechanism.

The second approach is based on the following idea. Theoretical methods for
calculating the momentum distributions of particles created usually imply that one has
to evolve the adiabatic electron (or positron) number density in time. At intermediate
time instants, the adiabatic number of pairs cannot be clearly interpreted as it depends
on the one-particle basis set employed within the corresponding calculations. However,
when the field is switched off the equilibrium momentum distribution can be obtained
unambiguously. It turns out that the adiabatic number of e+e− pairs within numerical
computations may drastically exceed the final (asymptotic) number. In Ref. [6] it was
argued that a large adiabatic particle number can be turned to a large final particle
yield by properly shaping the switch-off profile of the external field. It was shown
that a sufficiently rapid (but smooth) switching function can make the intermediate
(non-equilibrium) values of the particle number experimentally observable.

In this talk, we examine the two mechanisms described above and identify the
relation between them [7]. By performing numerical computations based on the
quantum kinetic equations [8], we inspect the onset of the enhancement effects and
compare the domains of the field parameters where the particle yield is notably
increased. Within this analysis, we also utilize a semiclassical approach in the form
of the worldline instanton technique (see, e.g., Ref. [9]). Finally, we discuss the
experimental prospects of the two mechanisms.

References

1. F. Sauter, Über das Verhalten eines Elektrons im homogenen elektrischen Feld nach
der relativistischen Theorie Diracs, Z. Phys. 69, 742 (1931).

2. W. Heisenberg and H. Euler, Folgerungen aus der Diracschen Theorie des Positrons,
Z. Phys. 98, 714 (1936).

3. J. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82, 664
(1951).

4. J. W. Yoon et al., Realization of laser intensity over 1023 W/cm2, Optica 8, 630
(2021).



The International Summer Conference on Theoretical Physics 2023
Abrikosov Center for Theoretical Physics
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Abstract

We considered the non-dissipative entrainment effect between the Cooper-pair
condensate in superconductor and Bose-condensate of microcavity polaritons. We
calculated the drag density in realistic conditions with heterostructures of various
two-dimensional materials embedded into the microcavity, and show, that the
currents, induced by the non-dissipative entrainment effect in realistic systems,
can be large enough to become observable in systems with small enough interlayer
distance.

Key words: Theoretical physics, mesoscale physics, superconductivity

The non-dissipative entrainment (drag) effect between substances in superconduct-
ing or superfluid states manifests itself in the induction of the non-dissipative current
in one constituent in response to the condensate motion in the other constituent. The
effect was predicted by A. F. Andreev and E. P. Bashkin for mixtures of superfluid
3He and 4He [1], superconductors [2], nucleons in the cores of neutron stars [3], and
Bose-condensed ultracold atomic gases [4], however, it lacks convincing experimental
evidence yet. According to the theory [1], the superfluid currents in the system,
consisting of two interacting superfluid substances, are coupled:{

ja = ns
ava + ndr

a vb,

jb = ndr
b va + ns

bvb.
(1)

Here ji is the superfluid particle current, vi is velocity of the condensate, and ns
i is

the superfluid density of the substance i, and the non-diagonal terms ndr
i are called

drag densities, they characterize the entrainment effect. To deal with particles having
generally non-quadratic dispersions and hence ill-defined effective masses, we consider
particle currents ji instead of mass ones gi = miji [1].

In our recent works [5, 6] we considered the superfluid drag effect between the
indirect or direct polaritons in Bose-condensed state and superconducting Cooper-pair
condensate in various geometries, the system schematics are presented in Fig 1. In our
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Figure 1: System schematic [6]: excitons in bilayers of semiconducting layers of
2D transition metal dichalcogenides (TMDC) embedded into an optical microcavity
interact with (a) 2D atomically thin superconductor (SC), (b) 1D atomically thin
superconducting ribbon or (c) 1D wire. Due to electron-exciton interaction, the
superfluid drag appears when the motion of exciton-polariton Bose-Einstein condensate
(BEC) with the velocity vp entrains Cooper pair condensate giving rise to the non-
dissipative current of electrons jel.

first work [5] we considered the superconductors with polariton-induced mechanism
of superconductivity, when electrons couple via excitation of bogolons in polariton
BEC, and investigated the plane-parallel geometry systems (Fig. 1a). The excitons
considered were either direct or indirect. In the second work [6] we considered wire-like
and ribbon-like (Fig. 1b and 1c) preexisting superconductors (NbSe2, FeSe, YBCO,
LSCO, NbN and NbTiN). Another difference between these two works is that in the
first we calculated the mass drag density ρdr = m∗

eln
dr
el , which is well-defined whenever

electrons have definite effective mass m∗
el, while in the second work the drag particle

density of electrons ndr
el ≡ ndr was our main focus.

The calculations were performed using the Feynman diagrammatic technique in
the second order over the polariton-electron interaction, which was screened in the
random phase approximation. To describe the polaritonic system, the Bogoliubov
theory was used, while the Bardeen–Cooper–Schrieffer theory was applied in regards
to the electronic subsystem.

We showed, that the drag density decreases with increasing temperature, linearly
vanishes near the critical temperature of the superconductor, and tends to a constant
value at much lower temperatures (Fig. 2). The drag density rapidly decreases with
the increase of the interlayer distance L: for instance, as ∼ L−7 for direct and ∼ L−1

for indirect exciton-polaritons (Fig. 3).
The highest values of drag density is expected for FeSe planar and ribbon-like

superconductors, while results for NbN and NbTiN relatively thick superconducting
wires are expected to be the lowest. The maximum induced superconducting currents in
typical experimental setups are several nA, which are low, but measurable in accurate
experiments. Thus the superfluid drag effect can be measured on the electron-polariton
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Figure 2: The temperature dependence of
the drag density ndr between indirect po-
laritons and various 2D superconductors.

L = 10 nm

Figure 3: Drag density ndr between indi-
rect polaritons and 2D superconductors
as function of interlayer distance L. The
inset shows the dependence of the drag
density on the Rabi splitting.
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Abstract 

Optical microresonators with whispering gallery modes play an extremely 
important role in modern optics and photonics. Microresonators based on dielectric 
materials provide unique capabilities for controlling fundamental properties of 
coherent light. They have huge Q-factors and large nonlinearity due to extremely small 
mode volume, which make it possible to obtain nonlinear effects at very low pump 
powers. Search for new materials for microresonators is highly interesting, as they 
may provide wider opportunities for photonic devices as well as new regimes of 
nonlinear light conversion. From this point of view, highly-nonlinear tellurite and 
chalcogenide glasses seem to be suitable candidates. In the presentation, we will 
discuss in detail the features of microresonators made of these special glasses and the 
special possibilities of light conversion that can be realized in them. A special 
attention will be paid to nontrivial dynamics of tellurite Raman microlasers with the 
coexistence of different interacting modes and their controllable switching. 

Key words: optical microresonators, whispering gallery modes, tellurite glasses, Raman 
nonlinearity, microlasers, mode switching. 

 
Introduction 

Optical microresonators with whispering gallery modes play an extremely important role in 
modern optics and photonics. Microresonators based on dielectric materials provide unique 
capabilities for controlling fundamental properties of coherent light. They have huge Q-factors 
(106-1010 and even higher) and large nonlinearity due to extremely small mode volume, which 
make it possible to obtain nonlinear effects at very low pump powers (of order 0.01-1 mW) [1]. 
Microresonators are attractive for various applications, including sensing and biosensing, optical 
filtering and switching, frequency stabilization, and so on. In microresonators, it is possible to 
generate optical frequency combs (OFCs) which are periodic trains of ultrashort laser pulses 
with equidistantly spaced spectral lines. Using OFC expands the application range of 
microresonators in telecommunications, dual-comb spectroscopy, optical atomic clock, ultrafast 
optical ranging, and in many other areas [1].  

Search for new materials for microresonators is highly interesting, as they may provide 
wider opportunities for photonic devices as well as new regimes of nonlinear light conversion 
[1]. From this point of view, tellurite (TeO2-based) and chalcogenide glasses seem to be suitable 
candidates. They have large nonlinear refractive indices 1-3 orders of magnitude higher 
compared to silica glass. Tellurite and chalcogenide glasses are characterized by huge Raman 
gains (gR ~ 10-11 m/W for TeO2-WO3 glasses, gR = 4.3×10 m/W for As2S3 glass and gR = 
5.1×10-11 m/W for As2Se3 glass) which are two orders of magnitude higher than the maximum 
Raman gain for silica glasses and many other materials used in microresonator optics [2]. 
Tellurite and chalcogenide glasses are transparent in the near-IR and mid-IR and demanded for 
these spectral ranges while silica glasses have very large losses at wavelengths >2.3 µm. In the 
presentation, we discuss in detail the features of microresonators made of these special glasses 
and the special possibilities of light conversion that can be realized in them. 
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Main text 

As a good example, we consider controlled Raman generation in tellurite 
microresonators where theoretical insight is confirmed by experimental study [2]. The 
research and implementation of Raman microlasers has been attracting increasing attention 
in recent years. Unlike population inversion lasers, which can generate coherent light in a 
certain spectral range in the gain band of the active medium, Raman lasers do not have such 
restrictions on operating wavelengths. The dynamics of intracavity radiation under the 
action of stimulated Raman scattering can be quite rich and complex and its understanding 
is very important from the applied and fundamental points of view. Tellurite glasses have a 
very wide Raman gain band containing, as a rule, two or three pronounced maxima. We 
studied microresonators based on TeO2–WO3–La2O3 glass with three maxima (at about 14, 
20, and 27 THz; the global one at 20 THz) and found interesting multimode regimes 
associated with competition of the generated Raman modes (near different maxima of 
Raman gain spectra) and their cascade interaction [2]. To theoretically describe an unusual 
behavior of Raman lasing in tellurite microresonators, we developed an analytical model based 
on nonlinearly-coupled mode theory using the schematic diagram of Raman amplification 
shown in Figure 1. The obtained analytical solution has confirmed and explained the coexistence 
of different interacting modes near the Raman gain maxima shifted by ~21 and ~27 THz in the 
first and second cascades and their switching with a change in pump detuning and pump power 
(Figure 1). We calculated the diagrams demonstrating different steady-state regimes of Raman 
generation and their switching with the variation of pump frequency detuning and pump power. 
We analyzed the behavior of Raman modes in different regimes and obtained a good agreement 
with the experimental results (Figure 1) [2].  

 

 

Figure 1: Theoretically simulated (Sim)  spectra depending on detuning of 
pump frequency from the exact resonance  that demonstrate controllable switching 
between steady-state regimes of Raman lasing. The model Raman gain functions and 
the scheme illustrating the interaction between modes ( top). Experimental 
(Exp) spectra for different values of detuning qualitatively consistent with theoretical results.  
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Abstract

We study theoretically interaction between a Pearl superconducting vortex
and a Néel-type magnetic skyrmion in superconductor-chiral ferromagnetic (SF)
heterostructures. Using several complementary approaches, we identify quali-
tatively different types of the coupled states, coaxial and eccentric. We show
that the stray magnetic field of the vortex can significantly change the size and
invert chirality of the skyrmion in the coaxial state, and warps the skyrmion
in the eccentric state. Moreover, for certain parameters we predict that several
different states of coupled vortex and skyrmion can be realized in the same SF
heterostructure.

Key words: Superconducting vortex, magnetic skyrmion, chiral ferromagnetic.

Introduction

The interplay of magnetism and superconductivity in heterostructures has attracted
attention in recent years. In particular, two topologically nontrivial objects, magnetic
skyrmions and superconductor vortices, was realized experimentally in SF bilayers [1].
Skyrmions in SF heterostructures demonstrate interesting physics as they can induce
Yu-Shiba-Rusinov-type bound states, modify the Josephson effect, and change the
superconducting critical temperature. Skyrmion-vortex pairs can host Majorana modes
and serve as a scalable topological quantum computing platform [2].

Superconducting vortices and magnetic skyrmions can couple in SF heterostructures
due to proximity effect and via stray fields [3]. Traditionally, analysis of Majorana
modes in skyrmion-vortex pairs ignores the effect of stray fields. However, the inter-
action due to stray fields can result in the repulsion of a Néel–type skyrmion from
a Pearl vortex to an eccentric stable state [4].
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Model, methods, and results

We consider a heterostructure consisting of two films, superconducting and ferro-
magnetic, separated by a thin insulating layer that suppresses the proximity effect. The
superconducting film contains a Pearl vortex, the ferromagnetic film hosts a Néel–type
skyrmion, and the distance a between their centers is assumed to be not equal to zero
in the stable state. We use a model with the free energy F of ferromagnetic film,

F [m⃗] = dF

∫
d2r⃗

{
A(∇m⃗)2 +K(1−m2

z) +D[mz∇ · m⃗− (m⃗ · ∇)mz]−Msm⃗ · B⃗V

}
,

accounting for the Dzyaloshinskii–Moriya interaction and the stray field B⃗V of the
Pearl vortex. We use three complementary approaches: optimizing the free energy with
an ansatz for the skyrmion magnetization texture, direct solving of the Euler-Lagrange
equation and the micromagnetic simulations.

Comparing the results obtained in the approaches used, we distinguish two types
of stable states of coupled vortex and skyrmion, coaxial (a = 0) and eccentric (a ̸= 0).
Moreover, we develop a novel ansatz for the skyrmion texture in the presence of the
vortex. This ansatz significantly reduces the computational costs and allows to analyze
the stable states more precisely than micromagnetic simulations. Basing on it, we
study the coaxial state and reveal changing of the size and inversion of the chirality
of the skyrmion. For the eccentric state we study the dependence of distance a on
the effective vortex strength and determine the conditions, when the skyrmion settles
exactly at the top of the vortex. For certain parameters of SF heterostructure we
predict that several different states, (i) eccentric, (ii) coaxial with direct chirality,
(iii) coaxial with inverted chirality of coupled skyrmion and vortex can be realized.

The work was funded by Russian Science Foundation under Grant No. 21-42-04410.
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Abstract

Bose-condensation in a system of 2D quasiparticles is considered in the scope
of a microscopic model. Mean-field dynamical equations are derived with the
help of the Schwinger-Keldysh formalism and a simple model is proposed which
allowes to descibe key features of condensate formation in systems with various
quasiparticle decay rates. By analysing stationary solutions of this equation, we
obtain the phase diagram of quasiparticle gas, finding a bistability region in the
parameter space of the system.

Introduction

Due to finite quasiparticle lifetime in solid state systems (such as quantum well
excitons [1, 2], exciton-polaritons [3, 4], magnons [5] and microcavity photons [6]),
condensates there are non-equilibrium ones. This complicates the use of standard
approaches for describing them (e.g. using the Gross-Pitaevskii equation). In order to
overcome this issue numerous techniques were proposed which add pump and decay
terms to the evolution equation [7, 8, 9, 10]. However, existing models have several
drawbacks when describing significantly non-equilibrium condensates of intensely
decaying particles. These are due to the time-local form of the equations and not
considering the memory effects.

We develop an approach, based on the Schwinger-Keldysh technique [11], which
allows to treat properly memory effects. Deriving an evolution equation we propose
several simplifications and express steady-state solutions. Analysing them, we demon-
strate that memory effects lead to appearance of an overlap of condensate and normal
phases on the phase diagram where the system demonstrates bistable behaviour.

Main results

We deal with a 2D single-level condensate model of finite-lifetime quasiparticles
embedded in a long-living particle reservoir, which is assumed to be a quasi-equilibrium
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system with well defined effective temperature and chemical potential. The system is
treated as a 2D bose gas with contact interparticle interaction and leakage from the
condensate. The model Hamiltonian is as follows (ψ̂q is the quasiparticle annihilation
operator with wavevector q, therefore ψ̂0 corresponds to the condensate mode):

Ĥ =

(
ε− i

Γ

2

)
ψ̂†
0ψ̂0+

∑
q ̸=0

εqψ̂
†
qψ̂q + g0

∑
q1,q2,q

′

ψ̂†
q1+q′ψ̂

†
q2−q′ψ̂q1

ψ̂q2
(1)

Here g0 = V0
2L2 stands for contact interparticle interaction with V0 being the

interaction potential and L2 denoting the quantization area. ε denotes the possible
energy detuning of the condensate level with respect to the reservoir dispersion curve
εq→0 = 0. A decay rate Γ is introduced to describe condensate particle finite lifetime.

Using Schwinger-Keldysh action in path-integral formalism, we integrate out reser-
voir degrees of freedom to derive an evolution equation for the condensate order
parameter in the form:

iϕ̇c=

[
ε−iΓ

2
+Σδ

0+g0|ϕc|2
]
ϕc(t)+

t∫
t0

dτΣ+
0 (t, τ)ϕc(τ). (2)

with the memory kernel being given by the retarded component of the self-energy term
given by a diagram depicted on Fig. 1.

Figure 1: Time-local term and the contribution to the self-energy term due to interaction
with reservoir. Here the filled vertex corresponds to the factor (−g0), solid lines are
reservoir Green’s functions Gres

q .

We show that the memory kernel may be be expressed in a simplified model form:

i∂tϕc=

(
ε̃+g|ϕc|2−i

Γ

2

)
ϕc−Λ+

(
1−iµ

γ

)∫ t

0
e−γ(t−t′)ϕc(t

′)dt′ (3)

with Λ and γ being density and temperature dependent parameters.
This equation may be solved with the help of Markovian embedding. By doing so

we demonstrate that the phase diagram of the system has a bistable region for large
decay rates, where both the normal phase (ϕc = 0) and the condensate phase with
ϕ ≠ 0 are stable. By applying this technique to the condensate of exciton-polaritons
in CdTe microcavities, we conclude that this effect is observable for experimentally
relevant polariton densities/temperatures.
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Abstract

In this talk I present recent results on generalized multifractality in the spin
quantum Hall symmetry class transitions in the presence of interaction.

Key words: Theoretical physics

Introduction

Anderson transition is a fascinating example of a disorder-driven quantum phase
transition separating metallic and insulating phases. A nontrivial topology, e.g. as in
the integer quantum Hall effect, makes Anderson transition to occur between distinct
topological phases. Although more than 60 years past from the seminal paper by
Anderson, localization–delocalization transitions in disordered media are still a subject
of intense research. A striking feature of Anderson transition is strong mesoscopic
fluctuations of electron wave functions or, equivalently, the local density of states. At
criticality the disorder averaged moments of the local density of states demonstrate
pure power-law scaling with the system size, 〈ρq〉 ∼ L−x(q) , with the multifractal
exponents x(q) whose values depend on a symmetry class. In fact, there are much more
observables than just the moments of the local density of states that demonstrate pure
scaling with L at critically.

Results

In this talk I present the theory of the generalized multifractality for the spin
quantum Hall symmetry class in the presence of electron-electron interaction. Within
the Finkel’stein nonlinear sigma model I review the results known in the literature for
the one-loop renormalization of the spin conductance, dimensionless interaction, the
Finkel’stein frequency renormalization parameter, and the averaged density of state.

Next, using Finkel’stein nonlinear sigma model for class C, I argue that the pure
scaling derivativeless operators can be constructed by straightforward generalization
of the pure scaling operators without derivatives known in the absence of interaction.
Within the two-loop approximation we compute how the anomalous dimensions of
the pure scaling derivativeless operators are affected by the presence of interaction.
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Applying our results to the Anderson-Mott transition in d = 2 + ε dimensions, we
illustrate breakdown of the exact symmetry relations between generalized multifractal
exponents for class C in the presence of interaction.

The details can be found at Refs. [1, 2]
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Abstract

In this talk, different mechanisms of the P , T -violating electron electric dipole
moment and pseudoscalar-scalar electron-nucleus interaction in frames of the
Standard Model are considered. Still, there remains a significant gap between the
theoretical predictions of the Standard Model and experimental constraints on the
P , T -odd interactions in atomic systems. Therefore, in this talk, the experimental
prospects of searching for the P, T -odd interactions via the P, T -odd Faraday
effect are also discussed.

Key words: T -noninvariance, electron electric dipole moment, Higgs boson,
P, T -odd Faraday effect

Introduction

Investigation of spatial parity (P) and time-reversal invariance (T ) violation effects
at low energies is an effective tool for developing various models of fundamental
interactions in physics. Such investigations with atomic and molecular systems appear
to be important, inexpensive (reactors and accelerators are not required) and highly
precise alternative to high-energy physics experiments to the search for the so-called
“new physics” beyond the Standard Model (SM). However, the nature of the T -
noninvariant interactions is still unclear.

Theoretical predictions of the Standard Model

The theoretical predictions for the P, T -violating electron electric dipole moment
(eEDM) are rather uncertain. The recent estimate at the hadronic level gives the
result ∼ 10−39 ecm [1]. In the same paper, estimate at the quark level gives the
value for the eEDM ∼ 10−50 ecm. It is known that the P, T -odd electron-nucleus
interaction in atomic (molecular) systems can be only of the scalar-pseudoscalar type.
It is convenient to express the magnitude of this interaction in terms of the equivalent
eEDM, which produces the same Stark shift of atomic energy levels in the same external
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electric field. In Ref. [2], this interaction was estimated on the basis of two-photon
exchange model with the result of the equivalent eEDM ∼ 10−38 ecm at the hadronic
level. In Ref. [3], we proposed to consider the electron-nucleus interaction on the basis
of another model (exchange by the Higgs boson) at the quark level. The estimate
of the equivalent eEDM for such a mechanism ∼ 10−43 ecm. The largest predicted
value for the electron-nucleus interaction has been recently reported on the basis of
the exchange by neutral K-meson ∼ 10−35 ecm [4]. There exists a vast literature on
the various extensions of the SM which predict larger values for the eEDM (see, for
instance, Ref. [5]). None of these predictions have been yet approved, and some of
them have already been ruled out by existing experiments.

P, T -odd Faraday effect

The present constraint (up to recent time) on the eEDM is based on the observation
of the electron-spin precession in an external electric field using the ThO molecule [6]
(∼ 10−29 ecm). Until recently, a new upper bound for the eEDM (improvement by
a factor ∼ 2.4) has been established in an experiment with the trapped molecular
ions HfF+ in a rotating electric field [7]. Still, there remains a wide gap between the
SM theoretical predictions on the eEDM and the experiment. Therefore, it is highly
desirable to develop alternative methods for measuring the eEDM such as that based
on the P, T -odd Faraday rotation. The P, T -odd Faraday effect manifests itself as
a rotation of the polarization plane of linearly polarized light propagating through
a gas medium in an external electric field. Our alternative approach is to observe
such an effect using the cavity-enhanced polarimetric scheme in combination with a
molecular beam crossing the cavity. A principle scheme of the proposed experimental
setup is shown in Fig. 1. Theoretical simulation of the proposed experiment with the
PbF and ThO molecular beams indicates that it could potentially improve the current
constraint on the eEDM by several orders of magnitude [8].
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Figure 1: Principle scheme of the experimental setup. An atomic (molecular) beam
(blue) traverses a high-finesse optical cavity and interacts with a linearly polarized
laser beam (green). The interaction region is located in a background electric field
(yellow) directed along the laser beam axis. The laser radiation transmitted through
the two mirrors is detected by means of a polarimeter.
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Abstract 

We develop a model that describes photobleaching in hybrid nanoparticle in strong 
coupling regime. We show that there is an optimal concentration of dye molecules in 
shell of plasmonic nanoparticle at which photobleaching rate is greatly decreased. 
Theoretical prediction shows reasonable agreement with experimental data. This result 
paves the way for facilitating dye molecules for many applications, primarily probing 
and spectroscopy, since it enables a way to combat one of main disadvantages of dye 
molecules - their short lifetime.  

Key words: Plasmonics, photobleaching, strong coupling 
 
Introduction 

Dye molecules are popular in many photonic application due to low price and high 
brightness [1]. However, they have limitations primarily due to high rate of 
photodegradation [2]. Photodegradation is caused by chemical reaction between dye 
molecules and oxygen. Such reactions typically occur when dye molecules transition to an 
excited non-radiating long-living state as a result of interplay between optical pumping and, 
e.g., vibrational excitations in molecule. There are several approaches to prevent 
photodegradation, first, reducing oxygen concentration (via coating or other methods), 
second, decreasing the population of excited states of dye molecule. The latter is the focus 
of this study. Decreasing of excited states of dye molecules can be achieved by coupling 
them to plasmonic nanoparticle. This results in higher emission rate and, therefore, lower 
population inversion and lower chance for a molecule to transition to undesired non-
radiative states. This method can be easily combined with reduction of oxygen access via 
coating plasmonic nanoparticle in non-active polymer, such as polydopamine, and 
embedding dye molecules in said polymer 

In this work we show that concentration of dye molecules in shell plays a large role in 
resulting energy levels of the system. We develop a model that enables description of 
photodegradation of dye molecules strongly coupled to a plasmon particle. We show that 
there is an optimal concentration of dye molecules at which the photobleaching rate is 
greatly decreased by more than an order of magnitude. We attribute this optimum to 
interplay between several changes in energy structure of the resulting emitter. 
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Main text 

To describe the hybrid system we employ a well-known approach based on Lindblad 
equations [3], which are then used to write rate equations on populations of all relevant energy 
levels of the emitter, namely, unexcited state, lower and upper polaritons (excited states 
originating from hybridization of plasmonic states and dye radiating states), dark states (non-
radiating combination of initially radiating states of dye molecules, note that molecules in this 
state do not directly interact in oxygen in this state), and, crucially, non-radiating molecule state 
that interacts with oxygen. To take into account photodegradation we assume that system in this 
state may either transition to other states (listed above), or irreversibly degrade. The resulting 
degradation rate is what we aim to describe. 

Our model predicts that at low concentration the photodegradation rate decreases with 
increase of concentration. However, at certain concentration the trend reverses, and further 
increase of concentration causes increase of photodegradation rate. Results of calculations and 
comparison to experimental data are shown in Figure 1. As seen from the comparison, the model 
manages to predict the magnitude of the effect and presence of the optimal concentration. The 
optimal concentration can explained as the result of competition between two processes. First, 
high concentration increases the coupling strength between dye molecules and plasmonic 
particle, which increases particle lifetimes. However, at very high concentration the energy 
levels of the system shift due to strong concentration quenching which ultimately results in dark 
states energy dropping below polariton energy. This drop results in population inversion 
accumulating in dark states, which are unaffected by plasmonic particle and therefore, do not 
benefit from lifetime increase. At high concentrations the latter effect prevents plasmonic 
particle from shielding dye molecules from oxidization, and leads to decrease of emitter 
lifetime. 

 

Figure 1: Normalized photodegradation rate of dye 
molecules within polydopamine shell of plasmonic 

nanoparticle. Rate of 1 corresponds to about 10.2s . Red 
dots – experimental data. Blue curve – model. Figure is 

taken from our work [4]. 
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In conclusion, we demonstrate a model capable of qualitative description of 

radiative characteristics of nanoscale hybrid system. We predict that there is an optimal 
concentration that enables highest lifetime and thus greatly increases longevity of dye 
molecules. Our results show qualitative agreement with experiment. Our result paves 
the way for facilitating use of dye molecules in probing and imaging techniques. 
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Abstract 

The possibility of obtaining resonances with a high quality factor is one of the 
topical topics of research in the field of nanophotonics. High-Q resonators are 
required to achieve a high degree of field amplification/localization and to reduce 
optical losses, and provide an efficient platform for strong interaction of radiation 
and matter for applications in nonlinear optics, lasers, and sensors. In this work, 
we study the effect of radial anisotropy on the optical properties of spherical 
nanoparticles, including homogeneous spheres and core-shell nanoparticles. 
Furthermore, we show that over 30-fold increase in Q-factor is possible compared 
to isotropic nanospheres. Our findings demonstrate that optical anisotropy is a 
valuable resource for nanophotonics and open new avenues for designing high-
performance nanophotonic devices. 

Key words: nanophotonics, dielectric resonators, Radial anisotropy, 

High-quality resonances 

 

Introduction 

Many significant phenomena in nanophotonics are based on the interaction of 
eigenmodes of nanosized resonators with quantum emitters. Nanolasers and single-
photon sources are subject to the influence of the Purcell effect, which consists in 
changing the rate of spontaneous emission in the resonator. In this case, the higher the 
quality factor of the resonator mode, the more significant deviations in the rate of 
spontaneous emission can be achieved. It is generally accepted that nanoparticles, 
being open resonators, have resonances with a very low quality factor of the order of 
5–10, which does not allow them to be used to create nanolasers and other applications 
that require a high quality factor. To increase the quality factor, it is customary to 
surround the particles with metal layers that reflect radiation, but this leads to a 
decrease in the total quantum yield due to absorption losses in the metal, which, in 
addition, lead to undesirable heating. An alternative approach is to fabricate a non-
spherical resonator in which hybridization of different multipole modes can result in a 
high-Q “supermode” [1], but there is no known way to obtain pure multipole high-Q 
modes. However, such modes can be obtained using anisotropic optical materials with 
giant anisotropy which is discussed in the next section. 

 

Main text 

For the initial study of the effect of anisotropy on the quality factor of multipole 
resonances, a uniform radially anisotropic sphere was first investigated. The tangential 
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component of the refractive index was assumed to be 4, which corresponds to 
semiconductor dichalcogenides of transition metals in the transparency region, while the 
radial component was assumed to be variable and varied over a wide range. Due to the 
spherical symmetry of radially anisotropic spheres, their eigenmodes are eigenfunctions of 
the total angular momentum operator, i.e., are spherical harmonics. In this case, in magnetic 
multipole modes, the radial component of the electric field is zero everywhere, due to which 
they are insensitive to the radial anisotropy of the permittivity. Therefore, only electric 
multipole modes were analyzed. In particular, a radially anisotropic sphere has an electric 
dipole quasi-normal mode with a relatively high quality factor, which increases as the radial 
component of the refractive index of the nanosphere material decreases (Fig. 1a). 

 

 

Figure 1: Quality factor of an electric dipole quasi-normal mode in a radially anisotropic 
nanosphere as a function of the radial component of the refractive index. b) Distribution of 
the electric field of the mode at nt=4, nr=1. 

 

To explain the nature of the increase in the quality factor, the distribution of the electric 
field of the mode was plotted (Fig. 1b). In contrast to the dipole mode of isotropic spheres, 
the field at the center of the sphere turns out to be very small. Also, due to the small radial 
component, the interface between the material of the sphere and the air is less permeable, 
which leads to more efficient retention of the field energy inside the sphere. However, as the 
radial component decreases, the Q-factor of the mode increases rather moderately. 

Further, the eigenmodes in the core-shell system were studied, in which the core was an 
isotropic material with a refractive index of 4, and the shell was radially anisotropic with 
nt=4, nr=1. By continuously changing the ratio between the radius of the core and the total 
radius of the particle, it is possible to achieve a quality factor of the electric dipole resonance 
in excess of 300 (Fig. 2a). The high-Q mode appears as a narrow peak in the scattering 
spectrum (Fig. 2b). 
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Figure 2: High -Q resonance with the core-shell system. a) the quality factor of the electric 
dipole mode as a function of the core radius r1. r2 = 100 nm. b) Scattering spectrum of a 
nanoparticle with r1=r2/2. c) Distribution of the electric field of the electric dipole mode at 
r1=r2/2. 
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Abstract

Here we study the relation between the electron spin polarization and electric
current in monolayers of transition metal dichalcogenides. Such systems are de-
scribed by the D3h point group, which belongs to the class of noncentrosymmetric
and nongyrotopic groups. In such a system, the linear relationship between spin
and current is forbidden by symmetry. Phenomenological analysis based on group
theory has shown that the spin polarization is proportional to the third power of
the current magnitude and the cosine of the triple angle between the current and
the crystallographic axis. In the framework of the kinetic equation a microscopic
theory of the effect was constructed. The polarization degree has been calculated.
A physically grounded estimation of the effect has been made from qualitative
considerations.

Key words: spin polarization, transition metal dichalcogenide monolayers, elec-
tric current
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Abstract

We study the density of states (DoS) ν(E) in a normal-metallic (N) film
contacted by a bulk superconductor (S). We assume that the system is diffusive
and the SN interface is transparent. In the limit of thin N layer (compared to the
coherence length), we analytically find three different types of the DoS peculiarity
at energy equal to the bulk superconducting order parameter ∆0. (i) In the
absence of the inverse proximity effect, the peculiarity has the check-mark form
with ν(∆0) = 0 as long as the thickness of the N layer is smaller than a critical
value. (ii) When the inverse proximity effect comes into play, the check-mark
is immediately elevated so that ν(∆0) > 0. (iii) Upon further increasing of the
inverse proximity effect, ν(E) gradually evolves to the vertical peculiarity (with
an infinite-derivative inflection point at E = ∆0). This crossover is controlled by
a materials-matching parameter which depends on the relative degree of disorder
in the S and N materials.

Key words: Superconductivity, Proximity effect, SN junction, Density of states
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Figure 1: Schematic plot of three different types of the DoS peculiarity at E =
∆0: (a) full check-mark peculiarity, (b) elevated check-mark peculiarity, (c) vertical
peculiarity. The elevated check-mark peculiarity is symmetric, while the full check-
mark and the vertical peculiarity are asymmetric.
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Abstract

The theoretical description of nonlinear phenomena in atoms jointly interacting
with an intense IR and attosecond XUV pulses is discussed. We show that the
adiabatic approach together with the perturbation theory may be conveniently
utilized for accurate description of nonlinear phenomena caused by the attosecond
XUV pulse in IR-dressed atom: strong IR field effects can be treated within the
adiabatic approach, while the nonlinear XUV-induced effects can be considered
within the perturbation theory. Details of the perturbation theory based on
the adiabatic IR-dressed states expansion is discussed. The proposed theory is
used for the calculation of the XUV-assisted high harmonic generation, XUV
rectification effect, second harmonic generation of the XUV field with further
application to the attosecond and IR pulse metrology.

Key words: Intense IR pulse, attosecond XUV pulse, adiabatic theory, pertur-
bation theory, nonlinear XUV-optics phenomena

The quantum mechanical description of fundamental processes in an intense laser
field consists in the calculation of corresponding transition matrix elements, which
involve the exact wave function of an electron dynamically interacting with an intense
laser field. This wave function obeys the time-dependent Schrödinger equation (TDSE),
whose solution for a given atomic potential and electron-laser interaction cannot be
found in a closed analytic form. This obstacle can be overcome either by getting
this wave function numerically from the TDSE or by applying some approximations
ensuring different levels of accuracy for the transition matrix element. In this talk we
give overview of the adiabatic approach, which is applied for description of the joint
interaction of an intense IR and attosecond XUV pulses with unpolarized atom.

It is well known that the interaction of IR and XUV pulses with an atomic system
is realized predominantly on the different time scales, which are determined by the
carrier frequencies of the corresponding pulses (ωIR and ωXUV for IR and XUV pulses,
respectively): ωIR/Ip ≪ 1 and ωXUV/Ip > 1, where Ip is the ionization potential of an
atomic level. If the peak field strengths (FIR and FXUV) for both pulses are considered
to be lower than the atomic field strength (Fat = κ3, where κ =

√
2Ip), that makes

possible to apply the adiabatic approach [1–3] for IR field (describing all nonlinear
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IR-induced effects) and the non-stationary perturbation theory for XUV pulse [4]. For
synchronized IR and XUV pulses, the adiabatic wave functions in the IR field can be
used to develop a formal perturbation theory in the interaction with the XUV field [5].

The theoretical origin of the adiabatic approach lies in the low-frequency approx-
imation, which was proposed in the end of XX century for accurate description of
the nonperturbative interaction of an intense low-frequency IR field with an atomic
system [1]. The theoretical background of the low-frequency approximation was based
on the assumption that the laser field changes much slower than internal dynamics of
an atomic system. Within this assumption the shape of the wave function is given
by the quasistationary state in the DC field, whose strength is determined by the
instant strength of the laser electric field. The further development of the low-frequency
approximation was focused mostly in two directions: (i) the decomposition in a series in
frequency for the wave function [1] and (ii) the development of an asymptotic solution
of TDSE based on the solutions in the DC field [2,3]. In the latter case, the developed
approach was successfully applied for description of plateau effects in spectra of the
above-threshold detachment (ATD) and high harmonic generation (HHG).

Recently we have renewed the adiabatic approach to describing the IR-dressed
wave function and develop the perturbation theory for IR-dressed atom [5,6]. Within
this approach the wave function is partitioned into “slow” and “fast” parts describing
different dynamics of the IR-dressed atom. The slow part is given by the zero order
of the low-frequency theory, while the fast (or rescattering) part is presented by a
superposition of outgoing-wave scattering states with modified asymptotic momenta
in the atomic potential. The slow part presents the IR-dressed wave function, which
instantaneously formed by the IR field at the given moment, while the fast part describes
the specific IR-induced electron dynamics associated with closed classical trajectories in
a laser field. Applying this result to the calculation of strong-field processes amplitudes,
we show that amplitudes parametrizations are the result of specific properties of the
wave function in an intense laser field. Moreover, we utilize the analytic results for
the wave functions in an intense low-frequency laser field to develop the perturbation
theory in weak attosecond pulse, whose duration is sufficiently less than IR pulse. The
adiabatically-based perturbation theory for XUV field interacting with IR-dressed
atom is developed in terms of IR-dressed Green function. This Green function has
analytic and non-analytic parts with respect to the IR field strength. We have found
that the level of accuracy of the adiabatic approach prescribes to utilize only analytical
parts in calculation of a corresponding matrix element of the perturbation theory.

Within the first and second order of the adiabatically-based perturbation theory,
we consider the XUV-assisted high-harmonic generation, XUV rectification effect and
second harmonic generation of the XUV field by IR-dressed atom. The XUV field
is presented by an attosecond pulse, whose unique duration is sufficiently less than
the period of IR pulse. The interaction of these two pulses having predominantly
different time scales with atoms induces effects, which make a base for an avenue in
the developing of new optical methods for tracing the IR-induced electron dynamics
and detecting the waveform of IR and XUV pulses. Our analytical analysis and
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ab initio numerical simulations demonstrate that the XUV-assisted HHG yield as
a function of the time delay between IR and XUV pulses and harmonic energy
mimics the short-time Fourier transform of the dipole acceleration induced by the
laser field, thereby providing possible in-situ experimental access for tracing electron
dynamics in strong field phenomena. Moreover, we show analytically that the high-
order harmonic generation yield for an intense IR pulse and time-delayed attosecond
pulse keeps encoded waveform of the attopulse, which can be decoded by the time
delay measurements of the HHG yield, thereby utilizing the XUV-assisted HHG for
attosecond pulse metrology. We also show that joint interaction of IR and XUV pulses
with unpolarized atom can induce new nonlinear effects: the generation of doubled
frequency XUV pulse and the induction of quasistatic dipole moment (QSDM) or the
XUV rectification effect. The yield of harmonics in the frequency band of the generated
doubled frequency XUV pulse as a function of the time delay between XUV and IR
pulses replicates the time dependence of the IR-field intensity, thereby providing an
alternative to the streak camera method for retrieving the waveform of an intense IR
pulse. Our theoretical analysis also shows that QSDM can be induced on the time
scale determining the XUV pulse duration. The direction of QSDM is given by the
opposite direction of IR-field strength at the instant corresponding to the time delay
between IR and XUV pulses. The short duration of QSDM and it’s IR-controllable
direction make possible to use the XUV rectification for ultrafast optical gating.

The work is supported by the Russian Science Foundation (Grant No. 22-12-00223).
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Abstract
Transport properties of two-dimensional (2D) systems attact significant inter-

est due to evergreen motives of weak and strong localization, electron-electron
interaction effects, and non-markovian dynamics. Recent experiments have pro-
vided an access to the transport of excitons, neutral quasiparticles formed of
a conduction band electron and a valence band hole, in 2D transition metal
dichalcogenides [1]. Such systems are known for strong Coulomb correlations and
manifest spectacular optical effects [2]. Particularly, in the presence of resident
electrons and holes exciton binds with carries forming three-particle complexes,
trions. In manybody language, excitons get dressed by the Fermi sea excitations
giving rise to the repulsive and attractive Fermi polarons (Suris tetrons) [3].

Here we present the theory of diffusion of excitons immersed in the Fermi sea
of free charge carriers. We show that, contrary to naive expectations, the exciton
(repulsive polaron) diffusion coefficient strongly decreases with increase in the
resident carrier density, while the trion (attractive polaron) diffusion coefficient
is only weakly affected by the carriers. We describe experimental data on the
exciton transport in 2D WSe2 and explain non-monotonous dependence of the
observed diffusion coefficient, Fig. 1, as function of doping [4].

This work was supported by the RSF project No. 23-12-00142.

Key words: exciton, trion, Fermi-polaron, diffusion, manybody correlations
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Figure 1: Exciton effective diffusion coefficient measured on WSe2 monolayer as a
function of the free carrier density [4]. Dots show experimental data.
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Ginzburg-Landau approximation for the Hubbard model
in the external magnetic field

L. B. Dubovskii and S. N. Burmistrov
NRC ”Kurchatov Institute”, 123182 Moscow, Russia

The Hubbard model is studied in the external magnetic field. The analysis is carried out
phenomenologically within the framework of the Ginzburg-Landau theory with the order parameter
describing the opposite spin electrons. The study is performed for the nearly half-filled lower
Hubbard band in the metallic state. The final equations are the Pauli-like ones for the opposite
spins and nonlinear as a result of interaction between electrons with the opposite spins. The
equations can analytically be solved for the spatially homogeneous distributions in a number of
most interesting cases. In particular, the problem on the metal-insulator transition is analyzed for
the nearly half-filled Hubbard sub-bands. The critical magnetic field at which the transition from
the metallic state to the insulator one takes place is found under the paramagnetic spin effect.

I. INTRODUCTION

The traditional electronic theory of metals starts from the weakly interacting electrons moving in the periodic crystal
field and is described by the standard band theory [1]. According to the band theory of metals, various transition
metal oxides should be conductors since they have an odd number of electrons per unit cell. The typical system
of this kind is nickel oxide NiO. However, it is found that such compounds behave like insulators in reality. Nevill
Mott [2] predicted that the anomaly could be explained by involving the Coulomb interaction between electrons and
proposed the model for NiO as an example of an insulator for transition metal oxides. Such anomalous state is called
the Mott insulator. The Mott insulator state appears provided that the repulsive Coulomb potential is sufficiently
large in order to produce the gap in the electron energy spectrum.

The simplest approach to this problem is to apply the Hubbard model [3]. Describing the metal system, J. Hubbard
starts from the usual electron-ion Hamiltonian for a hypothetical partly-filled narrow s-band containing n electrons
per atom. In the case of narrow energy bands J. Hubbard has emphasized that one can take into account the atomicity
of the electron distribution and employ a very simple approximate representation of the electron-electron interactions.
In fact, this approximation is mathematically much simpler to handle than the Coulomb interaction in itself.

On the whole, the analysis leads to the simplified Hamiltonian as

Ĥ =
∑
i,j,σ

Tijc
+
iσcjσ +

1

2
I
∑
i,σ

ni,σni,−σ − I
∑
i,σ

νiini,σ (1)

where ni,σ = c+iσciσ. Here ckσ and c+kσ are the annihilation and creation operators of electrons with spin σ in the
Bloch state and the transition amplitude reads

Tij = N−1
∑
k

εk exp ik(Ri −Rj), νii = N−1
∑
k

νk ,

N being the number of atoms. The sum in (1) runs over all the atomic sites Ri. The magnitude I is the Coulomb
repulsion of the electrons at the same transition oxide atom. The quantity εk is the electron band spectrum and
magnitude νk is the occupation number of the electron states in the band.

It should be emphasized that the interactions in the Hamiltonian Ĥ are between the opposite-spin electrons alone
and these interactions are completely local. The physical reason for the completely on-site interactions in Ĥ (1)
is determined by the fact that the electron interaction is only significant for the electrons belonging to the same
transition atom. The electron interaction from various transition atoms is negligible. So, despite the band motion of
d -electrons, the electrons at the same atom are strongly correlated with each other and correlated weakly with the
electrons from other atoms. Such intra-atomic correlations are responsible for the physical properties as compared
with the system of isolated atoms.

The most significant result from this Hamiltonian [3] is that the electron conduction bands, arising in the conven-
tional electron theory of metals at half-filling, prove to be split into two bands. The lower subband is completely
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filled with the conduction electrons. The upper subband proves to be completely empty. In the Hubbard electron
conduction band there are electrons of the spin-up and spin-down directions with the purely local interaction.

The purpose of our paper is a construction of phenomenological approach for the Hubbard model in the Ginzburg-
Landau approximation and application it for most significant problems [4]. The behavior in the magnetic field is
significant for the metal-insulator transitions in the first turn. This is interesting both for the paramagnetic case and
for the case of the orbital electron motion. The static spin structures and spin wave problems can be analyzed within
the framework of this approach as well.

II. HUBBARD MODEL IN THE GINZBURG-LANDAU APPROACH

The description of Hubbard model in the Ginzburg-Landau approximation can be done by introducing of the order
parameter with two components u↑(~r) and u↓(~r). This order parameter can be represented by the column Υ̂(~r) with
two components (cf. [6]):

Υ̂(~r, t) =

(
u↑(~r, t)
u↓(~r, t)

)
.

The component u↑(r) describes a spin-up electron and component u↓(r) does a spin-down one. The Hermitian-
conjugated operator represents the row:

Υ̂+(~r, t) =
(
u∗↑(~r, t) u∗↓(~r, t)

)
.

(Υ̂+Υ̂) = u∗↑u↑ + u∗↓u↓ .

β̂ =

(
0 β exp (iϕ)

β exp (−iϕ) 0

)
.

(β̂ Υ̂) =

(
β exp (iϕ)u↓ 0
β exp (−iϕ)u↑ 0

)
.

(Υ̂+β̂ Υ̂) = β exp (−iϕ)u∗↓u↑ + β exp (iϕ)u∗↑u↓

ϕ = 0

(Υ̂+β̂ Υ̂) = β(u∗↓u↑ + u∗↑u↓)

The interactions in the Hamiltonian Ĥ (1) are between the opposite-spin electrons alone. We introduce the same
in the Ginzburg-Landau approximation.

In zero magnetic field the components u↑(r) and u↓(r) are real quantities. However, the components become
the complex quantities in the finite magnetic field. The construction of the Ginzburg-Landau functional Φ can be
performed as usual (cf. [4–6])

Φ = Φ[Υ̂(~r), Υ̂+(~r)] =

∫
d~rF(Υ̂(~r), Υ̂+(~r)) ,

F(Υ̂(~r), Υ̂+(~r)) = α
(

Υ̂+Υ̂
)

−1

2

(
Υ̂+β̂Υ̂

)2
+

~2

2m

(
∇Υ̂+(~r)∇Υ̂

)
. (2)

The coefficient minus in the second term of the right-hand part of the last equation is connected with repulsion
between the electrons on the same atom of the transition metal.
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(3) can be represented in components as follows:

F(u∗↑(r, t), u
∗
↓(r, t), u↑(r, t), u↓(r, t)) = α

∑
σ

(u∗σ(r, t)uσ(r, t))

−1

2
β2
∑
σ,σ1

(u∗σ(r, t)u−σ(r, t))
(
u∗−σ1

(r, t)uσ1(r, t)
)

+
~2

2m

∑
σ

(∇u∗σ(r, t)∇uσ(r, t)) . (3)

The variable α characterizes the electron spectrum with the both spins σ =↑, ↓. The magnitude β2 determines the
Coulomb interaction between electrons with opposite spins σ =↑, ↓.

Varying the functional (3) leads to the following equation:

−ı~ ∂
∂t
uσ(~r, t) = − ~2

2m
∇2uσ(~r, t) + αuσ(~r, t)

− β2
(
u∗−σ(~r, t)uσ(~r, t) + u∗σ(~r, t)u−σ(~r, t)

)
u−σ(~r, t), σ =↑, ↓ . (4)

Varying the functional (3) leads to the following equation:

−i~ ∂
∂t
uσ(r, t) = − ~2

2m
∇2uσ(r, t) + αuσ(r, t)

+β
(
u∗−σ(r, t)u−σ(r, t)

)
uσ(r, t), σ =↑, ↓ . (5)

Equation (5) allows us to determine the excitation spectrum in the electronic system. As a first step, we consider
only the static and homogeneous coordinate-independent electron density ρσ in the metal for a fixed spin. In this
case the magnitude ρσ(r, t) = (u∗σ(r, t)uσ(r, t)) ≡ nσ(0) is independent of coordinate r and t. The two equations for
different spins (5) represent the linear system for uσ(r, t) with σ =↑, ↓

−i~ ∂
∂t
uσ(r, t) = − ~2

2m
∇2uσ(r, t) + αuσ(r, t)

+β
(
u∗−σ(r, t)u−σ(r, t)

)
uσ(r, t), σ =↑, ↓ . (6)

The order parameter uσ(r) corresponds fully to the description of the Hubbard model (1) with the interactions
between the opposite-spin electrons. In addition, the electron interactions are completely local as in the Hubbard
model.

For the case of homogeneous coordinate-independent density of electrons, the system in Eq. (5) reduces to

αuσ + βn−σ(0)uσ = 0, σ =↑, ↓,
n↑(0) = n↓(0) = −α/β. (7)

The value β < 0 refers to the Coulomb repulsion. If α �| β |, the magnitude nσ(0) can arbitrarily be large and is
limited by the electron Fermi statistics alone. Correspondingly, no more than two electrons with the opposite spins
can be in the conduction band:

nσ(0) + n−σ(0) 6 2, σ =↑, ↓ .

For | β |� α, we have nσ(0) � 1. The system (6) can exactly be solved using the Fourier transformation. We can
seek for the solution as

uσ(r, t) = uσε(k) exp

[
i

~
(kr + εt)

]
.

As a result, we arrive at two connected linear equations with σ =↑, ↓

εuσε(k) =
k2

2m
uσε(k) + αuσε(k) + βn−σ(0)uσε(k).
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So, we obtain two different electronic energy branches for various spins. At the same time these energy branches are
connected with each other via electron densities

εσ =
k2

2m
+ ασ + βn−σ(0), σ =↑, ↓ .

Introducing the magnetic field h(r) and vector potential A(r) into the system is performed by the conventional
way [5, 6] similar to that in superconductor. So, we write the magnetic field-dependent part of the total functional as

Fh =
h2

8π
+

~2

2m

∑
σ

∣∣∣∣(∇− ie

~c
A

)
uσ(r)

∣∣∣∣2 , (8)

h = curlA, divh = 0, curlh =
4π

c
j(r),

j(r) =
∑
σ

(
ie~
2m

[(
∇u∗σ(r)

)
uσ(r)− u∗σ(r)∇uσ(r)

]
− e2

mc
Au∗σ(r)uσ(r) + µ curl

[
u∗σ(r)σuσ(r)

])
,

µ being the effective Bohr magneton. In the magnetic field the order parameter uσ(r) satisfies the following equation:

− ~2

2m

(
∇− ie

~c
A(r)

)2

uσ(r) + αuσ(r)

+ β|u−σ(r, t)|2uσ(r) + µ
(
σh(r)

)
uσ(r) = 0 (9)

where σ =↑, ↓. This system of equations (9) is nonlinear. Provided that the quantity |u−σ(r, t)|2 ≡ const and
is spatially homogeneous, nonlinear Eq. (9) becomes linear and can exactly be solved. In this case the quantity
|u−σ(r, t)|2 ≡ n−σ(0) represents the number of electrons in the cell with σ =↓, ↑ and does not depend on the
coordinate r.

The term with vector potential A(r) in Eq. (9) describes the orbital motion of electrons in the metal and the term
µh(r) represents the Pauli paramagnetism.

III. METAL-INSULATOR TRANSITION

One of most significant results of analyzing Hamiltonian Ĥ (1) is that the conduction bands, arising in the traditional
electronic theory of metals at half-filling, turn out to be split into two subbands (Hubbard subbands, see [3, 7–18]).
In this case the lower subband proves to be completely filled with the conduction electrons and the upper one proves
to be completely empty. The energy gap appears between these two subbands. It is necessary to emphasize that
the Coulomb interaction should be sufficiently strong in this scenario. The system becomes an insulator. This is the
physical reason for the Mott insulator. The transition metal oxides are the brilliant examples of Mott insulator.

If α =| β |, we have according to (7)

n↑(0) = n↓(0) = −α/β = 1. (10)

So, the lower Hubbard subband will completely be filled. For the almost filled Hubbard band, this means that the
phenomenological constants in the Ginzburg-Landau equations are connected by the following relation:

|β| = α

1− δ
. (11)

The small constant δ shows how much the filling in the lower Hubbard band differs from the full filling. The complete
filling corresponds to an insulator. At δ = 0, the metal goes over to the insulator state.

We will consider simplest problem when the Pauli paramagnetism near the half-filling of the electron band transfers
the metal state to the insulator one under influence of external magnetic field. The case of small δ � 1 will be
considered in the following magnetic field:

h = ihx + khz(x),
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i and k being unit vectors in the coordinate directions. Let magnetic field vary in the metal in the x direction. The
axis z is normal to the the metal surface. The axis x is parallel to the metal surface. The appropriate magnitude of
the vector potential, directed along the y axis, reads

A = j

(∫ x

−∞
hz(x

′)dx′ − zhx
)
.

Here component hz is a function of x and the component hx is independent of x since the Maxwell equation divh = 0
should be satisfied.

For simplicity, we assume that, due to scattering in the system, the orbital motion of electrons is suppressed in the
metal and we neglect the vector potential A. The equations (9) take the form

− ~2

2m
∇2uσ(r) + αuσ(r) + βn−σ(0)uσ(r)

+ µ(h(r)σ)uσ(r) = 0, σ =↑, ↓ . (12)

Here we have replaced the magnitude |u−σ|2 with n−σ(0) as we consider the static and homogeneous coordinate-
independent density of electrons in the metal.

We use the following notation:

(σh) =

(
hz hx
hx − hz

)
.

The homogeneous and coordinate-independent solution for uσ(r) (σ =↑, ↓) can be written as the following system of
equations:

αu↑ + βn↓(0)u↑ + µ(hzu↑ + hxu↓) = 0,

αu↓ + βn↑(0)u↓ + µ(hxu↑ − hzu↓) = 0 . (13)

Let us put u↑ 6= 0 and u↓ 6= 0. Then from this equation we arrive at the following one:

α+ βn↓(0) + µhz +
(µhx)2

α+ βn↑(0)− µhz
= 0 . (14)

If the number of electrons with the both spin directions equals each other, i.e. n↓(0) = n↑(0) = n, we have

n =
α

| β |
± µ

| β |
√

(h2z − h2x) . (15)

Here we use that β is negative (β < 0) for the Coulomb interaction between two electrons. Then we can write Eq. (15)
for hx = 0 in the simplified form

n =
α

| β |
+

µ

| β |
hz . (16)

If we put the magnetic field as

hz = α
δ

µ
,

the magnitude n becomes unity. Then the system goes over from the metallic state to insulator one. The critical
magnetic field reads

hcr =
αδ

|µ|
(17)

and means that the lower Hubbard band becomes completely filled. The same situation realizes as well when certain
number of electrons is in the upper Hubbard subband. We can transfer the system to the insulator state by appropriate
selection of the direction and magnitude of the magnetic field in (17).

In the case when the electron densities with the different spin projections are not equal to each other, such system
becomes ferromagnetic according to [3]. By governing the magnetic field according to Eq. (14), it is possible to control
the states of the ferromagnetic system.
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IV. CONCLUSION

To conclude, we have considered the Hubbard model [3] in the external magnetic field within the Ginzburg-Landau
approximation. The starting point is the introduction of two-component order parameter with components u↑(r)
and u↓(r). The component u↑(r) describes an electron with spin-up and the component u↓(r) describes an electron
with spin-down. The electron interactions are significant only for the electrons at the same transition atom. The
electron interactions at various transition atoms are neglected. This implies that the electron interactions are fully
local and effective only between electrons with the opposite spins. The external magnetic field mediates an additional
interaction between electrons of different spin directions even for the homogeneous system, see (12) and (14). The
strong Coulomb repulsion results in the low density of electrons in the conduction band.

The resulting equations (9), which are the Pauli-like ones for the opposite spins and nonlinear due to interaction of
electrons with different spins, can analytically be solved in a number of important cases. For example, the problem
of metal-insulator transition in the external magnetic field is exactly solved for the case of the nearly half-filled lower
Hubbard sub-band. The critical magnetic field hcr ∼ αδ/|µ| (17) is governed by the parameters of electron spectrum
and Coulomb repulsion. Provided that the electron densities with various spin projections are different, the system
becomes ferromagnetic. Varying the magnetic field makes it possible to control the ferromagnetic behavior in the
system.
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Hubbard model in an external magnetic field in the Ginzburg-Landau approximation.
Dubovskii L.B., Burmistrov S.N.
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1. INTRODUCTION

The traditional electronic theory of metals starts from the weakly interacting
electrons moving in the periodic crystal field and is described by the standard
band theory [1]. According to the band theory of metals, various transition metal
oxides should be conductors since they have an odd number of electrons per unit
cell. The typical system of this kind is nickel oxide NiO. However, it is found that
such compounds behave like insulators in reality. Nevill Mott [2] predicted that the
anomaly could be explained by involving the Coulomb interaction between electrons
and proposed the model for NiO as an example of an insulator for transition metal
oxides. Such anomalous state is called the Mott insulator.

2. HUBBARD MODEL

The simplest approach to this problem is the Hubbard model of 1963 [3]. An essential
result of the Hubbard model is that the conduction bands arising in the standard
electronic theory of metals, when half-filled, are split into two subzones (Hubbard
zones). In this case, the lower subzone turns out to be completely filled with conduction
electrons, and the upper one turns out to be completely empty. An energy gap appears
between these two subzones.

3. METAL-INSULATOR TRANSITION

We consider a construction of phenomenological approach for the Hubbard model
in the Ginzburg-Landau approximation and application it for the most significant
problems [4].
The behavior in the magnetic field is significant for the metal-insulator transitions

in the first turn. This is interesting both for the paramagnetic case and for the case of
the orbital electron motion.
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Abstract 

The reliability of the description of the dissipation in quantum systems is important in 
many applications. We studied the effects induced by the usage of the partial-secular 
approximation, which has no restrictions on the ratio of coupling constants and 
dissipation rates, such as the manifestation of the exceptional point, suppression of the 
energy flows by high dissipation rates, environment-assisted strong coupling regime. The 
existence of a long-living entangled state in the system of two strongly coupled qubits 
with different dephasing reservoirs is shown. 

Key words: Master equation, photonics, strong coupling, partial-secular 
approximation, exceptional point, entanglement, energy flows 

 
Introduction 

A precise description of the dissipation in quantum systems is important in many 
applications such as quantum computing, photonics, phononics, sensors, etc. 
Markovian approaches to the description of dissipation are very popular among 
researchers. The final master equation for the density matrix in Markovian approaches 
has the form of a differential equation. However, many Markovian approaches have a 
limited range of applicability, depending on the system parameters. 

We studied the partial-secular approximation as one of the most promising 
approaches having no restrictions on the ratio of coupling constants and dissipation 
rates. The manifestation of the exceptional point in this approach is shown. The 
dependences of the energy flow on coupling constant between subsystems and on 
dissipation rates were studied. It is shown that large derivatives of the state density in 
a reservoir can cause a transition to the so-called environment-assisted strong coupling 
regime. The existence of a long-living entangled state in the system of two strongly 
coupled qubits with separate dephasing reservoirs is shown.  

 
Main text 

There are three main Markovian approaches to the description of the dissipation in 
quantum systems: local, global, and partially-secular. In the local approach, the 
dissipation of coupled subsystems into different reservoirs is described under the 
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assumption that the interaction between subsystems does not affect the type of 
relaxation operators of the subsystems. In the global approach, the system is treated as 
a single, and the type of relaxation operators significantly depends on the eigenstates 
of the whole subsystem. The local approach is reliable if the energy dissipation rates 
are much higher than the coupling between the subsystems. The global approach is 
reliable if the coupling between subsystems is much greater than the rates of energy 
dissipation. Another approach has recently been proposed – a partial-secular one. It has 
no restrictions on the ratio of coupling and dissipation rates. 

Non-Hermitian systems with dissipation, in which there is a so-called exceptional 
point: a point in the parameter space of the system where both the eigenvalues and the 
eigenvectors of the system coincide, are of interest. It can be shown that a phase 
transition occurs near an exceptional point of the system [1]. Root-like splitting of the 
eigenvalues is observed in the vicinity of the exceptional point, which finds application 
in sensors, photonics, and laser technology due to frequency selective amplification or 
absorption [2]. From a theoretical point of view, the description of such systems is of 
great interest, since in the local approach the exceptional point is clearly expressed, and 
in the global approach the exceptional point is completely absent. At the same time, 
near the exceptional point, the coupling constants between subsystems and the 
dissipation rates are comparable, thus both approaches are not applicable. The partial-
secular approach is the main candidate for the description of systems with an 
exceptional point since it is applicable for any ratios of coupling constants and 
dissipation rates [3, 4]. 

Transition through the exceptional point is associated with the transition to the 
strong coupling regime. However, there are several cases in which this definition loses 
its physical meaning. In this cases the transition to the strong coupling regime can be 
determined by the maximization of the stationary energy flow through the system [5]. 

In the example of a system of two coupled oscillators, it will be shown that at small 
coupling constants, the partially secular approach asymptotically turns into a local 
approach, and at large coupling constants into a global approach [3]. It will be shown 
that in the partial secular approximation, the system eigenvalues are split all the time, 
but there is a manifestation of the exceptional point and there is a critical coupling 
constant, such that if the coupling constant is larger the system is in the so-called 
environment-assisted strong coupling regime [6]. An alternative way to determine the 
transition to the strong coupling regime is proposed in terms of stationary energy flows. 
The suppression of energy flows at high dissipation rates is shown [5]. The existence of 
a long-living entangled state in the system of two strongly coupled qubits with separate 
dephasing reservoirs is shown [7].  
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Abstract 
Open systems demonstrate a non-Hermitian phase transition, when, as the 

parameters change, they pass through an exceptional point. Near the transition point, 
the open systems have unique properties that are used to create new types of devices. 
In this report, we discuss various implementations of the systems with the exceptional 
points. The non-Hermitian phase transitions in the open systems interacting with 
reservoirs of finite size are considered. A concept of a laser without inversion based on 
the system with an exceptional point is proposed. 

Keywords: exceptional point, non-Hermitian phase transition, open system, laser without 
inversion 

 
Introduction 

Currently, non-Hermitian systems with exceptional points are of great interest [1, 2]. 
An exceptional point is a singularity in a space of the system eigenstates [1, 2]. At the 
exceptional point, two or more eigenstates become linearly dependent and its eigenvalues 
coincide with each other [1, 2]. The passing through the exceptional point occurring when 
the system parameters change is often accompanied by the spontaneous symmetry breaking 
in the eigenstates [2]. This serves as a source of the non-Hermitian phase transition, which 
manifests in the system spectrum. Near the transition point, non-Hermitian systems 
demonstrate unique behavior, which is used to create new types of devices such as sensors 
[3], lasers without inversion [4-6], etc. In recent years, it has been demonstrated that 
exceptional points (EPs) can take place in the quantum-mechanical [7] and optical systems 
[1, 2], etc. 

In this report, we discuss the various realizations of the systems with the exceptional 
points [4-6, 8-10] including experimental implementation of a magnonic waveguide 
structure [11]. We study the interaction of open systems with the reservoirs of various types 
[12, 13]. In particular, we consider the open system interacting with the reservoirs of finite 
size [13]. It is shown that the dynamics of this system demonstrates a transition, which 
takes place at the coupling strength corresponding to the parameters of the exceptional 
point in the system with infinite reservoirs. We show that such a transition manifests itself 
in the system dynamics even when the observation time is much greater than the return 
time and the non-Markovian effects play an important role. An order parameter was found 
that describes the transition in the systems with both finite and infinite reservoirs [13]. 

We propose a concept of laser without inversion based on the system with the 
exceptional point [4-6]. The spectral and coherent properties of a radiation from this laser 
are calculated. We demonstrate that the laser radiation can become coherent even without 
population inversion in the active medium [4, 5]. We show that the operation near the 
exceptional point promotes a decrease in the line width of laser radiation [5]. 
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Main text 
We consider the various realizations of the systems with the exceptional points. The 

coupled waveguides with loss and gain are a widespread type of such systems. Usually, the 
optical waveguides possessing PT-symmetry [8] are used to create the systems with the 
exceptional points. The PT-symmetry breaking taking place in these systems is often 
associated with a non-Hermitian phase transition. We study the same transition in a system 
of two coupled magnonic waveguides [11], in which an external optical wave is used to 
control losses. In addition, the influence of the periodic modulation of the waveguides 
parameters on the wave propagation is studied. We demonstrate that near the exceptional 
point, the system is instable to periodic modulation of the parameters. We show that such 
instability also takes place in other systems with exceptional points. In what follows, we 
use this effect to achieve lasing without inversion [4-6]. 

We study the system of two coupled cavities interacting with their own reservoirs 
having different temperatures. We find the coupling strength, for which the spectrum of the 
energy flow through system splits. We demonstrate that this splitting relates with a new 
type of non-Hermitian phase transition [12]. In addition, we predict an existence of a non-
Hermitian phase transition in the cavity-free laser [10]. We take into account the infinite 
number of free-space modes interacting with the active atoms. We demonstrate that an 
increase in the pump rate of the active atoms leads to form a lasing mode, which is a linear 
combination of free-space modes [10]. Formation of the lasing mode is a necessary 
condition of the lasing. For this reason, we call the predicted non-Hermitian phase 
transition a lasing pre-threshold [10]. 

We consider the open system interacting with the reservoirs of finite size [13]. Due to 
finite size of the reservoirs, the dynamics of this system demonstrate the collapses and 
revivals [13]. When the observation time is less than the return time, the system dynamics 
are similar to the one in the non-Hermitian system. When the observation time is greater 
than the return time, the presence of the collapses and revivals breaks this similarity. 
Despite this fact, such a system exhibits a signature of the non-Hermitian phase transition 
even when the observation time is much greater than the return time. We find an order 
parameter that describes the non-Hermitian phase transition in the systems with both finite 
and infinite reservoirs [13]. 

We propose a concept of laser without inversion based on a system with an exceptional 
point [4-6]. We consider an optical mode strongly coupled to active atoms. We demonstrate 
that there is a pump rate of the active atoms, for which the exceptional point takes place in 
the system. Near the exceptional point, the periodic modulation of the pump rate results in 
the parametric instability in the system. This instability leads to the light generation even 
without population inversion in the active atoms. We calculate the spectral and coherent 
properties of a radiation from the considered system. We show that the radiation can 
become coherent even without population inversion in the active medium [4, 5]. That is, 
the system can operate like a laser without inversion. We demonstrate that the operation 
near the exceptional point promotes a decrease in the line width of laser radiation [5]. 
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Abstract 

The main mechanisms of the interplay between magnetism and superconductivity 
and the coexistence between these two different long ranged orders in the bulk magnetic 
superconductors will be reviewed.  The antagonism of ferromagnetism with a singlet 
superconductivity leads to spectacular effects such as a re-entrant superconductivity and 
the nanoscopic domain magnetic structure formation. In the case of the weak exchange 
interaction (or triplet superconductivity), the competition between a self-induced vortex 
phase and a short-period domain structure may occur. 

The very special character of the proximity effect in superconductor-ferromagnet 
heterostructures is revealed in the damped oscillatory behaviour of the Cooper pair wave 
function and the formation of the special π-Josephson junctions is possible. Such “π -
junction” incorporated in a superconducting circuit may generate a spontaneous current. 
The quantum oscillations and the “π”-states should also be present in multiply connected 
ferromagnet–superconductor hybrids, for example in a thin-walled superconducting 
shell surrounding a ferromagnetic cylinder. 

The proximity effect in S/F structures is usually short-ranged though it can become 
long ranged when the magnetic structure is non-collinear. It has been demonstrated that 
the Josephson junctions with a composite ferromagnetic interlayer indeed reveal the 
triplet long-ranged superconducting current. The triplet superconducting correlations 
provide the possibility to generate the magnetization in the Josephson junction. Such 
induced magnetization occurs at a relatively large distance, and is sensitive to the 
superconducting phase difference. By tuning the Josephson current, one may manipulate 
the long-range induced magnetic moment. This magnetic moment controlled by the 
Josephson current may therefore be used in spintronics devices instead of the spin-
torque effect. 

Coupling between the superconducting current and magnetization opens the very 
interesting perspectives for emerging superconducting spintronics. 
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Abstract 

In this talk, it will be given the review of physical properties and new effects in 
open quantum optical systems with strong coupling between subsystems. 

Key words: Open quantum systems, strong coupling,  
 
Introduction 

Recently, open quantum-optical systems, consisting of coupled subsystems and 
interacting with external reservoirs, have attracted considerable interest [1]. An increase in 
the coupling constant between subsystems results in a transition from the weak coupling 
regime to the strong coupling regime through an exceptional point [2]. In the strong-
coupling regime, there is the formation of hybrid eigenstates of interacting subsystems and 
a change in the physical properties of such systems that are promising for various 
applications [2]. In this talk, it will be given the review of physical properties and new 
effects in open quantum optical systems with strong coupling between subsystems. 

 
Main text 
 In the framework of the Born-Markov approximation, there are two main 
approaches to describe the relaxation processes in open quantum systems. The first one is 
the local approach in which the relaxations processes are supposed to be as for 
noninteracting subsystems. Though such approach is widely used, it may lead to violation 
of second order of thermodynamics. The second approach is the global approach for which 
it is necessary to find eigenstates of interacting subsystems. This approach is derived from 
Bloch-Redfield master equation for the system density matrix using full-secular 
approximation. This approximation is to average the terms in the Bloch-Redfield equation 
that oscillate at any non-zero frequencies. For the system near an exceptional point, we 
develop the partial-secular approximation for the Bloch-Redfield equation. This 
approximation is to average only the terms that oscillate at fast optical frequencies and to 
conserve time-dependent terms that oscillate at the Rabi frequency. We show that the 
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master equation obtained with the aid of partial-secular approximation asymptotically tends 
to the master equation in local approach at small Rabi interaction frequency and tends to 
the master equation in global approach at large Rabi interaction frequency [3].  
 Usually, it is assumed that increasing of interaction between system and reservoirs 
increases dissipations rates and, thus, weakens the effective coupling between subsystems 
and results in transition from strong to weak coupling regime. We show that the increase in 
interaction with reservoirs results not only to increasing of dissipation rates but also in non-
Hermitian coupling between subsystems which is proportional to the Hermitian coupling 
constant between subsystems and frequency dispersion of the reservoir density of states. 
When subsystems interact with the reservoir with sharp frequency dispersion, there is a 
critical value of Hermitian coupling constant between subsystems above which the system 
stays in the strong coupling regime at any relaxation rates. We call this regime as 
environment-assisted strong coupling regime [4]. 
 We show that in the system of strongly coupled qubits dephasing can results in 
formation of long-lived mixed entangled state. This state is close to subradiant state known 
from Dicke model. We demonstrate that the time of existence of entanglement is much 
larger than the time of dephasing and dissipation. We show that long-lived entanglement is 
robust to detuning between eigenfrequencies of the qubits [5]. 
 It is known that strong coupling between plasmonic nanoparticle and j-aggregated 
molecules, the rate of photooxidation of j-aggregates can be suppressed by order of 
magnitude [6]. We show, both theoretically and experimentally, that when molecules of 
Cy7.5 are strongly coupled with plasmonic gold nanorod, there is optimal concentration of 
Cy 7.5 molecules, at which the rate of photooxidation is minimal. We demonstrate that the 
existence of optimal concentration is the results of competition of two effects: increasing of 
effective Rabi constant of interaction and concentration quenching [7].  
 The strong coupling between electromagnetic field of resonator and polarization of 
organic molecules results in formation of polaritons. Recently, vibron-mediated Bose-
Einstein condensation of polaritons has been demonstrated. We show, both theoretically 
and experimentally, that formation of Bose-Einstein condensation results in nonlinearity at 
the single-photon level [8]. We develop full quantum mechanical theory that explains this 
phenomenon and describse coherent properties of polariton Bose-Einstein condensate [9].  

The study was financially supported by a grant from Russian Science Foundation 
(project № 20-72-10057). 
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Abstract 
The main mechanisms of the interplay between magnetism and superconductivity 

and the coexistence between these two different long ranged orders in the bulk magnetic 
superconductors will be reviewed.  The antagonism of ferromagnetism with a singlet 
superconductivity leads to spectacular effects such as a re-entrant superconductivity and 
the nanoscopic domain magnetic structure formation. In the case of the weak exchange 
interaction (or triplet superconductivity), the competition between a self-induced vortex 
phase and a short-period domain structure may occur. 

The very special character of the proximity effect in superconductor-ferromagnet 
heterostructures is revealed in the damped oscillatory behaviour of the Cooper pair wave 
function and the formation of the special π-Josephson junctions is possible. Such “π -
junction” incorporated in a superconducting circuit may generate a spontaneous current. 
The quantum oscillations and the “π”-states should also be present in multiply connected 
ferromagnet–superconductor hybrids, for example in a thin-walled superconducting 
shell surrounding a ferromagnetic cylinder. 

The proximity effect in S/F structures is usually short-ranged though it can become 
long ranged when the magnetic structure is non-collinear. It has been demonstrated that 
the Josephson junctions with a composite ferromagnetic interlayer indeed reveal the 
triplet long-ranged superconducting current. The triplet superconducting correlations 
provide the possibility to generate the magnetization in the Josephson junction. Such 
induced magnetization occurs at a relatively large distance, and is sensitive to the 
superconducting phase difference. By tuning the Josephson current, one may manipulate 
the long-range induced magnetic moment. This magnetic moment controlled by the 
Josephson current may therefore be used in spintronics devices instead of the spin-
torque effect. 

Coupling between the superconducting current and magnetization opens the very 
interesting perspectives for emerging superconducting spintronics. 
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Abstract 

Non-Hermitian systems are actively studied recently [1]. These systems are characterized 
by the presence of an exceptional point (EP) in them. At the EP, the degeneracy of the 
eigensubspaces occurs, that is, the eigenvalues coincide, and the eigenvectors are collinear [1]. 
The transition through the EP is associated with a phase transition, which is also called the non-
Hermitian phase transition or exceptional point phase transition [1]. The EP phase transition can 
be observed in many physical systems: atom-cavity systems [1, 2], optomechanical systems [3], 
etc. The main problem with the use of exceptional points is the presence of dissipation or 
amplification in the system. 

In this paper, we show that the signature of exceptional point phase transition [4] exists in 
Hermitian systems, in which there is no dissipation or amplification. The paper considers a 
Hermitian system, which is presented in the form of two harmonic oscillators, each of which 
interacts with its own finite reservoir. Reservoirs, in turn, are also represented as a set of a finite 
number of harmonic oscillators. The Hamiltonian of considered system has the following form: 
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In the present work [4] we show the qualitative change in the dynamics of the system 
occurring at the coupling strength between oscillators corresponding to the EP in the non-
Hermitian system. Moreover, we also demonstrate that phase transition manifests itself even in 
the non-Markovian regime of dynamics, where collapses and revivals take place. Additionally, 
we introduce an order parameter that describes the exceptional point phase transition in a non-
Hermitian system, and also show that this order parameter describes the signature of exceptional 
point phase transition in Hermitian system (see Figure 1). 



 
Figure 1. Dependence of the order parameter 12 ( )D T  on coupling strength in the Hermitian 
system. The numbers of the modes in the reservoirs are 1 2 40N N   ( the blue line); 

1 2 30N N   (the green line); 1 2 20N N   (the red line). The vertical dashed line 
corresponds to the exceptional point. Figure reprinted from [4]: Quantum 7, 982 (2023). 
 

We believe that presented results can help to overcome the limitations from dissipation or 
amplification in the system. The results open the way for constructing new devices for laser and 
sensoric applications. 
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Abstract

We study the evolution of energy, magnetization and initial Fock states of the harmonic oscillator and a
charge in a homogeneous time-dependent magnetic field, when the frequencies slowly vary with time and pass
through zero value. In this case, the original Born-Fock adiabatic theorem is obviously broken. However, its
generalization is found: the initial Fock state becomes a wide superposition of many Fock states, whose weights
do not depend on time in the new adiabatic regime. We show that after a single frequency passage through zero
value, the famous adiabatic invariant ratio of energy to frequency (which does not hold for zero frequency) is
reestablished again, but with the new proportionality coefficient, which is bigger than unity. The concrete value
of the mean proportionality coefficient depends on the power index of the frequency dependence on time near
zero point. In particular, the mean energy triplicates if the frequency tends to zero linearly. If the frequency
attains zero more than once, the adiabatic proportionality coefficient strongly depends on the lengths of the time
intervals between zero points, so that the mean energy behavior turns out quasi-stochastic after many frequency
passages through zero value. Generalizations to the case of non-Hermitian PT -symmetric Hamiltonians with real
energy spectra are considered. The role of the statistical correlations between the coordinate and momentum
is emphasized.
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Abstract

We shall consider the story of prediction and observation of oblique solitons in
Bose-Einstein condensates. The notion of oblique solitons appeared in the context
of study of superfluidity of quantum gases. Stability of oblique solitons observed
in numerical experiments apparently contradicted to the ‘common wisdom’ which
was then generally accepted that such solitons must be unstable with respect to
bending or ‘snake’ perturbations. We will explain the solution of this conundrum
and discuss experimental observations of oblique solitons in polariton condensates.

Key words: Bose-Einstein condensate, nonlinear dynamics

As is well known, if a gas of Bose atoms is cooled down very low temperature,
it experiences the phase transition to the Bose-Einstein condensate state. In such a
state, slow enough flow of the gas past an obstacle is superfluid what means that no
any excitations are excited by the flow. However, if the flow velocity u exceeds the
velocity cs of long sound waves which can propagate through the condensate, then
this flow past an obstacle is accompanied by the Cherenkov-like radiation of sound
waves. This means loss of superfluidity according to the Landau criterium. In fact,
the superfluidity is lost even at smaller velocity because of generation of vortex pairs
in vicinity of the obstacle’s boundary.

Quite unexpectedly, it was found [1] that this simple physical picture changes at
high enough supersonic velocities: dark solitons were observed in numerical experiments
instead of ‘streets’ of vortices if

u > 1.46cs.

These oblique solitons have a form of dips in the condensate’s density distributions and
slopes of such dips with respect to the flow direction depend on their depth; see Fig. 1.
Formal solutions of the two-dimensional Gross-Pitaevskii equation which describes the
condensate’s dynamics can be easily obtained in the form of oblique solitons, however
it is well known that such solitons correspond to unstable excitations decaying to
vortex pairs because of bending or ‘snake’ instability.

The way out of this dilemma was found in Refs. [2, 3] and the solution is the
following. If there is a flow of condensate along an oblique soliton, then this flow
convects the unstable growing modes so that they can be ‘washed’ away when the flow
velocity is large enough. As a result, the length of an oblique soliton increases with
time after switching on the flow past an obstacle, as is shown in Fig. 1. It means that
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Figure 1: Growth of oblique solitons with time after switching on the flow of condensate
past an obstacle.

the bending instability is convective, that is it can be removed by the flow, and an
oblique soliton becomes stable in the reference frame attached to the obstacle.

After this theoretical prediction oblique solitons were observed in experiments
with polariton condensates [4, 5] in qualitative agreement with theoretical predictions.
These theoretical and experimental results provide a simple example of the modern
‘fluid of light’ dynamics.
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Abstract

In this work, we investigate high-order harmonic generation by bichromatic
(ω0, 2ω0) few-cycle counter-rotating circularly polarized laser pulses with wave-
lengths 800 nm and 400 nm and intensities 1× 1014 W/cm2 and 2× 1014 W/cm2

for the laser pulse component with frequency ω0 and intensities 5× 1013 W/cm2

and 1× 1014 W/cm2 for the component with frequency 2ω0.

Key words: Theoretical physics, nonlinear optics, harmonic generation, circular
polarization

Introduction

High-order harmonic generation (HHG) is an attractive table-top source of coher-
ent, bright, and tunable extreme ultraviolet (XUV) and soft X-ray radiation with
applications in coherent diffractive imaging, ultrafast holography, and time-resolved
measurements [1]. Moreover, circularly polarized HHG may find additional applications
in nanolithography, ultrafast spin dynamics, and magnetic circular dichroism [1, 2].

Main text

In this work, we study HHG by the H+
2 molecule in the 1σg ground electronic

state in bichromatic counter-rotating circularly polarized sine-squared pulses with the
carrier wavelengths 800 nm and 400 nm. Both components are circularly polarized in
x− y plane and have the same duration (10 optical cycles of wavelength 400 nm). The
molecular axis is oriented along the z axis, which is perpendicular to the polarization
plane of the laser field.
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To solve the time-dependent Schrödinger equation, we use the generalized pseu-
dospectral method in prolate spheroidal coordinates [3]. We also employ the split-
opeartor method in energy representation [4] for propagation of the electron wave
function in time.

The spectral density of the radiated energy S(ω) can be obtained by the Fourier
transformation of the time-dependent dipole acceleration, which is calculated by
employing the semiclassical approach, where the basis expressions come from classical
electrodynamics but the classical quantities are replaced with the corresponding
quantum expectation values.
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Figure 1: HHG spectrum S(ω) of the H+
2 molecule subject to the counter-rotating

few-cycle circularly polarized sine-squared laser pulses. The pulse duration is 10 optical
cycles of frequency 2ω0 and peak intensities are 1× 1014 W/cm2 for the ω0 component
and 1 × 1014 W/cm2 for the 2ω0 component. Solid (black) line: τ = 0 (zero time
delay), dotted (red) line: τ = 2Toc (positive time delay corresponds to the ω0 field
arriving first), dashed (blue) line: τ = −2Toc (negative time delay corresponds to the
2ω0 field arriving first), where Toc = π/ω0. The green vertical dashed line indicates
the corresponding ionization threshold (Ip) marked by the 1σg threshold.

We calculate the HHG spectra depending on the intensity ratio of the components
and the time delay between them. As a result, a distinct doublet structure of peaks
with opposite circular polarization for low-order harmonics was revealed, explained by
selection rules. It was found that the strongest signal in all parts of the spectrum is
observed when the components completely overlap when there is no time delay between
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them. The values of the total radiated energy in the below-threshold, plateau, and
cutoff regions were also obtained. With a negative delay (the 400 nm component starts
earlier than the 800 nm component), the signal level is lower than with a positive
delay, with the same absolute value both in the low-frequency part of the spectrum
and in the plateau region. The opposite picture is observed in the cutoff region, where
the signal level with a negative delay is higher than with a positive delay with the
same absolute value.

Table 1: Radiated energy of harmonics in different frequency intervals for pulses with
duration 10 optical cycles of wavelength 400 nm and intensities 1× 1014 W/cm2 for
ω0 and 1× 1014 W/cm2 for 2ω0

Time delay
between
pulses

in π/ω0 units

Energy of the
below-threshold

region
(3H–20H) (a.u.)

Energy of the
plateau region

(21H–55H) (a.u.)

Energy of the
cutoff region

(56H–90H) (a.u.)

0 4.71× 10−10 8.87× 10−11 1.82× 10−13

1 3.44× 10−10 6.87× 10−11 0.51× 10−13

-1 3.66× 10−10 6.73× 10−11 1.24× 10−13

2 1.72× 10−10 2.38× 10−11 2.46× 10−14

-2 1.56× 10−10 2.17× 10−11 3.02× 10−14

3 4.44× 10−11 4.21× 10−12 5.93× 10−15

-3 4.11× 10−11 3.25× 10−12 1.14× 10−14
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Abstract

The radiative decay of the 2s state of one-electron and one-muon ions is
investigated. Based on the accurate relativistic calculation, we introduce a two-
parameter approximation, which makes it possible to describe the two-photon
angular-differential transition probability for the polarized emitted photons with
high accuracy. The emission of photons with linear and circular polarizations
is studied separately. We also investigate the transition probabilities for the
polarized initial and final states. The investigation is performed for ions with
atomic numbers 1 ≤ Z ≤ 120.

Key words: Theoretical physics

Introduction

Two-photon transitions represent a fundamental process in atomic physics. Two-
photon decay is best studied for one- electron ions, which is the dominant decay channel
of the 2s-electron state for low- and medium-Z H-like ions, where Z is the atomic
number. The probabilities of one- and two- photon transitions become comparable for
Z ≈ 40. Unlike one-photon decay, the emission spectrum of two- photon decay has
a continuous distribution determined by the energy conservation law. The study of
differential transition probabilities is of particular interest.

The record accuracy of measurement of the transition frequency in hydrogen was
obtained in the reverse process, two-photon excitation 1s → 2s [1]. For one-muon
ions, two-photon decay is the main radiative channel for all ions. An experimental
investigation of the 2s → 1s transition in muon ions was performed in [2, 3]. Since
significant progress was recently made in the quality of muon beams [4], the study of
muon ions has become relevant.
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Main text

For both electron and muon ions the most long-lived state of the L shell is the 2s
state. We investigated the radiative decay of the 2s state of one-electron and one-muon
ions with respect to the polarization of the emitted photons. The investigation was
performed for the ions with nuclear charge numbers 1 ≤ Z ≤ 120. Particular attention
was paid to the role of the two-photon decay channel.

The radiative decay of the 2s state in the electron and muon ions is qualitatively
different. In particular, in contrast to electron ions, in the case of muon ions the
cascade (2s → 2p3/2 → 1s and 2s → 2p1/2 → 1s) channels are of great importance.
For the muon ions, taking into account the nuclear size corrections may change the
transition probability by several orders of magnitude.
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Figure 1: Differential transition probabilities f(x) = dW (e,µ)

dω1
(in s−1keV−1) for electron

and muon ions for Z = 92 as a function of the energy sharing fraction x (x = ω1
εi−εf

).
The differential transition probabilities are given on a logarithmic scale as log10 f(x).

The two-parameter approximation was introduced, which made it possible to
describe with high accuracy the two-photon angular-differential transition probability
for the polarized emitted photons. The accuracy of this approximation was 10−3% for
light ions, remaining within 1% even for the superheavy ions (for the photons with equal
energies). Within the two-parameter approximation, the asymmetry factor completely
determines the asymmetry of the differential transition probability. For the one-muon
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ions the asymmetry is very small. For the one- electron ions the main contribution to
the asymmetry factor is made by the negative continuum of the Dirac spectrum. A
nonzero asymmetry factor even for light ions can be a source of nonresonant corrections,
which can be important for precision experiments.

We study the differential transition probabilities for the emission of a photon with
certain linear and circular polarizations, as well as the transition probabilities for
polarized initial and final states. Recently, it was reported that the detector technology
for the measurement of linear photon polarization (appearing in K-shell radiative
electron capture by heavy ions) was significantly improved [5]. We used the two-
parameter approximation for the differential transition probabilities to analyze different
polarizations of photons even in the relativistic domain. The angular dependence of
the differential transition probabilities for the emission of circularly polarized photons
is clearly related to the transition probabilities for linearly polarized photons.

The work was supported by the Russian Science Foundation under Grant No.
22-12-00043.
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This work explores the dynamic behavior of flexural phonons in two-dimensional
crystalline membranes at the room temperature. We studied the decay of flexural
phonons due to interaction with in-plane phonons with the help of the Matsubara
diagram technique.

At first we found that the decay rate of flexible phonons is independent of temper-
ature, unlike the standard lifetime in three-dimensional crystals due to three-phonon
processes. Our analysis show that this unexpected result is because of the strong
screening of the interaction at small momenta q < q∗ where q∗ ∼

√
Y T/κ. Here

Y and κ denote the Young’s modulus and the bending rigidity, respectively. For
static out-of-plane deformations the strong screening of the interaction results, as
well-known, in power-law dependence of the Young’s modulus and the bending rigidity
on momentum, Y ∼ q2−2η and κ ∼ q−η [1]. These power-law scaling of elastic moduli
persits in the dynamic.

We studied the behavior of the imaginary part of the self-energy for flexural phonons
as a function of frequency. We found the power-law behaviour of imaginary part of the
self-energy ImΣ(q, ω) ∼ ρωωqF (ω/ωq), where ωq = (κq4−ηqη∗/ρ)

1/2 with ρ being the
mass density of the membrane. The obtained result suggests the exact relation for the
dynamical exponent: z = 2− η/2. We find that the function F (z) has the following
asymptotic behavior at x ≫ 1, F (x) ∼ x−3η/(4−η).

Finally, behaviour of mean squared displacement, ⟨(h(t)− h(0))2⟩, was analysed as
a function of time. At long times, t ≫

√
ρ/(κq4∗), we obtain ⟨(h(t)− h(0))2⟩ ∝ t1−β,

where β = η
4−η > 0. The latter implies that fluctuations behave subdiffusively in

quantitative agreement with the experiment.
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Abstract 
Properties of ferromagnetic nanoparticles are considered using the band structure 

based shell model. As is demonstrated such an approach allows to describe the observed 
superparamagnetic features of such nanocrystals. Arrays of these superparamagnets 
embedded in nonmagnetic insulator, semiconductor or metallic substrates are shown to 
display ferromagnetic coupling leading to a superferromagnetic structure properties. 
Such structures are studied accounting for quantum fluctuations due to the discrete 
electronic levels and disorder within the randomly jumping interacting moments model. 
The occurrence of self-organized criticality is found to indicate an existence of spinodal 
regions and critical points in magnetic state equation and phase diagram. The 
magnetodynamics represent jerky behaviour displayed as erratic stochastic 
discontinuities for magnetic induction. Considerations of magnetic noise correlations 
are proposed as model-independent analytical tools employed in order to specify, 
quantify and analyse magnetic structure and origin of superferromagnetism. We discuss 
some results for a sensor mode of superferromagnetic reactivity associated with spatially 
local external fields, e.g., a detection of magnetic particles. Transport of electric charge 
carriers between superparamagnetic particles is considered as the Landau level state 
dynamics. Arising giant magnetoresistance is determined by ratio of respective time of 
flight and relaxation and can be significant at room temperatures. Favorable designs of 
superferromagnetic systems for sensor implications are revealed.      

Key words: suprparamagnetism; superferromagnetism; giant magnetoresistance, sensor 
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Abstract

A review of modern precision physics of atomic scale will be given. We discuss determination of
the fundamental physical constants [1] such as the fine structure and Rydberg constant, masses of
electron and light nuclei from precision experiments. Along with the Rydberg constant, the problem
of the proton charge radius is debated. Spectroscopy of exotic atoms, tests of the CPT invariance,
constrains on the hadronic fifth force is considered.

In the second part of the talk the Nonrelativistic quantum electrodinamics (NRQED) [2] as a
tool for precision theoretical studies will be outlined. We start from the NRQED Lagrangian and
derive the basic corrections to the bound systems such as the leading order relativistic Breit-Pauli
Hamiltonian, leading order radiative corrections. Then we discuss how complex particles (hadrons)
may be incorporated into the low-energy QED theory. Finally, we show how corrections of order mα7

inclusive may be derived and calculated from the NRQED formalism.
Keywords: Spectroscopy of light atoms and molecules, exotic atoms, bound states, effective field

theories, radiative and relativistic corrections.

References

[1] E. Tiesinga, P.J. Mohr, D.B. Newell, and B.N. Taylor, CODATA recommended values of the funda-
mental physical constants: 2018, Rev. Mod. Phys. 93, 025010 (2021).

[2] W.E. Caswell and G.P. Lepage, Effective Lagrangians for bound state problems in QED, QCD, and
other field theories. Phys. Lett. B 167, 437 (1986).



The International Summer Conference on Theoretical Physics 2023
Abrikosov Center for Theoretical Physics

Electron-loop corrections of order α5mµ to the Lamb
shift in light muonic atoms

E. Korzinin

D.I.Mendeleyev Institute for Metrology (VNIIM)
korzinin@vniim.ru

Abstract

We consider two kinds of contributions to the Lamb shift in light muonic hy-
drogenlike atoms: one-loop light-by-light-scattering contributions and three-loop
vacuum polarization corrections. The contributions are of the order α5mµ (with
diverse dependence on the nuclear charge Z). Those include the contributions of
the so-called Wichmann-Kroll potential [α(Zα)4mµ], the virtual Delbr�uck scat-
tering [α2(Zα)3mµ], etc.

Key words: muonic hydrogen, QED

Muonic atoms give an opportunity to develop and test a bound-state QED theory
and probe a nuclear structure with a speci�c range of parameters not available with
ordinary [electronic] atoms. Recently the accuracy of the measurement of the 2s�2p
Lamb shift in some light hydrogenlike muonic atoms has been dramatically improved
[1, 2]. The QED theory of the energy levels in muonic atoms is somewhat di�erent
from that in ordinary atoms. The Bohr radius in muonic atoms is comparable with
the Compton wavelength of an electron. Because of that, an important role is played
by the diagrams with the closed electron loops. Those contributions are speci�c for
muonic atoms. The most important are those due to vacuum polarization. Their
contribution to the energy is of the order α(Zα)2mµ.

E�ects of the virtual light-by-light scattering contribute to higher orders. There
are three types of such contributions, characteristic diagrams which are presented in
Fig.1. They are all of the order α5mµ, but their dependence on the value of the
nuclear Z charge is di�erent. It was proven in [3, 4] that an approximation of a
static muon, where its nonrelativistic propagator is presented with a δ function over
the energy (see Fig.2), is a valid one. For the calculation of the virtual-Delbr�uck-
scattering contribution (diagrams 2:2 in Fig.2), one can use an e�ective potential in
the coordinate space which was constructed in [5].

The other kind of the contribution under consideration is irreducible VP3 diagrams
Fig.3. The only available result for the contribution is on µH [6]. In other papers only
bold estimations have been made. We recalculate it using new available asymptotics
of vacuum polarization operator [7].
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Figure 1: Characteristic diagrams induced by the light-by-light scattering. The double
horizontal line is for the nonrelativistic Coulomb Green's function of a muon.

Figure 2: �Double-external-�eld� approximation with a static nucleus and a static
muon.

Figure 3: Characteristic irreducible VP3 diagrams: VP with VP inside and VP with
2γ inside. For VPinVP the masses of the particle in the loop are the same.
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Abstract

We present the results of non-perturbative relativistic calculations of electronic
quantum dynamics in low-energy ion-atom collisions taking into account time-
depending screening effects. Method of calculations employs an independent
particle model with effective single-electron Dirac-Kohn-Sham operator. For
the inclusion of the time-depending screening effect we use a simple model.
Calculations are performed for Ne-F8+(1s) collision at the projectile energy
130 keV/u.

Introduction

Low-energy heavy-ion collisions play a very important role in studying relativistic
quantum dynamics of electrons in the presence of strong electromagnetic fields [1].
What is more, if the total charge of the colliding nuclei is larger than the critical
one spontaneous electron-positron pair production becomes possible, observation
of the effect can shed light on quantum electrodynamics at supercritical fields [2,
1]. Experimental investigations aimed at comprehensive study of various processes
in low-energy heavy ion-atom collisions are planned in the nearest future. The
corresponding theoretical calculations are urgently required. The present work is
devoted to development of effective methods for evaluation quantum dynamic of
electrons in ion-atom collisions including time-dependent screening effect.

Theory

Here we briefly present the formalism used, for a complete description see Refs. [3].
Using the semiclassical approximation, where the atomic nuclei move along the classical
trajectories and are considered as sources of a time-dependent external potential, we
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have to solve the time-dependent many-particle Dirac equation for the electrons involved
in the process. We employ a method based on an independent-particle model, where
the many-electron Hamiltonian Ĥ is approximated by a sum of effective single-electron
Hamiltonians, Ĥeff =

∑
ĥeff , reducing the electronic many-particle problem to a set of

single-particle Dirac equations for all (N) electrons of the colliding system with the
initial conditions:

i
∂ψk(r⃗, t)

∂t
= ĥeff ψk(r⃗, t), lim

t→−∞
(ψk(r⃗, t)− ψ0

k(r⃗, t)) = 0, k = 1, . . . , N, (1)

The many-electron wave function is given by a Slater determinant made-up from
the single-particle wave functions. As the effective single-electron Hamiltonian ĥeff we
use the two-center Dirac-Kohn-Sham Hamiltonian:

ĥeff = c(α⃗ · p⃗) + β c2 + V A
nucl(r⃗A) + V B

nucl(r⃗B) + V A
scr(r⃗A, t) + V B

scr(r⃗B, t) , (2)

where c is the speed of light and α⃗, β are the Dirac matrices. Index µ = A,B indicates
the centers, r⃗µ = r⃗ − R⃗µ, r⃗ is the electron radius-vector, R⃗µ is the radius-vector
of the centers (nucleus), V µ

nucl(r⃗µ) and V µ
scr(r⃗µ, t) are the electron-nucleus and the

electron-electron interaction potentials, respectively,
Relatively simple model, which does not increase the computational cost signifi-

cantly compared to a calculation with a frozen target and projectile potentials was
suggested in work [4]:

V µ
scr(r⃗, t) =

Qµ
eff(t)

Nµ
V µ,0
scr (r), (3)

where Nµ is the initial number of the target or projectile electrons. In other words
the time-dependent screening potential is presented as the frozen one multiplied by a
coefficient. There are different ways to defined the coefficient Qµ

eff(t), here we consider
the following:

1. Qµ
eff(t) =

∫
Vµ
ρ(r⃗)/|e|d3r, Vµ is the target (projectile) space volume

2. Qµ
eff(t) = Qµ(t) ≡

∑Nµ

i=1

∑M
v=1|⟨φ

µ
v |ψi(t)⟩|2;

the set {|φµ
v ⟩, v = 1, ..., V } contains all bound states of the target (projectile)

3. Qµ
eff(t) = (Qµ(t)− P loss

0 ) Nµ

Nµ−1

P loss
q are the probabilities to lose charge q from the target (projectile)

Solving the effective single-particle Eq. (1) is based on the coupled-channel approach
with atomic-like Dirac-Fock-Sturm orbitals, localized at the ions (atoms) [5]. The
many-particle probabilities are calculated in terms of the single-particle amplitudes
employing the formalism of inclusive probabilities [6], which allows one to describe the
many-electron collision dynamics.
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Figure 1: The average number P (b) of the Ne K-shell-vacancy production as function
of the impact parameter b for the Ne-F8+(1s) collisions at the projectile energy
of 130 keV/u. Comparison of the no-response calculation with the response type
(1) (fig. a), (2) (fig. b), (3) (fig. c) results and experimental data by Hagmann et al. [7].

Results of calculations

In the present work the average number of the Ne K-shell-vacancy production
as function of the impact parameter b for the Ne-F8+(1s) collisions at the projectile
energy of 130 keV/u has been calculated. The calculations were performed for the
no-response screening potential as well as for time-dependent (response) case. Three
types of inclusion of the time-dependent screening effect were considered. The results
are presented in Fig. 1. One can see considerable influence of the effect.
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Abstract

Spectroscopic experiments with atoms and molecules have unique accuracy.
In the optical domain the part per billion precision in frequency measurements
is routinely achieved, while the atomic optical clocks at present have relative
accuracy on the level of 10−17 – 10−18. This opens a variety of possibilities
to test New Physics beyond the Standard Model by studying minute effects
in atoms and molecules. Atomic experiments include tests of the violation of
the fundamental symmetries, such as spacial parity non-conservation, or time-
reversal invariance and local Lorenz invariance violation. Another direction is the
search for the possible variation of the effective fundamental constants, including
the fine structure constant α and the electron to proton mass ratio µ. Atomic
physics places very strong constrains on the exotic long-range interactions. Such
interactions are predicted in a large number of theoretical models, where the
cosmological Dark Matter supposed to be formed by the light bosonic field(s).
Atomic table-top experiments are complementary to the extremely expensive
high-energy experiments with particle accelerators. In this talk I will stop on
some of the recent advances in this field and will discuss several proposals of the
new experiments.

Key words: atomic physics, optical clocks, fundamental constants, exotic bosons
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Abstract

We perform a theoretical and computational study of laser-assisted collisions
of protons with hydrogen atoms. The incident proton energy is equal to 0.25 keV,
and the laser field is linearly polarized in the collision plane. For the infrared laser
field (frequency ω0 = 0.01 a.u.) and small impact parameters (0.125− 1.5 a.u),
our results demonstrate a strong dependence of the charge transfer and ionization
probabilities on the phase of the field at the moment when the proton approaches
the hydrogen atom most closely. On the contrary, for the field in the extreme
ultraviolet region (frequency ω0 = 2 a.u.), the charge transfer and ionization
probabilities do not depend on the phase of the field irrespective of the impact
parameter value.

Key words: Charge transfer, Ionization probability, Capture cross section

Introduction

Revolutionary changes in the experimental technique made it possible to observe
and measure various processes with diatomic molecules and quasimolecules in laser
fields. An external electromagnetic field makes it possible to control the process of
electron capture during collisions. In particular, it was demonstrated [1, 2] that the
phase of the electromagnetic field has a significant influence on the probability of the
charge transfer in collisions of various ions with a hydrogen atom.

Here we present a theoretical and numerical study of the effect of the phase
and intensity of the laser field on the charge transfer and ionization processes in a
homonuclear H–H+ quasimolecular system [3]. The field is linearly polarized in the
collision plane along the initial direction of the inrenuclear axis. The collision dynamics
is studied solving the time-dependent Schrödinger equation in the center-of-mass
coordinate system. Then a transition to a non-inertial reference frame rotating with
the internuclear axis is made, which leads to appearance of an additional term in
the Hamiltonian that takes the rotational coupling into account. The velocity of
the incident proton is chosen to be rather low (v0 = 0.1 a.u., which corresponds to
an energy of 0.25 keV). The main goal was to obtain the dependence of the charge
transfer probability and cross section, as well as the ionization probability on the field
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parameters, such as intensity, frequency and phase at the ahortest distance between
the nuclei. The calculations were carried out at the peak intensities 1× 1012 W/cm2

and 1× 1013 W/cm2 for the frequency 0.01. a.u. and 5× 1014 W/cm2 for frequency
2 a.u.; the phase values were 0◦, 90◦, 180◦, and 270◦.

Main text

Assuming that collision of a proton with a hydrogen atom occurs in the x − z
plane, the Schrödinger equation in the rotating frame of reference can be written in
the following form:

i
∂

∂t
Ψ(r, t) = [−1

2
∇2 + U(r) + V (r, t)− ω(t)Ly]Ψ(r, t), (1)

where U(r) is the interaction of the electron with the nuclei; V (r, t) is the interaction
of the electron with the laser field; ω(t) is the angular velocity; Ly is the operator
of the angular momentum projection on the y axis. Using the velocity gauge in the
dipole approximation, the operator V (r, t) is written as:

V (r, t) = −i(A · ∇) +
1

2
A2, A(t) = −F0

ω0
cos(ω0t+ ϕ)ez, (2)

where F0 is the peak field strength, ω0 is the carrier frequency of the electromagnetic
wave, and ϕ is the field phase at t = 0. The time-dependent Schrödinger equation is
solved on a symmetrical time interval, where the moment t = 0 corresponds to the
shortest distance between the nuclei. The equation (1) is solved using generalized
pseudospectral discretization in prolate spheroidal coordinates and Crank-Nicolson
algorithm for time propagation.

The dynamics of the charge transfer and ionization is determined by the superpo-
sition of the Coulomb forces from the nuclei and the force from the electromagnetic
field in the region where the projectile is close to the target. The force from the
electromagnetic field in this region is in turn determined by the phase of the field at
the moment of the shortest distance between the projectile and the target. Our results
for the frequency ω0 = 0.01 a.u. demonstrate a significant influence on the charge
transfer and ionization from the phase of the electromagnetic field.

If the impact parameter is sufficiently small (b < 2 a.u.), the excited electronic
states of the quasimolecule H+

2 get substantial population while the projectile is in
close proximity to the target. In this case, the portions of the nuclear motion when the
projectile approaches the target and when it flies away differ significantly in their role
in the charge transfer and ionization processes. When the projectile still approaches the
target, the electron dynamics is mainly to interference of initially populated 1σg and
1σu molecular orbitals. However, when the projectile flies away, higher-lying electronic
states are already populated thus affecting the dynamics of the charge transfer and
ionization in the external field. The charge transfer and ionization probabilities are
different for different phases of the field at the same intensity.
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At large impact parameters (b > 2 a.u.), the probability of excitation of the
quasimolecule to higher-lying electronic states is small, and the charge transfer dynamics
is mainly determined by the interference of the initially occupied 1σg and 1σu molecular
orbitals. In this case, the portions of the nuclear motion before and after the point
of the shortest distance between the projectile and the target are equivalent with
respect to the charge transfer. In the vicinity of this point, the molecular axis is almost
perpendicular to the direction of the force from the external field. In this geometry,
dependence on the sign of the field disappears. Then the charge transfer probability is
the same for both field phases within the pairs 0◦, 180◦ and 90◦, 270◦ but differs from
the probability for the other pair. The effect of the field phase on the charge transfer
is also well pronounced in the cross section upon integration of the probability with
respect to the impact parameter, as one can see in Table 1.

Table 1: Phase-dependent charge transfer cross sections (10−16 cm2) for the laser field
frequency ω = 0.01 a.u.

Phase Intensity
1× 1012 W/cm2 1× 1013 W/cm2

0◦ 20.62 22.94
90◦ 23.37 24.48
180◦ 20.91 23.24
270◦ 23.69 24.83

For the frequency of the electromagnetic field ω = 2 a.u. and intensity I0 =
5× 1014 W/cm2, we do not observe the effect of the phase of the electromagnetic field
on the charge transfer and ionization probabilities. This is well explained by much
more rapid oscillations of the electromagnetic field compared to oscillations of the
electron density between the target and the projectile.
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Abstract

We formulate a renormalization group approach to a general nonlinear oscilla-
tor problem. The approach is based on the exact group law obeyed by solutions
of the corresponding ordinary differential equation. We consider both the au-
tonomous models with time-independent parameters, as well as nonautonomous
models with slowly varying parameters. We show that the renormalization group
equations for the nonautonomous case can be used to determine the geometric
phase acquired by the oscillator during the change of its parameters. We illustrate
the obtained results by applying them to the Van der Pol, and Van der Pol-Duffing
models.

Key words: Renormalization group

Introduction

It was shown in Refs. [1-3] that classical dissipative systems with a limit cycle
admit the notion of a geometric phase accumulated when the system’s parameters
undergo a slow change. This geometric phase is analogous to the Hannay angle [4]
in classsical Hamiltonian systems with adiabatic invariants, and to the Berry phase
[5] in quantum mechanics. In this work, we show how to calculate this phase for
models describable with nonlinear oscillators based on the renormalization group (RG)
approach.

The renormalization group method turned out to be a powerful way to regularize
secular terms in the perturbation theory for dynamical systems, and study their
asymptotic behavior, see Refs. [8-9]. As demonstrated in Ref. [10], the method is
extremely versatile, and can in principle replace most known methods of asymptotic
analysis, such as multiplescale analysis, time-averaging techniques, and so on.

Main text

In this work, we present a formulation of the renormalization group procedure
for nonlinear oscillators based on the exact group law obeyed by the solutions of the
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corresponding differential equations, similar to the approach of Ref. [7, 11]. As a
result, we are able to show that the nonlinear oscillator models are perturbatively
renormalizable to any order. The renormalization group equations are obtained directly
from the linear in time secular terms at the prime frequency of the unperturbed
oscillator in a completely mechanistic way. We then use these equations to calculate
the geometric phase shifts for nonlinear oscillators.

We will consider a situation in which the small parameters in a nonlinear oscillator
problem are time-dependent, but this time dependence is slow. Having in mind
applications for calculation of geometric phases for oscillators, we will assume that
these small parameters are taken through a cycle in the parameters space, and the
duration of the cycle. In calculating these corrections, we restrict ourselves to the linear
order in nonadiabaticity, since only such terms lead to the appearance of geometric
phases.

We show how to use formalism to describe the geometric phase for a nonlinear
oscillator with a limit cycle, especially to Van der Pol-type oscillators (Eq. 1).

ÿ + ω2y = µ(1− y2)ẏ − βy3. (1)

In general geometric phase can be represented as in Eq. 2 with the corresponding
curvature (Eq. 3).

θgeom =

∫
(aµdµ+ aβdβ) (2)

χ = ∂µaω − ∂ωaµ (3)

Recently, a way to study the geometric phases in dissipative systems was proposed
by their “Hamiltonization" in Ref.[6]. In this work, we adopt the perturbative renor-
malization group to study changes in the limit cycle of the VdPD oscillator under slow
time evolution of its parameters, and to determine the associated geometric phase. We
will start with the VdP model to reproduce some known results using the RG. Later
we will turn to the VdPD model, and show that in that case, the curvature in the
parameter space is singular and scales as 1/µ2. For the curvature we obtain

χvdpd = ∂µaβ − ∂βaµ =
3

2

β

µ2ω3
. (4)

To give quality observation, we used Wolfram Mathematica for getting results with
different parameters (Fig. 1).
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Figure 1: Geometric phase accumulated during a cycle in the (µ, β) space as a function
of the time to complete the cycle, T (blue squares). The parameters used for the
simulation, in appropriate units, are β = 0.005, δβ = 0.001, µ = 0.01, δµ = 0.0005,
ω = 1. Geometric phase calculated using Eq. 4: θgeom = 1.31 · 10−4. Green circles:
the geometric phase obtained for the longest cycle, ωT = 105, and different values of
(µ, β) = (0.015, 0.01125), (0.02, 0.02), (0.025, 0.03125), for which β/µ2 = 50.
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Abstract

In this talk, I provide an overview of the theoretical development of selected
topics in metamaterials research over the past decades. The main emphasis is on
the effective medium theory for metamaterials, specifically for artificial magnetics;
peculiarities owing to discrete structure of metamaterials and finite size of practical
samples; methods to provide nonlinearity and tunability to metamaterials; and I
will point out the arising open questions along all the topics.

Key words: Metamaterials

Introduction

The research area of metamaterials — as long as we adhere to the explicit use of
terminology, as indeed some of the relevant ideas are more than a century old — is
currently at a mature age of 23 years, and a wide range of specific research directions
has emerged in this context, even if we only look at the first decade only, and a limited
selection of topics, as shown in Table 1.

It is certainly impossible to address all the relevant aspects within a single review
talk, however quite a few textbooks and a number of review articles are published to
date, covering various specific topics.

Table 1: Brief timeline of metamaterial research (first decade)

Research direction Year Research direction Year
Negative refraction 1945 Magnetoinductive waves 2002
Negative ε and µ 1959 Nonlinear metamaterials 2003
Metamaterials 2000 Acoustic metamaterials 2004
Superresolution 2001 “Cloaking” 2006
Artificial magnetism 2002 Hyperbolic dispersion 2008
Wire media 2002 “Metasurfaces” 2009
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Main text

As I have worked in the area of metamaterials from its very beginning, it might be
even of interest to trace, retrospectively, the evolution of perception of the progress of
the relevant research as reflected in review papers written in earlier years, addressing
the general conceptual and strategic aspects [1, 2], artificial magnetics [3], wire media
[4], nonlinearity [5], metasurfaces [6] and new degrees of freedom [7]; therein, some
thousand of relevant references are found.

For this report however, I will only focus on a few specific topics as outlined in the
main section. In general, I will primarily address peculiarities of artificial magnetic
response achieved with metamaterials, and highlight various phenomena which can be
observed in such metamaterials.

As the primary point, the fundamental question to address is the effective medium
theory for magnetic metamaterials, whereby strong mutual interaction between in-
dividual elements is quite essential [8] and leads to a number of curious effects. In
particular, I will point out an exceptionally strong effect of metamaterial boundaries
and shape of metamaterial samples on their observable properties [10]. The effect
owes to extraordinarily strong mutual interaction between closely positioned elements,
which enhances the boundary role and results in remarkable deviations between the
effective medium predictions and realistic properties if finite samples. The eventual
convergence towards a homogenisable response is quite slow [11], which poses direct
implications for any conceivable practical designs.

Strong mutual interaction also paves a route towards implementation of nonlinear
response and tunable properties in metamaterials [5]. In particular, I will discuss
various links between mechanical and magnetic response, emerging in the so-called
magnetoelastic metamaterials [9] and similar structures.

A somewhat related direction points to opto-acoustic metamaterial designs, which
offer artificial electrostriction and enhanced stimulated Brillouin scattering (SBS) [12].
On this track, a simple and non-resonant composite medium, such as an array of
spheres embedded in a matrix of a different material, attains an artificial term in
the electrostriction coefficient so the resulting photoelasticity can exceed that of the
individual components.

Another example of non-resonant metamaterials is a simple but efficient design
of artificial diamagnetics [13]. Diamagnetic metamaterials are scalable to work in a
huge range of frequencies, and provide exceptionally strong diamagnetism compared to
conventional materials . The strong role of mutual interaction in a very dense uniaxial
lattice of meta-atoms, is once again a key feature here, leading to a magnitude of
effective permeabilities below 0.1, further armed with efficient reconfigurability, and
playing a step on the way to light-weight magnetic levitation.

Finally, a remark should be made on the extreme importance of spatial dispersion
in metamaterials, naturally arising from their typical design [4, 14, 15].

Research on the discrete metamaterials of finite size was supported by the Russian
Science Foundation (grant no. 22-11-00153).
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Abstract	
The	methods	of	atomic	force	microscopy	(AFM)	are	increasingly	being	used	to	

study	nanoscale	objects	and	structures.	The	approaches	used	make	it	possible	to	
obtain	a	high-resolution	map	of	surface	properties.	This	paper	proposes	a	method	
for	 programmatic	 improvement	 of	 the	 quality	 of	 measurements	 in	 terms	 of	
increasing	their	information	content.	

Key	words:	atomic	force	microscopy,	fractal	dimension,	Hurst	exponent	
	

It	is	shown	that	the	determination	of	the	fractal	properties	of	the	structure	makes	
it	possible	 to	 control	 the	quality	of	 the	obtained	 images	by	getting	 rid	of	 redundant	
measurements	and	by	 improving	 the	detail	of	 the	height	map	of	 the	analyzed	relief.	
Improving	 the	 quality	 of	 the	 image	 occurs	 according	 to	 the	 Foss	 random	 addition	
algorithm	 by	 determining	 the	 initial	 variance	 and	 the	 Hurst	 exponent.	 Due	 to	 the	
calculation	of	the	Hurst	exponent,	it	is	possible	to	speak	about	the	presence	of	a	trend	
in	 the	 distribution	 of	 heights	 of	 the	 measured	 relief.	 The	 more	 the	 value	 of	 the	
indicator	 deviates	 from	 ½,	 the	 more	 predictable	 the	 distribution	 of	 heights	 in	 the	
study	area	becomes.	This	fact	opens	up	the	possibility	of	using	the	Hurst	exponent	to	
improve	the	quality	of	the	resulting	images.	The	essence	of	the	method	lies	in	the	fact	
that,	having	some	arbitrary	dependence,	 it	 is	possible	to	build	a	random	relief	using	
the	 following	recursive	algorithm.	Between	 the	starting	points	of	 the	sequence,	new	
points	 of	 the	 sequence	 are	 added	 in	 randomly	 addition;	 the	 initial	 point	 value	
corresponds	to	the	arithmetic	mean	of	two	adjacent	measurements.	

	
This	 study	 was	 funded	 by	 the	 Russian	 Science	 Foundation	 (project	 no.	 23-29-

10016,		https://rscf.ru/en/project/23-29-10016/)	
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Abstract 

This research pioneers the study of nuclear quantum effects on metastable states of high-
pressure liquid hydrogen using advanced computational methods, revealing a first-order 
phase transition. A new method for modeling these states across isotherms was 
successfully developed and applied, leading to valuable thermodynamic insights. 

Key words: Equations of state, Phase transitions, Critical phenomena 

 

Introduction 

Currently, there is a sufficiently large number of works in which the influence of 
accounting for quantum effects of nuclei on the thermodynamic properties of systems 
containing hydrogen at high pressures is investigated [1, 2]. The method of integrals on 
trajectories together with the density functional theory allows us to effectively calculate 
these corrections [3]. 

 

Main text 
 

In this work we propose to study the influence of this effect on the region of exist-
ence of metastable states (atomic and molecular) of liquid hydrogen at high pressures (100-
200 GPa) for the first time. The technique of calculations within the method of molecular dy-
namics on integrals on trajectories with the use of software packages VASP and PIMD is mas-
tered. Metastable states in the hydrogen fluid, the existence of which is an unambiguous indi-
cation that the observed transition is, indeed, a phase transition of the first kind, were discov-
ered. This fact is especially important for phase transitions with small density jumps. 

Isotherms for the temperature range 700-1500 K were calculated. A method for 
modeling metastable states for all isotherms under study has been developed and success-
fully applied. The phase curve and evaluation on the metastable regions were obtained. The 
preservation of the molecular phase along the metastable branches is evidenced by the high 
values of the heights of the first peaks of the paired correlation function. An estimate of the 
heat of the phase transition through the jump of the pair entropy is obtained. This work was 
carried out within the framework of the Priority 2030 Strategic Academic Leadership Pro-
gram (agreement 075-02-2021-1316 dated September 30, 2021). 

 

mailto:1aa@university.com
mailto:2ba@university.com


The international summer conference on theoretical physics 2023 
 Abrikosov Center for Theoretical Physics 

 

 
References 
 
1. Deemyad S, Silvera IF. Melting Line of Hydrogen at High Pressures. Phys. Rev. Lett. 

2008;100(15).  
2. Celliers PM, Millot M, Brygoo S, et al. Insulator-metal transition in dense fluid deuter-

ium. Science. 2018;361(6403):677–682. 
3. Morales MA, McMahon JM, Pierleoni C, et al. Nuclear Quantum Effects and Nonlocal 

Exchange-Correlation Functionals Applied to Liquid Hydrogen at High Pressure. Phys. 
Rev. Lett. 2013;110(6).  

 



The International Summer Conference on Theoretical Physics 2023
Abrikosov Center for Theoretical Physics

Diffusive modes in a two-dimensional fermionic gas
with number conserving dissipative dynamics

A.A. Lyublinskaya1 and I.S. Burmistrov2

1Moscow Institute of Physics and Technology

1,2L.D. Landau Institute for Theoretical Physics (RAS)
1lyublinskaya.aa@phystech.edu, 2burmi@itp.ac.ru

Abstract

We consider a two-band 2D fermionic system subject to dissipation, described
in terms of the Gorini-Kosakovski-Sudarshan-Lindblad equation. Using the
Keldysh functional integral approach, the presence of an interval of length- and
time-scales with diffusion motion of quasiparticles is shown by calculating the
ladder series. The first orders of the diffuson’s self-energy are taken into account,
which lead to a change in the diffusion coefficient and determine whether the
trivial stationary state is stable.

Key words: non-equilibrium field theory, Keldysh functional integrals, driven
open quantum systems

Introduction

Recently, active research has been carried out on open quantum many-body systems
with dissipative dynamics [1], [2], [3], [4]. Having non-thermal stationary states with
non-equilibrium transient dynamics, such systems show interesting and unexpected
physical results.

The main technical tool for constructing a theory in the field of quantum systems
with dissipative dynamics is the Gorini-Kossakovski-Sudarshan-Lindblad (GKSL)
equation [5], which describes both the Hamiltonian and nonunitary evolution of the
density matrix, determined by the jump operators. The Keldysh formalism [6] is often
used to construct diagramatics. In the presence of diffusion modes, it also opens the
way to the construction of the Keldysh sigma-model [7], [8], [9].

Main text

Within the framework of this scientific activity, in a recent paper [2] a paradigmatic
two-band model was presented. It is determined by the quadratic Hamiltonian and
particle number conserving jump operators that empty the upper band of the spectrum
and fill the lower one. Analysis using the mean field method shows that, as a result
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of dissipation, the system tends to occupy the ground state of the Hamiltonian, the
so-called dark state, at a rate that does not depend on the system size.

up zone

down zone

E

q

Figure 1: Action of jump operators: redistribution of particles within one zone, or
moving them from top to bottom.

In the paper [3] that followed, the question of what happens beyond the mean
field approximation was investigated. In this work, an analysis of vertex corrections
in the diagramatics of the Keldysh formalism was carried out and the presence of a
diffusion regime in the dynamics of particle and hole density modes was shown. Also,
recombination of particles from the upper zone with holes in the lower one was described
in the second order in particle density deviation from the dark state filling, and pumping
from bottom to top was detected in the second order in the dissipation constant. These
two effects of interband transitions, combined with diffusion, lead to a description
of the particle density in terms of the Fisher-Kolmogorov-Petrovsky-Piskunov (FCP)
equation, and also indicate the instability of the dark state.

Our work is devoted to a more rigorous description of the diffusion regime in the
presented fermionic system. Using the Keldysh formalism, the ladder diagram for
the diffuson is calculated and the diffusion coefficient obtained in [3] is reproduced.
Further, self-energy insertions are added to this series, which in the leading order in
the dissipation coefficient give a correction to the diffusion coefficient, and in the next
order introduce the final mass for diffusons. This mass either confirms the [3] authors’
prediction about the existence of pumping and dark state instability, being formally
negative, or refutes it otherwise.

In addition to studying diffusion, we asked ourselves about possible physical
implementations of the model under consideration and tried to derive a description of
a bosonic system suitable for the role of a bath for creating the corresponding jump
operators. This system must have noise with nonequilibrium correlators of a specific
form and formally corresponds to the infinite temperature of the bath particles.

The work is supported by the RSF project 22-22-00641.
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Abstract 

We theoretically studied nonlinear thermo-optic effects in a system of two coupled 
silica glass microresonators with whispering gallery modes (WGMs). The steady-state 
stability map and the intracavity powers were obtained as a function of the system 
parameters. It was found that, contrary to the case of a single nonlinear resonator, up 
to 9 steady-state solutions are possible for a given parameter set, and that not more 
than 4 of them are stable. For sufficient pump powers, one of the symmetric solutions 
becomes unstable and the system is expected to switch to a stable asymmetric solution. 

Key words: whispering-gallery mode, coupled microresonators, thermo-optic nonlinearity 
 
Introduction 

Optical microresonators with whispering-gallery modes (WGMs) have been extensively 
studied in the recent years. Their unique features, namely, ultra-high quality factors and 
field localization, make them a convenient platform for the study of various photonic 
phenomena. Although the majority of the research is related to studies of a single 
microresonator, several unique effects have been observed in systems of coupled 
microresonators, for example, PT-symmetry breaking and coupled-resonator-induced 
transparency. The use of coupled optical microcavities with WGMs was proposed for 
synchronized generation of optical frequency combs, measurements with enhanced 
precision, construction of optical delay lines, as well as for various laser applications [1].  

Thermal effects usually play significant role in the performance of WGM-based 
devices, as the value of thermally-induced resonance frequency shift may be several 
magnitudes larger than the resonance linewidth. This work is dedicated to the study of 
nonlinear thermo-optical effects in a system of two coupled silica glass WGM microresonators.  

 
Main text 

The considered system of microresonators is shown schematically in Fig. 1a; for simplicity, 
we assume that the interacting fundamental WGMs have the same structure. As the circulating 
optical power in each of the microresonators P1,2 is partially absorbed, resonator temperatures 
T1,2 rise. This shifts partial WGM frequencies ω1,2 due to the effect of thermal expansion and the 
thermo-optic effect (dn/dT), which causes changes in the refractive index n. The variations in 
partial WGM frequencies lead to redistribution of optical power across the modes, thus creating 
the thermo-optical nonlinearity in the system. It is important to note that for a stable-state 
problem this nonlinearity is analogous to Kerr nonlinearity.  

To study the nonlinear thermo-optical effects in the considered system we used coupled-
mode theory (CMT) equations combined with heat equations for ΔT1,2 [2]. The thermo-optical 
characteristics of the microresonators (dω1,2/dT1,2, temperature relaxation time) were calculated 
according to the previously developed and experimentally verified numerical and analytical 
models [3]. The linear characteristics of the coupled modes (WGM frequencies, WGM coupling 
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coefficient κ and taper coupling characteristics) were obtained numerically using a specially 
developed finite-element model. Only stable-state solutions were considered. 

 

Figure 1: (a) Schematic of the considered system of coupled microresonators. Resonator 
diameters are ~50 μm. Red arrows show light propagation direction. (b) Stability map of the 
system of coupled microresonators with thermo-optical nonlinearity. (c–f) Calculated stable-

state intracavity powers as a function of pump detuning for different input powers. Color 
legend is the same for (b–f).  

 
The calculation results are shown in Figs. 1b–f. It was found that up to 9 stationary 

states are possible, and that the number of stable states cannot exceed 4. This behavior 
differs drastically from the case of a single nonlinear resonator, where up to 3 stationary 
states are possible, with 1 or 2 of them being stable. Fig. 1b shows the calculated stability 
map of the system. Figs. 1c–f illustrate the intracavity powers for various pump power Pin. 
For small Pin (Fig. 1c), the dependencies are similar to the case of a single nonlinear 
resonator, and the power distribution across the WGMs is symmetric. With the increase in 
Pin (Fig. 1d–f), one of the symmetric solutions becomes completely unstable, and the 
system is forced to switch to one of the two new asymmetric stable solutions. We also 
investigated the role of a small frequency detuning between the WGMs, which can be 
controlled externally, for example, via the thermo-optic effect. 
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Abstract
In the process of studying the behavior of ultracold molecules inside the Ryd-

berg atom (RA), a phenomenon similar to the Rydberg blockade was discovered.
So called, Rydberg-molecular blockade consists in the fact that when molecules
are found inside an atom, the energy levels of the Rydberg states are shifted and
thereby removed from resonance. In such a system were investigated the different
regimes of interaction with light.

Key words: Rydberg atoms, Rydberg blocckade, ultracold molecules

Introduction

Due to molecule inside the RA, the its spectrum slightly changed. This means that
the energy required to excite the eigenstates is tuned out.

This effects depends on molecule’s coordinates. Qualitatively speaking, the stronger
the interaction between RA and molecule, the stronger the expansion of energy levels.
On the Fig. 1 there are shifting of energy for 98D and 99P Rydberg’s and P and D
molecule’s resonant states.

Thus, we could excite with specific frequency of light systems with a certain position
of the molecule. It is something like Rydberg blockade when we block the excitement
with non-resonant molecular position.

Main text

Our Hamiltonian with interaction with light after rotating-wave approximation is
writes as

Ĥ = V̂opt + Ĥ0 = ∆â†g âg +ΩRâg â
†
R +Ω∗

Râ
†
g âR +

N∑
i=1

(JiâR â
†
i + J∗

i â
†
R âi) (1)

and in matrix form
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Figure 1: Energy spectrum for the Rydberg atom with a single molecule located at
the position R.

Ĥ =


∆ Ω∗

R 0 ... 0
ΩR 0 J∗

1 J∗
2 ... J∗

N
0 J1 0 0 ... 0
0 J2 0 0 ... 0
... ... ... ... ... ...
0 JN 0 0 ... 0

 (2)

where ∆ = ℏω − ERg is detuning the frequency of the electric field relative to the
gap between excited |R⟩ and ground |g⟩ Rydberg’s states.

Then analyze the case ΩR ≪ Ji when optical interaction is just perturbation. After
diagonalization of the system "Rydberg+molecules" we have states|ψ±⟩ = 1√

2

(
± |R⟩ |0⟩+

N∑
m=1

jm |r⟩ |m⟩
)
, E± = ±J0

|ψm⟩ = 1√
|j1|2+|jm|2

(j1 |r⟩ |m⟩ − jm |r⟩ |1⟩) , Em = 0
(3)

.
If we want to excite states |ψ±⟩, we have to fulfill resonance condition ERg±J0 = ℏω

(∆ = ±J0). Then the wave function will be depends from time as

|ψ±(t)⟩ = cos

(
|ΩR|√

2
t

)
|g⟩ − i sin

(
|ΩR|√

2
t

)
|ψ±⟩ (4)

But what about |ψm⟩ states? Because of matrix element ⟨ψm|Vopt |g⟩ = 0 (since
⟨ψm| does not contain a component of non-excited molecules), then there are no
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transitions in this states in first order of perturbation theory. This is actually the
Rydberg-molecular blockade. The molecules push Rydberg’s energy levels apart and
allow states to be excited when the light frequency is tuned to ∆ = ±J0. Thus, if
light’s frequency is ℏω = ERg and there are molecules inside the RA, then there will
be no significant excitations and dynamics.
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The problem of the optimal con�guration of a �nite number of particles in a plane
has been a di�cult problem of both physics and mathematics for many centuries. Back
in 1611, Kepler posed the question of why a snow�ake has perfect hexagonal symmetry
[1]. At present, increased interest in the problem of the optimal con�guration is also
due to the development of nanotechnologies which make it possible to form systems
of similarly charged particles con�ned by external potentials with a high symmetry.
For example, this problem arises when analyzing the behavior of quantum vortices
in a Bose condensate [2]; electrons in quantum dots [3]; and the self-organization of
colloidal particles at the interface between two di�erent liquids [4, 5].

In this communication we discuss the basic principles of self-organization of one-
component charged particles, con�ned in disk and circular parabolic potentials. A
system of equations is derived, that allows to determine equilibrium con�gurations for
arbitrary, but �nite, number of charged particles that are distributed over several rings
[6,7]. The main idea is based on the cyclic symmetry and periodicity of the Coulomb
interaction between particles located on several rings. Our approach reduces signi�-
cantly the computational e�ort in minimizing the energy of equilibrium con�gurations
and demonstrates a remarkable agreement with the values provided by molecular dy-
namics calculations [8]. With the increase of particle number n ≥ 180 we �nd a
steady formation of a centered hexagonal lattice. At the same time, the energetic
preferences for nonuniform local density then favor ground states where this locally
hexagonal structure is isotropic dilated and contracted throughout the structure. In
fact, the equilibrium con�guration is determined by the need to achieve equilibrium
through the formation of a hexagonal lattice on one side and a ring-like structure on
the other. This competition leads to the formation of internal defects in such systems,
in contrast to the case of unlimited regions, where the ground state of the system has
no defects. Finally, this structure smoothly transforms to valence circular rings in the
ground state con�gurations for both potentials. We brie�y discuss the precursors of
the phase transition of the type "hexagonal lattice - hexatic phase" with the increase
of a particle number in the system at zero temperature.
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Abstract

In this work we propose a new analytical form of the nonlinear Poisson-Fermi
equation that includes additional term, describing the perturbation driven by
molecular scale roughness of electrode surface. Soft repulsion induced by molecular
rough surface enhances ion separation and allows to store higher values of electric
charge. The presented result is beneficial for optimal design of electric double
layer capacitors required for effective energy storage.

Key words: Electric Double Layer, Surface Roughness, Asymmetric Ionic Liq-
uids.

Introduction

The formation of electric double layer (EDL) is the phenomenon underlying the
work of electric double layer capacitors (EDLC), which are promising tools for energy
storage. As EDL occurs near the electrode surface, the morphological characteristics
of the surface impact EDL capacitance properties and its structure. While, little
attention was paid to this aspect before.

We provide a new analytical solution for electrostatic characteristics of EDL to
account for ion size asymmetry and roughness of electrode surface. We use results of the
work by Kornyshev [1] as a reference solution without perturbation and the expression
for ion distribution function from Aslyamov et al [2], which includes permitted area
due to surface roughness. Then, we solve the nonlinear Poisson-Fermi equation for
electrostatic potential and after can obtain expressions for: (i) cumulative charge of
EDL, (ii) the potential of zero charge (PZC) and (iii) differential capacitance.

Main text

Let us consider electrode rough surface that is described by Gaussian random field
Z(x, y, z). Molecular interactions between solid particles of electrode and ions define
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the area that is available for ions to localize. To determine this, we introduce the
characteristic function S(z) = Aopen(z)/(Aopen(z) +Asolid(z)), which has the form of
the Gauss cumulative function, that brings the character of the effective solid potential
Ueff (z) = −(1/β) logS(z). In the model, we replace the exact solid potential by
effective one that reflects the properties of random one and modify the free energy of
ions averaged by Z(x, y, z) in the same way with accuracy of O(β) [3].

The characteristic function S(z) define permitted area for a non-size particles on
each level z. But for particles with size this available area become smaller depending
on its size S(z − ξ(d)). It is included into ion charge distribution function as a
factor (see Eq.(6) from [2]). To obtain the total ion charge distribution, we use
S2(z) = S1(z)− Φ(z), then ion charge distribution has the form:

ρ(z) = −2ec0S1(z)
sinh (βeϕ)

1 +
∑

i γi [e
−Ziβeϕ − 1]

+ ec0Φ(z)
eβeϕ

1 +
∑

i γi [e
−Ziβeϕ − 1]

(1)

with two terms in r.h.s.: the main term and the perturbation term.
Substituting Eq.1 into Poisson equation, turning to dimensionless variables (u =

βeϕ, x = z/LD), and considering the solution in the form: u = u0 + µu1, where
µ = ∆/σ ≪ 1, we obtain the following system for perturbation:{

∆u1 =
∂f
∂u

∣∣∣
u0

u1 −1
2 g̃(x)e

u0

u1|x=0 = 0, u1|x→∞ = 0
(2)

here, f is the r.h.s in the equation in the system for u0, u0 is taken from Eq.16 in the
work [1], and Φ(x) = µg(x).

The system for perturbation includes screened Poisson equation that can be solved
using the Green function. But here, due to boundary conditions, we use the "method
of images" to find the Green function. Then, the solution for electrostatic potential
perturbation u1 expresses as:

u1(x) =
1

4λ

∫ ∞

0
g̃(x0)e

u0(x0)
[
e−λ|x−x0| − e−λ|x+x0|

]
dx0 (3)
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Abstract

We study Aharonov-Bohm interferometers based on helical edge state. The
conductance and the shot noise were calculated. We demonstrate that interfer-
ence effects survive in a relatively high-temperature regime. There are periodic
antiresonances in the observable quantities as a function of magnetic flux. Their
magnitude is greater for the shot noise than for the conductance. Remarkably,
the interference in shot noise remains even in the absence of a magnetic impurity,
which is not the case for conductance.

Key words: helical edge states, Aharonov-Bohm interferometers, shot noise

Introduction

Great attention is paid to the study of two-dimensional topological insulators (2D
TIs) [1]. They are insulators in the bulk, but conducting helical electronic states may
exist at the edge. Due to this, 2D TIs are naturally quantum electronic interferometers
if metal electrodes are attached to them (see Fig. 1 (a)). In this case, there is no
scattering of electrons at the points of their contact, and backscattering occurs only
in the presence of a magnetic defect at the edge. Observables in such systems can
be controlled due to Aharonov-Bohm (AB) effect: they periodically depend on the
magnetic flux piercing the area encompassed by the electronic states.

Early, the conductance of helical AB interferometer was studied [2]. At the same
time, there is another observable quantity – shot noise. Shot noise is a consequence
of the discreteness of the charge carrier and is expressed in terms of the standard
deviation of the current. Its measurement can be used to obtain information not
available from conductance measurements: to determine the charge and statistics of
current carriers and the internal energy scales of the system [3]. One can explore the
Fano factor, F , which is the ratio of the shot noise and the Schottky noise value. For
example, the value F = 1/3 is universal for a diffusion conductor. It does not depend
on the conductor’s shape, length, and conductance.

Experimental measurement of the Fano factor for the edge states of 2D TI gives
the value F=0.29, which still does not have a good enough explanation [4]. As far as
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Figure 1: (a) Helical Aharonov-Bohm interferometer. The black dot denotes the
magnetic impurity. The gray area represents the electrodes. (b) Dependence of shot
noise on magnetic flux at different strengths of scattering by a magnetic impurity.

we know, measurements of the dependence of the shot noise on the magnetic field in
such systems and their theoretical estimates have not been carried out. In the next
section, we will calculate the shot noise.

Shot noise and conductance

Shot noise is associated with fluctuations in the electric current relative to its
average value δÎ (t) = Î (t) − ⟨Î⟩. The noise-related current correlation function is
defined as follows S (t− t′) = 1

2⟨δÎ (t) δÎ (t
′) + δÎ (t′) δÎ (t)⟩. Its Fourier transform

yields an expression for the noise power. Of all the contributions to noise, we are
interested in the contribution associated with the discreteness of charge carriers –
the shot noise. To extract it, we need to consider the case of zero frequency at a
temperature much less applied voltage. Then only the shot noise remains in the
expression for the noise power. For two-terminal devices, it can be expressed as [3]

S =
2e2

h

∫ EF+eV

EF

dε T (ε) (1− T (ε)) , (1)

here T (ε) = 1
2Tr

[
t̂t̂†

]
is the energy-dependent transmission coefficient which is related

to the transfer matrix, t̂. The conductance can be calculated as G = 2e2

h

∫
dε T (ε).

The transfer matrix of the helical AB interferometer, â = t̂b̂ (see Fig. 1 (a)), has a
rather complicated expression [5] and is proportional to

t̂ (k, ϕ) ∝
(
0 0
0 cos θ

)
+

∑
α=±

1 + αĤ (k, ϕ)

1− t2ei(kL+α2πϕ0)
.
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Here, cos (2πϕ0) = cos θ cos (2πϕ), θ is the scattering strength of electrons on the
magnetic impurity (θ = 0: no scattering, θ = π/2: a case of a strong magnetic
impurity, all electrons are backscattered on it), ϕ is the magnetic flux penetrating the
system in units of a magnetic flux quantum, t is the transmission amplitude of contact
inside the ring, k is the wave vector of the electron and L is the length of the “ring”.

An exact expression for shot noise (1) can be obtained in the limit of a sufficiently
large temperature when many levels are involved in the transport: eV ≫ T ≫ ∆, ∆ is
the energy spacing in the “ring”. However, it is rather cumbersome. The dependence
of the obtained expression on the magnetic flux is shown in Fig. 1 (b). It is normalized
to S0 = S(ϕ = 1/4). There are antiresonances For integer and half-integer values ϕ.
Their depth increases with a decrease of θ and can reach several tens of percent of the
S value far from half-integer values. This differs significantly from the conductance
behavior in such systems. There are no interference effects in the conductance without
a magnetic impurity, and the depth of antiresonances reaches no more than a few
percent [2].

This can be seen for the expressions for the shot noise and the conductance near
antiresonances (δϕ = n

2 + δϕ ≪ 1) for small values of scattering by the magnetic
impurity (θ ≪ 1) and low transparency contacts (t = e−λ, λ ≪ 1):

S/S0 = 1−
4
3λ

2

4 (π2δϕ2 + λ2) + θ2
, G/G0 = 1− θ2λ2

4 (π2δϕ2 + λ2) + θ2
.

As the scattering force on the magnetic impurity increases, the interference effects
decrease, and for θ = π/2, the normalized shot noise and conductance are equal to 1.

Acknowledgment

The study was partly funded by the Russian Federation President Grant No. MK-
2918.2022.1.2 (R.N.). The Russian Science Foundation funded the work of D.A. and
V.K., Grant No. 20-12-00147-Π.

References

1. B. Bernevig and T. Hughes, Topological Insulators and Topological Superconductors
(Princeton University Press, 2013).

2. R. Niyazov, D. Aristov and V. Kachorovskii, Phys. Rev. B 98, 045418 (2018).
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Abstract 

Transient processes in superconductors that occur when a key switch is closed in an 
electric circuit at direct current, as well as processes with a harmonic change in the 
electromotive force of a current supply, are considered. To describe transient processes, 
the paper presents an equivalent electrical circuit of superconductors in accordance with 
a two-fluid model. Inertial inductances for superconducting and normal electrons sL  
and nL  characterizing the dynamics of acceleration of various types of electrons due to 
the excitation of an electric field, as well as effective resistance nR  for describing energy 
dissipation during the excitation of normal electrons, were introduced. An equivalent 
electrical circuit of a high-temperature superconducting tape of the company SuperOx 
is developed taking into account the layering of the structure with alternating 
electromotive force of the current source. The vortex mass is obtained, which is 
determined exclusively through fundamental constants. The resulting mass of the 
isolated vortex far exceeds all previously known contributions to the mass by several 
orders of magnitude. The dependence of the vortex mass in the vortex lattice on the 
magnitude of the magnetic field relative to the second critical magnetic field in the 
superconductor is also obtained. 

Key words: Superconductivity, high-temperature superconductivity, two-fluid model, 
normal electrons, superconducting electrons, inertial inductances for superconducting 
and normal electrons, Abrikosov vortex mass, Ginzburg-Landau equations, penetration 
depth of the magnetic field, equivalent electrical scheme of high-temperature 
superconducting tapes. 

 
Introduction 

Globally, the task is set in such a way that theoretically, from the first physical principles, 
to predict the volt-ampere characteristics and heat generation in high-temperature 
superconducting (HTS) tapes under variable conditions (currents and external fields). The 
potential solution to this problem has not only fundamental, but also practical use, since it 
will theoretically predict the characteristics of electric motors and electric generators using 
HTS-technologies (efficiency, electromagnetic torque and power) at various temperatures 
(for example, liquid nitrogen – 77 [K] or liquid hydrogen 20 [K]), magnetic fields and 
frequencies. Based on this, it will be possible to assess the feasibility of using HTS tapes in 
electric machines in comparison with cryoconductors. The corresponding refinement of 
mathematical models for predicting volt-ampere charachteristics and heat generation, taking 
into account various effects occurring in the HTS, will allow us to follow the path of 
computer-aided design of materials (HTS tapes). 
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Mathematical models for predicting volt-ampere characteristics 

and heat release in HTS at alternating currents 
 
The paper presents an equivalent electrical scheme of superconductors in accordance 

with a two-fluid model for both alternating and direct currents, taking into account the 
transient process (oscillatory and aperiodic) when the key switch is closed (or opened) in an 
electrical circuit. To describe transient effects in superconductors, some macroscopic 
parameters were introduced for the first time in the branches for normal and superconducting 
currents – inertial inductances nL  and sL  for normal and superconducting electrons, 
respectively, as well as effective resistance nR  to describe energy dissipation during 
excitation of normal electrons. The main physical meaning of the introduced inertial 
inductances nL  and sL  is that they reflect the dynamics of acceleration of two types of 
electrons under the action of alternating electric fields in a superconductor. 

The parameters nL  and sL  were determined by comparing the macroscopic equations for 
the entire electrical circuit with the microscopic equations of motion of normal and 
superconducting electrons. It is found that the inertial inductances are determined by the 
fractions of the concentrations of normal n  and superconducting electrons s , as well as 
by the square of the penetration depth of the magnetic field into the superconductor 2

L . 
This approach makes it possible to determine the dependences of superconducting and 

normal currents, as well as electric fields on time, frequency, temperature and other 
parameters of the electrical circuit under consideration. Knowing the currents and electric 
fields, it is possible to estimate the heat release in the volume of a superconductor when 
normal electrons are excited at alternating current. It is also possible to evaluate the influence 
of temperature and frequency of alternating current on heat generation. 

In this paper, an equivalent electrical circuit of a high-temperature superconducting tape 
of the company SuperOx is developed taking into account the layering of the structure with 
alternating electromotive force of the current source. When currents are excited in different 
layers, energy dissipation occurs, therefore the thermal conductivity equations for each 
individual layer were solved simultaneously with the addition of source terms. 

An integro-differential equation is derived for the penetration of a magnetic field into a 
superconductor with an arbitrary change in the external magnetic field, taking into account 
the excitation of normal electrons under the action of an induced vortex electrical field. With 
a sinusoidal change of the magnetic field or transport current a modified London equation 
for the magnetic field in a superconductor is obtained. The dependence of the penetration 
depth of the magnetic field into the superconductor 2

  on the external frequency and 
concentration of normal electrons is also obtained. 

To consider non-stationary processes in a vortex state, it is necessary to solve the non-
stationary equation for the motion of the Abrikosov vortex. It is necessary to determine the 
mass of the vortex per unit length. The problem of determining the mass of a vortex has a 
long history, starting with the theoretical work of 1965. The most optimistic calculations for 
estimating the magnitude of the vortex mass do not exceed 10-20 g/cm. It is possible to outline 
the main contributions to the vortex mass proposed theoretically in earlier works: mass of the 

core 220 1
core 2

3 3 10
8 ln

c
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H
υ


 


    g/cm; electromagnetic mass 260

em 22 10
16 cH

c





   

g/cm; mass due to deformation of the vortex core zone 2 2 24
defl 10      g/cm; dynamic 

mass 21
dyn 10   g/cm; mass associated with a backflow having a hydrodynamic nature. It 

can be seen that these contributions to the vortex mass do not exceed the value of 10-21 g/cm. 
In this paper, the mass of the Abrikosov vortex (both as a single vortex and as part of a 
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vortex lattice) is obtained, which is determined exclusively through fundamental constants. 
The resulting mass of the isolated vortex far exceeds all previously mentioned contributions 
to the mass by several orders of magnitude. The obtained estimates of the vortex masses are 
in accordance with the experimental results. The dependence of the vortex mass in the vortex 
lattice on the magnitude of the magnetic field relative to the second critical magnetic field in 
the superconductor is also obtained. The introduced mass of the vortex makes it possible to 
solve a full non-stationary equation of its motion, which makes it possible to obtain non-
stationary characteristics under variable conditions. 

The paper considers the resistive regime in type II superconductors at alternating 
currents. Nonstationary volt-ampere characteristics are obtained, which corresponds to the 
nonstationary flow regime in superconductors. To construct an equivalent electrical circuit 
of a type II superconductor in a vortex state (in the presence of an external magnetic field), 
an effective resistance vR  is introduced at alternating currents to describe energy dissipation 
due to the viscous motion of the vortex lattice. Vortex inductance vL  is also introduced due 
to the fact that the vortex lattice has its inertial characteristics under the influence of the 
alternating Lorentz force. 

In the case when the Lorentz force acting on the Abrikosov vortices from the transport 
current is variable (due to the alternating electromotive force of the current source), the 
resistive response acquires an imaginary component due to the introduction of the vortex 
mass to the motion equations and the presence of pinning forces. For this reason, the study 
of the dependence of the complex resistive response (impedance ( )Z  ) will allow us to 
extract significant information about the pinning forces. 

In this work a complex resistance ( )Z   is obtained for viscous motion of vortices that 
make small oscillations and are in the pinning potential. The depinning frequency at which 
the complex impedance becomes active is obtained. The study of harmonic oscillations of 
pinned vortices makes it possible to extract information about the pinning potential without 
overheating of superconducting materials at direct current. The results on the frequency of 
depinning, previously obtained by other researchers, are incorrect due to the fact that the 
vortex mass was not introduced into the equations of motion of vortices. 

Since the oscillations of the transport current and, accordingly, vortices are in the radio 
frequency and microwave ranges, it is necessary to take into account radiation friction due 
to energy radiation in the equations of vortex motion. Taking into account the term describing 
radiation dissipation, corrections are made to the decay coefficients 2  and viscosity of 
vortices   depending on the external frequency. 

The processes of vortex motion on a constant subcritical transport current with a small 
amplitude of the variable component of the current are also considered. Oscillations under 
the action of a small variable external Lorentz force in the vicinity of a shifted equilibrium 
point in the pinning potential (due to the action of a constant component of the Lorentz force) 
are considered, the depinning frequency is obtained. The obtained equations allow us to 
determine the pinning potential depending on the coordinate according to a certain algorithm. 

The classical Maxwell equations are generalized taking into account the anisotropic 
properties of superconductors in the Meissner state through the Levi-Civita pseudotensor. 
The agreement of the derived equations with the phenomenological Ginzburg-Landau 
equations for the anisotropic case during the transition to the "classics" is obtained. A second-
rank tensor is introduced for the square of the penetration depth of the magnetic field. 
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Recently, studing of criticality in quantum systems has attracted a great interest. There are some theoretical
evidences of SQHE in two dimensional superconducting system with 𝑑𝑥2−𝑦2 + 𝑖𝑑𝑥𝑦 pairing [1]. In this study
we develop the theory of the spin quantum Hall transition, using the generalization of Pruisken replica NL𝜎M
with 𝜃-term [2] on superconducting class C [3,4]. Using NL𝜎M action, we show presence of the non-trivial
topological configurations of 𝑄-matrix field, called instantons. To find the analytical form of such configurations
with topological charge equals to one, we construct solutions of self-duality (anti-self-duality) equations, using
the symmetries of target coset space 𝐺/𝐾 = Sp(2𝑁)/U(𝑁). In Gaussian approximation we find action for small
fluctuactions around the instanton. We find whole instanton manifold and identify eight instanton eigenparameters
as zero modes of kinetic operators for fluctuations. Our aim is to compute instanton contribution to the partition
function, density of states, longitudinal and transverse spin conductivities. This work was supported by the
Russian Science Foundation (Grant No. 22-42-04416)
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Abstract

The current limit on the electron electric dipole moment (eEDM), |de| <
4.1× 10−30 e·cm was recently established using the trapped 180Hf19F+ molecular
ions [T. S. Roussy, L. Caldwell, T. Wright, et al., arxiv:2212.11841]. We developed
theoretical approaches which can fully reproduce the latest experimental data.
The excellent agreement between theory and experiment is very important for
the examination of modern molecular theory as well as experimental data and
understanding of possible systematic uncertainties in the experiment.

Key words: New physics, electron electric dipole moment

Introduction

The non-zero electron electric dipole moment (eEDM, de) value measured at the
level of the current experimental sensitivity would be a clear signature of the physics
beyond the Standard model (SM) [1]. Recently the JILA group has obtained a
new constraint on the electron electric dipole moment (eEDM), |de| < 4.1 × 10−30

e·cm (90% confidence) [2], using the 180Hf19F+ ions trapped by the rotating electric
field. It further improves the latest ACME collaboration result obtained in 2018,
|de| ≲ 1.1 · 10−29 e · cm [3], by a factor of 2.4 and the first result |de| ≲ 1.3× 10−28 on
the 180Hf19F+ ions [4] by a factor of about 32.

1. Level scheme of 180Hf19F+ for the electron EDM search

The energy splitting, f , between the sublevels mF=± 3/2 (projection of the total
momentum) is measured in the experiments. The measurement of f is repeated under
different conditions which can be characterized by binary switch parameters such as B̃,
D̃, R̃ being switched from +1 to −1. B̃ = +1(−1) means that the rotating magnetic
field, Brot, is parallel (antiparallel) to the rotating electric field Erot; D̃ = +1(−1)

means that the measurement was performed for lower (upper) Stark level; and R̃
defines direction for the rotation of the fields. Let fS1,S2... be a component of f which
is odd under the switches S1, S2, .... Then the eEDM signal manifests as the main
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contribution to fBD channel. Beyond the fBD other components f0 (even under
all switches), fD, fB are measured with high accuracy [2, 5], which, in particular,
is required to control a number of systematic effects. As a matter of fact, all the
components are measured with the same scheme but with different treatment of the
raw experimental data. In turn in Refs. [6, 7] the precise scheme for theoretical
calculation of Stark and Zeeman effects in rotating fields was developed.

The main goal of our work [8] is to calculate parameters fBD, f0, fD and fB from
the first principles and to compare them with the experimental data.

2. Results

In Fig. 1 the calculated values of fD as function of f0 and in Fig. 2 fBD as
function of fB [8] in comparision with experimental values [5] are given.
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Figure 1: fD as a function of f0. Circles – the experimental values [5]. Solid curve -
calculation [8].

The agreement between the measured and calculated values of fS1,S2... is a good
test for examination of possible systematic uncertainties. For example, at the first stage
of the 180Hf19F+ experiment the disagreement between calculated and measured fD

values as a function of f0 led to a conclusion about the existence of a large (the largest,
see Table II in Ref. [4]) “doublet population background” systematic error. Then it was
shown in Refs. [6, 7] that the disagreement between calculation and experiment in Ref.
[4] is on the level of interactions with 3Π0± and 3∆2 states which were not taken into
account and new advanced scheme which included all the perturbations important for
the eEDM spectroscopy was proposed. However, the previous experimental data were
not accurate enough (there was only one experimental point with an error bar just on
the level of the influence of the interaction with 3Π0± and 3∆2 states, see Fig. 4 in Ref.
[7]) to check our method. Excellent agreement of our new calculations [8] with new
highly accurate experimental data (four points) on Fig. 1 resolves the problem, declare
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Figure 2: fDB as a function of fB. Horizontal bands – the experimental values,
bandwidths is the experimental uncertainty [5]. Solid curve - calculation [8].

the accurate theoretical tool and give prospect to control the systematics on the level
of 10−31 e·cm and lower for the HfF+ (and similar systems like ThF+) experiment.
Good agreement of the theory and experiment on Fig. 2 points on a reliable control of
systematics related with stray magnetic field.
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Abstract
Spatiotemporal dynamics of coherently excited exciton-polariton Bose con-

densate and its distortions due to nonlinearities of various nature is considered.
The two-component Gross-Pitaevskii based approach allows to track both the
photon-exciton Rabi oscillations and the differenсe between the decoherence rates
of the upper and lower polaritons.

Key words: Exciton-polaritons, Rabi oscillations, differential decay.

Introduction

Exciton-polaritons are new normal modes arising in the system of excitons and
photons in an optical microcavity in the strong-coupling regime, hybrid quasi-particles
having the properties of light and matter. Their tendency to macroscopically occupy
one quantum state makes them attractive for fundamental and applied research.

The most common way to describe this system is based on the Gross-Pitaevskii
equation (GPE) for the condensate wave function of lower polaritons. Alternatively,
a set of coupled GPEs for the photon and exciton condensate wave functions can be
considered. Despite the success of such models in describing experimental observations,
plenty of existing effects are difficult to account for. Some of these effects are added
with the help of phenomenological modifications of the GPEs, but most of them bring
significant nonlinearities, making the equations challenging for numerical simulation
[1].

A posteriori, the upper polariton (UP) mode has the decay rate order(s) of magni-
tude larger than that of the lower mode (LP), which allows to describe the system
with one equation for lower polaritons. This approach, however, does not track the
inherent two-component nature of the polariton system and its key feature: the Rabi
oscillations. At the same time, the two-component coupled GPEs for exciton and
photon subsystems that combine the oscillatory dynamics with nonlinearities in space
and time present a more difficult numerical task, in which the higher decay rate of
upper polariton is usually ignored. In this case, however, adding the polariton decay
as a simple photon leakage brings erroneous dynamics into simulations [1, 2].
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Nonlinear Rabi oscillations with differential decay

In this work, we consider the spatiotemporal dynamics of the exciton-polariton
Bose condensate using a modified set of two Gross-Pitaevskii-like equations:

iℏ∂tψph=

(
∆

2
− ℏ2∇⃗2

2mph

)
ψph+

Ωℏ
2

(
1− |ψex|2

nsat

)
ψex−iΓ̂ph[ψph, ψex]+iSph,

iℏ∂tψex=
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− ℏ2∇⃗2
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+g|ψex|2ψex

)
ψex+

Ωℏ
2

(
1− |ψex|2

nsat

)
ψph−iΓ̂ex[ψph, ψex] , (1)

where ψph(r⃗, t), ψex(r⃗, t) are the two-dimensional condensate wave functions of photons
and excitons, respectively, ∆ is the energy detuning between the photon and exciton
energy dispersions, Ωℏ is the Rabi-splitting energy, g is the exciton-exciton interaction
constant, nsat is the density of exciton saturation, Sph(r⃗, t) represents the resonant
pump which is here assumed radially symmetric and pulsed, Γ̂ph and Γ̂ex are the integral
operators describing the polariton decay. Energy reference is taken at (Eph − Eex)/2,
where Eph and Eex are the photon and exciton energies at k = 0.

Figure 1: Numerical modeling of the exciton-polariton Rabi oscillations in the center of
the spot (r = 0) after the excitation with a short (150 ps) resonant pulse. The red lines
describe the photon density, the blue lines correspond to the exciton density. Ωℏ = 5.0 meV,
g = 1.5 µeV µm2. (a) |∆| = 10 meV, with the photon decay only. (b,c) ∆ = −10 meV and
+10 meV, respectively, with the differential UP-LP polariton decay added to the equations.

Fig. 1 (a) shows an example of modeling such system with a constant photon
decay, as it is usually done for simplicity. Eqs. (1), instead, contain the polariton
decay described by integral operators that are obtained by transforming the photon
and exciton wave functions into the UP-LP basis and back, in order to account for the
faster decoherence of the upper mode. The examplary results of such simulations are
shown in Fig. 1 (b) and (c): the decay of oscillations amplitude and the dependence
of upper polariton lifetime on the detuning is clearly seen. One notes the striking
difference of both the positive and the negative detuning cases with the simulations
made with the photon decay only (Fig. 1 (a)).

Fig. 2 shows the Rabi oscillations in the linear regime (a,b) and with the two
added nonlinearities: the exciton interaction term and the exciton saturation (c, d).
As one can see, the nonlinearities make the Rabi oscillation frequency dependent on
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Figure 2: Numerical modeling of the exciton-polariton Rabi oscillations in space and time
after the excitation by a short (150 ps) resonant Gaussian pulse. (a,b) for the linear case
(g = 0, nsat = ∞). (c,d) for the nonlinear case (g = 1.5 µeV µm2, nsat = 1000 µm−2). ∆ = 0,
Ωℏ = 5.4 meV.

the density, thus the oscillations in the center of the pump spot (where the densities
are higher) can be retarded or accelerated, depending on the detuning.

This work is financially supported by the Russian Foundation for Basic Research
within the Project No. 20–52–7816 (joint with CNR).
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Abstract

The effect of magnetic exchange coupling to the spatially inhomogeneous fields
of a skyrmion crystal on the electronic spectrum of the surface electronic states
of topological insulator was discovered. It was shown that periodic magnetic
and pseudomagnetic fields leads to a nontrivial topology of the electronic bands,
namely the localized topologically protected edge states appears in the band gap
of energy spectrum. It was analytically demonstrated that the magnetic field
created by a skyrmion crystal can be represented as an effective vector potential,
which is proportional to the topological charge.

Key words: Van der Waals materials, skyrmionic crystal, spin-orbit coupling

Introduction

In recent years, the progress in nanofabrication techniques allowed to routinely
stack monolayers to Van der Waals (vdW) heterostructures, combining different
properties, which opened new avenues for perspective applications [1]. But for a long
time no atomically thin intrinsic magnets have been realized in experiments. The
first experimental realization of two-dimensional (2D) vdW magnets was reported in
2017 [2]. In addition, many 2D magnets have been reported to host non-collinear
magnetic phases such as helices and skyrmions [3]. At the same time, as has been
already demonstrated, interfacing vdW magnets with non-magnetic monolayers leads
to the emergence of strong magnetic proximity effects in the non-magnetic material,
namely the periodic magnetic and pseudo magnetic fields may lead to the non-trivial
topology of the electronic band structures [4]. The magnetization of the magnetic layer
acts as an effective Zeeman field for the electrons in the non-magnetic one. Here we
consider the effect of magnetic exchange coupling to the spatially inhomogeneous fields
of a skyrmion crystal on the electronic spectrum of the surface electronic states of
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topological insulator. In the paper [5] a quantized topological Hall effect in a magnetic
skyrmion crystal was discovered. Also, it has been shown that the skyrmion-induced
superconductivity can exhibit nontrivial topological properties, such as Majorana
fermions at the interface between the magnetic and superconducting regions [6].

Results and discussions

The system is described by the Hamiltonian:

Ĥ = v[σ̂ × p̂]z + σ̂ ·B(r), (1)

where the first term corresponds to Rashba spin-orbit coupling and the last term
describes the strength of exchange coupling to the non-collinear magnetization of the
skyrmionic crystal, where B(r) is periodic, space dependent magnetization of skyrmion
crystal (For details see [7]).

The eigenenergy spectrum is shown in Fig. 1. The skyrmion crystal magnetization
plays a role of an external potential for the conduction electrons. It is seen that at
the boundaries where magnetic field of skyrmion crystal changes sign (for 2D the
boundaries close into a ring) localized topologically protected edge states appear in
the band gap. Our investigation focuses on a specific scenario of a skyrmion crystal,
where the spacing between the skyrmions is sufficiently large, allowing magnetic field’s
sign changing. Specifically, we observe that over a large period, a discrete spectrum of
states appears, while for shorter periods, the edge states combine into a single zone
within the energy gap. This phenomenon arises due to the ability of the edge states to
tunnel. Furthermore, we find that the thickness of the domain wall of the skyrmion
also plays a role in the localization of the edge states. The degree of smoothness
exhibited by the skyrmion directly impacts the effectiveness of localization. In other
words, a smoother skyrmion results in poorer localization of the edge states. As the
thickness of the domain wall increases to a significant extent, the edge state ultimately
disappears.

Figure 1: The dispersion of the structure. Dashed line corresponds to magnetic field
amplitude, domain wall width is 0.01
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We explore how the real space topological invariant of the skyrmion crystals maps
to the reciprocal space topological invariants (Chern numbers) of the electronic bands.
It is analytically shown that the magnetic field created by a skyrmion crystal can be
represented as an effective magnetic field, which is proportional to the topological
charge. We try to find such field F , that

divF = Q, (2)

where Q is the topological charge density. Further, a unitary coordinate-dependent
transformation was found, which makes it possible to transfer the dependence on
the coordinate from the magnetic field to the vector potential in the spin-orbit part.
Such a unitary transformation makes it possible to obtain constructions in the vector
potential that are proportional to the topological charge. In this way, we got our
introduced field F which is actually some effective field, generated by the topological
charge. Thus, it was shown that periodic magnetic and pseudomagnetic fields can lead
to a nontrivial topology of the electron bands.
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Abstract

Kinetic roughening of a randomly growing surface can be modelled by the
Kardar-Parisi-Zhang equation with a time-independent (“spatially quenched” or
“columnar“) random noise. Field-theoretic renormalization group approach is
used to investigate how randomly moving medium affects the kinetic roughening.
The medium is described by the stochastic differential Navier-Stokes equation
for incompressible viscous fluid with an external stirring force, which allows to
consider both turbulence and a fluid in thermal equilibrium. Action functional
for the full stochastic problem should be extended to be renormalizable: a new
nonlinearity must be added. Moreover, in order to correctly couple the scalar and
velocity fields, a new dimensionless parameter must be introduced as a factor in
the covariant derivative of the scalar field. Critical indices, responsible for long -
time large - scale asymptotic behavior of the correlation functions, are found in
the leading order of perturbation theory (one-loop approximation).

Key words: Theoretical physics, kinetic roughening, turbulence, renormalization
group

Introduction

The phenomenon of ”kinetic roughening” describes the process of growth of random
surfaces, in which they become increasingly “rough“ with time. Flame fronts, surfaces
of tumours or bacterial colonies, and landscape profiles are most notable examples of
such surfaces [1]. It is important to study various growth processes and the models
proposed to describe them. One such model is the Kardar-Parisi-Zang (KPZ) model,
originally proposed to explain the universal scaling behavior in various physical systems
[2]. The KPZ model is described by a nonlinear differential equation on the field h:

∂th = κ0∂
2h+

λ0

2
(∂h)2 + f, (1)

where ∂t =
∂
∂t , ∂i =

∂
∂xi

, (x, t) are the space-time coordinates, i = 1, .., d, d is the
dimension of space, ∂2 = ∂i∂i, (∂h)2 = (∂ih)(∂ih), κ0 > 0 is the coefficient of surface
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tension, f is a random noise, usually assumed to be Gaussian and delta correlated in
time and space.

The study of the KPZ model by field-theoretic renormalization group (RG) methods
shows that there are no infrared (IR–) attractive fixed points of the RG equations, at
least within the perturbation theory. For this reason, interest arises in studying various
modifications of the KPZ. “Frozen“ (time-independent) random noise, proposed in [3]
for modeling the process of landscape erosion with correlation function of the form:

⟨f(x)f(x′)⟩ = D0δ
(d)(x− x′), (2)

with positive amplitude factor D0, is considered.
Movement of the environment is also taken into account. It is important to study

turbulent motion because turbulence itself is an important stochastic process. The
external velocity field is described by the stochastic Navier–Stokes (NS) equation for
an incompressible viscous fluid:

∇tvi = ν0∂
2vi − ∂iP + Fi. (3)

Here P is pressure, ν0 is kinematic viscosity coefficient, F is a random force with zero
mean and pair correlator of the form

⟨Fi(t,x)Fj(t
′,x′)⟩ = δ(t− t′)

∫
dk

(2π)d
Pij(k)df (k)e

ik·(x−x′), (4)

Pij(k) = δij−kikj/k
2 is orthogonal projector, k = |k| is wave number, and the function

df (k) consists of two terms (D0, D′
0 ≥ 0) [4]:

df (k) = D0k
4−d−y +D′

0, (5)

corresponding to both turbulent fluid and fluid in a thermal equilibrium. The advection
by the velocity field is provided by a ”minimal” replacement in the eq. (1):

∂th → ∇th = ∂th + (vi∂i)h. (6)

RG analysis of the problem, results

Stochastic problem under consideration is equivalent [5] to the field theoretic model
with an increased number of fields and action of the form:

Sh(Φ) =
1

2
h′h′ + h′{−∂th− vi∂ih+ κ0∂

2h+
1

2
λ0(∂ih∂ih)}+

+v′i{−∂tvi − vj∂jvi + ν0∂
2vi}+

1

2
v′iDF v

′
i.

(7)

Here, integrations over x and t are implied. Dimensional analysis shows that in order
to ensure the renormalizability of the theory, it is necessary to add a nonlinearity
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proportional to the square of the velocity field (h′vv) and introduce an additional
parameter in the covariant derivative for the scalar field. The logarithmic dimension
of the resulting theory is d = 4. Dimensional regularization (ε = 4− d) is used. An
analysis of the RG equations reveals the presence of three stability regions for three
fixed points:

Figure 1: Stability regions on the plane (ε, y).

The critical dimensions responsible for the asymptotic behavior of the correlation
functions of the original problem are found in all the regions.
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Abstract

Magnetoplasma oscillations in a stripe with an anisotropic two-dimensional
electron gas near a metal gate are theoretically investigated. We considered
two-dimensional electron systems the Fermi surface of which is an ellipse and
used an anisotropic Drude like conductivity. We obtained analytical expressions
for the frequency and damping of the oscillations taking into account the effects
of electromagnetic retardation and arbitrary orientation of the main axes of the
effective electron mass tensor.

Key words: Two-dimensional plasmons, laterally confined electron systems,
anisotropic conductivity

Introduction

The excitation of collective oscillations of electrons, called plasmons, in two-
dimensional electron systems is of particular interest for applications in the field of
generation and detection of radiation, in particular, in the terahertz range. The main
characteristics of these oscillations are their frequency and damping which depend on
the conductivity and geometry of the considered system. Recently, there has been an
interest in plasmons in various anisotropic systems, since the presence of anisotropy
provides an additional opportunity to control their propagation direction. Among
such system, quantum wells based on stressed AlAs stand out, since, on the one hand,
they have high mobility at low (“helium”) temperature, and, on the other hand, the
anisotropy in them is very sensitive to the deformation of the quantum well [1]. At
certain thicknesses, growth directions of quantum wells and deformation stress the
Fermi surface is an ellipse. Below we assume this situation.

Main text

Consider an infinite stripe of width W with a two-dimensional electron gas. Let’s
direct the x, y axes across and along the stripe, respectively. There is an infinite ideally
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conductive metal gate under the stripe in the z = −d plane. The two-dimensional
electron system is placed in a constant homogeneous magnetic field B, the lines of
which are perpendicular to the stripe. We work in the CGS system of units.

To obtain the magnetodispersion, we derive an equation for the current density of
the plasma eigenmodes in the two-dimensional electron system under consideration.
We look for plasma excitation whose electromagnetic fields, as well as their current
density and charge density perturbation, are proportional to eiqy−iωt, where qy is the
real wave vector along the stripe and ω is the complex frequency the imaginary part
of which defines damping in the system. We consider the dynamic anisotropic Drude
like conductivity of a two-dimensional electron gas and assume that the relaxation
time of electrons is independent of their momentum direction and energy [2]. Using
Maxwell’s equations, the Ohm’s law and requiring that the tangential component of
the electric field is equal to zero on the gate, we obtain an integro-differential equation
for the current density.

To simplify the analysis, we consider the case of a fully screened stripe in which the
current equation becomes differential. In this case, the relation between the induced
electric field and the current becomes localized. It means that electrons within the
stripe interact with their images in the metal rather than with each other. Notice,
due to such proximity plasma oscillations, including modes whose dispersion is greater
than the light dispersion, do not radiate electromagnetic waves. This is explained
by that the interference of the electromagnetic fields originated from the stripe and
the nearby metal suppresses the total radiation. For the local interaction limit to be
applicable, the distance between the electron gas and the gate d must be much smaller
than any characteristic length in the system.

In the infinite stripe we describe various plasma modes by a non-negative integer
number n. The frequency and damping of plasma modes can be written as

(Reωn(qy))
2 = q2yv(θ)

2 +
(nπ
W

)2 v21v
2
2

v(θ)2
+ ω2

c

(
1− v21

c2

)(
1− v22

c2

)
(1− δn,0) , (1)

Imωn(qy) =

= −γ

2

[
2− v21 + v22

c2
−

q2yv(θ)
2
(
1 +

v(θ)2−v21−v22
c2

)
(Reωn(qy, θ))

2 −

(
nπ
W

)2 v21v
2
2

v(θ)2

(
1− v(θ)2

c2

)
(Reωn(qy, θ))

2

]
, (2)

where δn,n′ – the Kronecker delta. Here we introduce velocities

v2i = c2
(

mic
2

4πnse2d
+ 1

)−1

, i = 1, 2, v(θ)2 =
v21v

2
2

v21 cos
2 θ + v22 sin

2 θ
, (3)

where ns, m1,2, γ and e are the two—dimensional concentration, the effective mass
along the main axes, the inverse relaxation time and the electron charge, respectively,
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ωc = eB/c
√
m1m2 is the cyclotron frequency, c is the speed of light in vacuum, θ is

the angle between the axis corresponding to the mass m1 and the positive direction
of the x axis. It turned out that the fundamental mode n = 0 corresponds to the
edge magnetoplasmon. Its frequency, velocity and damping do not depend on the
magnetic field, while its localization length near the edge which is given by the following
expression

l =
v1v2√

1− v21
c2

√
1− v22

c2
v(θ)ωc

(4)

is inversely proportional to the magnetic field. The frequency of the other modes with
number n = 1, 2, ..., unlike the isotropic case [3], is not able to be obtained from the
plasma dispersion in the infinite electron system by quantization of the transverse
component of the wave vector. As in the isotropic case, the square of the frequency of
a magnetoplasmon is the sum of the square of the frequency of a plasmon without a
magnetic field and a term proportional to the square of the cyclotron frequency. The
last term does not depend on the orientation of the conduction tensor and is always
less than the square of the cyclotron frequency. The damping of the magnetoplasmon
in strong magnetic fields also does not depend on the orientation of the effective mass
tensor.

The work was supported by the Foundation for the Advancement of Theoretical
Physics and Mathematics “BASIS”.
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Abstract

Extremely short electromagnetic pulses, including laser pulses, are necessary
for metrology and control of ultrafast processes. I consider the question of the
limit of shortening of such pulses. In addition, extremely short pulses should not
be weak. Then the question of the criterion for the effectiveness of the impact of
extremely short pulses on microobjects is further considered.

Key words: Few-cycle electromagnetic pulses, unipolar pulses

Introduction

Ever shorter electromagnetic pulses are needed for observation of the dynamics and
control ever faster processes. As the duration of the pulses decreases, the oscillations
of atoms in molecules (scale 10−14 s), the movement of electrons in atoms (10−16 s),
intranuclear processes (10−22 s), etc., become available for observation. At present,
the main method of shortening electromagnetic pulses is the summation of the higher
harmonics of radiation, while pulse durations of 43 as (1 as = 10−18 s) have been
achieved [1]. Such pulses are multi-cycle and bipolar, with a change in the direction
of the electric field strength to the opposite after half the period of field oscillations.
Another approach, when fixing the maximum available radiation frequency, is to reduce
the number of half-periods of field oscillations. The limit is the pulse in the form
of a half wave, which is therefore unipolar. At the same time, the possibility of the
existence and formation of unipolar electromagnetic pulses still causes discussion in
the literature. Therefore, one of the main tasks of this report is to derive a criterion
for the formation of these pulses. More precisely, it is required to obtain a criterion for
the formation of pulses with a nonzero electric area SE(r) =

∫ +∞
−∞ E(r, t)dt, defined

as the time integral of the electric field strength E (r – radius-vector). This problem
is solved for the electrodynamics of charges in vacuum. Some simple examples of
unipolar pulses in the presence of continuous media are also given. Next, I analyze
the effectiveness of the interaction of extremely short pulses with micro-objects. In all
these cases, it turns out that, under the condition of a sufficiently short pulse duration,
the interaction efficiency is determined not by the maximum intensity or energy of
this pulse, but by its electric area SE .
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Charges in a vacuum

In a vacuum without charges, the possibility of propagating unipolar (with non-zero
electric area) pulses in 1D-geometry follows from d’Alembert’s solution of the wave
equation. Unipolar pulses in 2D-dimensional geometry are also possible. However, in
3D-space their energy is infinitely large. The report shows that effectively finite-energy
unipolar pulses can propagate in a hollow coaxial waveguide. In an unbounded vacuum
without charges, such pulses cannot propagate. In the presence of moving electric
charges with a charge density ρ(r, t), in an unbounded vacuum, the nature of the
spatial distribution of the electric area is determined by the distribution of the integral
charge density Q(r) =

∫ +∞
−∞ ρ(r, t)dt. The electric area is identically zero if and only if

in the entire space Q(r) ≡ 0. Examples of the formation of electromagnetic pulses with
a nonzero electric area when this condition is violated are presented. The asymptotic
behavior of the area distribution SE(r) far from the bounded system of charges is also
given.

Charges in dielectrics

A single uniformly moving in vacuum charge creates unipolar pulse with electric
area inversely proportional to the distance from the charge trajectory and charge
velocity. In dielectrics, the area is inversely proportional to the dielectric index and
therefore increases significantly for epsilon-near-zero materials. During transition
radiation, when the charge crosses the interface between two dielectrics, in addition
to the transverse radial component, there also arises a longitudinal component of the
electric area localized near the interface.

Interaction with micro-objects

For a single electron, both classical and quantum (with spin), interacting with a
plane-wave short electromagnetic pulse, just the pulse electric area determines the
efficiency of the interaction. For quantum objects, such as molecules, atoms, and
quantum dots, appropriate is the Migdal sudden perturbation approximation. In this
case, the efficiency of objects excitation or ionization is also determined by the area
SE(r) , and the efficiency is inversely proportional to the object size.
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Abstract

Various coupling regimes are normally characterized with coupling strength
and describe how fast resonant optical modes exchange energy with material
excitations in comparison to losing it to the environment. Reaching high coupling
efficiency traditionally implies the use of some sorts of quantum emitters and
special conditions, including high vacuum, strong magnetic fields, and extremely
low temperatures. However, in this work, we show that deep strong coupling
is reachable at ambient conditions with metallic nanoresonators [1,2]. Using
a Hamiltonian approach we theoretically analyze the formation of polaritonic
states in a number of such dense assemblies. We obtain results that let analyze
various geometries and determine their universal normalized collective constants
of coupling with free-space photons. The results could be valuable for the field of
polaritonic studies [3-5], quantum technologies, modifying material properties [6]
and controlling chemical reactions [7-11].

Introduction

Stationary eigenstates of a coupled system, also known as polaritons, are of
the photonic and the matter nature simultaneously. This calls for numerous useful
applications. One of the core characteristics in the polariton studies is the interaction
strength between the two components of the coupled system. As might be expected,
the question of improving the coupling strength in polaritonic systems (with the lowest
cost, preferably) is the main to focus on.
We study periodic plasmonic nanostructures consisting of closely packed metallic
nanoparticles, whose hybrid polaritonic states have harmonic energy ladder, which
lets these nanoparticles play the role of quantum emitters interacting with free-space
photons. This approach has enabled the exotic regimes of ultra-strong (USC) and even
deep strong coupling (DSC) at ambient conditions, which was previously unavailable
with more traditional quantum emitter platforms.
Formulating a proper Hamiltonian model, we theoretically analyze the formation of
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polaritonic states including their dependance on primitive microscopic geometry and
dielectric characteristics of the artificial nanostructures. Our results suggest that deep
strong coupling is reachable at ambient conditions with such systems.

Main text

Considering an ensemble of nanoparticles, each of volume Vj and single resonance
frequency ωj , Fig. 1, we show that the Hamiltonian:

H =
∑
j

∫
Vj

d3r

(
Π2

j

2ρ
+

1

2
ρω2

jX
2
j

)
︸ ︷︷ ︸

nanoparticles

+

∫
R3

d3r

(
Π2

A

2ϵ0
+

(∇×A)2

2µ0

)
︸ ︷︷ ︸

radiation

+
∑
j

∫
Vj

d3r
P2

j

2ϵ0︸ ︷︷ ︸
P2-term

+
∑
j

∫
Vj

d3r
Pj ·ΠA

ϵ0︸ ︷︷ ︸
interaction

(1)

generates the source-free Maxwell’s equations ∇·D = 0,∇·B = 0,∇×E = − ∂
∂tB,∇×

H = ∂
∂tD, as well as the equation of motion of the macroscopic polarization P =

∑
j Pj :(

∂2

∂t2
+ ω2

j

)
Pj(r, t) = βj(r)E(r, t), (2)

where βj(r) = αj(r)/ρ, ρ being the carrier volumic mass in the medium of the res-
onators, and αj(r) being the displaced carrier density in resonator j. The displacement
of the carriers is contained in the vector field Xj(r, t), whose canonical momentum is
Πj = ρ ∂

∂tXj . The radiation field with vector potential A and canonical momentum
ΠA = −D is purely transverse in the Coulomb gauge. We emphasize that, in the
picture given by Hamiltonian (1), Ohmic dissipation is disregarded.

We next focus on the light-matter interaction term, assuming the array is homoge-
neous in the dipole orientation, along the z-axis. In the original basis, involving the
operators bQ, b†Q, the light-matter interaction term corresponding to the last term of
Eq. (1) takes the form:

Hlight-mat = −iℏgk(ak − a†−k)(b−k + b†k), (3)

where ak is the annihilation operator for a transverse magnetic photon with wave
vector k and frequency ωk = c|k|, and the array excitation wavevector Q must now
match the photon wave vector k. The collective coupling constant is given by

ℏgk = Evac(k)µN · ϵk (4)
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Figure 1: Description of a single nanoparticle of volume Vm. The charge density
α(r) is displaced with a vector field X(r, t), and the associated polarization density
is P(r, t) = α(r)X(r, t). This system couples to the electric field E = E∥ + E⊥,
where E∥ = −∇Φ is the longitudinal field created by the charge density and E⊥ is a
divergence-less field from either the radiation of the nanoparticle or external waves.

where
Evac(k) =

√
ℏωk/(2ε0Vcell) (5)

is the vacuum electric field of the photonic mode confined to the quantization box of
volume Vcell and ϵk is the unit transverse magnetic polarization vector. Plugging the
vacuum field into Eq. (4) allows us to express the collective coupling constant via the
photon frequency, transition dipole moment, and the nanoparticles’ spatial density:

gk =

√
f

V0

ωk

2ℏε0
µ01 · ϵk (6)

where V0 is the physical volume of a single nanoresonator and f is the filling factor of
a unit cell.

In the new basis involving the diagonalized matter part, the Hamiltonian is, for a
given wavevector k:

H = ℏωka
†
kak + ℏΩplB

†
kBk − iℏg̃k

(
ak − a†−k

)(
B−k +B†

k

)
, (7)

where g̃k = gk
√

ωpl/Ωpl is the rescaled coupling strength. The resonant transition
frequencies of the polaritonic system given by the eigenvalues of the Hopfield matrix
associated to the Hamiltonian (7) can be denoted as:

Ω± =

√
ω2
k +Ω2

pl ±
√(

ω2
k − Ω2

pl

)2
+ 16g̃2kωkΩpl

√
2

(8)
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Abstract 

An experimental method for the fabrication of nanocomposite metamaterial 
based on self-assembled titanium dioxide microtubes with gold nanoparticles is 
proposed. The obtained titanium dioxide scrolls have a high optical absorption 
coefficient, which can be enhanced by increasing the concentration of linear 
carbon chains with gold nanoparticles. The possibility of using arrays of oriented 
microtubes as absorbing n-doped layers for solar cells was investigated. 

 

Key words: titanium dioxide microtubes, laser ablation, metasurfaces 

Introduction 

The development and creation of spatially ordered metamaterials is one of the main 
tasks of modern nanotechnology. One of the promising directions of creating such 
metasurfaces is self- assembly. This method demonstrates a high potential for 
fabrication of nanostructures [1]. One of the most significant areas where this method 
can be applied is photonics. Due to the special geometry of the metasurfaces, the optical 
response has tunable properties that can be controlled. Nanophotonics is aimed in 
particular at the development of ideal absorbers that would absorb 100% of the incident 
light in a selected narrow spectral range. The proposed method of obtaining 
metasurfaces, can also be used in the creation of broadband absorbers in the form of 
photocells[2]. 

 

Materials and Methods 
 

We used a laser ablation method to synthesize metastable forms of TiO2. Thin films of 

titanium dioxide were deposited on a solid transparent substrate due to the rapid cooling of 
the molten phase created by laser ablation of a titanium target in air. To scan the surface of 
the bulk titanium target, a laser beam with a focal spot diameter of 30 μm was used by 
moving around circles with a diameter of 3 mm (see Fig. 1a). Assembly of the obtained 
material on the substrate surface is achieved by direct vapor deposition in the presence of a 
spatially homogeneous magnetic field generated by two rectangular NdFeB magnets. The 
effect of the magnetic field during tube formation exhibits threshold behavior. A field of 500 
mTl effectively disrupts the film, and rolls are formed as shown in Fig. 1d. 

mailto:1samyshkin@vlsu.ru
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Figure 1: The experimental setup for the deposition of thin flms of titanium oxide: (a,b) the 
schematic distribution of the magnetic field lines; (c,d) is the schematic presentation of the 
procedure of introduction of gold NPs and the self-induced formation of microtubes by rolling 
thin flms of titanium dioxide. The formation of microtubes is controlled by the spatially 
homogeneous magnetic field. (c) The schematic orientation of the magnetic momenta of TiO2 NPs 
on the surface of the substrate in the presence of the external magnetic field with (d) showing the 
subsequent disorientation of magnetic momenta due to the effect of the gradient of the magnetic 
field on the magnetically oriented NPs. (e) shows the SEM image of the microtube. 

 
Based on the results obtained, the concept of creating a photocell based on titanium 

dioxide scrolls was proposed (see Fig. 2): 1, 2 - top and bottom contacts, 3 - top 
transparent electrode, 4 - silicon layer (p-type), 5 is titanium oxide microtubes doped 
gold NPs (n-type). The orientation and size of the titer can be estimated from the SEM 
image of the structure shown in the inset. 

 

 
Figure 2: Schematic representation of a photocell based on titanium dioxide scrolls. 
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Conclusions 
 
As one can conclude from Fig. 2, the tested structure is characterised by the 

intrinsic photo-electromotive force and a short-circuit current. This explains the 
existence of zero-voltage current and zero current at U=0.16V and the light power of 5 
Lux (also at U=0.23V and the light power of 10 Lux). Under the effect of the irradiation, 
the diffusion carrier current (Id) is induced due to the generation of additional carriers 
in the p-n junction region. The current is caused by holes, mostly. The variation of the 
light intensity leads to the variation of the photocurrent. The current-voltage curves 
taken at different light intensities demonstrate a similar non-linear behaviour. We 
anticipate that higher values of the photocurrent are achievable if using a semiconductor 
with a lattice constant closely matching one of the bottom element of the cell. Overall, 
these measurements show the high potentiality of TiO2 microtubes for photovoltaic 
applications[3]. 
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Abstract
We develop a theory describing fundamental Coulomb-correlated complexes:

neutral and charged excitons, also known as trions, in transition metal dichalo-
genides monolayers in unusual situation where one of the electrons occupies
excited, high-lying, conduction band characterized by a negative effective mass.
We present simple, accurate and physically justified trial wavefunctions for cal-
culating the binding energies of excitons and trions and compare the results of
variational calculations with those of a fully numerical approach. We demonstrate
the importance of taking into account the nonparabolicity of high-lying conduction
band dispersion.

Introduction

Due to very small thickness and characteristics of dielectric environment, Coulomb
correlations are especially pronounced in two-dimensional semiconductors based on
transition metal dichalcogenides, for example, in MoS2 or WSe2, where the binding
energies of excitons – electron-hole pairs – are hundreds of meV, and trions or charged
excitons – three-particle complexes of an electron and two holes or two electrons and
a hole - tens of meV [1, 2]. In recent experimental works [3, 4], the observation of
“high-lying” excitons and trions in such atomically thin semiconductors, where one
of the electrons is located in the remote (excited) conduction band, was reported.
The peculiarity of the band structure of these materials is such that this band is
characterized by a negative effective mass [3, 4]. It gives rise to the question on how
the Coulomb-correlated states can be formed in such a case. Here we present the
results of a theoretical study of the states of excitons and trions in atomically thin
semiconductors, where one of the charge carriers is in the remote band and has a
negative effective mass.

Binding energies of excitons and trions

In the framework of the model with parabolic dispersion, we obtained a criterion
for the ratio between the effective masses of charge carriers, under which Coulomb
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complexes, excitons and trions, can be bound. The region of existence of stable trions
turns out to be narrow, and it does not correspond to the known values of effective
masses in the remote bands [3, 4]. This fact distinguishes the complexes under study
from conventional trions with two identical charge carriers. The complexes can be
stabilized by taking into account the contributions of the fourth power in the wave vector
to the electron dispersion in the remote band. The binding energies of excitons and
trions have been calculated both within the framework of the variational method and
by numerical diagonalization of the Hamiltonian on the Gaussian basis [5]. Based on
analytical calculations with a short-range potential, variational functions with a small
number of adjustable parameters are proposed, which are applicable for any type of
interparticle interaction and arbitrary signs of the effective masses. For our calculations
we used Coulomb and Rytove-Keldysh potentials to describe interparticle interaction.
The dependences of the exciton and trion binding energies on both the reduced mass
of the high-lying exciton (both positive and negative) and on the parameter describing
the nonparabolicity of the dispersion of the excited conduction band are analyzed. It
was shown, that accounting nonparabolicity of high-lying conduction band dispersion
stabilizes exciton with negative reduced mass and significantly widen the region of
stability of negative trion. The criterion of stability of the positive trion is stability of
high lying exciton.

The asymptotics of the exciton and trion binding energies are obtained within the
limits of strong nonparabolicity or a small absolute value and negative effective electron
mass. The deviations of the exciton series from the hydrogen-like series are analyzed.
The results of recent experiments [4] on the observation and study of positively and
negatively charged trions with a negative effective electron mass are described.

This work has been supported by the Russian Science Foundation project 23-12-
00142
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The current status of tests of quantum electrodynamics (QED) at strong and supercritical Coulomb 
fields with heavy ions is briefly reviewed. Special attention is focused on tests of QED in 
supercritical regime.  It is known that in slow collisions of two bare nuclei with the total charge 
number larger than the critical value, Z_1+Z_2 > Z_c =173, the initially neutral vacuum can 
spontaneously decay into the charged vacuum and two positrons. Detection of the spontaneous 
emission of positrons would be the direct evidence of this fundamental phenomenon. However, the 
spontaneous positron emission is generally masked by the dynamical positron emission, which is 
induced by a rapidly changing electric field created by the colliding nuclei. For many years it was 
believed that the vacuum decay can be observed only in collisions with nuclear sticking, when the 
nuclei are bound for some period of time due to nuclear forces. But to date there is no evidence for 
the nuclear sticking in such heavy-ion collisions. In our recent papers [I.A. Maltsev et al., PRL, 
2019; R.V. Popov et al., PRD, 2020; R.V. Popov et al., PRD, in press],  it was shown that the 
vacuum decay can be observed without any sticking of the nuclei.  This can be done via 
measurements of the pair-production probabilities or the  positron spectra for a given set of nuclear 
trajectories. The results of this study  will be presented in the talk.
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Abstract

In this study, we investigate twisted magnetic bilayers under a perpendicular
electric field. The interplay of induced Dzyaloshinskii-Moriya interaction and
moiré exchange potential leads to complex non-collinear magnetic phases. Our
simulations show coexisting intralayer skyrmions and interlayer skyrmion pairs
with distinct dynamics under an in-plane electric field. Notably, skyrmions exhibit
intriguing movement along domain walls, promising applications in van der Waals
magnet-based spintronics.

Key words: Moiré potential, van der Waals magnets, twisted magnets, non-
collinear phases, skyrmions

Introduction

Van der Waals materials are layered structures with strong intralayer interactions
and weak interlayer interactions. They can be easily exfoliated into monolayers,
offering unique electronic and optical properties. By constructing heterostructures
from different Van der Waals materials, their properties can be modified.

A new class of Van der Waals materials, known as Van der Waals magnets, exhibits
fascinating magnetic properties in two-dimensional structures. These materials are
highly sensitive to external perturbations like electric fields, twist angles, or mechanical
strain. The Dzyaloshinskii-Moriya interaction, induced by broken inversion symmetry,
stabilizes non-collinear structures such as skyrmions.

In twisted magnetic bilayers, an additional interaction called the moiré potential
arises due to site-dependent interlayer exchange. The moiré potential’s spatial scale
is determined by the twist angle θ and is proportional to a/θ, where a is the lattice
period.

This work investigates a specific structure composed of a twisted bilayer of ferro-
magnetic Van der Waals material (Fig. 1).
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Figure 1: Twisted ferromagnetic biayer.

Results

We consider a continuous generalized Heisenberg-type model with the energy

E =

∫
d2r

[ ∑
i=1,2

(
A(∇ni(r))

2−Kn2
zi(r)+Dni(r)·(ẑ×∇)×ni(r)

)
−J1,2Φ(r)n1(r)·n2(r)

]
(1)

Here n1 and n2 are the unit vectors along the magnetization in layers 1 and 2,
respectively, A is the exchange stiffness constant, D is DMI, interlayer exchange equals
J1,2Φ(r). Anisotropy K > 0 corresponds to the easy axis anisotropy.

The moiré potential Φ(r) (Fig. 2a) is directly related to the lattice period and
twist angle. The study employs numerical simulations to explore the magnetic phases
in this system, considering the interplay between the intralayer Dzyaloshinskii-Moriya
interaction and the spatially dependent interlayer exchange coupling.

Figure 2: Spatial dependence of interlayer interaction Φ(r) (a) and z-projection of
total bilayer magnetic moments in moiré magnets for D = 0.9 (b), D = 0.11(c) and
D = 0.07 (d). Scale bar: 100 lattice constants.
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Intriguingly, the system exhibits a variety of intralayer skyrmions and bound
interlayer skyrmion pairs (Fig. 3).

Figure 3: Various types of skyrmions in a twisted bilayer. Pair of AF skyrmions located
in the AF IEC grain (1), in the FM IEC grain (2) and a single skyrmion (3) fixed at
the border of zero moiré potential.

The Landau-Lifschitz-Gilbert equation and Thiele equation are used to study the
dynamics of skyrmions under the influence of external electric current. The calculations
predict that single skyrmions exhibit railing behavior along the grain boundary when
subjected to an applied current. Using the Thiele equation, we provide an analytical
description of this effect. This behavior is not limited to a specific structure but is
expected to be observed in various van der Waals moiré magnetic bilayers.

To conclude, the interplay between the moiré potential and DMI in van der Waals
magnets results in a diverse range of non-collinear magnetic structures. Three types
of skyrmions were identified with distinct topological properties and kinetics under
applied in-plane current. The railing of skyrmions in van der Waals magnets paves the
way for innovative applications of these heterostructures in spintronics.
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Abstract

Various algorithms and methods used to simulate two-phase flow in porous
media has many practical applications in oil recovery, hydrology, electricity pro-
duction where pressurized water is passed through heated pipes and is transformed
into steam, etc. The algorithm presented here is used to find the saturation of a
phase with respect to time and model imbibition.

Key words: Two-phase flow, porous body, imhibition

Introduction

Figure 1a is an example of two-phase flow in porous body. The wetting fluid, in
this case - water displaces the non wetting fluid - air. The aim is to plot concentration
of one of the phases with respect to time for a given region of the porous body, similar
to [1].

(a) Porous body (b) Model

Figure 1: Example of two-phase flow in porous body and a simplified manner of
modeling the process
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Model

The flow rate when a tube contain meniscus after necessary derivation is given by
a modified Poiseuille’s equation:

Qij =
πR4

ij

8Mijl

(
∆Pij +

2sijσ

Rij

)
(1)

Here Mij is:

Mij =
∑
k

µijk
lijk
l

(2)

And sij = {−1, 0,+1} depending on the orientation and number of meniscus.
For every node due to conservation of volume:∑

j

Qij = 0 (3)

This produces n linear equations for a model with n nodes. The pressures at each
node are the variables. Gaussian-elimination is used to solve the linear equations.
This is the most computationally expensive task and defines for how many nodes, the
simulation can be performed in a given time. Various methods of optimizations have
been presented in [2].

The calculated pressures at each node is used to determine the flow rates according
to equation 1. Then the time step is decided and each meniscus in the tubes is displaced
according to dij = vij∆tij . The novelty of our algorithm is the distribution of the
phases when more than one phase enters a node. The wetting fluid is distributed first
in ascending order of the radius of the tubes. After this if there are more than two
meniscus in a tube, the phases are combined such that the center of mass of the phases
remain the same. This algorithm can be extended to the case of a 3-D model, such as
in [3].

Results

For modeling only the saturation of a phase in a given region [4] when there is an
external pressure difference, does not produce oscillations unlike modeling imhibition
where the boundaries are closed and the volume of each phase in the system remains
the same. Here the fluid does not reach an equilibrium position in a finite amount
of time. However the small oscillations dampens over time, as in figure 3. Another
significant advantage of this method is that the shape of the tubes are considered to
be cylindrical unlike hour glass shape in [5] and and flow is determined by solving a
set of linear equations. Computation requires a few hours for 30x30 matrix of tubes
on a personal computer.
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(a) Initial (b) Invasion (c) Final

Figure 2: Showing how a wetting fluid enters the region with thinner radius

Figure 3: Volumetric saturation of the two-phases in the region of thinner radius with
respect to dimensionless time
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Abstract

We derive the change in the effective magnetic field created by the polari-
ton longitudinal-transverse splitting when rotation of the system is considered.
Momentum-space and real-space dynamics of the degree of circular polarization
of the light emitted from the system is studied and rotational oscillations of the
polarization pattern are predicted.

Key words: exciton-polaritons, pseudospin, rotation

Introduction

In this work, we consider a semiconductor microcavity in the strong-coupling
regime between the optical mode and excitons in a quantum well. In this regime, the
new eigenmodes, called exciton polaritons, appear. Being half light and half matter,
they possess a low effective mass and a pseudospin corresponding to the polarization
of the emitted light [1]. The longitudinal-transverse (LT) splitting of the polariton
dispersion ∆LT creates an effective magnetic field oriented in the microcavity plane.
As a result, polaritons with non-zero momentum demonstrate the so-called optical spin
Hall effect (OSHE): when excited with the linear polarization, due to the precession of
their pseudospin around the effective magnetic field, the domains of predominantly
right circular (σ+) and left circular (σ−) polarization appear in different regions of
momentum space [2], and in real space the degree of circular polarization additionally
exhibits beats in the radial direction [3].

Rotational OSHE

In this work, we study a system of exciton-polaritons rigidly rotating around the
z-axis (the sample growth direction) with the angular velocity ω⃗. In this case, the
correspondence of polar angles φ ↔ θ in real and momentum spaces gives way to
φ ↔ θ + π/2 (see the sketch in Fig. 1, left). Applying the rotation transformation to
the system Hamiltonian describing the LT-splitting, we derive new expressions for the
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components of the effective magnetic field. Namely, decomposing the 2× 2 polariton
Hamiltonian with added rotation in the basis of the identity matrix and the Pauli
matrices, we obtain: Ωrot

x = Ωcos 2(θ + ωt), Ωrot
y = Ωsin 2(θ + ωt), where Ω = ∆LT/ℏ.

Thus, in the rotating frame, the effective field rotates around the elastic cirle with
twice the angular velocity of the system rotation [Fig. 1, right].
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Figure 1: Left: Orientation of the wavevector k⃗ in the case of radial motion (blue) and
rotation (green) in real space and the corresponding directions of the longitudinal and
transverse components of the electric field, for the two consequent moments of time. Right:
the corresponding distribution of the effective magnetic field in momentum space, in rotating
frame, that rotates around the elastic circle in time.

Using the pseudospin evolution equation, we calculate the dynamics of the distri-
bution of the degree of circular polarization (DCP) of light emitted by the rotating
system of exciton polaritons, in momentum and real spaces. As follows from the
intuitive sketch presented in Fig. 1, the DCP distribution contains not only the term
∝ sin 2θ, but also an additional term ∝ cos 2θ which vanishes when ω = 0. Analyzing
the behavior of the amplitudes of the terms in time, we predict a new observable effect:
in the presence of rotation, for small frequencies of rotation (ω ≲ 0.1Ω), the typical
OSHE polarization pattern experiences rotational oscillations: the angular directions
in space corresponding to linear polarization and to the maximum of DCP begin to
rotate, then move in the opposite direction, then change direction again to the initial
one, etc. The equilibrium position of such oscillations slowly shift against the direction
of rotation over time.
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Abstract

The ability of controllable manipulation of valley degree of freedom in transition
metal dichalcogenide monolayers will allow for creation of valleytronic devices.
Here we theoretically address an exciton anomalous Hall effect of excitons. We
demonstrate that the combined impact of strain-induced gradient of exciton
resonance energy and emergent pseudo-magnetic field result in anomalous Hall
transport of intervalley excitons. The proposed effect manifests itself in spatially
inhomogeneous circular polarization of exciton luminescence.
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Abstract

We have shown that time-modulated nonreciprocal media exhibit effective
axion response. By introducing periodic modulations in the magnetization of
a gyrotropic material, we have derived an effective axion response that can
be preciesly controlled. This provides a new way to tailor the properties of
metamaterials and opens up new possibilities for manipulating electromagnetic
fields. In particular, we have shown that it is possible to create arbitrary smooth
time modulations that can model cosmic axion fields, which in turn has the
potential application for axion detection experiments.

Key words: time-modulated metamaterials, axion electrodynamics, nonrecipro-
cal photonics, magneto-optical materials

Introduction

Axions are hypothetical particles that simultaneously solve multiple problems in
modern physics. In field theory, they solve the problem of CP invariance [1, 2]. At the
same time, in cosmology they are a promising candidate for the role of dark-matter
particles [3]. Axions have not been detected so far, but there are real solid-state
structures where light propagation is described by equations of axion electrodynamics.
Such media are known as Tellegen media in the simplest case of a constant axion field,
and these materials are part of the magnetoelectrics material family [4]. Structures
with a strong axion response provide a convenient platform to study the effects of
axion electrodynamics.

However, the use of natural materials alone severely limits the research capabilities.
The use of artificially structured media allows flexible control of the effective axion
response. The possibility of achieving an effective axion response via spatial [7] and
space-time [8] metamaterials was recently demonstrated. However, an approach based
purely on temporal modulation has not yet been demonstrated to achieve an effective
axion response.
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Main text

Here, we design a time-modulated metamaterial with an effective axion response.
The metamaterial is a continuous gyrotropic medium, in which the magnetization
rapidly and periodically changes in time so that the average magnetization of the entire
structure equals zero. Hence, its microscopic description is based on the permeability
tensor:

µ̂ =

 µ i g(t) 0
−i g(t) µ 0

0 0 µ

 , g(t) =
∑
m̸=0

gm eimΩt, Ω ≫ ω : (1)

The structure of this metamaterial makes it possible create temporal modulations of
the effective axion response, as well as to fine-tune its values.

Approach for theorethical analysis of time-modulated structures was developed
recently [5, 6]. Based on this approach we obtain the effective axion response:

χ =
q

2πµ2

∫ 2π/Ω

0
g(t′)(Ωt′ − π)dt′ (2)

We examine dependence of the effective axion response on the the magnetization
distribution in time. The magnetization distribution that maximizes the effective axion
response is found.

We verify the correctness of the obtained results, by numerical simulations of
the reflection of a plane electromagnetic wave from a metamaterial and an isotropic
medium with an axion response. The results confirm the emergence of an effective
axion response of the structure.

Thus, an original time-modulated photonic structure with a tunable axion response
is developed. This structure also provides temporal modulation of the effective axion
response. A theoretical analysis of the structure is performed.

In the future, the experimental realization of this structure is planned as well as
the study of the possibility to create not only temporal modulation, but also spatial
gradients. In this case, it will be possible to create an arbitrary distribution of the
effective axion field in the proposed structure. This work was supported by the Priority
2030 Federal Academic Leadership Program and in part by the Foundation for the
Development of Theoretical Physics and Mathematics "BASIS".
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Abstract 

We study propagation of high-frequency linear wave packets along large-scale background 
waves obeying two hydrodynamic equations for fluid density and flow velocity. The influence 
of the wave packet dynamics on the evolution of the background is disregarded. The geometric 
optics approximation is used for the investigation of the evolutions of these objects: the 
dispersionless approximation governs the background dynamics, and the Hamilton equations 
are used for the dynamics of the wave packet. To study the wave packet propagation we 
assume the presence of the dependency of the carrier wave number of the packets on the 
background variables. The obtained theory is applied to the systems reducing to the shallow 
water equations. The analytical predictions agree  well with exact numerical calculations. 

Key words: Theoretical physics, linear wave packets, geometric optics approximation 
 
Introduction 

The linear wave packet is a long-standing object of physics study. Its characteristic 
features can be distinguished in many complex wave structures, which makes it possible to 
consider it as a model object similar to a material point in mechanics. In this regard, the 
study of its dynamics is an important task that has not yet been solved for non-stationary 
and inhomogeneous hydrodynamics, where the basic approaches for the simplest cases are 
usually simply described [2]. Difficulties in such a study arise due to the presence of 
nonlinear terms inherent in hydrodynamics.  

To study the motion of a wave packet along a large-scale background wave, we will use 
the approximation of geometric optics, relying on the scale separation inherent such a 
problem: a characteristic packet size 𝑑 ≪ characteristic size of the background 𝑙, and we 
will assume that the packet itself carries a large number of oscillations (𝜆 ≪ 𝑑) with a 
slightly varying wavelength (∆λ ≪ λ). Thus, following the optical-mechanical analogy, 
Hamilton's equations can be written for the dynamics of the packet 

𝑑𝑥

𝑑𝑡
=

𝜕𝜔

𝜕𝑘
=  𝑉,     

𝑑𝑘

𝑑𝑡
= −

𝜕𝜔

𝜕𝑥
,                                                      (1) 

where 𝑥 can be considered as the “center of mass” of the packet and 𝑘 being the carrier 
wave number.  

 
Main text 
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As a physical system, we will choose a fluid obeying gNLS: 

𝑖𝜓𝑡 +
1

2
𝜓𝑥𝑥 − 𝑓(|𝜓|)ψ = 𝑈𝜓,                                                          (2) 

which can be easily rewritten in hydrodynamic form by substitution 𝜓 =  √𝜌(𝑥, 𝑡) ∗

𝑒𝑥𝑝{𝑖 ∫ 𝑢
𝑥

(𝑦, 𝑡)𝑑𝑦}: 
𝜌𝑡 + (𝜌𝑢)𝑥 = 0

𝑢𝑡 + 𝑢𝑢𝑥 +
c2

𝜌
𝜌𝑥 + (

𝜌𝑥
2

8𝜌2 −
𝜌𝑥𝑥
4𝜌

)
𝑥

= −𝑈𝑥

                                            (3)   

where 𝑐2 =  𝜌𝑓′(𝜌). The dispersion law takes the form  

𝜔 = 𝑘 (𝑢 ±
1

2
√𝑘2 + 4𝑐2).                                                      (4)   

To describe the evolution of a large-scale background wave, we will use the equations (3) in the 
dispersionless approximation, which instantly leads us to 

𝜌𝑡 + (𝜌𝑢)𝑥 = 0

𝑢𝑡 + 𝑢𝑢𝑥 +
c2

𝜌 𝜌𝑥 = −𝑈𝑥

                                                          (5)   

The first important case that we will analyze will be the stationary flow due to the 
potential. In the stationary situation, it is possible to integrate equations (5) and obtain the 
dependency 𝑢(𝑥), 𝜌(𝑥) according to a given potential 𝑈(𝑥). So, to describe the motion of the 
packet, we need to get the first Hamilton equation (1) in the convenient form, that is not possible 
while we don’t know dependency 𝑘 from 𝑥. In the simple case of stationary flow, we can use the 
well known energy conservation law: 𝜔 = 𝑐𝑜𝑛𝑠𝑡. It allows us to obtain 𝑘 from Eq. (4) as a 
function of 𝑥. Thus, we get the ordinary differential equation 

𝑑𝑥

𝑑𝑡
=

𝜕

𝜕𝑘
𝜔(𝑘(𝑥), 𝑢(𝑥), 𝜌(𝑥)).                                               (6)   

The similar approach we use in the case of non-stationary hydrodynamics without a 
potential. In this sense, the system (3) without a right part has the general solution in terms of 
Riemann invariants [3], although there is not always a mutual unambiguity between physical 
variables and Riemann invariants. So, assuming the solution 𝜌(𝑥, 𝑡), 𝑢(𝑥, 𝑡) is known, we again 
have only one undetermined parameter 𝑘(𝑥, 𝑡) on the right side of the first Hamilton equation. 
Now we will consider 𝑘 as a function of the background parameters 𝜌(𝑥, 𝑡), 𝑢(𝑥, 𝑡) and to 
determine this dependency we will use the second Hamilton equation.  

On this way, substituting the system (5) without potential in the second Hamilton 
equation, one can obtain expression  

𝜕𝑘

𝜕𝜌
[(𝑉 − 𝑢)𝜌𝑥 − 𝜌𝑢𝑥] +

𝜕𝑘

𝜕𝑢
[(𝑉 − 𝑢)𝑢𝑥 −

𝑐2

𝜌
𝜌𝑥] =  −

𝜕𝜔

𝜕𝜌
𝜌𝑥 −

𝜕𝜔

𝜕𝑢
𝑢𝑥 .            (7)   

Assuming that  𝜌(𝑥, 𝑡), 𝑢(𝑥, 𝑡) are independent from each other, one should collect summands with  
𝜌𝑥 and 𝑢𝑥, therefore we obtain the system  

𝜕𝑘

𝜕𝜌
=  

(𝑉 − 𝑢)𝜕𝜔
𝜕𝜌

+ 𝑐2

𝜌
𝜕𝜔
𝜕𝑢

𝑐2 − (𝑉 − 𝑢)2
,        

𝜕𝑘

𝜕𝑢
=  

(𝑉 − 𝑢)𝜕𝜔
𝜕𝑢

+ 𝜌
𝜕𝜔
𝜕𝜌

𝑐2 − (𝑉 − 𝑢)2
.                       (8)  
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              For existence of such a function  𝑘 = 𝑘(𝜌, 𝑢)  these derivatives must commute. For ease of 
further analysis, we can consider the power-law function 𝑐2 =  𝜌𝑝.  It turns out that case 𝑝 = 1 satisfies 
this condition, but other cases don’t, so for 𝑝 = 1 we obtain the exact conservation law 

 𝑘2 = (𝑞 − 𝑢)2 − 4𝜌,                                                            (9)  
where 𝑞 is constant along the packet motion. Although an exact conservation law cannot be obtained 
for arbitrary 𝑝, in the approximation 𝑘 ≫ 𝑐, these derivatives again commute and approximate 
conservation law takes the form 

 𝑘2 = (𝑞 − 𝑢)2 −
2(𝑝 + 1)

𝑝
𝜌𝑝.                                              (10)  

 We apply our analytical theory to the initial background flow in the parabolic form 

𝜌(𝑥, 0) =  𝑎2 [1 − (𝑥
𝑙⁄ )

2

] ,        𝑢(𝑥, 0) = 0.                                            (11)  
A comparison with the exact numerical solution is reflected on Fig. (1). 

 
Fig.1 The comparison of developed analytical theory with the exact numerical solutions of gNLS. The 
circles denote the numerical result and the solid lines denote the analytical predictions. The first two 

pictures is obtained for the initial parabolic distribution (11) with 𝑎 = 5, 𝑙 = 35. The last picture is got 
from the analysis of stationary flow with 𝑈 =  

15

ch(𝑥 15⁄ )
 and 𝑘0 = 12. 
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Abstract

Current study is devoted to derivation of universal relations for Bose gases with
power-law interactions using the Tan’s contact. At short distances, the two-body
scattering problem for slow particles is solved to define the wavefunction and the
second-order correlation function corresponding to the rarified limit. Universal
relation for the potential energy density via the Tan’s contact is obtained. At
long distances, the pair correlation function is calculated in the Bogoliubov
approximation at T = 0. The stitching of g2(r) in the overlap of the two regions
allows to find the Tan’s contact and a universal relation between the potential
energy density and the chemical potential of the system.

Key words: Bose gases, Tan’s contact, universal relations

Introduction

The Tan’s contact is a universal constant that allows one to describe a large number
of properties of low-temperature gases with short-range interactions (when interaction
can be described using the s-wave scattering length), such as the interaction energy,
the pair correlation function, the dependence of free energy on interactions, and also
relation between the pressure and energy density. Initially, this constant was introduced
for fermions [1, 2], after which the idea of universal relations was extended to systems
of one-dimensional [3] and 2D bosons with dipole interactions [4]. The work is devoted
to the derivation of universal relations for Bose gases with an arbitrary (integrable at
infinity) power-law interaction potential, by means of calculating the Tan’s contact for
2D and 3D systems at T = 0.

Universal relations for bosons with power-law interactions

We consider 2D (and 3D) Bose gases with power-law interparticle interaction
potential U(r) = Q/rα, where Q is a constant factor and α > 2 (α > 3 for the 3D
case) to assure integrability at all distances. The problem is solved on large and small
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scales, after which the independently obtained solutions are stitched in the overlap
region, which allows to derive a set of universal relations for such systems.

On small scales (r ≪ n1/2 in two dimensions or r ≪ n1/3 in three dimensions,
where n is the density of particles) the two-body scattering problem for slow particles of
the mass m is considered. The obtained wavefunction allows to define the second-order
correlation function of the gas corresponding to the rarified limit (when the influence of
all the other particles can be neglected). In this limit, we obtain the relation between
the potential energy density and the Tan’s contact, which is true at any temperature:

u =
U

S
=

ℏ2C
4(α− 2)πm

, for the 2D case, (1)

u =
U

V
=

CQ(α− 2)
2

α−2

8 sin( π
α−2)Γ

2
(

1
α−2

)(mQ

ℏ2
) 3−α

α−2
, for the 3D case. (2)

The above results stand for any interaction exponent α.
On large scales (in the long-wavelength limit r ≫ a, where a is the s-wave scattering

length), the collective behavior of the Bose gas of N particles is considered in the
Bogoliubov approximation, and the second-order correlation function g2(r) is derived
for r ≪ ξ, where ξ is the healing length. Stitching the two solutions at intermediate
distances a ≪ r ≪ ξ allows to determine the Tan’s contact C through the particle
density and the ratio of the considered scales. In particular, for 2D,

C =
4π2n2

ln2 ξκ
a

+O
(

1

ln4 ξ2κ2

a2

)
, (3)

where κ = 2
√
2

eγE+1/2 ≈ 0.96319. Combining Eq. (3) with (1) and the equation of state,
we obtain the universal relation between the chemical potential of the system µ and
the potential energy density:

u =
mµ2

4πℏ2(α− 2)
+O

(
1

ln4 κ2ξ2

a2

)
. (4)
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Abstract

A novel approach to measure the anapole moment of the nucleus, which
arises due to the violation of spatial parity P in intranuclear interactions is
proposed [1]. The nuclear anapole moment phenomenon has only been observed
once, approximately 25 years ago, for the Cs nucleus. The proposed method
involves measuring the P-odd contribution to the spin-spin interaction between
the two nuclei of the diatomic molecule TlF. We outline a possible experimental
setup and provide an estimate of the signal based on precise calculations using
state-of-the-art relativistic coupled cluster theory of the molecular constant that
characterizes the coupling of the Tl nuclear anapole moment with the F nuclear
magnetic moment via electronic shells. To validate the approach, we also calculate
the P-conserving NMR parameters of the molecule and find an excellent agreement
with the available experimental data.

Key words: Theoretical physics, anapole moment, symmetry violation, P-odd
effects

Introduction

Weak interactions violate the spatial parity (P) symmetry, and several atomic
experiments have been conducted to investigate this phenomenon [2]. The P-odd effect
that is independent of nuclear spin and mainly arises due to the exchange of Z0-bosons
between electrons and the nucleus is well-established [2]. However, the P-odd effects
that are dependent on the nuclear spin and are much smaller in magnitude, primarily
caused by the interaction of electrons with the nuclear anapole moment, have only
been observed once in atoms with considerable uncertainty [3].
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Results

The parity non-conserving (PNC) contribution to the coupling of nuclear spins I
and S in a diatomic molecule can be expressed as:

HPNC = 2πJ (1),PNCλ · (I× S), (1)

where λ is the unit vector directed along the internuclear axis, and J (1),PNC is the
constant that characterizes the PNC interaction. J (1),PNC is proportional to the
dimensionless constant gTl, which characterizes the nuclear anapole moment. Similar to
Ref. [4], we have extended the coupled cluster approach to calculate the proportionality
coefficient within the Dirac-Coulomb-Gaunt Hamiltonian. The result is

J (1),PNC = −3.03× 10−3gTl Hz. (2)

Our findings indicate that the primary contribution to this molecular electronic
structure parameter is due to the negative energy states in the Dirac picture. We
demonstrate that the use of the Sternheim’s-like approximation, which is often employed
for related nuclear magnetic resonance problems, overestimates the effect by a factor
of 3.

If J (1),PNC is measured, it would be possible to extract the value of gTl using the
above result (2). To measure J (1),PNC, we propose [1] considering an effective two-level
system of hyperfine sublevels of a rotational state J of the 205Tl19F molecule (J = 0
or J = 1). One can consider a molecular beam initially prepared in one of these
hyperfine sublevels. The beam enters an interaction region with parallel oscillating
magnetic and electric fields and in the presence of an additional static electric field.
Both fields can induce transitions between two levels. By measuring the population
of one of the hyperfine states, it is possible to extract the interference term (signal),
which is proportional to J (1),PNC. By considering the actual experimental parameters,
we estimated [1] that one can achieve a signal-to-noise ratio of 100 (i.e., measure gTl)
in just 3.5 hours.

An important feature of the proposal is that the experiment can be performed by
a slight modification in the existing CENTREX facility [5] to measure T,P-violating
effects. This work was supported by the RSF grant 19-72-10019-P.
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Abstract

The discussion is devoted to the evaluation of the radiative one-loop correc-
tion with a vertex, where the vertex represents the interaction with an external
magnetic field, and the loop refers to a "ordinary" or thermal photon. Within the
framework of the rigorous QED theory, corrections to the g-factor of the bound
electron and the level width are derived as real and imaginary parts, respectively.
The effects are considered for hydrogen and light hydrogen-like ions and are dis-
cussed in regard to modern experiments in this field. Temperatures and magnetic
field strengths corresponding to various laboratory and astrophysical conditions
are taken into account. The discussion is based on our most recent results obtained
within the QED approach at the finite temperature being developed by our group.

Key words: Theoretical physics

Introduction

The formation and development of quantum theory for bound states is closely
connected with precision spectroscopic experiments performed on the hydrogen atom
and a number of hydrogen-like ions. Having their own methodological features,
such systems are most accurately theoretically described within the framework of
quantum electrodynamics (QED). In the last decades, experimental measurements and
theoretical calculations of the hyperfine structure (HFS) and g-factors in simple atomic
systems have attracted particular interest. Significant progress in evaluation of QED
radiative and nuclear-structure corrections, as well as the improvement of experimental
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techniques, make it possible to identify the fundamental parameters of the theory (the
electron to proton mass ratio, the Rydberg constant, nuclear parameters, etc.) and to
look for manifestations of new physics.

To date, the transition frequencies in various atomic systems are measured with
extremely high accuracy and also serve as a tool for building atomic clocks, metrological
frequency standards, tests of perturbative quantum electrodynamics and others. In
particular, the relative error in measuring the transition frequencies in hydrogen
is about 10−15 ÷ 10−13 [1], the hyperfine interval is determined with an accuracy
about 10−13 [2], and the g-factor is as accurate as 10−12 [3]. Such extraordinary
precision stimulates theoretical studies of more subtle effects that are at the level of
modern experimental error and less. Along these lines, the influence of the blackbody
radiation field (BBR) on these quantities is of particular interest. It is well known
that the BBR field leads to a quadratic ac-Stark shift of energy levels and reduces
the lifetimes by inducing electron transitions between atomic states. The effects are
extremely important in the spectroscopy of Rydberg atoms, the construction of atomic
clocks, and the determination of frequency standards. The study of the effect of
equilibrium radiation on the characteristics of atomic systems is usually limited to
the quantum mechanical approach, in which the root-mean-squared field induced by
BBR is considered as a perturbation. In our recent works, bound-state quantum
electrodynamics theory at finite temperature (BS-TQED) has been developed to
calculate thermal effects in atomic systems.

One-loop with vertex radiative corrections

Within the framework of the present study we discuss radiative corrections that
take into account the finite temperature environment affecting the measurement of the
g-factor, the HFS, and the determination of the level widths in simple atomic systems
[4, 5, 6, 7]. The lower-order radiative corrections relevant to this study can be depicted
using Feynman graphs in Fig. 1. Considering various combinations of the vertex part
(attributed to interactions with an external magnetic field or hyperfine interaction)
and the loop part (attributed to a "ordinary" or thermal photon), corrections can
be evaluated to the g-factor, the HFS as the real part and to the level width as the
imaginary part of the corresponding contributions.

In particular, the lowest order corrections to the g-factor at different temperatures
for the hydrogen and light hydrogen-like ions were described in [4], and within the
model potential approach for Rb and Cs atoms in [5]. Thermal radiative corrections to
hyperfine structure of light hydrogen-like systems were evaluated in [6]. It is shown that
the corrections are at or close to the accuracy level of modern experiments. Further,
the discussion of the imaginary part of the contributions corresponding to the graphs
in Fig. 1 is considered in detail. The theoretical analysis is devoted to the magnetic
interaction given by the vertex part of the diagrams and to two cases: when the loop is
attributed to the emission of a photon and its magnitude stimulated by the blackbody
radiation. The entire analysis is devoted to the low-lying states of hydrogen and
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Figure 1: Feynman diagrams describing the TQED contributions to the bound-electron
g-factor, HFS and level widths. The tiny line with the cross indicates interaction with
an external magnetic field or hyperfine interaction. The double solid line denotes the
bound electron in the Furry picture. The bold wavy line represents the "ordinary" or
thermal photon propagators.

hydrogen-like ions [7].
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Abstract

The discussion is devoted to a long-standing issue of determining the transition
frequency in precision spectroscopic experiments with simple atoms. The problem
was first formulated theoretically using the resonance approximation and going
beyond it. Recently, the crucial role of effects arising beyond the resonance
approximation for determining the transition frequency has been demonstrated
in spectroscopic experiments with the hydrogen atom. In particular, we discuss
the paradigm for determining the transition frequency through the line profile.
Despite the existing ambiguity of the concepts, the adjustment of various possible
definitions of the frequency standard is shown using the example of the hydrogen
atom.

Key words: Theoretical physics, spectral line profile, transition frequency, reso-
nance approximation

Introduction

The theory of natural line profile in atomic physics was developed since the earlier
works [1, 2]. An extended quantum electrodynamics (QED) theory of the line profile
for many-electron atoms and highly charged ions (HCI) can be found in [3] (see also
references therein), resulting in formulation of the Line Profile Approach to QED
calculations in atoms.

The development of the line profile theory is closely related to experimental
advances in measuring the transition frequency in the hydrogen atom [4, 5], where the
1s− 2s two-photon transition was measured with an accuracy of about 10−15 relative
magnitude. Such experiments have stimulated interest in theoretical studies of effects
beyond the resonance approximation, see, for example, [6, 7]. Relying on theoretical
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results, the most important consequences of the line profile theory were found in the
form of corrections to the transition frequency arising due to nonresonant terms in
the photon scattering cross section [6, 7, 3, 8]. These corrections (called nonresonant)
expressly demonstrate the breach of the resonance approximation.

The largest contribution originates from the states most close by energy to the
resonant one and corresponds to the differential cross section for the photon scattering
process [7] consituting the Quantum Interference Effects (QIE). The interference effect
occuring for the pathways between neighboring resonance states described in [7] served
as a starting point for further theoretical studies in various atomic systems. The most
specific for nonresonant frequency corrections is that they depend on the process used
in the experiment and, therefore, are an inherent part for the distinctive experimental
conditions. Varying over a wide range of values, nonresonant corrections and, in
particular, QIE, as their most significant part, play a decisive role in modern precision
spectroscopic experiments [9].

Transistion frequency determination

The experiment [9] can be referred to the first, where nonresonant effects were
directly observed in the form of a distorted spectral line profile. As stated in [6, 7],
nonresonant effects do not allow the transition frequency to be determined unambigu-
ously because of the asymmetry of the line shape. The result of going beyond the
resonance approximation (evaluating the nonresonant contributions in the scattering
cross section) leads to an arbitrary determination of the transition frequency within
the range of the line profile asymmetry. However, with an appropriate choice of the
asymmetry parameter, the observed line profile was symmetrized, thus making the
"line center" an evident candidate for the transition frequency [9].

The [9] experiment, at the same time, corresponds rather to a special case in which
the excited state decays into any of the allowed lower states. The absence of at least
one of the decay channels would violate the definition of the frequency invariant in
this manner [10]. In particular, the line profile can be measured when decay goes to a
fixed final state. The above case can be implemented by a "matching experiment",
where the frequency of emitted photons is detected only for a particular decay (with a
certain energy). According to the results of [10], the observed asymmetry should be
different from that in [9]. Thus, a similar symmetrization procedure should be applied
with a different asymmetry parameter. Without guaranteeing an exact match of the
results, the frequencies determined for the partial transitions and the scheme used in
the experiment [9] may differ within a few kilohertz. In turn, this discrepancy can be
crucial in determining the physical constants.

The present study involves a discussion of the concepts of determining the transition
frequency and, as a consequence, the possibility of finding a frequency "invariant"
beyond the resonance approximation. The theoretical analysis devoted to the detailed
study of the spectral line profile relies primarily on measurements of the transition
frequency 2s − 4p, although it is obviously generalized to arbitrary spectroscopic
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experiments, where the photon scattering process is used to determine the transition
frequency. It is shown that a thorough evaluation of the process utilized to determine
the transition frequency should be carried out theoretically, setting the prerequisites
for a forthcoming generation of precision spectroscopic experiments.
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On out-of-equilibrium phenomena in pseudogap phase
of complex SYK+U model

Artem Alexandrov, Moscow Institute of Physics and Technology

Abstract

We consider the out-of-equilibrium phenomena in the complex Sachdev-Ye-Kitaev
(SYK) model supplemented with the attractive Hubbard interaction (SYK+U). This
model provides the clear-cut transition from non-Fermi liquid phase in pure SYK
to the superconducting phase through the pseudogap phase with non-synchronized
Cooper pairs. We investigate the quench of the phase soft mode in this model and
the relaxation to the equilibrium state. Using the relation with Hamiltonian mean
field (HMF) model we show that the SYK+U model enjoys the several interest-
ing phenomena, like violent relaxation, quasi-stationary long living states, out-of-
equilibrium finite time phase transitions, non-extensivity and tower of condensates.
We comment on the holographic dual gravity counterparts of these phenomena.

Based on: https://arxiv.org/abs/2305.09767 with A. Gorsky

We start from the complex SYK model. The model involves the complex fermions
with four-fermion interaction and random coupling Jijkl,

HSYK = =
1

2

∑
ijkl,σ,σ′

Jijkl

[
c†iσc

†
jσ′ckσ′clσ + c†lσc

†
kσ′cjσ′ciσ

]
(1)

It is supplemented with the attractive Hubbard interaction

HHub = −U
N∑
i

c†i↑c
†
i↓ci↓ci↑ − µ

N∑
i,σ

c†iσciσ = = −U
N∑
i

b†ibi − µ
N∑
i,σ

c†iσciσ, b†i = c†i↑c
†
i↓ (2)

Hamiltonians above conserve particle number and are symmetric under the time-reversal
transformations. States of these models are governed by temperature T , fermion oc-
cupation number Nf , along with the dimensionless parameter, U/J , characterizing the
attraction strength.

We show that in SYK+U model in the limit of small Hubbard interaction, U ≪ J (here
U is the Hubbard interaction constant and J is the SYK model interaction constant) the
pseudogap phase appears. This phase corresponds to a non-trivial saddle-point in mean-
field treatment, where the phases of gaps ∆i = |∆|eiθi are not fixed by saddle point
equation. These phases are soft degrees of freedom and their fluctuations can destroy
off-diagonal long-range order (ODLRO) even in N → ∞ limit. The pseudogap phase
corresponds to the non-synchronized Cooper pairs. We investigate out-of-equilibrium
phenomena in this phase and connect them to the well-known Hamiltonian mean field
(HMF) model.

1
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Abstract

The Ginzburg-Landau phase is considered accounting crystal symmetry and
time reversal symmetry in topological superconductors in the space-group ap-
proach. The results of this approach are compared with existing experimental
data for topological superconductors UTe2, Sr2RuO4.

Key words: Ginzburg-Landau phase, quantum numbers, topological supercon-
ductors, space groups

Introduction

The concept of a topological order parameter is established as a key characteristic
of condensed matter systems such as topological metals and unconventional supercon-
ductors. According to Anderson [1], the wavefunction of a Cooper pair is constructed
taking into account the Pauli exclusion principle. Volovik and Gorkov in their work
[2] generalized Ginzburg-Landau approach and suggested using spherical functions
to describe the superconducting order parameter. In the space-group approach of
Yarzhemsky-Murav’ev [3], the wave function of the Cooper pair depends on the ir-
reducible representation of space and point groups. In this work, we consider the
Ginzburg-Landau phase eimϕ, which follows from the gauge invariance of the supercon-
ducting order parameter (SOP), from the point of view of the space-group approach
based on the Mackey-Bradley theorem accounting the Shubnikov and the Fedorov
symmetry. The phase change is determined by the diagonal element of the matrix
of the irreducible representation written as eimϕ for finite rotations. It is obtained
that the structure of a Cooper pair depens on the spin multiplicity and the labels of
irreducible representations of space group, point group, intermediate group and time
reversal symmetry
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Main text

In the majority of theoretical works pair momentum and point group symmetry are
expressed by the model functions. In our approach these two fundamental properties
are not the same but they are related. It is necessary to equate the topological
angular momentum m (Ginzburg-Landau phase) in the basis domain of a Brillouin
zone and the group-theoretical quasi-momentum m for establishing connection between
these two concepts. For describing different order parameters belonging to the same
representation, additional quantum numbers and time reversal symmetry are introduced
[4], [5]. Also, these additional quantum numbers determine the topological structure
and angular momentum of Cooper pairs. Theoretical results are compared with
experimental data for UTe2 and Sr2RuO4 superconductors. In UTe2, the spin triplet
state with a total phase winding of 2π corresponds to ICR(irreducible corepresentation)
B+

u . If the same spin state is coupled with a spatial chiral part, the angular momentum
projection m is equal to 2. Such a state corresponds to ICR A+

u and experimental
structure. In addition, A+

u is nodal but B+
u is nodeless in the basal plane which is seen

from Figure 1.

Figure 1: Nodal structure and phase winding of SOP in m′m′m symmetry for odd
ICRs (a) A+

u (b) B+
u . Red circle denotes nodal basal plane

In D4h symmetry, the possible vertical nodal planes of Eu and Eg are similar, but
these IRs differ by nodes in the basal plane (Figure 2); namely, Eu is nodeless but Eg

is nodal. This nodal structure has been confirmed experimentally for Sr2RuO4.
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Figure 2: Nodal structures of complex SOPs for Sr2RuO4 (a) Eg(u) and (b) Eg(u)×A2g

in D4h symmetry. In both cases, Eg is nodal and Eu in nodeless in the basal plane.
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Abstract
It was found that the presence of a large interaction constant between phonons

and electrons entails the appearance of new output regimes of laser operation. One
of these new regimes characterizes by excitation of coherent joint self-oscillations
as an optical field in the resonator and optical phonons in the active medium.
We also found that for a quantum dot with a low exciton dephasing regime
with coherent phonons can transform into a chaotic regime similar to a strange
attractor with a spectrum containing an infinite number of frequencies that are
incommensurable with the frequencies of the opticalic phonons. Finally, we
show that, in contrast to conventional lasers, there is a range of values of the
interaction constant of optical phonons with an electronic subsystem and the
pumping magnitude in which one two different regimes are simultaneously stable.
These regimes can be any pair of the following: trivum regime, regular laser
regime, coherent phonon generation regime, and chaotic regime. Which regime is
implemented in practice is determined by the initial conditions.

Key words: Theoretical physics, quantum mechanics, nonlinear optics, nonlinear
phenomena, lasers, quantum dots, strong coupling, phonons

Introduction
We considered an ordinary single-mode laser consisting of the resonator and the

active medium. Previous laser systems research neglected the high cross section of the
combination seeding of active molecules caused by strong coupling between excitons
and optical phonons. In this work, to the best of our knowledge, the influence of
vibrational degrees of freedom on the laser dynamics is considered for the first time.

Main text
The dynamics of a quantum dot (QD) which is incoherently pumped and interacts

with a reservoir is considered. Among all levels of QDs we single out two: the ground
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and excited states, thus passing to a two-level system (TLS). The Hamiltonian of such
an QD has the following form:

Ĥmol,j = ℏωσσ̂†
j σ̂j + ℏωvb̂†

j b̂j + ℏgσ̂†
j σ̂j

(
b̂†

j + b̂j

)
, (1)

where σ̂ = |g⟩ ⟨e|, σ̂† = |e⟩ ⟨g| - operators of transitions from the excited state of QD
|e⟩ to the ground state |g⟩ and vice versa, b̂† and b̂ are vibron creation and annihilation
operators (vibrons are the vibrational degrees of freedom of QD), g is the interaction
constant of the electronic and vibronic subsystems of the QD, ωσ is the QD exciton
transition frequency, ωv - vibron frequency.

The resonator’s Hamiltonian has the form:

Ĥcav = ℏωaâ†â, (2)
The interaction Hamiltonian of the QD and the reservoir has the form of the

Jaynes-Cramings Hamiltonian [1, 2]:

Ĥmol-cav,j = ℏΩR,j

2
(
âσ̂†

j + â†σ̂j

)
, (3)

where ΩR,j is the Rabi frequency [1, 2], interaction constant between the TLS and the
resonator.

To describe the relaxation processes, we use the Lindblad master equation for the
density matrix. It looks like [2, 3, 4]:

˙̂ρ = i

ℏ
[Ĥ, ρ̂] + Ldiss[ρ̂] + Lpump[ρ̂] + Ldeph[ρ̂] + Lv[ρ̂] + La[ρ̂], (4)

where Ldiss[ρ̂] is the Lindblad superoperator describing nonradiative exciton relaxation,
Lpump[ρ̂] - Lindblad superoperator describing incoherent exciton pumping, Ldeph[ρ̂]
- Lindblad superoperator describing exciton phase failure, Lv[ρ̂] is the Lindblad
superoperator describing the vibron relaxation, Lv[ρ̂] - the Lindblad superoperator
describing the relaxation of the resonator.

Having written the Heisenberg equation for all operators we obtain the following
system of equations:

ȧ = (−iωa − γa/2) a − iΩR,jσj (5)

σ̇j = (−iωσ − γσ /2) σj − ig
(
bj + b†

j

)
σj + iΩR,jaDj (6)

ḃj = (−iωv − γv/2) bj − ig
Dj + 1

2 (7)

Ḋj = − (γp + γD) (Dj − Do) + 2iΩR,j

(
a†σj − σ†

ja
)

(8)
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This system is non-linear, so it has several solutions. The main solutions are:
the zero trivial solution (ast,0 = 0, σst,0,j = 0, Dst,0,j = Do, bst,0,j = const), single-
frequency solution, multi-frequency solution, and chaotic solution. Depending on the
parameters of the system one or another solution is stable and this solution will be
observed.
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In 1962, B. Josephson [1] predicted the effect of nondissipative current flow through
a weak bond between two superconductors in the absence of voltage. This phenomenon
is still the basis for many theoretical and experimental studies. Recently, Joseph-
son junctions with a large number of (M > 2) terminals based on normal metals,
semiconductors, and superconductors have attracted great interest [2, 3, 4].

Figure 1: Schematic representation of the M−terminal junction. Ni−normal regions,
Si−superconducting regions. An impurity is located in the center, which is described
by some scattering matrix Ŝ.

In our talk we consider M−terminal Josephson junction and discuss universality
of Andreev bound state (ABS) spectra. Is it possible to calculate ABS if one knows
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transmission probabilities? This question is actual since according to Landauer formula
the last quantities can be reconstructed from the conductance measurements of the
system in the normal state. We demonstrate that under some conditions the answer
to this question is positive and spectra of ABS posess universality. It means that
junctions with different reflection and transmition phases may have the same spectra.
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Abstract 
Analytic solutions of the undamped limit of the inertial Landau-Lifshitz-Gilbert 

(ILLG) equation are presented for the longitudinal and transverse components of the 
magnetization of a single-domain ferromagnetic nanoparticle in a strong uniform 
external field. Analytical expressions for the longitudinal and transverse correlation 
functions pertaining to inertial magnetic relaxation are obtained by averaging the 
magnetization trajectories over all possible initial conditions applying the stationary 
Boltzmann distribution function. The components of the magnetic susceptibility tensor 
are calculated for a system of macrospins in a strong uniform external field. All the 
results originate from the analogy of the ILLG equation to a symmetric top with an 
electric dipole as used to model inertial (high-frequency) effects in the theory of 
dielectric relaxation. The obtained equations simultaneously describe the nutation 
resonance in THz frequency range as well as the ferromagnetic one associated with the 
usual precessional motion.  

Key words: Magnetic nanoparticles, Magnetic relaxation, Inertial Landau-Lifshitz-
Gilbert equation; Inertial magnetization dynamics, Magnetic susceptibility tensor, 
Nutation resonance. 

Introduction 
Until recently, the resonant in magnetic media have been studied based on the assumption 

of precession magnetization dynamics prevailing over nutation. However, the experimental 
detection of the nutation resonance [1] at terahertz (THz) frequencies makes it necessary to 
reconsider the conventional approach. It should be noted that the experimental investigation 
was preceded by the theoretical studies in which the inertial magnetization motion was 
compared with the kinematics of a symmetrical top [2]. As was shown in theoretical studies, 
nutation is caused by the inertia of the magnetization. The experimental observation of the 
nutation resonance gave a boost to the comprehensive study of the inertial dynamics of the 
magnetization. It is noteworthy that these investigations are important not only for 
fundamental research, but also for applications related to the development of THz 
technologies. 

In the framework of the studies of the inertial dynamics of the magnetization, the inertialess 
Landau-Lifshitz-Gilbert equation for the magnetization M was generalized to the inertial case 
[2]. The generalized equation is conventionally called the ILLG equation and has the form 

 
2

2eff
S S

d d d
dt M dt M dt

 


 
=  − + +  

 

M M MM H , (1) 

where 5 1 12.2 10  ra Ad m s − −=    is the gyromagnetic ratio, SM  is the saturation 
magnetization, effH  is the effective magnetic field,  is the precession damping parameter and 
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 is the inertial parameter. The general solution of the ILLG equation is a rather complicated 
problem due to the need to take into account the magnetocrystalline anisotropy of ferromagnetic 
particles [3]. The problem significantly simplifies and becomes universal (the 
magnetocrystalline anisotropy is no longer important) if the contribution of the internal 
anisotropic field  can be neglected in comparison with a strong external magnetic field H. Some 
other spin systems with no magnetocrystalline anisotropy can be considered in the same way. 

Inertial magnetization dynamics, equilibrium correlations functions and 
magnetic susceptibility 

The method used for solving Eq. (1) is based on simplifying this equation using the first 
integrals. The needed two integrals can easily be obtained using the analogy between the inertial 
motion of the magnetization and the mechanical rotation of a solid [4]. In the latter case, the 
total energy of the rotating body and the projection of the angular momentum onto the 
laboratory coordinate axis are conserved, namely constZl =  =  and 2( ) constE u =  − =

, where / SM=u M  is the unit vector directed along M, ( )   1, ,X Y Z  −=    =  +Ω u u u , 
22 /H   = , 1/2

0( / 2 )Sv M kT   = ,  is the particle volume, kT is the heat energy, and 
7 2 1

0 4 10 JA m − − −=   in the SI system. The solution of the simplified differential equation for 
the longitudinal component (along field) of the vector u can be expressed in terms of the doubly 
periodic Jacobi elliptic function 

 ( )2
1 1 2 1 3( ) ( )sn ( ) / (2 )u t e e e t e e m  = − − − + ,   1 2

1 3

e em
e e
−

=
−

, (2) 

where   is determined by the initial conditions and ie  are the roots of the equation 
2 2 2( )(1 ) 2 / ( / ) 0u E u lu l    + − + − − = . The transverse component ( )u t⊥  of u is calcu-

lated by analogy. The solutions for ( )u t  and ( )u t⊥  allow us to calculate the nutation motion 
of the magnetization in the XZ plane (Fig. 1(a)). The nutation amplitude can be estimated as an 
oscillation amplitude of the Z component of the vector u: max min( ) ( )u t u t− . Figure 1(b) shows 
the dependence of this amplitude on the field ξ at different values of /. It can be seen that an 
increase in the field leads to an increase in the nutation amplitude and the nutation amplitude 
decreases with the inertia and vanishes in the inertialess case ( ( ) constu t = ). 
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where Z is the partition function.  
The values of microscopic variables separated by large timescales should be uncorrelated. 

This concept is reflected in the Lorentz diffusion model, in which the longitudinal and 
transverse correlation functions are expressed as ,/

, ,( ) ( ) t TunC t C t e ⊥−
⊥ ⊥=  ( ,T ⊥  are relaxation 
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time constants) [5]. The components , ( ) ⊥  of the magnetic susceptibility tensor can be 
expressed in terms of the appropriate equilibrium correlation functions (see Fig.2):  
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Figure 1: (a) Nutation motion of the magnetization M ( , , /X Z X Z Su M M= ) in the XZ plane calcu-
lated at / = 20,  = 50; (b) Nutation amplitude vs. ξ at / = (1) 30, (2) 20, and (3) 10. The initial 

conditions are (0) 0.5 =  and (0) (0) 0 = = . 

 (a)   (b) 
Figure 2: Real (a) and imaginary (b) parts of the transverse component of the susceptibility tensor 

( ) (0) ( ) /unC    ⊥ ⊥ ⊥ ⊥=  vs.   for 5 = , / 0.02T ⊥ =  and various values of inverse 

inertia parameter /r  = . Solid lines: rigorous solution; symbols: approximate with Lorentz type 
curve. 
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Abstract

Coupling to the photonic mode in a planar optical microcavity significantly
modifies transport regimes in the systems with excitonic disorder. We derived
Master equations in Born-Markov approximation for density matrix of resonantly
coupled exciton-photon system. It has been demonstrated that system has two
transport regimes ballistic and diffusive in a limit of weak and strong disorder
respectfully. The effective scattering efficiency and transport properties drastically
depends on light-matter coupling parameters. The transition from diffusive to
ballistic transport regimes due to the tuning of photonic portion in polariton’s
mode compound was demonstrated. The presented theory matches well the recent
experimental results on transport in disordered microcavities.

Our paper preprint: https://arxiv.org/abs/2305.16112

Key words: Transport phenomena, Polaritons, Density matrix methods.

Introduction

Bright excitons are perspective particles for various optoelectronic applications
[1]. However, excitons usually have small characteristic propagation distances, which
becomes a major problem in such fields as photovoltaics [2]. Recently, the significant
modification of the transport regimes of polaritons compared to bare excitons has been
observed in organic [3], and inorganic [4] microcavities. It appeared that polariton’s
with high photonic portion are tends to have ballistic transport regime when increasing
of excitonic fraction results in crossover to diffusive transport regime which was
demonstrated in [3]. Scattering on randomly located impurities which gives the
major contribution to the low temperature transport, affect only excitonic part of
polariton’s when photonic part stay coherent which provides the intuition about
the effect. However, the derivation of the microscopic theory of exciton-polariton’s
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transport is still open question which is actual in perspective of recent experiments
[3, 4].

In the present work we derived the transport theory for the polaritons using Born-
Markov approximation to derive Master equations for polariton’s density matrix in
microcavities with randomly located impurities. We show that our model describes
both diffusive [6], and ballistic propagation [7] in the limits of strong and weak disorder
respectfully. The increasing of photonic fraction in mode compound drastically reduce
scattering efficiency and enhance group velocities of polaritons leading to transition
from diffusive to ballistic propagation.

Polariton’s transport

We considered a 2D planar microcavity consisting excitonic quantum wells between
two Bragg mirrors in the regime of strong light-matter coupling described by following
Hamiltonian:

H =
∑
k

[
εx(k)b

†
kbk + εc(k)a

†
kak ++ℏΩR(b

†
kak + a†kbk)

]
+

∑
kk′

Vkk′b†k′bk, (1)

where bk, ak are excitonic and photonic annihilation operators, εx(k), εc(k) - the
corresponding dispersions. ΩR is the Rabi coupling corresponding to light-matter
coupling strenght, Vkk′ is the matrix element of the excitonic disorder potential.

The part of the Hamiltonian without random potential H0 can be diagonalized
by moving to the polaritonic basis c±. Following to the well known procedure [5] the
Master equation in Born-Markov approximation for polariton’s density matrix ρ was
derived

∂tρ = − i

ℏ
[H0, ρ(t)]− ⟨M0

1

ℏ2
[HI

V (t),

∫ t

0
dt′[HI

V (t
′), ρI(t)]]M †

0⟩c, (2)

where M0 = exp(− i
ℏH0t) describes transition to interaction representation, index I

denotes interaction representation. ⟨⟩c denotes taking average over random impurities
positions.

The dynamics of the system is given by correlators ρζ1,ζ2(k,k
′, t) = Tr(ρc†kζ1ck′ζ2)

where ρ±,±(k,k′), ρ−−(k,k′) define the distributions of upper and lower polaritons in
the reversal space, ρ±,∓(k,k′) describe the correlations between polariton’s branches.
It occurs that in the limit of relatively weak disorder potential strength (compare to
ΩR) the correlations between branches can be adiabatically eliminated [8]. The final
equations:

∂tρ±,±(k,k
′, t) =

i

ℏ
(Eζ1(k)− Eζ2(k

′))ρ±,±(k,k
′, t)− 1

ℏ2
S(ρ±), (3)

where S is the term responsible for the scattering on impurites. The equations
above has two well known limits. In the first limit of V → 0 equations take form of
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Shrodinger equation leading to the ballistic propagation of polaritons. In the second
limit Boltzmann kinetic equations can be derived using Wigner representation. In this
case S plays the role of scattering integral. The diffusive propagation of excitations
can be derived in the second limit [9].

One of the major peculiarities of polariton’s master equations is the appearance
of Hopfield coefficients in S ∼ |αex|4 representing weight of excitonic components.
Therefore, for highly photonic polaritons the scattering efficiency is significantly
suppressed. The another important factor is mush lower polariton’s effective mass
compared to the excitons which also leads to transport properties enhacement. As
a result, it has been shown that transport of polariton’s drastically depends on the
weight photonic fraction in the mode compound. It has been demonstrated that highly
photonic polaritons tend to have ballistic propogation (simular to Shrodinger equation
case) when highly excitonic excitations tend have diffusive propogation(simular to
Boltzman equation case). The results predicted by presented theory are in a good
agreement with recent experiments [3, 4].
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Abstract
The phenomenon of electromagnetically induced transparency is widely used

in problems of quantum memory and precision spectroscopy. In this work,
electromagnetically induced transparency resonances excited in a cell filled with
alkali atom vapors are studied theoretically in the presence of various types of
anti-relaxation wall coatings: specular-incoherent, specular, and diffuse. An
approach is proposed that makes it possible to obtain an analytical expression for
the absorption spectrum of signal radiation. As a result, the change in the shape
of the resonance of electromagnetically induced transparency is analyzed upon
varying the parameters of the medium and laser pumping for various types of
coatings. On the basis of the Autler-Townes splitting effect, a physical explanation
is proposed for the difference between the spectra for the Stokes and anti-Stokes
scattering channels of probe radiation.

Key words: Electromagnetically induced transparency, alkali vapor, anti-relaxation
coating

Introduction

It is known that quantum interference during the interaction of two-frequency laser
radiation with resonant atomic media under certain conditions leads to the appearance
of a narrow transparency line in the absorption spectrum of one of the frequency
components of the laser field, which is called the effect of electromagnetically induced
transparency (EIT) [1, 2]. The width of such a line can be made much smaller than
the width of a natural absorption line, which leads to the application of the EIT effect
in such areas as magnetometry, lasing without inversion, recording and processing of
quantum information, quantum frequency standards, etc.

Collisions of atoms with each other and with the walls of the cell are a negative
factor, since they destroy the atomic coherence induced by the field and degrade
the quality of the EIT resonance. One way to deal with collisions is the use of
special antirelaxation coatings. When colliding with them, atoms can exhibit different
behaviors depending on the type of coating. In this work, three limiting cases of such
behaviors are studied: specular, specular-incoherent, and diffuse reflection [3]. While
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in many works only collisions with the side walls of a cell are studied, in the formation
of the EIT resonance by wide laser beams, an important role is played by collisions
with walls in the direction longitudinal to the laser beam, the influence of which is
studied in this work.

Mathematical model and results

The basis of the mathematical model of the interaction of bichromatic radiation
with the medium of moving atoms is the method of a single-particle density matrix in
the Wigner representation in translational degrees of freedom of atoms. In this case,
a four-level Λ-scheme is used, which takes into account the hyperfine splitting of the
excited states. Wall collisions are taken into account by introducing various types of
boundary conditions. Using the approximation of a strong control field and a slow
decay rate of low-frequency coherence, it is possible to reduce the expression for the
absorption spectrum of the scanning field to a closed analytical form.

It is shown that the obtained analytical expressions agree with the corresponding
numerical calculation. Based on the analysis of these expressions, a physical explanation,
different from that given in [4], was proposed for the difference between the Stokes
and anti-Stokes scattering channels of probe radiation during EIT detection in terms
of dressed states. Transparency effects detected in cells with specular and diffuse
reflections of atoms from walls were compared with each other in terms of the shape
of the resonances and in terms of the spatial distribution of low-frequency coherence.
It is shown that a significant difference in the shape of the resonances is observed only
for cells that have longitudinal dimensions that are small compared to the ground
state splitting wavelength. It is found that in a number of practically significant cases,
diffuse reflection exhibits the properties of a mirror-incoherent one. It has been shown
that the presence of an additional fourth level leads not only to the appearance of
additional resonances, but also to a distortion of the shape of the main one, the greater
the higher the amplitude of the binding field [5].

This work was financially supported by by the Foundation for the Development of
Theoretical Physics and Mathematics ”BASIS“ (grant ”Leader“ № 21-1-1-36-1) and the
Russian Science Foundation (grant no. 21-72-10004).
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Abstract

In this work, we investigate higher-order corrections to the energies of bound
states in hydrogen under the influence of an external blackbody radiation field.
Specifically, we analyze combined type of two-loop self-energy corrections that
involve one zero and one finite temperature loops, within the framework of thermal
quantum electrodynamics and S-matrix approach. By utilizing the method of
dimensional regularization, we derive closed analytical expressions for the energy
shifts of atomic levels. Our numerical calculations demonstrate that even at room
temperature they can be significant for excited states, reaching the magnitude of
the thermally induced Stark contribution.

Key words: Theoretical physics, Finite temperature quantum electrodynamics

In this study, we extend the application of quantum electrodynamics to the cal-
culation of combined two-loop self-energy radiative corrections with one ordinary
and one thermal loop to the energy level of a hydrogen-like atom, see Fig. 1. Our
approach for evaluating the relevant equations incorporates the bound-state S-matrix,
finite-temperature quantum field theory, and non-relativistic quantum electrodynamics
(NRQED), together with a technique known as dimensional regularization. The incor-
poration of these higher-order corrections can be essential for achieving more accurate
determinations of the blackbody radiation (BBR) shift in various physical systems.
Our numerical calculations demonstrate that even at room temperature they can be
significant for excited states, reaching the magnitude of the thermally induced Stark
contribution Obtained results pave the way for further progress in this field.

The interaction between blackbody radiation (BBR) and atomic systems has been
a subject of interest for many years [1]. Recent advancements in atomic physics have
revealed the significance of BBR-stimulated effects in both fundamental and applied
sciences [2]. In the pursuit of greater precision in the measurement of atomic transition
energies and the development of frequency standards, the impact of uncertainty caused
by BBR cannot be ignored, as evidenced by the most accurate clock experiments [3]
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and transition frequencies measurements [2]. This challenge has prompted extensive
research on the calculation of BBR-induced shift in clock systems [4], with the potential
to revolutionize the field of high-precision metrology [5].

While early research on BBR-induced effects focused primarily on Rydberg atoms,
the emergence of high-precision spectroscopy and frequency metrology has expanded
the study of thermal induced effects to low-lying energy levels. This development offers
a promising path towards understanding fundamental physical constants, including
the Rydberg constant R∞ and fine-structure constant α. However, the consideration
of finite temperature effects in atomic systems is typically limited by the lower order
of quantum mechanical (QM) perturbation theory.

Previously, we developed a method for calculating higher-order corrections in the
framework of the S-matrix line profile approach and quantum electrodynamics of bound
states at finite temperatures (TQED), which makes it possible to carry out calculations
in complete analogy with ordinary quantum electrodynamics at zero temperature. In
particular, thermal one-loop corrections to hyperfine splitting, g-factor, recombination
cross sections, and probabilities of one- and two-photon transitions were calculated in
[6, 7].

(a) (b)

(c) (d)

(e) (f)

Figure 1: The Feynman graphs representing the combined two-loop self-energy QED
corrections to the atomic energy level. Various contributions are indicated using the
following notations: (a) - vacuum loop over thermal loop (VoT), (b) - vacuum loop
inside thermal loop (ViT), (c) and (d) - loop-after-loop (LaL), (e) and (f) - crossed loops
(CL). The double solid line denotes the electron in the external Coulomb potential V
(the Furry picture), the tiny wavy line denotes the zero-temperature virtual photon,
while the bold one corresponds to the finite temperatures.
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Abstract
We present an overview of the current situation regarding the g factor of

lithium- and boron-like ions. Ground and excited states are considered. First
results for excited states of lithium-like and boron-like argon are presented.
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Research into the g factor of highly charged ions has significantly advanced in recent
years. The most accurate value of electron mass to date has been achieved through
the combined theoretical and experimental results for hydrogen-like ions [1]. Looking
ahead, enhancements in theory and experiments are expected to allow the independent
determination of the fine structure constant, α [2, 3]. Additionally, these improvements
will allow us to validate the quantum electrodynamics (QED) beyond the Furry picture
within the strong coupling region [4, 5], and ascertain the magnetic moments and radii
of nuclei [6, 7]. Recently, it has been demonstrated that by measuring the g factor of
the ground state of hydrogen-like and lithium-like thorium-229 ions, we can estimate
the lifetime of the isomeric state of this isotope [8].

The calculations performed so far for lithium-like ions have achieved an accuracy
of 10−6 − 10−9 [9−13]. The theoretical results of [9−11] are consistent with accurate
g-factor measurements of lithium-like silicon [14] and calcium [15], providing a rigorous
test of many-electron QED effects in the presence of magnetic fields. However, in
[12, 13], despite a significant improvement in theoretical accuracy, a discrepancy
between theoretical and experimental values is claimed. To solve this problem, our
group has performed new independent calculations of second and higher order many-
electronic contributions [16, 17]. First and second order corrections were calculated
within the framework of a rigorous QED calculation. The third and higher-order
corrections to the interelectronic interactions have been calculated from the Dirac-
Coulomb-Breit Hamiltonian using a relatively new method, the recursive perturbation
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theory [18]. Nuclear recoil effect is also taken into account [19, 20]. In searching
for a solution, we also investigated the gauge invariance of many-electron self-energy
diagrams. Finally, we realised that the contradiction with previous results was an
underestimation of the uncertainty of the higher-order contributions in [12, 13].

The theoretical calculations for boron-like ions have an accuracy of about 10−6

because of their more complex electronic structure, in contrast to hydrogen-like
and lithium-like ions. The results of different groups [21−24] showed significant
discrepancies, motivating new calculations and experiments. Our group calculated the
g factor values for boron-like ions in the range Z = 10− 20 for the ground 2P1/2 state
[25]. Meanwhile, the ALPHATRAP project at the Max Planck Institute has obtained
highly accurate experimental values for the 2P1/2 state of boron-like argon [26]. The
experimental data obtained are in excellent agreement with our group results and
independent calculations [27, 28].

We also performed similar calculations of the g factor for the first excited state
of boron-like ions [21, 23, 29]. The first measurement was reported in [30], albeit
with a modest accuracy of around 10−3. Subsequently, the ALPHATRAP project
achieved a new value with an improved accuracy of 10−4 [31]. Following this, a superior
level of accuracy was attained for the 2P3/2 state of the same boron-like argon using
the quantum logic method [32]. This result corroborates our theoretical value and
paves the way for measuring the Zeeman splitting of excited states of highly charged
ions, extending beyond merely boron-like ions. We anticipate that new experiments
for the g factor of excited states of highly charged ions, together with theory, will
provide promising scenarios for the determination of fundamental constants, nuclear
parameters and the search for new physics.

In response to these advancements, we have embarked on calculations of the g
factor for the excited states of highly charged ions. More specifically, we are considering
the 2P3/2 state for boron-like ions and the 2P1/2 and 2P3/2 states for lithium-like ions.
We present the preliminary results of the g factor of the excited states of lithium- and
boron-like argon.

The work was supported by the Russian Science Foundation (Grant No. 22-
12-00258) and by the Foundation for the Advancement of Theoretical Physics and
Mathematics "BASIS".

References

1. S. Sturm et al., Nature 506, 467 (2014).

2. V. M. Shabaev et al., Phys. Rev. Lett. 96, 253002 (2006).

3. V.A. Yerokhin et al., Phys. Rev. Lett. 116, 100801 (2016).

4. V. M. Shabaev et al., Phys. Rev. Lett. 119, 263001 (2017).

5. A. V. Malyshev et al., JETP Letters 106, 765 (2017).



The International Summer Conference on Theoretical Physics 2023
Abrikosov Center for Theoretical Physics

6. W. Quint et al., Phys. Rev. A 78, 032517 (2008).

7. V. A. Yerokhin et al., Phys. Rev. Lett. 107, 043004 (2011).

8. V.M. Shabaev et al., Phys. Rev. Lett. 128, 043001 (2022).

9. A.V. Volotka et al., Phys. Rev. Lett. 112, 253004 (2014).

10. V. A. Yerokhin et al., Phys. Rev. A 95, 062511 (2017).

11. D.A. Glazov et al., Phys. Rev. Lett. 123, 173001 (2019).

12. V. A. Yerokhin et al., Phys. Rev. A 102, 022815 (2020).

13. V. A. Yerokhin et al., Phys. Rev. A 104, 022814 (2021).

14. A. Wagner et al., Phys. Rev. Lett. 110, 033003 (2013).
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