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Abstract. We study the existence and multiplicíty ofT-penodic solutions for a RayIeigh

equation, with conditions Gn thE>nonlinearity that inc1ude smne-clag,<;dcalsituat:ions.

AMS (MOS) lJubject classiflcation: 34B15.

1. Introd uction

In this paper, we are concerned with the periodíc probJem fo! a Rayleigh
."""'" ~ ~~ ,..", -..

~'qut¡.tlon

XII+ ¡(x') + g(t, x, Xl) = 15,
x( O);;; x{T), Xl(O)= Xl(T).

(1)

OUf aim is to study the structure of the set of "mean \lall1e..."i"p for whkh
there exists at least (me or at least two solutions of problem (1). Sudl sets
turn out to be intervals which can be bounded or unbounded.

The literature contain8.aJar~ety~f8Uch results a.example of which
iR the dassical Ambrosetti-Procli problem [1], see a15o [6], [4J t'.,ndth€ refe-
rences therein. Other related situatiOllil concern periodic. nonlinearities (sec
for instance [lO], [8]) or in case of a Dirichlet pIOhle:m, nonlinearlties de-
pcnding only Gil the derivative [7]. Our maln cancern was to stucJy similar
situations far periodic solutions ofthe Rayieigh equation (l) which 8eemBto
be little studied. VVewere also concerned with extension to equations which
satisfy Carathéodory conditioIlS. This forced liS to write in Sed ion 2 a. the-
orem which relates the,existenoofoi:ordered strict up~r and lower solutions

-, ~ '.' "'.'.'-' ,-

with the degre-eof a suitable operator. Such a l'esutt in thc framework oí
Carathéodory conditions does not seem to be cla..."Isical.

In SúCtion3, we consíder restoring foreesg(t, x, a/) uniformly bmmdcd by
L2-functions. . 'rhis inc1udes periodic nonline<trities such as in the pendulum
equa.tion., In this case, the set of admÍssible "mean values" p turns out to be
an interva11, which we can estimate for the damped r>.endulumequation. Ir
,g(t,x, Xl) iRperiodic in x, we prove existence of two solutiúns in the interior
oi l. The proof of this result is based on the existence of strict upper and

_. ,- ~ " -' . ',"'" ' L",,"'-~" ~ '
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336 P. HatJets and P.J. Torres

lowersolutions. This foreed liS to impose8omeuniform continuity condition
on t.he function g(t,x,X') (see C'.ondition (b) in Theorem 3). Some oí om
results are related to J. Mawhin [9J.-

The last se<..-tlondeals with restoring forces bounded from below. Here,
we extend the Ambrosetti-Prodi typ€ result in [6] to nonlinearities that sa-
tisfy Carathéodory conditions. In pa.rticular, w€ replace the usual cOlldítion
limlzl-¡'QQg(t,x,y) = +00, uniformly in t and y, by the assumption that
g(t,x,lI) can be hroken into g(t,x,y) + h(t,x,y), where g(t,x,y) satisfies
sueh a uniform Hmit for Ix! -1' 00 and h(t,x,y) is bounded by a L2_function.
These assUIl1.ptiünsare modeled ttom a physical syste.m with a r~8toring force
g(t,x) and a forcing h E L2. -- -- - .~.

In the pa.per,we usethe following notations. A function 9 : [O,T] x JR2-t
!R i8 said to bc a Carathéooo11! functio1~ if :

g( ., x, y) 18measurable for all x, y E iR.allá
g(t," 'lis COTItinUOU&for almost all t E [O,TI.
V{e cal1a fundían y(t,x, y) a LI-Gárnthéodory juncu'onif it is a.Ca.ra.théodory
fllTIction and for any R > Othere exists a function h E L1 such that

for aimost al! tE [O,T], Vx E [-R,R], '1y E [-R,R], lu(t,~, y)¡ S h(t).
vVe shall cOIlbider such nonlinearities thTOughout the pa.per, which implies
solu.tlons are in W2,1(O, '1'). .

"Ve wríte 11. I1pfúr the usual norm in VeO, T). Also, we shall use the
spaces

- T
X := {x E JI2{O, T) I x(O) = x(T), x' (O)= z'{T),Jo xdt = Oh- . TY -= {X E L2fO T ) ! r x dt =Ol.. \" JO .J,

ami the projector
.4.-" ,.

~ ---,

'

l
T

P: L2 (O,T) -t R,z I-"tPx =; o xdt.

vVeshall often writc X ;;;;: Px and X ;;:; (I - P)x.

{2)

2. Strict W2,1-lower.,and. upper8o1utions,.----
In tpis section, we consider the problem

XII+ F(t, x,x') = O,
x(O) = x(T), x'(O)= xl(T).

(3)

where the Tealfunction F(t, x, y) is defined for (t,x, y) E [O,Tj XJR2.To sta.te
the following basic definitions we-e;xt<>"ndF by perioclicity for tER.

Defil1itiQns. A function a..e C(Or21)",is~astrict VV2.1-1Qwersolution of (3)
if it is not a. solution on lO,T] and its perlodic eA1;ensionon .IR,defined by

"\ "' " '-~--Supplied by The British' Library - "The world's
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Multiplicity ResuIts for Perlodic Solutions 337

a(t} = a(t + T), 15such that, for finy to E R,
either D_a(to) < D+a(t()),
or there exist 8.nop€n interval lo and €o > O such tha.t tú E lo; ü E W2.¡ (lo)

and, for almost evcry t E lo, for aIriJ: with a(t) ~ 'U ~ a(t) + ti), and al1 t'
with d(t) - ~o:5 v ~ a1(t) + (°, we have

all(t) + F(t,"U,v) ~ O.

In the same way, a function ¡3 E C{O,T) is a. strict W2,1-upper solution
of (3) if it is not a solution on [O,T] and its periodic extension ün ~ defined
by fi(t) =(j(t + T), is such that, for any io E JR.,
either n-l3(to) > D+{3(to), - -'-
or there exist a.:nopen intervallo and ~o> Osuch that to E lo, ¡3E VV2,1(lo)
and, for almost every t E lo, for aU u with (3(t) - tu ::; 1.t::; f3(t), and al1 v
wit.h (3!(t) - é(. s:'U S;{3'(t) + €o,we ha.ve

¡31/(t)+F(t,u~v) :5°.

As a next step, we wtite (3) as a fixed púint equation. To this ajm, WB
define the operator ~ ~ ~."",. ~.,..

7: K1N, (4)

wh€re

Kl : L1(0,T) ---}c1 [O,21 (5)

is the Green operator corresponding to XII- X + f = O,x(O)= :c(T),Xl(O)=
x/(T), and N : Cl[O,T] ~ Ll(O,T}"'is defined from Nx = F(.,x,x') + x.
With these notations, the problem (3) is equivalent to

x=Tx.

Theo:rem 1 Let F : [O,T] XR2 -7IRbea LI-Carathéodory funcUon. Assume.
(i) thel'e exist strict W2,1-lower and v.ppersolv.tionsa and!3 E W1,OC(a,b)
oj (3) such that a < {3Qn[0,T], .

(Ü) there e'.t'istsR > max{¡¡~'lIoo,!!.a!lIoo}-sv.chthat any s()lutionx of x" +
F(t,x,x1) = O, XI(tO) = O,with to E [O,T] ami a < x < ,8, 1.Jerifie.s

J1 " IHX ¡ 00 < R. (6)

Then,

. deg(I - T, n) = 1, (7)

-whereT is defined in (4) andñ :':"{:-&E 01[O~T]I a < x < 1'. ¡x'l < R},
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338 P. Habets and P.J. Torres

Proaf. A fflQdifiedproblem. Let us consider the modified problem

xl! - X + F(t,X,x') + 5(a{t),x..B(t»)= O,
x{O) :::.z(T), :i(O) =:x'{T),

(S)\ .

where F(t,x,y):= F(t,Ó(a(t),x,¡3(t)),i5(-R,y,R)) 8nd

.(A,u,B) := { ~

if .u~ A,
if A ::; .u < B,
if B S u.

(9)

Claim 1 : Every solution x oJ(8) satisfies a:(t} < xCt) < (3(t) on [O,T).
Assumeon the contraxythat for~some-to E [O,T],

min (xCi) - a(t» ::: x(to) - aCto) ~ O.
tE!o,T]

Hence, Xl (tu) - D_a(to) ::SO::S:I(to) - D+a(to) 8nd by definition oi a strict
W2,1-1ower solution D-a(to) =D+a(to) = x'(~). Next,we chooseÍromÜlis
definition a:nopen interval lo a.nd~o> Oand take them small enough so that
for any t E lo, -- - ."---...-

a(t) ::Só(a(t),x(t)Jj(t» ::Sa(t) + fa,
":"R::S d(t) - tu ::Sa;'(t) ::Sa/U) + €o ~ R.

\Vhence, for almost every í E Jto, tl [

di (t) + F(l, xCt),:e'(t» = el/(t) + F(t, ó(a(t), x(t), ,B{t)),x' (t)) 2:O.

Notice that as a is not a solutioD,.tocould have bwn chosen slH:hthat for
some t¡ > to, t¡ E lo. we haveZ'(tlr- a'{t¡) > O,so tbat the following
contradiction holds

(
t,

0< x'(td - d(t¡) = (X"(8) - d'{s)} ds
Jto

rtl A

:::; J [-F(s,x(s),x'(s» + x - 6(a(t),x,{1(t))- e/'es)]ds:::; O.
to

Similarly, we preve that Ir/t.E[O"X],x(t).<t3(t),. which proves the daL'11.

Claim 2 : E'lJery8o1utionx 01 (8) 8(1,Usfiesjx'(t)1 < R 00 [O,T). Ir not,
there Bxists a.sohltion x oí (8), tú E [O,T] 8nd h E [O,T], tl >to, Buehthat
x'{tol:::: o, ¡a;l(h)I = Randforanyt E [to,tlJ; !x'(t)l::S R, a(t) < x(t) < l3(t).
Hefice ;c satisfies x" + F(t,:2:,x') ::;:;oon [tu,td and contradkts assumption
(ii).

Claim 3: deg(I - T,11) = 1. Definethe operatort = K1N,wherB
,.' j . .'.

(l\rz)(tl ~'P(t:~tt)~x'(t))+ 6(a(t), x, t'{t}).

"

L... SUDDliedbv The British Librarv-"The world's knowledge"i
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It 18dear that t 18bounded 8.IldIor R > Olarge enough aIld éLIWA Era, 1],

deg(J - t,B(o,R)) =dBg(I - >.t,B(D;R» = deg{I;B(O,R)) = 1-

Also if R 18 larga enough, n e B(O,R) and hom Claims 1 8.nd 2 and the
exc:ísion property of the degree

deg(I - T, E(O,R}) = deg{I - t, D) = deg(J - T, n) = 1,

whieh proves the theorem. m

3. Bound€d Testoring rorces
In this section, we consider a. nonlinearity búunded by some function h E
L2(O,T). A nfst result describes ffi:estructure of the SBt of p for which the
pcriodic boundary valna problem (1) has a golution.

Theorem 2 Let jj E IR, f : R -+ IR be a cvntiny,o'USfu,nction flnd g : [O,T] X
JN2~ IR be a. Camthéadory Junctian such that for some h E L2 (O,T) and aU
(t x ""¡

' E rú Ti x JR2." Ui. "" ,

¡

¡
1
¡

I
>
~

Ig(t,x,y)! ~ h(t).

Then, thcre e.Tists a nonempty interoaJ {a,bJ such that
O) tf P ~ [a, b], problem (1) has no-solution,
(ii) if j5 E (a, b)] proOle.m (1) has at leas! one salution.

Proof. Let M be the set oí all p such that (1) ha..<:ja solution.

Claim 1 : Let R > vTllhHz. Then any salutio1t x o/ (l) is such th.at

jfx11loo< R,

Multiplying the equation (l) 'by x" a.nd integrating on [D,T], we get

Ilxllll~ :::; - [T g(t~X~X')XIldt :::;!1h!h!lx"ib..0

(10) I

l,
~
j

J

j
i
f
¡
{

f
¡
I
¡
¡

i
I
),
!
¡
¡

(1' \
.1)

7.,.
l1.ence,

¡
'

lxll¡
1

< I!hllt 2 - l. 2

and 1f WBehoose to such that XI(tO) = O,\Ve have

Ix' (t), = '1: x:' (: ):~I,:::;vT; Ix"112 :::; vT IIhlb < R.

A mv.difiedproblem. Conslder {her;m¿:Ü¿n

Jey):= ¡(J( -E, y, R)),

with o(A,y, B) defmed in (9). Repeating the proof of Claim 1, it i8c1earthat
any solution x oí

If + f
A

(",,) + f t /' - -
X .., !J\ ,x, X ) - p, '12'
~(O)==x(T), a;'(O)= x'(T). \ )

f ~ ",'"' 'eL., .

satisfies (1). Hence x is a solutioi1"OÍ"'(lrif~and muy ifit i3 8.solution of {12).

" "-,,- . --~---~_u_---------
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340 P. Habets and P.J. Torres

Claim 2: .fv1 i.snon-empty. Lei t =K(I -P)N, whereK: Y e L2(0, T} ~
..t e Cl ¡O,T] iRthe compa.ct Ínverse of the operator L : X e el [O,T] ~ Y e
L2{O,T) wÍth Lx = _XII,P 18defined frOID(2) and

J.V: el [O,T] -t L2(0, T),x t-+ llx = j(:Il) + g(.,X,$').

The operatDr t i8 compieteIy continuOU8and bounded 80 that Schauder's
:fixedpoint Theorcm provides a solution oí the equation x =Tx. This last
equation 18equivalent to

-x/1 = J(x') + g(t, x, x') - P(j(x') + g(.,x, x'))
x(O) = x(T),x/(O) =:z;'(T),

whichprovestbat p;= p(j(:z;I)+ g{.,x,:c') E M.

Claim 3 .. J\¡f .i",bQ1mded. Direct integration of (12) shows tha.t

~ iIhll2
Ip! :5Jlflloo + v'T'

.
Claim 4. : ..:\.1is an intervalo Consider fu, P2 E M with ih < P2 and 1etXl,
x2 be the corresponding so1utio!lBof (1). For p E (PbP2), the functions xl
a.nd $2 are respectively upper and lower solutions oí (12) as

xi + ¡(:el) + g(t,Zl,XD - p =Pl - P< O
and

x~ + j(x~r+ g(t,x2,xí) - 15 =fJ2 - p > O.

It follows now froID&neasy extension of Theorem 4.1 in [4J (see alSQ[2]),
that problem (12), and hence (l),-ha.s a soluiion. 11

Remark. Theorem 2 lBbest possibleas followsfrOIDthe followingexample

x" + c:¡;'+ arctanx = p)

x(O) = a:(T), xl(O) = ii(T),

where e 1: O. Multiplying the equatioIl by x' and integrating, one obtains
!Ix'll~= O. 1'his lmplies th;e solutions are constant 8.nd we compute x( t) ==
tan p. Hcnce, this prob1emhas exactly one solution for p E (-,~, ~) and no
solu~ion for 15(/. (-~, ~).

Remark. Jf 9 is continuous 8nd uniformly bounded, Cla.imR2, 3 and 4 follow
frOIDProposition 2.1 in [3]-

In case the functio:n g(t,:c,y) 15periodic in 3:, Theorem 2 can be substan-
tia11yimproved, as it is shown by the ne.."tltheorem.

-.. .
Theorem:3 Lft p E Jiit,f-: JR-t R"'be a-cont1nuous function and 9 : [O,T] x
IR2-t ~ be a Carathéodory junctwn such that

!
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Multiplicity Results for Periodic Solutions 341

(a) for aJ:mostall tE [O,T] and aU{x, y) E IR?,g(t,x,y) = g(t,x + 21r,y),
{b} for all to E [O.T], (xo,Yo)E.R2 and € > O, thereexist.')ti> Os1u;htlw.t

it - to! < &, ¡x - xo! < 6, ¡y ~ Yo'¡<'6 =? ¡g(t, x, y) - ge',Xo,Yo)!< f,

(e) fOI scme h E L2(O,T), almcst allt E [O,T] (}.ndaU (x,y) E :az,

Ig(t,x,y)! ::; h(t).

Then, there exists a nonempty interval [a,bJ s'uch thal
(i) if j5 g [a,b], problem (1) has no 30lution,
(Ü) if P E [a,b},problem(1) has at leastone solution.
(iii) if P E (a, b), problem (1) has at least two sQJutians non-diffe1'ing by a
m,'ultiple 01 21T.

j.
~
!

I
j

~

~

J

I
J
4

I

I
~
1

Remark. Note tha.t assümption (b) is equiva.1ent tú

íb') given ccntinuous fu.ndio11S p" v in {O,1'], 'lo E {O,TJ [J,ft(1€ > O ther'e
exists 8 > O !?1i.chthat lor any ft;nctiQns u, V" defined in [O,TJ, satielying
jju - ,ul!oo < ó, Ilv - vli<X!< Ó, the inequatities

Ig{t,u(t),v(t)) -g(t"u(t),v(t»)¡ <~,

holds almost everywhere in [ta - ó, t9_+ ~ 0 {O, TJ.

A simple example in which this may be checked is g(t, x, y) = a(t)+b(t)<p{x,y)
witI1 a E J.,,2(O,T), bE L= and <pE C(JR.2).

Proof. From Theorem 2, the set M of P Bueh that (1) has at lcast One
solution is a bounded interval, Le. dA1 ==[a,b].

A - Claim : M is dosed. Let (Pn)n be a. sequence in M eonvcrging to p
ano (x»)n be the corresponding solutions of (1). From the periodidty, we
can assume (addiug a multiple ~f 211",JoXn if necessary) that Xn{{) E IO,2r:].
It foHows now from (lO)that . ,.( 't ~ ,. -. ."

i
¡
t
I

I

I
j

[

1

1

I

I
..

I
f

1
¡

JXn (t)! = ¡Xn(a) + lt x~(s)dsl ::; 211'+ RT

which, using (11), g:ives that the sequence (Xn)n is bounded in 112(0,T).
As H2 (O,T) ís compactIy embedded in el [O,T], a subsequence converges to
mme function ti. E el [O,T} and going to the 1imit in (1) (with 15= 'Pnl, Í't
follows that u is a solution.oL(l)j.Y1itJip.;::¡..p.c.. ......

B - EX'istence 01 strict W2.1-lo'wer and upper sGlutians vl (12) fOI jj E (a, b).
CClTIsidert.he modi,..qedprobI~rn (12), whe:re R > G is denlled Iron: (10), Let
Xa aIld Xb be the solutions of (l) wit.h jJ =a and 15 = b respectively. As 9 is
periodie, we can choose k E Z such .that ex := x/¡ < f3 := Xu + 2k1f and for
somoe t", E [O, T],

a:{t.) + 21i ~ f:J(t.). (13)
... ... ",.~'."j',l' .,1' .. .,'- -

Let us show that fo! 15< b the functiona is a strict W2,1-lowersOlution.
Given tfJ E [O,T], we can pick an open intervallo amI (00> OsmaHenough so

c Supp!ied by The BritishLibrary-"The world's know!edge"
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342 P. Ha.hets and P.J. Torres

that lo E lo a.ndfor almost every t E lo) for aU u with a(t) ~ u ~ a{t) + fO,
and all v wíth d(t) - Eú :511:5 a'(t) + fO,wehaye

!j(v) - J{al (t) )1 < b - P
. - 2 '

'
(-1 )

( t (
' I

( l b - p
19t.,u]v -9\,at),at» :5~.

It foliows tha.t :for 8uch t, '/1.and v

el'(t) + j(-u) + g(t,u,v)

= b+ (](v) - j{cl(t») + (g(t,u,v) - g(t,a(t),a'(t)))

~ b - (o- p) = p.

Similarly, we can prove that a(t) + 2n 18a strict W2.1-1ower5O1utionof (12)
jf P< b anG that {3{t)and ¡3{t)+ 211'are strict W2,1-upper solutions jf p > a.

e - Claim : J..fp E (a, b), problem(1) has at leasttwosolutionsnon-differing
by a multiple 0121r. D~4inethe sets

D1 := {x E G1[O,T)I 'Vt.E[O,T)hQ(t)~ Ñ(t) < {3(t),Ix'(t)1< R},
fh:= {x E Gl[O,T] IVt E [O,T], a(t) +21i < x(t) <,6(t) +21i", Ix'(t)j < R},
&nd

n3:= {x E Cl[O,T] IVt E [O,T], a(t) < x(t) < (Jet)+21i",Ix/(t)¡ < R}.

Let Tx := K1Nx, whereKl is definedin (5) and Nx =ji- j(x')-g(.,$,x')-
x, Tl1eorem1 appIies,

deg(I - T,nl) = deg(I-/,fi2) = deg(I- T,(h) = 1,--- -~

and by the excision property

deg(I - T, f2s \ (01 U O2)) =-1.

Hence, we obtain two solutions Xl E nI anQ X2 E n3 \ (!"hu 1h) oí (12). As
thls probieID 18equivalent to (1) on each of the sets ni, Xl and X2 are aL<;o
solutions oí (1). Notice that xl-2ntr fl Os\(01Un2) for n = 1,2,... since we
have (using (13» XI (t.)-2mr <- .8(t.-)-2mr S;a{t.)-2(n-l)1T :5 a(t.). Also
Xl +2mr, with n = 1,2,. .. cannot be in fis \(U! U!t2) sínce Xl+2n1f > a+21T.
HenCé X2 E íh \ (01U nz) ca:nnot differ from Xl by a multiple oí 211'. 1!9

A c1assical example of differentíal equation with periodic nonlinearity 1S
the pendulum equatíon

x" + f(x/) +Asinx =p+j)(t). (14)

Fol1owingthe ideas oí [13},the nerl-result gíves Borneestima.tes on the set
}\.4oí admjssibie j}.

'¡',"'.'

.~f.
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Proposhhm 4 Let, f : !R-t R be tecontinuous junction, A E R GndK E
'

) rrJ.. ' [
' - E Y

- .th 1j~
11

< Lr 6v'5 +h
. t _.

E 1k? f . I
U ,1f. -' /ten wr G ( P Wt i.P 2 ,n, 7 ' 1;;" "bere extS B Po j¡:», Z7l(..P..-" .1. - v~ .
pendent oJ A) with:-.

IPo!::; max{¡]{y)1 : Iy! ::; vrr;Ilfi112}
(15)

8ueh that (14) has at least a T -periodic soluti-on for any 15 u'Íth

1r-K
!p- Poi $ A sin 2

(md two T -per'iodicsolutions il the inequality is stNct.

(16)

Proof. FrOIDSchauder's fixed point Theorem. there exists a solution Uo E X.
oí

/J - - ~ (
1 \

Pf { ',' )'!lo - P - J '!lo! + \Uo . (17)

MuJtiplying by 'u~ and integrating we get Ilu~1I2 ::;!!¡3112.Further, we obtain

:froro cla8sical estimates lIuolloo :5 ~111u8112(see [12] p. 215) so that, for
(i.'1y tI aIid t2! .~ - ~

It!O(t1) - uo(l2)1 S luo{h))+ IUO{t2)1::; ~111P112 S K.

Let Po := Pf(ub). Direct integration of (17) gives TfJo=JoTf(uó) dt and
(15) foBows as

¡
J
¡

I

I
¡

Ij14¡JiQ? S jJ;H~~j¡2 S [f;¡¡pllz.,- .,.-- ~.¡..;;::;:::~~-..
Let U3 now pkk constants Cl and C2 so that a(t) := ?to(t) + Cl E [f -

~' f + ~J and (j(t) := tto(t) +C2 E [3: - ~. 3; + ~]. We also fix ji according
to (16). It. 18then ea.sy to check that a &,.d {3are lower éi.ndupper solutions
for (14) so that the existence oí a T-periodic solution i8 proved. FinaHy, the
multíplicity result 18él.áirect consequence of Theorem 3. I!I

If the friction forceis linear, we obtain the following resulto

Corollax)' 5 Let e E ~, 4..§;IIta~ti~K_E..!O;1T)._Then,Jor al! p E Y wíth

Ilplb? K :¿y and Gny 15su~hthat .

!pl S A sin 1í - K2 ' t
¡
¡
¡

¡

I

the elf'.J.ation
~" + ($' + Asinx = 15+ p(t)

has at lea.<Jta T -periodic solution, Gndtwo if the in{!.quaZityis strict.
=" i.:. .',.,.'>°',, :'.í .-' ..-.

Proof. One has to see that iJo ;= P(uo)~ o.
.
111
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4. Restoring fOTeesbounded from below

This section 1Sconcerned with the study ol the number of T -periodic solutions
of a Rayleigh -equa.tion with an unboündcd nonlinearity.

Consider the periodic boundary valüe problem

xJ1 + j(x') + g{t,x,:x;')= p + h{t¡x,x'),
:.1(0) = x(T), x'(O);; 1C'(T) ,

(18)

The first. result of this seetio!: 18the following theorem oí Ambrosetti-P:rocli

type in the case of sub!inear friction,~ ~-

Theorem 6 Let f : JR -+ R be c-;'ntinuousand g, h : [O,T] x]R2 -1 R
be Carathéodory fur.ctions s'lJ.chthat for almost aU to E [O,T} a:nd ior al!
(xo, Yo) E JRx IR and t; > O, there exists ti > O sy,ch tha.t

It - tol < d, Jx - xoi < é, ¡y - 1/01< ó
:::} Ig(t,x,y)-g(t,xo,YüH <t. and Ih(t,x,y) -h(t,x{J,yo)1 < t.

The folJowing conditions are assumed:

(A) There exist d 2: e > Osuck that....

~ < f{y) < d
- y -

for al! 11 E IR.

(B) There exist functiOT:.Skhk2 E L2(O,T) such that for almost aU t E [O,TJ
ami aU (a:,y) E llt2

~

1h.{t,x;y)I'S;k{(t), ""-g(t,x,y) ;;::kz(t).

(C) For (l,ny R ;::: O, there eJ;ists a junf;UQn k E L=(O, T). fJuch that fo.,.
almo8t al! tE (O,T] and aU (x, y) E [-R,R} x:iR,

jg(t,x,y)! 5 k(t).

'.

(D) 1im g(t,a:, y) = +00, uniformly in t u.ndy.
1"'1 00

Then, there exi..stsa E li suC}¡th'al' ". \ ,o.--

O) 1fP < a, problern (18) has nO'solution.
(ii) if P = a, problem (18) has at least Q'fiesol'uNon.
(ii-i) if j5> a, pr-oblWt(18) has at least tWDsolutions,

Proof. Claim 1 : Given Po there exist RQ > O and Rl > O so that (Lny
sol-ution x oj (18) with jJ ~ Po is such tlw.t

'-I]xllcc'5-.Bor~lIx!lI= 5 R1. (19)

,.
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Lft (X')+(t) = max{x'(t), O}. If we mu1tipIy equation (18) by (x')+ aIld
111tcgra.te,we obtain

< {T [x1/(:;/) + ](XI)(X')+ + (g(t, x, Xl) - k2(t»){X1)+Jdt..O
rT

I [m' h( .J ' )
.

(t
"1 l' dt= ¡¡.r-¡-.,X,X -1;2 )J\X)+

.10

::;(IPolT~ + !!k1!12+ Hkzllz)II(XI)+I\2.

'1'11i5gives a bound K1 Oil 11(30+112 and tlle:refore¡!(xl)+íh < .jTK1. More-
oyer, if \Ve defin.e (x')-(t) ;:: max{ -xl (t), O}, then O = J xldt = ¡¡(x')+lh -

lI(x')-!/1, so we have aJsollx'jh =~2n(x')+¡b $ 2v7Kl'
Now, take Kz := +(PoT + IIkl!lnlT + d2VTK1)' By assumption (D),

thúTeexists some v > Osuch that g(t,x,y) > Kz for every ¡x! > v. If x{l) lS
a $olution oí (18), direct integration gives

e fT (x/)~ dt
.ti)

fT g(t, X,x') dt = pT + fT [h(t,x, xt) - 1(XI)]dtlo lo T

- ~poTi:I¡klI!2v'T+d f Ixlldt
- lo

::; poT+ Hkl112vT + d2.JT Kl ;;:; K2T.

Hénée,for any solution x oE(18) we can maose tú Bucntha.t jx(to)¡ :Sv.
ThuB,

¡x(t)! ~ Ix(to)1+ foT jx'(t)1dt ~ 1I+ 2flK1 =:~.
From hypothesis (C), there is a function k E LOO(O,T) Buenthat for almost
cVéry tE [O,T} and al} (x,-y) E [!:.Ro,Ro] x lR,

¡g(t,x,y)j S k(t).

Now, if we rnultiply (18) by x", integrate and take :into aceount the bOU11d
on x(t), we obtain

[
T

-1,,-2 (1 t,1t ¡. '1""
Í[X lb= [h\,t,x,x) - g(t,C1:,x )jX dt::; {hkl\l2 + IIkl!2hjX 112.

.,0
,- . -.c~

Hence, Ilx"¡b is bounded by Ilkl\l2'+ 11klhand as there exists to suc.bthat
x' (toY= Owededuce

Ix'(t)i::; r Ix"lds:5 II:¡l'iI2VT::;(!!klll2+ Ilk1!2)VT=; RJ..
Jt()

Claim 2 : Equation (18) has a 8olution Jar BQmePo largc enough. Let.study
the equatjoll

,:l'+7(x't~ ~k1.{t)= ih. (20)

¡
¡<,
~.
~
¡
j

~

j

!
i
:¡
t

¡
t

¡
~.,
¡
j.
í
I

1

f
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It 18known (see [11]) that thcre c:rists some i5181lchthat equation (20) has a
family of T-periodic solutions 'l¿+ G with e E JEt lf Uo i8 the element oí this
family such that Üo = o~using the ar~p1ent~ oí the proof of Proposition 4
we obtaiD that .. .

T..JT "=-- IIklj¡2,
lIuolloo5 12y!5"

'
1

' '
1

{T" k !I

¡ 'UO!00::; V 1211 1112.

Fix P > ih +max{g(t,x,y): Ixl:S i2~lIkdI2,11J¡:S ~¡¡kl¡b}. Then, we
dELiIDthatuu i5 a:nupper sol¡¡tioIlof (lB). Indeed~

'U~ + J(u~) + [jet, 'UQ,'Uo)- h(t, tio, uó)-
s ug + f(ub) + [jet,Uo,uh) + k1(t) =:h + g(t, U(hUo) < p.

On the othcr hana, it 18possible to get an ordered iower .solution by consi-
dering the equa.tion .

x" + f(xl) - k¡ (t) =p.¿. «
)1\
..~¡

There exista sume P2 such that equation (21) has a family of T-pcriodic
solutiohs u + e, with e E 1ft Choose 'U{':=11- C with e large enough such
tha.t for every t, 'UI(t) < tto{t) and g(t,U1,uD + 152> ji (this i8 possible frall
(D), Then, .

uq + f(ujJ + g(t, '!tI,uD - h(t, 'tI1,'uD

;:::,U.r+ f(uD + g(t,UI,uí) - kI(l) = P2+ g(t, Ul,uí) > p.

Claiffi 2 follows then froIDClaim 1 and the fact tha.t 'Uland Uo&reordered
lower and llpper solutions of (18). ,""'-

Claim 3: The set M 01 all the p su,chthat (18) has a 8o1utio1l.is bounded
bdow. From Claim 2, lv1 i5 not empty. L.et Po E lvt and x(t) be a 8o1ution
of (18) with p :SPo. From Claim 1, a directointegration of (18) leads to

p ~ 1.2- ~1- sup{lf{y}l : !vl < R¡}.

Claim 4 : Far e'VeryPo E M 1 the set Mn) - 00, PoJ is a compact interual.
Define the fun.ctions .~..," ~,....

l(y):= f{1i(-R1,y,R1)),

and
f;{t,x,y):= g(t,6(-Ro,z,Ro),t5{-R¡,y,Rl))

wilere b{A, 'U,E) is dclined in (9) and Ro and Rl are given by Claim l.
Repeatil"1gthe proof oí Ciaim 1 for the modified equation

~/'+ ¡(Xl) + g(t,x,x') = ji + h(t,x, Xl),
x(O) ~ i(TY~xl'{() --~x'(T), .

(22)
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i:¡ c1ear that X is a 50Iution oí (18) w1th P S Po, if and only if it 15a solution
of (22).

Now, repeatíng the proofs in Theorem 2 and 3, we caIl show tÍlat M n J-
oo,Po]i5adosedintervaL FinaHy,Claírn3 ShOW8that fi,-tnJ-oo.pü] = [a.Po]
ior some a.

Claim 5 : 11p E int.AIf, equation (18) has two solutior!,J?

Let fh B.nd '152E M be Bllcn that ih < p < ih. Then we prove as iIl
Part B of the proof oí Theorem 3 that the 8OlutioIl of (18) with p =ih i5 a
strict W2,1-upper 8olutioIl,call it .B(t)¡and tha.t a.nordered strict V;12,1_lowe:r
solution a(t) can be obtained by the argumentoin Claim 2. Hence, writing
problem (18) as a fixed point problem x =Tx, we have using Theor€m 1

deg{I - 7, ü) = 1,

whe:reü = {x E el[ú, T] 1a < x < /1,lxll < Rd fu'1dRl 18obtai:ned f¡om
Claim 1. Further, we can find R > Olargeenoughso that n e B(O,R) and
for aJl 15~ fJ2problem (18) has no solutkm on the houndary of B(G,R) e
el [O,TJ. lt is ea&yto see that

~,~.'~ ~-

deg(I- T1B(O,R})= o

and now the existence oí a secondsolution in B(O,R)\ü followsfrom das8ical
properties oí thc degree. 11

Thoorcffi 6 can be applíed dSrectlyto the proh1em

¡

I
t

¡

xf1 + 1(XI) + 9(X)= fJ+ h(t,x, Xl),
a:{O).,,";uz:(T.}-,x'(O).= x'(T).-

(23)

However~ conditíoll (A) on f is quite restrictive. FrOID the physical point
of wiew, it 18very interesting to get reswts <;.boutsuperlínear damplng. For
instance, qüadratic damping 1(y) ==Iyly appear very oiten in applica.tions
(se€ [13] and the references herein). Hence, our pw:pose in thc' following
resl11tis to cover the modal case

r

~.!
!
~

¡

(
í
~

x1t + 91x11Pa:1+ X2 =P+ h(t):
~'x(O)-=-:c(P.)~! (0)-= :¡;I(T-) j~

with h E L2 ana P e o.

Theor€m 7 Let f, 9 : JEt-7 R be cor;,ti'fmousfunctions, h : [O,T) x JR2-1- R
be a Carathéúdory lunctiQn s'Uch that for almost al! t{} E [O,T) and fo'[' al!
(xo, :110)E IR x R andE> O,thereexistsó > OBuehth.at

!t - tal < ó, Ix-xol < ó,.,ly.~QI-.:-<."ó~=?¡.,-lh{t,x,y)- h(t,xo,yo)¡ < t.

The following condiUonsnre assumed:

SUDDliedbv The British Librarv -"The world's knowledae"
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348 P. Habets and P.J. Torres

(A) There uist d ~ e> O Gndp ~ Os'uchthat

" .( 1(y) < d
'""- Iy lpy

-. I .
jor aU y E R

(B) There e:rists a function k1 E L2(Q,T) such that

Ih(t,x,y)/ ~ k1(t)

for almost all tE (O.T] and a11(x,y) E R2.

(C) 11m 9(~) = +00.
I;':!-HX¡

Then, there exists a E JR such that
(i) if P < a, problem (23) h.asno solution,
(ii) if P = a, problem (23) has at least one solution.
(iii) if P > a, pTúblem (23) has at least two solutions.

Proof. The proof of Theorem 6 ís va1id except fo! the a priori bounds OTI
solutions oí (23) obtained on CIaim lo

First, mu1tiplying (23) by Xl fu"la-integrating, we obtain

cllx'll:t~
rT rT

:51 f(x/)x' dt = J h(t, x, x')xl dt°T o
~

J[ Ik1x1ldt~ IIkll12.ti+? I1X'1IP+21
o P 1

whence
_

(
1

)
Ptr

ilx'lIp+2:5 ~lIk1!!* =: K1.

Now, take K2 := +úJoT + Ilk11/2VT+ dKr+1Tp¡2). By assumption (C),
there exists some v > OBUchthat g(x) > K2 for every Ixl > v. If x(t) is a
solution of (18), dir€ct integration gives

;: f/l' + fT [h(t,:I:,x') - f{x')] di
/0

$ 1501"+IIklH2fl ;'d lT Ix'lp+ldt

~ PoT+ IIkll1n/T+ dKr+1Tp¡2 =K2T.

He.ncc, for a.ny solution x of (18) we can choose to such th~t Ix(to)1 :5 v.
Thus,

1T g(x) dt

(T ~
¡x(t)1 ~ Ix(to)1+la Ix'(t)1dt ~ v + K1Tp+2 =: R.o.

~_i..Q..~ ..¡ -,.. ~'. .

and repE>.atlngstep by step the arguments oí Theorem 6 the result i8proved.
Di

~
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Finally, we are golng to eI'Jarge the set of admi...<;¡;iblE;J assmning a uniform
bound on the derivatíve of g, M()r~ precisely, the foUowing result Cf;mbe

proved.

Theúl'er.n 8 Let f : R -+ IR be continuou.<¡, g : IFK-+ iR ha.ve a continuO~L8
der-h'ativc and h : [O,T] x R2 -+ JR De Q.Ca.rathéodory junction such that for'
almost aU tD E [O,T] (Jnd 1m' al! (xo, YO) E !Rx JR (lnG E> O, there e.'tists J > O
s.¡¡.chthat

!t - tal < {5, Ix- xoJ< Ó,!y - YO!< ó => ¡h(t,x, y) - h(t, xo, vo)1< E.

The. foUo'lllíng wnditiQl'"s are assumed:

(A) There exist e > O arA p ~ O such that 101'al! y E IR, f(y)y ~ clylp+2
(B) The.reexists a function kI E L2(O,T) such that

Ih(t,x,y)1 ~ kl(t)

101' almost a.ll t E [O;T] (¡,nd aU (x, 1/) E R2.

fC) G := sup{Ig'(xJI : X E lR} < +00.

(D) . J?:rlg(x);;::; +00.
j:Z:¡-+OO

Then, there exista a E IRsuch that
(i) if P < a, p'f'Oblem(23) has no solution,
(ii) if j5= a, probit;m (23) h.as at least one solution.
(iiij if 15> a, problern (23) has at least two solutio-üs.

Proof. As before, the key idea is how to compute a prior} bounds on the
derivative oi the solutions of (23). Multiplying {23) by Xl llild intcgrating,

we obtain .." ~-~ ",-

cllxr[I~~;
rT

l
T

~ ¡ f(x'):!:' dt = h(t, X,x')x' dt
Jo o

S (T ¡kIx'¡dt S '!1~11í~+~¡jX'!lp+2,
J{) P .

whence

(
\ -1...

t 1 \ 1'+1

Ilx IIp+2_~,''cH!111~:ti) =: KI-

Now, mültiplyi:ngthe equation by:¡;'¡and integrating over a period, weobtaiu

{
T

¡
'T

¡¡xllll~+ g(x)::¡/'dt= h(t,x,x')x"dt;
Jo o

but an inwgration by pa.rts gives ¡; g(x)xtldt = - J;{ gi(X)(XI)2dt, so that

!lxlll!~ ::; Ilki112I1x"I1{+I"'""~'(iJ(X')2dtl -lo.
~ Ilkl11211x/112 + ai!x'!lz ~ IIkl11211xllllz+ GK?T~.

!
!,
\-,
j
i,
[

-,
¡

~
~

j
¡
-,

j
!
¡

1:

[
¡
¡
¡

--- un -- ----------
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Hence} there exib-ts50me K2 > O I.ftlchthat Ilx"1/2:SK2' and in condusioIl
:¡"II I < ¡;:;;T T/ -. H'
í!'" 100 - V -1 -"-2 -. *43.

With this boüud, we can define the truncated fundíon

j(y) := f{6(-Kg,y,K3)),

prob]em (23) iRequivalent tu the truncated probIem

XII+ ¡(x') + g(x) = j5+ h(t, x, x'),
x(O) = x(T), x/(O)=x1(T)

(24)

and we are in tbe "bounded" case studied above.

Fu1"ther remarks. In the case oí Corolla.ry 8, it i5 possiblc 'tO add a
damping term fo(y) with the on1y 88sumption that fr.(y)y ~ O for any y,
which means simply that tile "frietion force" i8 opposed to the movement.

It is llot hard to state "dua1t! versions oí the results of Section 4 by
considering restoring force!!bounded from a.bove.

On the other hand, it 15possible to extend a11the results of this paper
to equations witb a discontinuous friction force j. Tbe physical model oí
thls kind of nonlinea.rities 15the dry OI CouJomb friction, a. phenomenon tbat
i8 modeled by the sign oí tbe derivative. Then, the di:11erentiaJequation
must be considered as a differential indusion (see for €xample [5]), and the
same method of approximation by singJe-valued functions developed in [13J
is availa.bJe, since tbe a priori bounds obtained in the proofs above guarantec
convcrgence of tbe sequence of solutions by Arzela-Ascoli theorem.
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