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AN ABSTRACT

THE ANALYSIS OF PLATES ON ELASTIC FOUNDAfIOH
BY THE BOUNDARY INTEGRAL EQUATION METHOD

by

John T. Katsikadelis

"Adviser: Prof. A.E. Armenikas

‘Submitted in Partial Fulfillment of the Requirements for the

Degree of Doctor of Phi]hsohhy (Applied Hechanics)
June 1982

In éhis dissertation,;he Boundary Integral Equation {BIE)
method is developed for plafes on elastic foundation. The
pertinent,coupled,singular boundary integral equations are
established and solved numerically.iforeover, a procedure iS‘
presented for qbtaining the influence fields of various
quanfities such as deflections, bending and twisting moments
and shearing forces. In this procedure,the influence fields
are obtained as deflection surfaces corresponding to
appropriately chosen_general{zed forces. Numerical results for
various clamped and simply supported plates under distrihdted
br concentrated loads are also presented and compared with

ex1st1ng resu1ts whenever available.
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VIII

In Part I[,the boundary value problem for a thin p’late'on elastic
foundation is.formulated in its most general form. The two-
dimensional region, occupied by the plate, may be simply or
multiply connected.and its bourndary may have corners: Two
versions of the Green identity for the differenfia] self-
adjoint operator (V*+x2) are established. In the one version,
the boundary terms .do not have direct physical meanipg; :

"whereas, in the other version they have physicai significance.
Two integral Eepreséntatiuns for the def]ection of the plate

are established by using the solution for an infinitely extended
plate on elastic foundation, subjected to a concentrated unit
.load in the two versions of Green's identity. Moreovef, two
versions of the required boundary iﬁtegral equ;tions are derived.
For the analysis of plates with clamped or simply supported
plates, the boundary integral equatiops resulting from the’
first version: of Green's identity are more suitable than those
resulting'frum the second version. However, the first set of
.boundary integral equations are not apbrupriate for the analysis
of plates with\other boundary conditions.

The existeﬁce of the boundary integrals hiving singular
kernels is proved by showing that they behave like single or
double layer potentials. Moreover, the jump of the
discoptinuity of these integrals, whenever their kernel behaves
1ike a Newtonian double layer potential, is evaluated using a
Asﬁitah]e procedure.

" An elegant procedure, based on the properties of the
'derivafives of the &-function,is presented for the numerical

evaluation of the influence fields of various field quantities



such as deflections, slopes, berdirng and twisting moments and
shearing forces. The inf1uenhe fields are obtained as the
deflection surfaces due to appropriately introduced gemeralized
loads (mu]tipo]es),using a §enera]ized form of the reciprocal
theorem. Thus, the two sets of the boundary integral equations
differ only in the non-homogeneous term.which is evaluated
in closed form. o

In Part II.a procedure for the numerical ‘solution of the
coupled,singular, boundary integral equations for the clamped
and simply supported plate is developed. In this_procedure,thé
boundary is divided into a_fiﬁite number of .elements on which
the unknown boundary quantities are assumed to vary according
to‘a given law and, thus, the boundary integral equations are
approximated by a system oé simultaneous linear algebraic
equations.- The coefficents of the unknowns of this system are
evaluated by.numerical integration of their expressions on the
boundary element. A special technique is applied to overcome
the difficulty in the numerical integration on the elements
where the integranq is singular. The non-homogeneous terms are
double improper-integra]s on a two-dimensional region with
arbitrary shape. A procedure is developed for the numerical
evaiuation of any such integrals,having a Togarithmic or a
Cauchy~type singularity. Numerical schemes for the computation
of the def1ecti6ns of the plate.as well as its stress
resultants are also presented.

In Part III;a computer program has been writtgn'in FORTRAN



language and numerical results-haye 'been obtained on a CDC/
CYBER 171-8 computer for the clamped and simply supported
plates. The results are in excellent agreement with those
obtained from existing analytical solutions.For small ;alues of
the constant of elastic foundation (k=0.1 or 0.01),the results
differ negligibly from those of a plét; which does not rest on
an elastic foundation.

The influence coefficients for the defle:tion_and the
stress resu]fants,at some points qf clamped and simply
supported circular and rectangular plates,are tabulated for
certain Qa]ues of the dimensionless parameters which
characterize the geometry and mechanical properiies of the

plate and the elasticity of the subgrade.
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PARTIAL LIST OF SYMBOLS

Ws Deflection of the middle surface of the plate
f(p): : Loading function.
3
b= L L Flexural rigidity of the ptate.
12(1-v?)

“h: " Thickness of the plate

Er ’ HoduTus of elasticity

vt ' Poison’s ratio

k: _Constant of the elastic foundation

PLEQ SN

D
32 32 . : )
LI ] Harmonic (Laplacian) operator
ax*  ay? .
N FRP SR R )
v*= = 42 —% 4+ £ Biharmonic operator
ax" ax2ay? 3y" )

Mx’ My: Bending moments per unit length on
cross sections of the plate normal to
the x and y axes; res}ectiye’ly

Mxy Twisting moment per unit length with
respect to the x and y axes.

QX,Qy: Shearing force per unit Tength on cross
section of the plate normal to the x
and y axes, respectively.

. Bending moments per unit ledgth in

n*rtt
’ directions normal and tangential to the

boundary.

1



M oL . Twisting moment with respect to the
n and t directions,

v Effectiye shearing force (réaction
force) per u.m’t length along the
boundary of the plate.

S M,V o Differential operators definmed by
equations (1-2.8).

K(s): | curvature.of the boundary.

Additional te.rm of the boundary

integral- equations for boundary with

corners defined by equation (I-2.11).

Parameter having dimensions of length

relating the stiffness of the plate
to the constant of the elastic
foundation.

P.0, - " points inside the two-dimensional

region occupied by the plate.

P54, . - . Points on the boundary of the plate
v(P,Q): . . Fundamental solution of the probiem
r={P-0): Distance between the points P and Q.
p=r/q : Dimensionless distance.

ber(p), bei(p),ker(p),

kei(p): . Kelvin functions of zero order.
6(P-Q): ‘Delta function.
?,0 =fon: - Angle between the direction of the

distance r and the normal n to the

boundary.



Angle at the corner point of the plate.
Boundary qugntities defined by equations {(I-4.26)
Non homogeneous terms of the boundary integral
equations defiﬁéd by equations (1-4.27)
Geﬁera]ized deflection of the plate (influence
field).

Generalized force. N is a linear differential
operator..

Radiusnof a circu]ar plate, or half of

the side length of a rectangular plate.
Dimension]é;s parameter relating the
geometrica] and mechanical properties of the
plate to the stiffness of the subgrade.:

Side ratio of a rectanguiar plate.



INTRODUCTION

1. Historical developement of the BIE method

.The boundary integral mefhnds for the ;olutiqn of
boundary value proﬁ]ems in mathematical physics have their
origin in the wbrk of G.Greén (1828) [1], who obtained an
integral representition for the solution of the'DirichIet
and Neumann problems for the Laplace equation. In these
problems, a function u(x,y,z) is:sought satisfying the Laplace
equation at every point of a three dimensional region R. That
is, . )

Va0 T (H.1)
Moreover,at every point of the boundary S of R,this function
assumes either specified values {Direchlet problem) or its
derivative in' the direction normal to S (%%l assumes specified
vatues (Neumann problem).Green devoloped and employed his well

known reciprocal<idehtity, i.e.

”JR(UV’V-VVZM)dV:”S(_ug—:- ~ghes  (2)

which relates any two functions u(x,y,z) and v(x,y,z) inside

the three.dimensional region R with the values of these

4



functions and their normal derivatives(l) on the boundary S
of R. The functions u and v must be twice continuously
" differentiable in R and once on 5.
For v, Green chose a singular solution of the Laplace
equation [v2v=-4ns(P-Q), where 6(P-Q) is the Dirac delta-
(2)

function], i.e.
v=l/r (4.3}
where i:lP-Q] is'the'distancg between any tyo point§ P and
Q in R. Using equation (H.3),identity (H;Z),gives,the
following integral repre;entation for.the solution u{P) of

equation (H.1)
u(P)e %”s 1, g—ﬁ(%)]ds (#.4)

Since u and %% can not both be presciibed on. the boundary, the
one which is not prescribed should be eliminated from Fhe
above relation. To accomplish this, Green introduced certain
functions known as the “"Green's functions for the surface and
the point; [2]. For the Dirichlet problem he imtroduced the
singular function G(P,Q), known as Green's first'funhtion,
which has the following properties:

{a) G is harmonic inside R except at r=0

(1).n is the direction’ of thé outward normal to the surface 5.

{2} In potential tﬁeory the function v=1/r is the three
dimensional Newtanian potential éf a point P (fjeid
point) due to a unit concentrated mass at point Q (source

point).



{b) it behaves ]ike 1/r at r=0 and

(c) it vanishes on S.
These propertles imply that 'Ilm(G— —) 0 and that the function
{6- F) is harmonic [v2(6- F)=0] at all points in R.
Consequently,choosing the function (6- %) for v, relation
(H.2) yields .

o[ [185t6= b= 3o (H.5)

Taking into account that G=0 on S and using equation (H.4),
Green obtained the following ‘integra'l representation for the

function ub-(P)
u(P)=- —ngg—ﬁ P (H.6)

In an analogous fashion [2], Green 'expressed the
"solution of the Neumann problem in terms of a second singular
function T(P,Q) referred to as Green‘s second f}llnction, which
has the fo'l]omng properties '

{a) T is harmonic in R except at the origin r=0 and at

_some point A

{(b) it behaves like 1/r at r=0 and Tike -1/r at rer, and
{c) its normal derivative -g—% vanishes on S.
vChoosing for v the function'T, relation (H.2) )"ie'lds

u(P)=u(h)e %;”Sr%ds . (4.7)



where u{A) is the value of the function at fbint A; that is,
the solution of the Neumann problem is obtained to within an
arbitrary constant.

The construction of the Green functions for a given
boundary is a difficult problem. For this reason, Green's
functions have been estab]iéhéd only for few surfaces, such
as,the plane and the sphere.

Actually, to establish Green functions 6 and I' for

a given surfsce's, the following boundary value problems must

be solved
V2G=-4ns(P-Q) ~in R
(H.8)
6=0 " dns
and .
V2re -4m[64PQ)<6(P-A] - in R
’ . (H.9)
ar _ :
n =0 on S

where the point P»is ip R and Fhe point Q is on S. It is
apparent that relations (His) or (H.7) are obtained from
identity (H.2) where it is assumed that tﬁe function u
satisfies relation {R.1),and for v,the function & {H.8) or T
(H.9), respectively, is chosen. The constant a(A) in (H.7)
results from the fact that the solution of equation (H.9) is
obtained to within an arbitrary constant.

From the aforegoing, it is apparent that Green did not

actually solve the Dirichlet or the Neumann problem for the



Laplace equation, but rather feduced them to egquivalent ones
(H.8) or {H.9) with homogenous boundary conditions whose

. solution depends only on the geometry of the boundary. That .
is, once Green's function is estagfished for a given boundary
surface S, the solution of boundary value problems involving
the same surface may be easily established from the integral
representation (H 6) or (H. 7)

Betti [2,3] presented a_general ‘method for integrating
the Navier equations of equilibrium of the linear theory of
elasticify in the absence of body forces, which may be
regarded as a direct extension of the method of Green.

The Navier_equations pf equiiibrium.in the ab;ence of

bédy forces are

32us . :
1 1 e _ P
sxox; * T-7% ax; O (1:3°1,2,3)  (H.10)
373 i .
B%
where u; are the components of displacement; e= 53— is the
1

dilations and v is the Poisson ratio of the material. Noting

that the dilatation e is a harmonic funct1on, i.e. 5%—%;— =0,
37

Betti wrote . equations (H.10) in the following form

32 1 -
5% [us% zraizoy xie]0 (#.11)

The normal derivatives of the components of displacement

can be expressed as

M1y A \ ( ‘
7 ti Zuecos(xi,n)+eijkmjcos\xk,n) (H.12)



where eijk is the alternating tensor; o5 is the rotation

vector; and u,A the Lamd constants of the material.

Thus, when e is known at every point of the body and

the components of the disp1aceﬁent u; are prescribed on its

boundary (first boundary value problem), the determination

of the components of displ;:emenf u; is reduced to a Dirichiet

problem in potential theory.

Moreover, when e is known at every point of the body,

Qi is known on the baundafy, and the components of traction
are‘prescffbed oﬁ the boundary {second boundary value problem),
the values of ;;i (i=1,2;3) can be established on the boundary
and,consequént]y,the determination of the components of
displacement ui.is reduced to a Neumann problem in putentiél
theory.

‘Betti obtained formulae for the dilatation and the
components of rotation in terms of the boundary d;ta by

- introducing certain functions which are analogous to Green's
functéons-[z]. To accomplish this, Betti employed his

reciprocal theorem which can be written as

JJ'S(uit;-u;ti)'ds+J”R(uib;-.u;bi)dv=o (H.13)- ,

where ui’ti’bi and'u;,tg,b; are the displacement, the traction
aﬁd the body force vectors corresbonding to two states(of-
stress in a bgdy..

Betti's formulae for the dilatation and the compoaents
rotatiqn may be established in the following more conc%se

\
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way , than that presented. by Love [2].

Let uj and ti be the components of dispiacement and
traction in the body under consideration which is subjected
only to surface tractions (b’,i=0).

If the ct;mponents of displacement are specified on the
boundary of- the body (first boundary value problem), in order
to express the dilation in terms of the boundary data, the
components of displacement u; and of fraction t’; in relation
(H.13) will be chosen as those in the b.ody under consideration
with its surface restrained from moving (u;=0 on S}, subjected

to the following distribution of body forces

bi= - s-p) (M e
1

That is, the displacement field uj is the solution of the

following boundary value problem

=0 in R

(.H‘1l5).

u3=0 on S

Using equation (H.14) and the second of (H.15) equation (H.13)

K

R

_yields .
) =
im 5(Q-P)dV --”Suit*ds

(1) This force vector is referred to as a double force without

moment (see Love [2]).



The above relation reduces to

e(P)= .a:if?) =“ u;tids ' (H.16)
1 S -

Thus, the.dilation ir the body under consideration with
specif‘ied components of displacement on its boundary (first
boundary value problem} may be found by sol'ving the auxiliary
boundary value proble]n (H.15) and-éstabiishi_ng ‘the components
iof t_raft'ion corresponding to the displacement field u;. These
are the components of -traction which must be applied to the

- surface S of the body in order to restrain-it from moving
when the body s subjected to the gt.anera"liz.ed body force
{H#.14). The functions> u?=u;(P,Q)‘ obtained in this way are
analogous to Green's function G(P,Q).

If the components of traction are specified on the

" boundary of the body (s.econd boundary value probiem}, in
order to express the dilatation in terms of the boundary data,
the components of the displacement u; and ‘of fraction t; in
relation (H.l?) will be chosen as those in the -body under
‘consideration,subjected to the distribution of body forces
given by equation (H.14),while the components of traction
vanish (t,l’f=0) on the boundaryb S. That is,the displacement

field is the solution of the following boundary value problem

2*
A%uy

bt
o

*
Ll

)
]
™)
<
|
>

1.2 - +
i E 6(0-?)50 in R

and (H.17)




*_ 1 LA =
et Eie*cos(x.,n)+e.3km cns(xk,n)-o on S

. Using equation (H.14) and the second of equations-(H.17)

equation (H.13) yields
g - . .
‘ m v o B(O-P)dv—” ust,ds

The above relation reduces to

, . o
e(p)e 20 ( ) =-”su‘1.*tids : (v.18)

*
Thus, the dilatation in the body under Cbnsideration subjected
" to specified surface ¢raction (second boundary value problem)
hay be found by solving the auxfliaryiboundary value problem
(H.17) and establishing the components of the dibﬁlacewent
u; on the boundary S. These are the components of
di;p]acement which are produced on the boundary when the
body is subjected to the generalized body fprce (H.14) while
its surface is traction free. The functions u;=u;(P,Q),
obtained in this way,are analogous to Green's functien 6(P,Q).
If the components of the displacement are specified on
the boundary of the body (first boundary value probiem), in
order to express the component of rotation, say w3, in terms
of the boundary data, the components of d15p1acemant uj and
of traction t} in relatipn (H.13) will be chosen as those

in the body under consideration with'its-surface restrained



from moving (u;ﬁo on §), subjected to the following

distribution of body furces(l)

b}= 5= 6(0-P)

2 -
b3=- 5%; 6(0-P) (H.19)
b1=0

That is, the displacement field u; is the solution of the

following boundary value problem

35“? ioper, 1 b*=0: R
— e —mm = =0. in
ijaxj 1-?v Bxi u )
and (H.20)
ugfo on S

where b¥ is given by (H.19).

Using equations (H.19) and the second of equation (H.20),

equation (H.13) yields
J“R[“l #(9‘?1‘”2 #(Q‘R).] ""““s”it?“

The above relation reduces to

a(P)s i - -”Suit?d_s, (4.21)

(1) This body force vector is due to two equal unit couples

about the L axis acting at point P.

13
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Thus, the component of rotation {n the body under
consideration for the first boundary va]ue‘problem may be
found by solving the auxi1i§ry boundary value problem (H.20)
and establishing the components of traction corresponding

to the displacement fie]d‘ug. These are the components of the
traction which must be applied to the surface S of the body .
in order to restrain it from @ovinj when the body is subjected
to the generalized body féice (H.19). The functions u;=q;(P,Q)
obtained in this way,are analogous te Green‘s function.

If the components of traction are specified on the
boundary of the body (seconq boundary value problem),'in order
to express the component ofvrotétién,lsay w3» in.terms of

:the boundary Hata, the cbmponents of displacement u; and of
traction t; in relation (H.13) will.be chosen as those in
the body under consideration,subjected to the distribution
of body forces bivan by equation (H.19),while the components
of traction vanish on the boundary (t$=0 on S). That is,the
displacement field is the solution of the following boundary

value problem

ERH .1 e, 1.,
aX359%; 1-Zvv3§;ﬂ* w b0 in R
and (H.22)
M, A )
th= oo+ n e*cos(xi,u)*eijkchos(xk,n)=0 on S

where b* is given by equation (H.19).
Using equation (H.19) and the second of equations (H.ZZ),
equation (H.13) yields



”JR[u1 a5, 5(0-P)-u, %G(Q-P)]dh”u-;tids

The above relation reduces to

glh)- a—:){g - a—:f‘—ip—) =-”Su;tids , (H.23)
Thus, the component of rotation ma}in Ehe body under
consideration,for the second boundary value problem may be
found by solving the auxiliary boundary value problem (H.22)

.and establishing the components of displacement u; on the
boundary S.These are the components bf dispiacement produéed
on the boundary when the body is’subjecfed to the generalized

'hody force (H.14) while its surface is traction free. Notice,
that in this case, the body is not in equj]ibrium and,

- consequently ,the d'isp'laéement field can not be uniquely
established. To overcome this difficulty, a body force vector
opposite to that given by equation (H.19) is applied at some
fixed point A, The body is them in equilibrium and the

component m3(§) is obtained as
m3(P)=m3(A)—”Sﬁ;tids (H.24)

where ﬂ?‘is the displacement vector on the boundary S produced
by the two sets of couples app]ieg,ai points P and A.
Tﬁus, the rotation component is established to within an

arbitrary constant. This indeterminacy does not affect the

15
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solution. The functions ﬂ:=i:(P,Q) obtained in this wayare
analogous to Green‘s function P(P,Q). The components of the
rotation @y and @, can:be established in an analogous fashion.

On the basis of the :aforegoing, it is apparent th;t the
determination of the tractinns t; or the,disblacemehts u: on
‘the boundary S of thé body in terms of the prescribed boundary
data is difficult. Thus, Betti's method for integrating the
Navier equations of'equilibrium has been applied to a limited
number of simple cases. For example, Cerruti [4] employed
Betti;s method to establish the displacement fieid in a
semfnfinffe elastic body under»given surface :tractions or
surface displacements.

Another integral ?epresentatioﬁ of thé ccmponénts of
displacement in a linear elastic body in terms of the values
of the campoﬂgnts of tractiun and disp1écement at the boundary
in

was obtained by 56mig1i£na»[ﬂ) who used for u; and t

*
i
Betti‘s reciprocal formula (H.13) the displacement and
traction fields_in an elastic body subjected to a concentrated
unit bo&y force (Kelvin's problem).

The solution of Kelvin's problem can be written in tensor

form as, [6]'
.1 [ 320 1 _aroarll
Us5" oo [“(“)’4 Tv) 845* 717 o, ax] v (4.25)

where r=|P-Q} is the distance between the field point P, and

the source point jSsij is the Kronecker delta. The component



of the tensor Uij'denotes the component of displacement at

point P in the X5 direction,due t6 unit force at point Q in

the x; direction. The component of the traction, in the X3
direction, acting on a-surface normal to the unit vector n;

at ‘point P,due tﬁ a unit load at point Q in the X3 direction,

may be obtained from equation (H.25) as

- 1-2v ar_ 3r ' ar_ ar

Ny sl f i o o ]
The displacement vector at a point P and the traction acting
on a surface normal to the unit vector n at point P,due to a
unit force at a point Q acting in the direction specified

by the unit vector e;» are given by

.(H,27)

If Uss t. are the components of dxsplacement and traction
of the desired state of stress in the body due to a
distribution'nf surface trac£ion only (bi=0) and if u;,t: are
the camponent§ of the-displacement and traction due to a unit
body force acting in the €5 direction at a point P inside R,
then equation (H.13) may be written as

* -
H (u,TJ,eJ--t1ujie,)dv':I”Rujhjdv-o (ﬂ.28)

Using the Dirac delta-function the body force field b? due



to the concentrated unit force may be represented .as

bj=e;6(0-p) _ ' (H.29)

Substitution of (H.29) into (H.28) yie]dstl)

u)=[[ uy@)T; p.adesge [ (e (paadas,  (4.30)
S S .

Qhere PER ‘and q€S. Equation (H.3p) is known as the Somfgliana

identity. It expresses the displacement vecforrat an interior

point of the body in terms of in;egra]s 6f the bounda;y data.
For a body of given geoﬁetry,if the so]ﬁtioh of Ke]vin‘s

problem Uji»can be chosen {guessed or synthetically .

constructed) so that it vanishes on the boundary S of the body,

equation (H.30) yields

(1) This result was ob‘i:ained.hy Somigliana. without using 6= ’
function as following.
In-the absence of body forces,Betti's reciprocal,

theorem (H.lS)‘may be written as

JJ (u,T.,-t,U,.,)ds=0
itji "iv3i
845,

where So.is a small sphere surrounding the point P. By
letting the radius T, of S0 approach zero,it can be prdven
that . .
limJJ t.0..dS=0 and limJJ u,T,.ds=u.(P)

So 1 ]1 r +0 .So 1232 J

r _+0
©

.and,thus,equation (H.30) is obtained.



uJ(P)=<IISuj(q)rji(P,q)dsq o (na1)

Equation (H.31) gives the so]utibn of the first boundary

value problem for the given body under any prescribed

boundary disp1héements. Similar]y; if the solution of Kelvin's
problem Uji can be chosen (guessed or synthetically
constructed) so that the tréction tensor Tji vanfshes on the

boundary S of the body, equation (H.30) yields
o[ @y P oadas, o (H3D)

Equation (H.32) gives the solution of the sgcond-boundary
value problem fﬁr the given Sudy under any prescribed
boundary tractions.

The gstab]ishement of Kelviﬁ‘s solution so that the
disp]écement fie]d_or’the traction field vanish on the
boundary of a body with.arhf;réry shape, 1s. a very difficult
probIem.-Froﬁ a mathematical point of view,this requires the
establishment' of the solution of the Navier equations of
equilfbrium when the body under-consideration is subjected
‘to a unit concentrated force at po1nt P in the X; {j=1,2,3)
d1rect1on ,while the components of d15p1acement (f1rst .
boundary value problem) or of traction (second boundary value
problem) vanish on the boundary S of the body. This solution
has been established for bodies of simple §eometries. For

example, using this integral approach, Somigliana [5] solved
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the problem of the semiinfinite body subjected to SUrfacé
displacements and tractions and obtained the same results
with those of Cerruti. .

Prom the aforegoing, it is seea that Betti's and
Somigliana's integral method for the sglutiop of the elasticity
problems are analogoué to Green's method in potential theory.
That is, in establishing the unknown field quantitiesv ’
(dilatation and components of rotation in Betti'afmethod or the
components of d}splacément in Somigliana's method) two-point

ifunctions have been introduced which are singular solutions
of the differential equation of the problem under cons1derat1on,
with homogeneous boundary conditions. Introducing these
“functions into the appropriate 4integral representation of the
desired field quantity,the unknown boundary data are
e]iminafed and the field quantity is obtained in an integraf
form,incliding only the specified bounaary data.

The solution of a boundary value problem by expressing
the desired field quantity in an integralrformvahd eliminating
the unspecified boundary data from it by intréducing ’
appropriate two-point functions is referred- to as Green's
method. It can be appliied to problems geverned by linea}
differentia] equations. )

Instead of trying.to el]m1nate the unspec1f1ed data,
another approach is to establish it in terms of. the specified
poundary data. This approach is known as the boundary integrail
eqhation (81E) method. Thus, by allowing the interior point

P in the integral representation (H.4) to approach a point
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p on the boundary S, the following limiting form of Green's

integral represenfation is obtained
a3 (R 28 - Schi]es (4.33)
. : S

In a well-posed boundary value problem, for the Laplace
equation u and %% are not concurrently nrescrfbed at the points
of the boundary S. They.must sati“sfy {the relation (H.33)

which constitutes a compatibility condit%oﬁ on the boundary

S between u and %%. This relation can be used to establish

the unknown in :terms of the given boundary information.. In
this case relation iH.;;) constitutes a boundary integral
equation for thé unknown boundary quantity. In-as much as

the kernels 1/r and %F(I/r) are singular, the integral equation
{H.33) is singular.

’ Similarly, by allowing the interior point P of the quy

to approach a point p on the boundary § in équation {H.30)

the following Timiting form of the Somigliana ideﬁtity,
referred to as vector béundary integral equation relatihg

the boundary t}qctions and displacements, is obtained [6]
Fuger=-[ utai.auasge [ (g paadasy  (h.30)
S N .

In a uel]-poéed boundary value problem in elasticity, the
components of traction and displacement are not concurrently

presc§ibed at the points of the surface of the body .
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Fredhoim [7] and Lauricella [8] employed the-boundary
integral equatiun' (H.34) in order to determine the boundary
information which is not prescribed. The results are then
subst.ituted in the Somigliana identity (H.30)} to obtain the.
.di'spIacernent_ field.

Fredholm was the first to use-singular boundary infebra'l
»equationﬁ (BIE method) in potential theory [9,10] and in the
éheory of elasticity [7] to obtain ‘the unknown boundary
quantities in terms of. the giveﬁ. Although in i:_otent'i'a‘l theory,
the boundary integral equation (H.29), which is also 'wefl'l-
sn_n'ted for mixed boundary cbnditions, can be usét! to obtain
the unknown. boundary data, Fredholm [9] used for the so-lut'ion
of the Dirichlet problem,the integré] representation 'of a

harmenic function in R as the potential_ of a double(” layer

(1) In tbe Dirichlet problem the potential of a single layer
could be used to represent the harmonic function u{P) i.e.

Jup)s 3 ET ”u(q)— ds . -

I{ this case, the resulting boundary integral equation
obtained by letting P+pES [u(p)= %; u(q)% dS;], is a
Fredholm equation of tbe first kind. However, this
formulation has not been used in the literature; Jaswon

[11] attributes this to the fact that the Fredholm equatlon )
of the first kind has not been studied thoroughly.
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iss density {mass. per unit area) distribution on the boundary

S i.e.

um= 3 [] maihesy (1.35)

where u{q) is the h9undary mass density to be determined from
the prescribed vaiues of the potential u on the boundary;
r=|P-q| with PER and q€S. Notice, that %i(llr) is a harmon{c
function_[vz%F(I/r)=0] because 1/r is harmonic.

RL Green's. integral representation (B.4), the potential
u(P} is given gslthe difference of a single layer potential
with density %% and a doﬁb]e layer potential with density u;
that is, the boundary values of %% and_u are aﬁ§]ogous to the
single layer and dduble Tayer ﬂeﬁsitieé, respectively. However,
in relation (H;BS) u(q) ‘is the unknown mass density
distributed at the boundary.of the régiun R which must-be
determined from the érescribed values of u on the boundary.

Letting point P in equétion (K.35) approach a point p on
S, and taking into account that the double layer potentia}
has a discontinuity at the boundary, Fredholm obtained the

following relation
u(p)=-nlpl+ L ” n(q)-L)ds (H.36)
emflg anriTTq

In the Dirichlet problem, the. function u(p) is prescribed.
16 this case, re]afion (8.36) provides the necessary integral
eduation for the determination of the unknown boundary

distributﬁon'h(q) . Inasmuch as the kernel gﬁ(%) in singular,
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equation-(H.36) is a singular integral eﬁuatioﬁ,

For the solution of the Neumann problem,Fredhoim used the
integral representation of the harmonic fbnction in R as the
potential of a single layer mass density distribution on the
boundary S, i.e.

u(P)= 3= ”sc(q)% 8, S wan

where o(q) is the boundary density to be defermin_ed.
Differentiating (H.37) with respect to the normal to the
boundary n, and letting P+peS, the following boundary integral

 equation is obtained

gqu =alp)+ ”sc(q)ﬁ(%)dsq (H.38)

from which the unknown boundary distribution o(p) can be
determined. Equationsv(H.36) and (H.38) could be solved
ana’liytica’ﬂy only for simpie geometries of the boundary.
Thus, the boundary integral equation (BIE} method may be
attributed to Fredholm who aiso applied it to elasticity [7].
Moreover, fredholm and Lauricella [8] extended'the theory of
singular {ntegral equations and used ;it to sdlve .problems
in elasticity.
} Other integral representations of the disp1acerﬁent field
.for three dimensional elasticity prbb]ems are .those proposed
by Kupradze [12]. These representations are analogous to those
used by Fredﬁo]m in .the theory of potential.

For the first boundary value 'prob‘lelﬁ in three dimensional
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elasticity, which correéponds to the Dirichiet problem of
the potential theory, Kupriadze proposed the following integral

representation of the displacement fieal*) [13]
03 P[] Ty5(P 0o (ares, (#.39)

where 0j(q) are unknown functioﬁs defined oh‘yhe boundéry.s
" and must Se determined'%rom the jprescribed boundary values
of the displacement-field. Inasmuch as the field Tji given by
relation (H.26) satisfies the Navier equations of equilibrium
(B.10), it is apparent that the displacement field (H.39),
also sat1sffes the same equat1ans. The expressron (H.39) is
analogous to (R.35) and is referred to as the elastic
potential due to the double ‘Tayer distribution oj(q).
By ]etﬁfng P+peS in equation (H.3%), the following

boundary singular integral equations resulf
us(0)=- § o5+ Tv-(p,q)wj(q)dsq (1.40)

from which the unknown boundary functions ¢i(p) can be
established when.ui(p) are prescribed on S.

For the second boundary value problem in three

(#*) The integral representation ui(p)= J ..(p,q)oj(q)dSq

3i
could also be used for the first boﬁgdary value problem
In three dimensional elasticity. This would lead to a

fredholm equation of the first kind and it hes not been

used for the reasons stated in the Footnote on p. 18.,
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dimensional elasticity, which corresponds to the Neumann
. probiem of potential theory, Kupradze proposed the.following

integral representation for the dispiacement field [13]

uy (0= vgshars(aresy (H.41)

where wj(q) are gnknown functions defined on the boundary S
and must be determined from tfie prescribed boundary values
of the compénents of traction. Inasmuch as the field uji
giQen by relation (H.25) satisfies ‘the Navier equations of
equilibrium, it is apparent that the field (H.41) alse
~satisfies the same equations. The expression (H.41) is
analogous to {(H.37) and is referred‘to_as the elastic
potential due to the single layer boundary distribution ¢j(q).
By introducing (H.Al) into the boundary conditions (the
tractions in terms of the boundary displacements) -and by
letting P»pss,‘the fo]]owing'éingular boundary” integral

equations result
MO SN0 RACRIOLS (H.82)

from which the unknown boundary functions wi(p) can be
estab]isped when ti(p) are prescribed on'S.

Boundary integral equations have a]sq been used by
Sherman .[14,15] , Mikhlin [16], Muskhelishviti [17] and Theocharis [18,19] in
treating plane elasticity problems via'a complex function
abproach.'As it js Known, the plane elasticity problem

reduces to the determination of Airy's stress function
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_ %F . _B%F . B°F SR 3
Flxgoxp) [719= &5 T35 35> T22™ 2] which is a
. X. 1772 3X.
. 1 - 1
biharmonic ‘function; i.&.,it-satisfies inside the two-
dimensional region R occupied by the body the equation

0 o (H.43)

and specified conditibﬁs on the _boundary C of R.
The general solution of (H.43) can-be expressed in terms

of two analytic functions o(z) and»x(z),:zletixz, as
Flxy,x,1=Re[Zo(z)+x(z]] - (H.44)

Relation (H.44] is known as the Goursat formula (16] and the
function. o{z) and ¢{z]=x*(z} are referred to as the complex
potentfals, The components of stress and displacement are

_given in terms of these poténtials as [20]

111+rzé=4kefa'(z)]. . (a)

122‘711*23T12=?[EQYTZ)*Wf(Z)] (b) (H.45)

2G(u tiv, ) =so(z)-z0" (2)-w(z) ()
A=(3-v)/(14v)
Thus, ohce the potentials o(z) and ¢(z) are established, the
stress and displacement fields can be obtained directly from
equations (H.AS).The functions o(z) and y(z) are established
from the Boundary conditions of the problem.
Thus, for the f%vst boundary value problem, the

'boﬁponents of the displacement are prescribed on C [i.e.
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u;=9;(s) and Uz=92(sﬂ ,and from relation (H.45c),the boundary
conditions in complex form become

so(C)-To’ (TJ-V(CL ~26(gy+ig,) . (1.46)

wheré §=x1+ix2 {s a point on the boundary C.

For the second boundary yalue problem, the components
of traction are prescribed on the boundary C, i.e. ty= tl(s)
and ty=t, (s). The first der1vat1ves of ‘the stress function
F(xl,le are established to within an arbitrary constant

in terms 6f thie boundary components of .traction as

: .S TS :
aF =;J' £ (s)ds+d,, =J t.(s)ds+d
Xq 0 2 1 X, /o 1 2

where d, and dZ are arbitrary constants. Thus

1

.;}1+{-%£2 (s)+1f2(s)+d (n.47)

where it has been set

. . s .
. fl(s)+if2(s)=ijo[tl(s)+1t2(s)]ds
and !

) d=d1+1dZ
Relation (H.47) constitutes the boundary ‘conditions in compiex
form for the second boundary value probiem which,in terms

of the complex potentials o(z} and y(z),may be written as



O(T1T0" (T)+{T)=F +if,%d (.48)

Notice,that the boundary condition (H.48) can be obtained
from (H.46) by setting a=-1:

It can bé proven that the potentials ¢(z) and #(z) are
not independent, and that (Z) can be expressed in terms
of @(z], or both can be expressed in terms of a function
Wizl '

Thus, relation (H.46] or (H.48) provides the necessary
equation for the determination of the complex potentials
o(z) and ¥(z). | .

Shetman expressed the functions ¢{z) and ¥(z),in terms

of a function w(z),by the following Cauchy integrals _~

o) 7| 1

, - (H.49)
o1 w(T) 1 w (D)
blz)s Zn_ilc Tz 9t m[c e

where w(T} is an unknown function whose derivative ;a—tisfies

the Hﬁlder(*) condition on the boundary C. For the boundary

(%) A functiom w(g) is said to satisfy the HBlder condition
on the bpundary C if the following inequality holds true
for any pair of points ;.55 of C

C [wlzy)-wiz,)]<alz,-0,1%
where A and‘u are positive constants and QO<agl; A is
called the Bilder constant and o the HSlder index [17].
For azl,the HOlder condition yields the Lipschi;‘:z
‘condition.

29
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values of the function ¢(z) and ¢(z) we find from' (H,49>) as

z+teC.

oft)= —(—)- + Zr:Jc E"’iﬂ dr (#.50)

o(t)= _(_)_+2_ _(le; L(l)_-_l_ Lwl(t) 4
e Zni ¢ r-t
Substituting equations (H.50) into equations (H.48), and
.setting _{Ft=rei°,the following integral equatioriv'in 'w(t) is

obtained
wity+ L fc[u(;)-mez"ejde#(t) o (H.51)

-By setting w(t)=p(s)+iq(s), equation (H.51) can be replaced

" by the following two real boundary iintegral equations

p(s)»%jc [p(s")(1-cos26)-q(s")sinze]de=F, (s)
) o : (H.52)
qls)+ %Jc [p(s')sinze-q(s')(1+cosZe)]de=f2(s)

"from which the functions p(s) and q(s) can be established.

In the aforementioned references, c10§ed form solution
of the boundary integral equations have been obta'i-ned‘ only
for a few boundary yalue problems involying simple boundaries.
It was not until the beginning of the decade of 1960 that
efficient numerical méthods for the squtiqn of the singular
Boundary Tntegral equations have been developed and the
‘numerical sotution of the singuiar integral equations of

. the BIE metfiod for problems involving more complex boundaries
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has been programmed on digital cbmputers, 'Virtuaj('ly 2ll the
numerical methods that haye been _emp'loyed in connection with
the BIE method are based on .the discretization of the
Eo.unda,rvy‘ For instance, in two—,qimenéfona’l probiems,the
plane curve b’ounda.ry- is &i‘vi_ded into a finite number of line
segments., On each- segment, the unknown boundary functions
are approximated by- polynomials, of a desired degree, in
terms of their values at a fini‘fe number of points. The line .
segment s also approximated .by a simple curve (straight
Iine: parabblic arc etc.) and the required integrations are
carried out on each boundary segment. Sp‘_ecial care is taken'
for the evaluation of the improper integrals occurring at
the segments which‘include a éoint where the Kernels of the
integrals are singular. With this approach, the boundary
integral equations are reduced to 2 system of simultaneous
Tinear algebraic equations whose solution gives the .values
of the unknown boundary functions at a fi‘m'te number of
points on the boundary. These values are used in evaluating
the integral representation ‘of the field function by
numerical integration. Id th.ree dimensional problems, the
boundary is a surface and,thus,it is divided 1into surface
elements. A procedure ana]og‘ous to that employed in two-
dimensional problems is appli_ed to convert the integral
equation to simultaneous algebraic equations for the boundary
values of the unknown boundﬁry functions.

The simplest boundary value problems to be attacked
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by the BIE method, using a numerical technique to soive the
singular boundary integral equations,_were those whose fielq
functions safisfying the taplace or Poisson equations. In 1963
Jaswon and Ponter [21] applied a numerical technique to solve
the boundary integral equation for the classical t;rsion
problem of Saint Venant formulated in terms of the warping
"function as a Neumann boundary value problem for the Laplace
equation. Thé}_obtained numerical results for prismatic bars
having a variety of Eross sections, such as, solid and hollow
ellipses, rectangles, equilateral triangles and circles with
. curved notches. Moreover, they discussed the effectiveness.of
‘thg BIE method. Mende]son [22] solved the samé problem as a
Dirichlet boundary value probiem in terms of the stress
function. He obtained numerical results for prismatic bars
with rectangular cross sectiuﬁs. Mendelson [22,23,24,25] also
treated the problem of the elastoplastic torsion of prismatic
bars as a Dirichlet bouhdary value préb]em for the Poisson
equafion, in terms of the Prandl's stress fuqctinn.
Symm [26] solved the problem of conformally mapping
a given simply connected domain with arbitrat'l;y boundary
in the complex z-plane, onto the unit circle |w(z}|=1, in
the complex w-plane. The mapping function w(z) was determined
‘from a Diri§h1et.prob1em for the Laplace equation uéing the
BIE method. o
Christiansen [27] gives a ' complete collection of integral

equations for solving the Saint Venant torsion problem.
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Jaswon [11] presented a brief analytical study of the
existence of the solution of the Fredhoim integral equations
which appear in the formulation (by the BIE method) of
problems in potential theory andAin the theory of elasticity.
Moreover, Symm [28] presented and tested a number of .
techniques for §p1ving numerically singular integral equations
which appear in the formulation by the BIE method of two
dimensional p'roblems in pate_ntial theory. .

The BIE method, with numerical integration of the

: boundary infegra] equations, has been applied for the
numerical solution of the boundary value problems in two-
dimensional elasticity by Rizzo [29] . He formu]a_ted the two
dimensional ‘cou‘nterpart of»eq‘uation‘s (H.30) and (H.34) using
the singular solution for the two-dimensional Nayier equations
of equA'i_librium. That is,

- ar
UygmByghn M— o _ (H.53)

and the Eorresponding traction tensor

Tij (znr)[ka .-4p ax‘ g; [ax (&nr)ns- f(j('l;nr)ni]‘.

(H.54)

where .

M=-(a+u)/ (A+3u)
“k=2u/ (a+3u)
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He obtained numerical results for certéin simple puundaries
and compared them with their analytic solution. Cruse [§]
extended Rizzo's work to three diﬁensiona] problems by

s&]ving numerically the singular bouhdary integral equations
(H.34) -and by estdb1ishiﬁg the displacement field by numerical
evaiuation of equation (H.30). He obtained numerical results
for a number of relatively complicated p}ob1ems. Dubois and
Lachat [30]_employéd the BIE mefhud for thie solution of
elaﬁtustatic problems. They solved equations (H.34) numeri-
cally and obtained numerical results for a number of two
dimensiona) problems. Moreover, they showed that the results
ﬁbtained by the BIE method were %n excellent agreementbwith
those obtained by ﬁsfng the fE (finite element) method ‘as well
as the analytical solution, and they ‘discussed the advantages
of the BIE method over the FE method. RizZo and Shippy [31]
extended the BIE method to two-dimensional anisotroﬁic
elasticity using the singular solution of the Navier equations
for the two-dimensional anisotropic elastic body presented

by A.E. Green [32). They obtained equatiuns-ana1ugues to
(H.30) and (H.34). Moreover, they indicated numerical
techniques for the solution of the resulting boundary

singular integral equations and analysed seyeral problems for
illustration. Vogel and Rizzo [33] constructed the singul;r
solution of the Navier equations for the three?dimensiona1
anisotropic elastic body and extended the BIE method to

fhree dimensional anisotropic elasticity by obtaining

equations analogous to (H.30)(Somigliana‘’s) and (H.34). They
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also discussed'techniﬁues for solving numerically the
resulting boundary integral eqﬁations. Cruse and Rizzo [34]
and Crose [35] émployed,the BIE method to solve the transient
elastodynamic probfem, by taking the Laplace transform of the
Navier equations of motion " and,thus,converting them from
hyperbolic to elliptic. Subsequently, they solved them by

the BIE method in the transform space. Their results are
{nverted by a ﬁumerical<technique; Nuhericaj results were
presented fﬁr the half-plane subjected to a uniform Toading
extended on-a finite portion of the free boundary.

Ignaczak and Nowapki [36] obtained ihtegra] representation
for the disp]acemept and temperature.fields in three
dimensional; simply-connected bodies. Moreover, they
formulated the necessary singular boundary integral equations
for time harmonic, thermoelastic problems.

In many of the aforementioned.references, the problem
is formulated in terms of quantities (the components of dis-
placement) which haye physical meaning. In these cases, the
BIE methods are referred t; as direct. In other references,
thé proEIemS are formulated in terms of unknown but familiar
functions, such as, the stress functior from which the
components of stress are then determined by simple
differentiapion. In these cases, the BIE methods are referred
to assemidirect. Finally, some problems have been formulated
in termsvbf unknown density functions which have no physical
sfgnificance. However, once these density functions are

determined, the components of displacement and stress can be
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computed directly. In thgse casgs; the BIE methods are

referred to as indirect. A lucid presentation of this

classification of the BIE methods is given-Sy Medelson jo.
Another family of boundary value problems iﬁyolving the

biharmonic equation

vru=f(P) (K.55)
" where . N . . )
gee By B B (H.56)

ax* x2ey? ey
such as, two dimensional elasticity problems formulated in
terms of Airy®s stress function and problems of bending of
thin plates have been soived by the BIE method. The integral
representation of the biharmonic function is based on the
Rayleigh-Green identity:-[37],[38] Bee also reiation(l-2~3)]
JJ (vV“u-uV“v)dc-J (v 5 Vzu- %! v3u-u %—V’v+ u Vzv)ds
R
(H.57)

where u= (x,y) and v=v(x,y)} are any two functions defined in
the two.dimensional region R,buunded_hy'the curve C which are
four times continuousiy differentiable in R, and three times
continuously differentiable on c.

If the function v is chosen as a s1ngular, partlcular

solution of the equation

v*u=5(Q-P) o (H.58)
that is,

P S o
V= g Tienr (H.59)



where r=|P-D] is the distance between any two points P and Q
of the plane, and u satisfies equation (H.55), tﬁen equation
(H. 57) yields the following integral reuresentat1on of the

solution of equatIon {H.55)

L u(P)= JJ fvdc-J (v—— Vzu- g" VZu-u %ﬁ Viv ﬂv‘v)ds (H.60)

where v=v(P,q) with PeR and qeC. )

In a well-posed boundary value proh]gm iﬁvulving the
biharmonic equation, two conditions must be specified on the
boundary. For instance, wﬁen u represents the Airy stress
function, for the second boundary value problem of plane
elasticity, u and its normal derivative g%-must be specified

" on the boundary C.‘Thus, two boundary integral equations must
be formulated. One of them is derived from equatioﬁ (H.60)
by IEttjng point PeR approach a point peC, In taking th{s
i{mit,_thé term of the line integral involving %ﬁ(vzv) behaves
like a double Tayer potential exhibiting a jump equal %u(p).
Thus, the fo]]bwing singular boundary integral equation is

obtained .

3 u(p)=” fvdo-J v Lvtu- B vru-u Lo wrve B pry)as
R c . ,

(H.61)
. where-vsvy(p,q) with p,qeC.

" The second boundary integral equation used in problems
involving the biharmonic operator depends cn the boundary

conditions. A systematic derivation of the second boundary

37
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integral equation which can he-adoptéd for all kinds of
boundary conditfons is given in reference [39]:

The integrail representation (H.60) has been employed to
solve a variety of two-dimenstonal-elastostatic and elasto-
plastic probiems. Christiansen and Hansen [40] determined the

' components of streés n an elastic sheet with one or more
unloaded holes. Rzasnicki [41] estaﬁ]ished the stress
ﬁjstribution in an elastop]aétﬁc b]ate_uith a V-notéﬁ
subjected to bending; Rzasnicki,Mendelson and Albers_[lz]
established the stress distribution in a plane elastic beam
with a V-notch. For these problems, u(P) is the A{ry4 stress
function. The integral represeﬁtétion-(ﬂ.§1) has also been used
to .establish the deflection of .the midd1é‘surface of thin
elastic plates subjected to transverse loading by the &irect
BIE method. For instance, Segedin and Brickell 43 considered
corner-shaped p]atés. They obtained numerical results and
compared them with tfiose ebtained from.the finite difference

"method. Maiti and Chakrabarty [44] considered simply supported,
polygonal plates and pre;ented numerical results for square,
trianguiar, rﬁombic, and.hexggonal.plates. In the
aforementioned cases, only straight boundaries and certain
Soundary conditions were considered- Bezine [45] and Bezine
and Gamby ﬁe] considered plates with polygonal boundaries
with arbitrary boundary,conﬁitions..They obtained numerical
results for square plates with various edge conditions and
compared the result with those .obtained by the FE method

or from existing analytical solutions.
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The representation of 2 biharmonic function in terms of
two harmonic functions has also been employed in solving two-
dimensfonal, elasticity probiems ﬂ1,47,48,49,50] and thin
elastic plate problems [51,52] by the BIE method. In this

approach, the biharmonic function can be expressed as

u(P)=rio+y (H.62)

where w=o(x;y) and W(x,y) are harmonic functions which, as
discussed previously, can be represented as single layer

potentiais. Thus, we can write

o(P)= Icu_(q)lnrdsq
(H.63).
w(P)=Icc(q)znrdsq

where u{q] and o{q) are two unknown simple boundary
distributions. Introduction of equations (H.63) into (H.62)

yields

u(PQ=r‘qu(q)znrdsq+JC0(q)L'nrdsq - (H.64)

This integral representation of the biharmonic function may
Se employed to.establish the boundary intggral‘equatiﬁns for
boundary value problems inyolving the homogeneous biharmonic
equatiocn, For boundary value problems 1nvolving 2 non
homogenous, biharmonic Equaf?on, as in the-case of bending of

thin plates, a particular soiution of this(equation must be
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established.
Another differential equation which has been treated

by the BIE method is that ¢f Helmholz
v2u+ku=0  (H.65)

Notice, that in case of‘hafménit waves; the wave equation is
reduced to the above. Equation (H.65) is an elliptic partial
differential equation and; thus, Tts solution can be
esgablished by.us{ng the BIE method. The Green identity for
the Helmholz operator i; easily obtained from equatioh (H.2)

as
”JR[u(V‘v+R3v}=v(V‘u+,kzd)] dVa“s('ug—: ~v3as o (H.66)

From this identity, the integral representation for the
solution of équatipn (H.,65) may be thdined by taking v as

a particular singuiar solution of eﬁuation

v2v+k2v=6(Q-P) (H.67)

For the three dimensional problems, a particular singular
solution of (H.67) is

.e-lkr.

ves (H.68)

4nr

where r=|Pin is the distance between any two points P and Q.

Using relation (H.65] and "(H.67), equation (H.66) reduces to
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L[ 2u-
u(P)=- 4“”5@ Wies  (n.69)
Letting P+peS in (H.69) and taking'intn account that the first
term in the integral has a discontinuity equal to -2nu(p), as
P approaches p on the boundary S,' the following boundary

singular fntegral equation is obtained

' 1 3 e Tkr otikr H.7
b b B e 00

where r=[p-q{, p, geS. Equation (H.69) is known as Helmholz's
integral equation [53,54].

For two:dimensional p‘rob]ems; the pa‘rtic_ular singuiar
.solution of (H.67} can be expréssed in terms of the zero
‘order Bessel function of the second kind Vo(kr) or the zero

order Hankel function of the first kind Hgl)(kr), i.e.

v= 3 ¥g(kr) (a)
or o ()
v= 1 v (k) (b)

Thus, the following two integral représentations for the
solution ofequatiun (H.65) are obtained

w(pyz 1 3 au '

u(P)= 7 Jc[u am Yo(kr)-Yo(kr)sﬁﬂds (a)

(H,72)
u(p)= ,Hc[ug—n K ) -n{ (er)3as (v)
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Letting P—peC 1in equdtions {H.72), and taking into account
that the first term in the intégral has a discontinuity
-equal to 2u(p) as P approches p, on the boundary C, the

following boundary integral equations are obtained

aid 'Jc[" Ty (key-v ter}3¥as . (a)
or : (H.73)
W)y J‘-c[u & Hgl)(kr)-ugl_)(kr)g—;]ds (v)

where r=|p-q{, p,qeC. Equation (H.73b) is referred to as the.
Weber integral equation [53,54].

Equations (H.70) are used for the three-dimensional
problem, and equations (H.73)-for the two-dihensipna] problem to
establish the boundary values of u for the Neumann problem or
of 24 for the Dirichlet problem . The solution of the-Helmholz
equation (H.65) is then evaluated from equations (H.69)
and (#.72). : . . e

For the two-dimensional problem, the solution of equation
(H.65) also has béen represented in a fPrm analogous to
(H.37), fhatiis, as a single layer (Bessel) potential of an

unknown boundary dénsity o{q)

u(p)= 'cc(qlvo(kr)dsq (H.74)‘

where r=]P-q|, PeR and qeC. Inasmuch as the function Yo (kr)
satisfies equation (H.65), the function given by (H.74) is .
also a solution of the same equation. The function o{q) is

established from the boundary data by solving the boundary
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integral equation obtained from (H.74) when P=peC.
For ‘time harmonic vibrations,the solution of the wave

: 52
equatfon [v2U- lzﬂ =0] has the form
¢ at? B .

U=u(x1,xz,x3)e'imt - (H.75)

Thus, the wave equation reduces to Helmholz®s equation
VPuk?us0, . k?=e?/c? (H.76)

A‘ number of ﬁrob_]ems of harmonic steady state vibrations
in acoustic and elastic med:i,a_ haye been solved using the EIE
méthod with numerical s,olutio.n of the inteb_gral equations. For
instance, the diffraction by arbritrary shaped irclusions of
harmonic elastic waves traveliﬁ'g in-and infinite medium [55],
the determination of the natural frequencies ard mode shapes
of vibrating membraneslb [46] and the interaction of waves
traveling im an acoust'ic'medium'ﬁth an é]astic obstacle.

Fi’nal'ly,"in references [25,46] and [56], the BIE method
has been applied to a variety of fields including electro-
statics, potential fluid f]ow», heat conduction, fracture
mechanics, rock mechanics, and transient phenomena. In all
these problems, tfie differential equation is either Laplace's,
Navier's, Helmholz's ‘or biharmonic. .

The BIE method constitutes a powerfull tool in solving
prablems in continuum mechanics ipvdlving elliptic equations.
In many case‘s,“its computatinna.l effictency surpasses that of
otl;ei‘. numerical methods, such as, finite differences or

finite elements. In the BIE method, the discretization is
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restricted only to the boundary of the region. Thus, the
dimension of the problem is diminished by one and,consequently,
the number of required unknowns is considerable smaller.
This can save substantial computer time. The amount of data
necessary for the BIE method. is comparably Jess than.that
required for finite elements. Thus, in the BIE method, the
work in the preparation of the data is considerably small
and the possibility of error is diminfshed. The method is
well suited to solve problems with an ‘infinite domain where
the other numerical methods. fail. The BIE method can also
be employed for continuum‘pfoblems with high stress gradients.
In the present thesis, the efficiency of the method is shown

. in the numerical-evaluation of the modified singular solutions
{influence fields) due to sources of higher order singularity
(concentrated moments and generalized Toads). Another advantage
of the BIE ‘method is ghat’the field quantity in the interior
is compute& where and when it is needed, and not at prescribed
nodal points. Finally, since numerical differentiation is an
unstab]e'process,Athe derivatives of the field quantities
are obtained by diFect differentiation of the field quantity,
without requiring numerical differantiation - a source of
error.

Fro@ the ‘historical review of the development of the BIE
method presented in this Séction, it is apparent that probiems
.govgrnéd by the following differential equations have been
treated ;-

a) The Lamplace equation



b) The Navier equations of equilibrium for isotropic
and anisotropic elastic body
c) The bihérmonic.equation
d} The He]mﬁolz equation
In this investigation,the integral representation and the
singular boundary integral equation for the8IE method are
established for.the paq;ja] differential equation of the fourth

order in two dimensions in the form
Piwkiw=f {H.77} -

where the functions w and f are defined in a two-dimensional

region R, boun&ed by a curve C, of arbitrary shape.
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‘the BIE method .

2. The essence o

In thi§ section, the BIE ﬁethod will be described for
‘fields satisfying elliptic partial differential equations.
For a more concrete présentation, we will specialize our
discussion to problems involving fields satisfying the
Laplace equation. ' ’

Let the function u(P), P (x,y,z)cR having cont1nuous
m-derivatives in R, satisfy the differential equation of m
order

Lu(P)=F(P) - p:(x,y,2)eR (£.1)
rorn(®)

where L is an elliptic differential operator of the form

m 4ak'
L= A P)——— E.2
kzq p+q§r=k.Pq'( )axpayqaz' €.2)

The coefficients A (P) are defined in R. Moreover, the

par
function u(P) satisfies appropriate boundary conditions on the

bouncary C of the.régjon_Ru
We can obtain an integral representation of the solution

of the differential equation (E1) as follows.

(%) The summation I is extended to all possible terns
ptqir=k

with subscripts the xntegers Psq.r the sum of which mest

he equal to k. Thus,for k=0 we have only ome term AOOO’

for k=1 we bave three terms AJOD'ADIO’Aool
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Consider the following expression

j”kv(mu(?)dvp €.

where dVp is the volume element at the point P and ¥(P) has
continuous m-derivatives in R. Intregrating expression (E.3)
by parts m times all the derivatives of u are removed from

the integrépd and we obtain an identity of. the type [57]
”JR [V(P)LU(P)-u(P)[V(P):Vldvpéﬂcﬂ(li‘,vv)ds (.4)

where L is the so-called adjoint differential operator to L

and can be written'in the form

- m . k
B3NS § g [P ] (E5)
=0 p*q+r=k 3x"3y az
The quantity M(u,v) in relation (E;4) is a-bilinear "
differential expression. That is, it'ié lipear and homogeneous
in w and v N whi1é its derivatives are of order <m-1. The
total order éf derivatives in u and v occuring in each terms
of M{u,v) is, at most, m-1. Notice, that for a given elliptic
‘different%a] equation, the M(u,v),can be established. Formula,
{E.4) is knowﬁ as Green's identity for the operaéor L.

_ The function v is chosen to be the fdn&ameﬁtai solution
of the adjoint differential equation, that is, a éingular

particular solution of the equation
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(Q,P)=6(Q-P) P.QeR (£.6)

yhe;e 8(Q-P) is the Dirac &-function.

The fuﬁctfon v(Q;P) is a two-~point function which becomes
singular when point d coincides with point P. The
differentiation in equation (E.6) is with respect to point
Q , retaining point P constant.

If we consider the Green identity (E.4) for the field
‘point Q and ‘substitute equations (E.1J and (E.6) in it,we

obtain
I”RV(P,Q)f(‘Q)dVbo-”JRu-(Q)s(Q-I;)dVQ=”cM(u,v)ds (E.7)

from which.we obtain
u(P-)=mRv_(P.o)f(fl.)_dvo-”Cr{l(u.vlds (£.8)

Thus,we have obtained an imtggrai representation of the
solution of the differential equation (E.1). The volume
integral in equation (E.8) is a known quantity, while the
function u and its derivatives in thé boundary terms of
M{u,v) are not all known. In a well-posed boundary value
problem the number of the unkpown boundary quantities is

eqoal to the number of the boundary conditions. A system
of simultaneous boundary integral equations is obtained by

Tetting ‘the field point approach the boundary C in the

ihﬁegra] representation (E.8) of the field quantity and/or
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in integral representations of the derivatives of the field

quantity. The unknown boundary ouantities can then be evaluated

by solving the above mentioned system usually numerically.These

boundary integral equations, having as kernels the singular

soldtion_ v and_its derivatives, are singular.

On the basis of the aforegoing,it is apparent that in

- order to solve a boundary value probiem by using the BIE

method, the

-

i)

iil

iv)

v)

following steps must be adhered to :’

Establish the.Green identity for the given 1ineaf
elliptic operator.

Establish the fund_a'menta]:so'lution of the adjoint
differentia] equation,'

From the first two steps obtain the integral
representation of the solution.

From the integral represent&tion of the solution,
establish the necessary boundary integral equations
for the determination of the unknown boundary
quantities by using the specified boundary
conditions. - .

Solye numeficai]y tﬁe'resulting simultaneous
singular boundary integral equations. That is,
establish the unknown boundary quantities from the

given,

~1) Using the gﬁyen and computed boundary quantities,

obtained in step y evaluate the solution by

integratfpg'numenibq]]y its inte§r31 representation,
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In order to-make the basic idea of the BIE method more -

concrete,we wi]] deonstrate how it is-app]itd'po two-
dimensional boundary value problems for which the governing
differential equaiion involves Laplace’s operator i.e.

‘ Laplaﬁe“s eqﬁation and Poisson®s equatior. -

We begin with Poisson's equation

Pule)=f(P)  PilxyleR | (£.9)

where the Laplace operator 9% in two dimensions is defined as
(.10)

" The Laplace equation will result as a particu]aF case of the
Poisson’s equatioﬁ with f(P)=0. In general,we wish to find a
solution u(p)} of the Poissop equation {E.9) in a given
region R of the two dimensional space which,on the boundary

Csmust- satisfy one of .the following conditions [58]
»a.) Dirichlet: u'=g(p). p:(x,y)eC (E.li)
- b) ‘Neumann: %% =h(p), p:(x,y)eC (E.12)
where h(p)Asatisfies the combatibility .
condition }ch(p)ds=o
<c1iMixgd: ’ u=g(pl, ‘ peCy

€34C,=C . (E.13)
“Pu
In =h(p), peC,
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g(p) and h(p) are known functi_,qr!'s defined on the boundary C
and 9/3, denotes differentiation atong the outward normal to
C.

Conditions (E.:ll).to (E.13). are particular cases of the

more general condition
du _ . '
autp 3o =7(p) peC {E.14)

in whic.:h f,ﬁe functions a,B and y are all known on the boundary
C. -It can be shown,that for regions bounded by' suffienctly
smooth 'baun'daries »the solution of Poisson's equation subjected
to the condi‘t"ionl (E.14} exists.and it is unique for a fairly
wide class of functions a,B and y. : '

Following the previously mentioned steps.we employ the

well known Green identity [59]

S
”k(vvz_u-uvzv)do—Jc(v. a—: -u g—x)ds (E.15)

where u and 'vj have. continuous second order derivatives inside
the region R. We choose v as the fundamental solution of the
equa!:ion (E.9). That is, a particular singular solution of the
equation . L
v2y=6(Q-P} , (E.16)
where 6(Q-P)’ is the s-fun_ction with the .source point at P. A’

paFticu]ar singulpr'so'lution of equation (E.16) is [58]

v(P,Q)Q%E}.nr. (E.17)
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where

r=[Q-p| - . (£as)

is the distance between the points P and Q.
Introduction of equations (E.9),(E.11),{(E.12) and (E.17)

into equation {E.15) yields

RIGE 5 RMCIHCOUN ;—“jc[h(q)zn(P,q>-g(q)éu;',,:ﬁl]_dsq
' ' ' (£.19)

" where the subscripts Q or q.in do, ds and 3/3n indicate that
the integratioh or the diferrenti;tion has been done.with réspect
to point QeR, or point qeC, while point PeR is retained
cbnstant. Equation (E;19) expfesses an arbitrary solution
u(P};in an integral form containing the fundaﬁenta] solution
v=anr/2u, its normal deriyative and the functions g and h ’
appé;r in bofh boundary conditions (E.11) and (E.12). In a
well-posed boundary value problem involving Poissons equation,
‘only one of the functions g or h is specified. Thus,we must .
establish a way to find 9 or h when h or'g; respectively, is
specified on C. The required rela}ion which relates the
function h and g can be obtained by a limitfng process. Thus,
by 1etting poiht P in equation (E.19) approach some »
point p on the boundaiy C,and noting that the .double layer
poteutfz1 in the last integral in equatiunA(E.19)'exhibits

-a jump of magnitude g(p)/2 [59] as P tends to peﬂ,and that

w(p)=g(p), equation (E.19) yields
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'g‘(p)"”“m) “"(P’Q)dc’ - -J [h(q)enr(p,q)- g(q)m"r 1ds,
' , "q

(E.20)

" Equation (E.20) is a singular boundary integral equation from
which the boundary function h(q) or ga(q).can be determined. It~
is a combatibility condition which indicates that both functions
g and-h c;n not. be arbritra}i1y prescribed. Once this
equation s solved for the one unknown function, the ;olution
of equation (E.9) is given by (E.19). Obviously for f=0, .
equation (E. 20) yields the boundary integral equation for the
Lap]ace equatxon

" For a boundary C with arbitrary shape,an anaiytical
solution of.equation (E.20) is out of questiop. Thus, numerical
techniques have been developed to obtain the solution of this
equation, which is a singuiar,intggra] Fredhoim-typg.equa-
tion,either of the first or the second-kind,depeﬁdfng on the

_given Boundary data of the problem. Inasmuch as the integral
representation of the solution u(P) is a function of thé>field
point P, its dérivatives, when needed, can be evaluatéd by

direct analytical differentiation of equation (E.19).
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3. The plate on elastic foundation

Due to mathematical difficulties, analytical solutions for
only a few cases of loading of circular or rectangular plﬁtes
on elastic foundation are available in the llterature.

H. Hertz [60] (1884) established the bearing capaCIty of
a floating sheet,subjected to a concentrated force by treating
it as an infinite e]astiéfplﬁte of constant thiéyness,restiﬁg
on an elastic foundation. A. Fappl [61] (1922) has used
Hertz's solution to invéstigate the circular plate with free
boundary,resting on Winkler's elastic fnundation,subjected to
a central concentrated load. H: Happel [62] (1920)
investigated the problem of a rectanéu]ar plate resting on an
elastic foundation,subjected to a concentrated load by applying
Ritz's method. Westergaard [63].using Fourier.series,
investigated the infin{te long plate, the infinitely long
strip-and the-semi-infinite plate under a series of equidisiant
concentrated loads. F. Schleicher [64] (1926} gave the
general solution of the differential equation for the circular
plate on eIa;tic faundation under axisymmetric loading. He has
considered over forty different cases of loading and boundary

conditions and he has given ready to use formulae. Using sine

transform, Fletcher and Thorne [65] obtained the deflection

of rectangular plates, kubjecte& to a general transverse
loading when its deflections and moments ére prescribed at
two opposite edges of the plate, while at the other two

edges, the plate can have any given boundary conditions.The}



presented qumerica1 results for constant and strip load.
H. Reismann [66] obtained a general solution for a circular
or a ring-shaped plate,resting on an elastic foundaiion under

4'genera1 boundary conditions, subjected to arbitrary specified
transverse loading. Livesley [67], Kivoter [68] and Solecki
[6?,70] investigated the stress and the displaceméﬁt of semi-
infinite, quat}ant, and sectorial plates with various boundary
and loading conditions.. E. Reissner [71] analysed thin plates
on Winkler's foundation with various Eodﬁdary and loading
conditions. An extensive literature exists on ihq application
of the theary of_platés on elastic foﬁndatjon inAthe design
.of concrete pavements and airfield runways (see for example ref.
[72,73,74]). Approximate and ﬁumerica] methods havé been also

" used for solving plates on elastic foundation. Vin and Elgood
[751 employed the Raleigh-Ritz method to.g finite rectangular
plate with free edges on Kinkler's foundation. They‘oftainéd.
numerical results which were compared with those obtained
experimentally. Allen and Severn [76] solyed the same problem
using a relaxation method. Cﬁeung and Zienkiewitz [77]employed

* the finite element method to analyse plates on elastic .
foundation. They gave some numericq]>resu1ts for a square plate,
subjeéted to four concentrated loads and compared them.with

" those given in. [75]. .

In this thesis,the BIE method is developed for the

solution of the finite plate on‘aﬁ elastic foundat}on haying
a;bitrary shape and any boundary conditions. The .required

coupled,singu1ar boundary integral equaticn§ are established
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and numerical techniques for their solution are presented. ..
Moreover, a procedure is presented for obtaining the influence
fields of varinus-quantities such as deflections, bending a.nd
twisting moments and shearing forces. In this procedure, the
influence fields are obtained as deflection surfaces .
corresponding to appropriaté'ly chosen generalized forces.
Numerical results for various clamped and simply supported
plates,subjected to distributed or concentrated loads are also
presented. The results are in excellent agreement with those |
obtained from existing ana’lytic;’l solutions.

‘The thesis is ‘divided into three parts and includes a
chapter nf.conc’lusions and three appendices. Part I is di_vi&ed
into five sections. In Sgctinn I-1,the. problem for the plate
on e’l’astic foundation,having any boundary conditions,is stated

in its general form. The two-dimensional region occupied by )

_the plate,may be simply or multiply connected (i.e. it may

have holes).and its boundary may have corners. In Section I-2,

: two versions of &reen's identity for the differential self-

: adjoint operator considered [V“+k2'_] are established. In the

first version, the boundary terms do not have.‘direct physical
meaning, while in the second version they have physical )
significance. In Sectipn I-3, the derivation of the fundamental
solution is present.ed together with a systernatic‘procedure

for 'the'eya"luation of the arbitrary constant of the solution.
In Section I-4, the integral equations for plates, w;'th any
boimdary conditions are derived. Two integra]_rep‘res_entations
and two sets of boundary integral equations are given

l:orrespo_nd'ing to the two versions o_f the Green identity.
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.For the analysis of plates with clamped and simply supported
edges, the boundary integral eqqation§ resulting from the
first version of‘Green‘s identity are more suitable than those
resulting from the second version. Hewever, those
re;u]iing from the first version are not appropriate for the
analysis of plates with other boundary conditions. The integral
equations are formulated by a.limiting process in which the
field point is let to approach the bounaary. For éach'boundary
value problem,a pa%rvof boundary conditions are specified and,
consequenf1y,two boundary integral equations are requir?d: It
was easier to establish the first bqunﬁary integral equation
than the second. The latter was derived using a specially
devé1oped téchnique. The existence of the boundary integrals,
having singular kernels,is proven b} shbying that the boundary
ihtegra1s behave like single or double layer potentials. More-
over, the jump of the discontinuity of these integrals is
evaluated using a suitable procedure whenever their kernel
behaves like a Newtonian,dpub1e-1ayer potenfia1.

In Section I-5, an eTegqnt procedure based on the e
properties of the deriva%ives_of the &-function is presented
for the numerical eVaIuatfqn of the inf]uepce fields of’
various field quantities such as deflections, slopes, bending
and'twisting moments and shearing forces. The influence fields
are obtained as the def]éqtibn surfaces .due to‘approbriate]y
introduced generalized loads (multipoles),using a2 generalized
form of the reciprocal tﬁeorem. Thus, for a plate with giveﬁ

boundary conditions,the boundary integral equations differ



58

only in the non-homogeneous term. This term is eﬁa]uatéd in
closed.form. Results are presented: for generalized loads
generating the influence fields of the deflections, the
hendiﬁg and twisting moments and the shearing forces.

In Part Il,a proceduré for the numerical solution of the
coupled,singular boundary integraf equations for the clamped
3:and's{mp]y supported P]ate is deveéloped. This- Part isvdivided
into ten;seétions.>The'first‘five Sections}ﬁeg] with the
numerical solution for the clamped p]atg,and the Tast five
Sections with that for the_simp]y supporteq plate.

In §ection II-1,the boundary integral equafiuns esxablish;
ed in Part'I for the clamped p]ate,are approximated by a
system of simu];aneous linear algebraic equations by a ’
procéduré_wherein the unknown boundary‘quantities are assumed
to-vary according to a given law (step function assumption}.
In Section II-2,the coefficients of the unknowns o% the )
system of linear algebraic equations, derived in Section
I1I-1 in the-?orm of line integrals on the boundary elements,
are evaluated by numerical integration. Specia] techniques are
deveioped for the numerical integration of these line integrals
on the bounqary elements where the integrand is singular. In
Section II-3,the non-homogeneous terms of the integral
equations are eyaluated. They arevimproper,dbub]e integrals
on a two-dimensional }egion with arbitfgry shape. A proqeduré
i; deyeloped for the numerical evaluation of these integrals,

which can be used for the numerical evaluation of ény,doub]e
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'
improper integral'having.a logarithmic o} a Cauchy-type
singutarity. In Section 11-4,a numerical scheme for the
computation of the deflections is presented,while in Section
11-5 integral expressions for the numerical computations of
the stress resnltants areAderived. These expreﬁsions résult
from direct differentiation of the integral representation
for the deflection.

"The last five Sections of this Part are. devoted to the
numerical solution of. the singular boundary integra? equations
for the simply supported plate. Thus, in Section II-6 the
boundary integraI~equatjons,eséablished in Part I for the

"simply supported plate,are approximated by a_system of
simulteneous linear a]geb}aic equationé. The techniqué
developed in Seqtion I1I-1 is also applied here to this
approximation. In Section II-7,the cpeffic%ents of the
unknowns of the'sysfem of {inear_a]gebraic equations, which
were derived in Section II-G.in'tﬁe form of line integrals
on the boundiny elemeﬁfs, are evaluated by numerical
integratioﬁ. 5pecia1vteéhniques are developed for the elements
on which the integrand is singular. In Section II-8,the non
homogeneous terms of the integral equations are evaluated
using the techﬁique‘ develoﬁed in Section fI-3. In Section
11-9,2 numerical scheme for the ‘computation of tﬁe deflections
is presented,while in Sec;ionAII-lo tbe integral expressions
for the numerical evaluation of the stress resultants are

derived by direct differentiation of the integral
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representation of the deflection.

In Part IIl,numerical results Sre presented for c]ambed
and simply suﬁported circular -and rectapgular plates,as well
as for p]atesvwith Eqmposite geométry subjected to various
loading conditions. They have been obtained on a CDC/CYBER
171-8 computer. The computer programs have been written in
FDRTRAN language. The numeri;al‘resHIts are presented in terms

. of non-dimensional parameters. Moreoﬁer,the regulti for circular
and rectangular plates are compared with those obtained from
existiné analytical solutions,and are in excellent agreement
with them. The influence coefficienfs for the stress resultants
are also computed. The effectiveness of the BIE method is
éonfirmed.by the fact that,in most cases,accurate results are
obtained by subdividing the boundary'into less than 40 segments.
For small values-of the elastic constant of the subgrade, as
it was expected, the results differ negligibly from those of
plates not resting on an elastic foundation.

Part IIT is divided into five sections. Section III-1 is
introductory.  In Sectihns_III-Z and I1I-3,appropriate
dimensionless parametérs for cir&u]ar and rectangular plates,
respectively, are estaB]ished. In Sectiqn 1I1-4, the accuracy

" of the BIE method is discussed ard numerical results for
certain plates under various loadings are presented. Finally,
in Section IIl-5,tab]ésvof dimensionless deflections and
stress resultants of circular and rectangular plates are

presented.
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The ;hésis also contains a Chapter of Conclusions and-
three Appendicesl Appendix A is divided into two Sections. In
Section A-I.certain useful formulae in Cartesian coordinates
are derived.‘Thése formulae are employed in the differentiation
of'the kerneils of the integral equations and can be used in
the derivation of the boundary integral equations for any two-
dimensionq] differentia) operator. In Section A-II, some
relations are derived for differentiation with respect to
intring{c coordinates. In-Appendix B,the ;dditional ferﬁ_lc,
appearing in the integral representation of the solution when
the boundary has corners, is computed.

Fingl]y, in.Appendix C the numerical method, used for the
approximation of the Kelvin functions ker(x), kei(x) and their

first derivatives Ker'(x) and kei(x), is described.



PART I
THE BOUNDARY INTEGRAL EQUATIONS

I-1. Statement of ‘thie problem

Consider a thin glastic.plate,of thickness F,occupying a
two dimensional region R,bounded by a curve C,and resting on
a linear elastic foundation. The region R may be simply or
multiply connected, i.e. the plate may have holes, while the
boundary C may have 2 finite number of corners.

The deflection w(P) of the plate must satisfy the
following differential equatiﬁn at any point P,inside the
region R [73] . )

Lw= f%ﬂl (1-1.1)

where f(P)} is the distribution of the normal to the surface
of the plate external force per unit area; 0 is the flexural
rigidity [D=Eh3112(1-vf)] of the plate.

The operétor L is defined as
L=v*4x2 Co(1-1.2)

where v* is the biharmonic operator.defined as
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(1-1.3)

(1-1.4)

(o] - = X
‘Figll-l. Plate occupying the two-dimensional,

region R bounded by the curve é;

Moreover, the deflection w must satisfy the following

conditions on each of the r portions ¢ of the boundary
r

[e= 5 ¢t
i=1

af s afP ) v= ol ip)

. (i=1,2,...r} (1-1.5)

{02+ b{ D pm = ofVip)
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where p is a.point on the portion C(i) of the boundary C; the
functions ggi)(p) and ggi?(p) an@ ugi)(p),uéi)(p),bii)(p)’bgi)(p)
are specified on the portion C(i) of the boundary and depend

on the edge conditions of the b]ate. Thus, we have [37]

o{tla,  affleg, .b£i)=1, {0 (1-1.62)
if the portion C(i) of the bouﬁdary'is clamped”
afa, aflleg,  b{teo, bfi)a (1-1.68)
%f the pcrt?on C(i) of the boundary is simply supported
a{=0, affa1,. wfflw0, bf (1)
if the portion C(i) of the boupdary is free
' a.l(i)=~d, a%‘i)x':l, bl‘i)=1, b§1)=o - (1-1.64)

if the portion C(i) of the boundary is guided.
a}i),agi),bﬁi),bgi) can have any other given value or
be functions of p if the portion C(i) of the bounddry is elastically supported.
for plates having the same conditions on the entire
boundary ,the superscript i in equations (I-1.5) and (I-1.6)
will be ommitted.
The effecti;e shearing force vn and the-bending momeht
Mn,acting gn'the bﬁundary of the plate,are related to the

deflection w by the following relations [73]
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= 2.4 32w
¥,=-D[¥ wlv-1)273)

(1-1.7)

D[R y2y-(v-1)2(22¥
V=DVt (v-lgs e

where 3/3n and 3/3t denote differentiation along the outward
normal and the tangential d»irect'n‘on, respectively, and 3/3s
denotes differentiation with respect to the arc length of the
boundary. B ’

In the subsequent analysis,it will be more con\re'nient to
work with the arc Tength variable s,rather than t. Thus, t will
bg eliminated from relation (I-1.7). This can be done by using

the following relations',deri_ve-d i_n Appendix A

L) )

3s - 95
2% _ 37w w

at?  ps? * 3n (1-1-.8)

where K=K{s) is'the. curvature of the boundary. Using equations

(1.8}, equations (I-1.7) may be written as

H,=-D[v? u+(v-:)(° Y 4k 2]
(1-1.9)

- 3_2_';"' aw _aw
Vp=-D[G7%w-(v 1) Gean K550
It is apparent,that for' a straight line boundary [K{s)=0, tzs],
equations (I-1.9) take the form of (I-1.7).
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The Green identity for the d1fferenha'| operator of
‘the problem

tn this Sectien,Greents second formula for the plane is

converted into a form directly app’licab'lé to the problem at
fiand, '

Consider an.y two functions u and fi,which are two times
continuously differentiable inside the region R,and once on
the Eoundav‘y L: The region R may be multiply connected and
its boundary C may hay; a finite number of corners i.e. it
is piecewise smooth. It can be shown [59 ] that these functions
satisfy the following relation .

” (ﬁvzu-uvzi)dc=Jc(ug—: -ug—ﬁ) & “(1-2.1)

Chosing u=v2w and G=v relation (I-2.1) yields

“Ruvz(Vzw)dc-”R.Vzw.vzvdb=Jc[vg—nvzw-vzw-g%]ds (1-2.2a)
Choosing now u=w and i=v2v relation (I-2.1) gives

-Jj._vavzwdq-” wv’(.vzv)dc=J ey 3% wdovev)ds (1-2.2b)
R R c n
Addition of equations (I-2.2a) and (I—Z.ij yields
” (vo*w-wv'v)do- J [v—V?w- rV W w v’v v2vids
R

(1-2.3)
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By adding and substracting JJ k?wvdo in the Teft fand side of
R N

equation (I-2.3) we get
}J [va-va]dc=J [v——v’w- :Vzw-w%EV*v+%¥Vzv]ds T (1-2.8)
R . -

Equation (I-2.4) holds for any two functions,w and v.which have
continuous fourth derivatives in R,and continuon; third
derivatives on C. ) B

The integral in the right hand side 'u‘f equatfon (I-2.4)
contains the quantities w, a In* V2w, and 2 (V’w) When the
function w represents the def]ect1nn of the middle surface of
the plate, g% is its slope. The other two quaﬁti;ies-have a
direct physical meaning only in.spetia] cases. For exampie,
when the edge of the plate is clamped (w=0, -0), the

!
condition w=0 implies that ——: =0. Thus, equat1ons (1-1.9)
s . :

-reduce to
=-py2
Mn DV*w
(1-2.5)
—.p &_y2
Vn— D _anv W

that is, the quantities V2w and %F(V’w) express .the bending
-moment and the reacting force at the boundary, respectively,
multip]ied by -1/D.

) As it will be seen Tater, for the- deravation of the
boundary integral equations,it is conyenient to convert the
boundary integral in equation (I-2.4) to an equivalent one

containing quantities havin§ a direct physical meaning. for
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this purpose. we may write
D o 2 s
Vgm V2w= v[ 72w~ (n- 1) anat)]+(" 1)v3S anat) =vVw+

+- g (anat)

Wy w———[v’w*'(v-l)azw]*'(v 1)3" e —Hw+(v— )ax 22w

T an at‘ .
Z
g—‘,“' viy= 2[p2 v+(v—1)3—"] (v-1)2% -——"- 2 - t- 1)3—ﬂ
TR v=-w TRy - (v l)as(anat)] -(v-1wig (anat)""‘v"'
H
~bv-wgg anat)
where the operators # and Vv are defined as
o2 1432 2 Rl _
H=V24(v-1)5— =924 (v- 1)( LT
at? R
Ty 2 V:_(;,_l)a_(L)s.a_ V2o (v-1)2 (2 )
an V-5 enat’ Bn ¢ VT gs‘asan Kas
{1-2.8) .

By adding relations (I-2.7] and integrating over the boundary

‘we obtain
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JI: [v-g—n-vzw- HV w- wg—v vi —Viv]ds J [vvw-wvv- -—MH+

kL Nv]'dsﬂc
where (1-2.9)
‘E=("'1)J [ (anat —‘m g—;% - %’ﬁ‘;t‘,’]ds

V’UsingA intrinsinc coordinates (relations (A-67) and (A-69) in
Appendix A),boundary integral Ic may be rewritten as '
v

= 3_!_ LAY i___ EAA 37W g Ouy
IC'("'_”J [v— asan K )" asan K 2l 352 +K n)

f .
= (-1 J v “(m -v—(ng) wa 353:1) (Kg—:ll)
2

. 2 : (1-2.10)
v 37w _ w3 v]ds

z‘rng»

InEegrating by parts certain terms in the above relation,for

a houndary with N corners whose coordinates are s. (i=1,2,...N),
we obtain (see Appendix B)

v o .
) 3 AW 3w 3
I =-‘v71)i§1[yTw-wTv+ -ﬁ - 5% el ds A (1-2-11)

where |[.§.Mi denotes the Jump of the function at the point
S5 due ';:o the discontinuity of the slope of the boundary of

this point. The operator T is defined in Appendix B. It is



apparent .that for smoath boundaries
I.=0 (1-2.12)
Using relation (I-2.9) equation (I-2.4) may be written

as

Jfﬁ(va-va)dc-ngVw wiv %n Mw+ a"ﬂv]ds+§c (1 ?.13)

This form of Green's second formula will be directly

applied in deriving the formulas used in thé BIE method.

1-3. The fundamental solution of the problem

Inasmuch as the operaior L is self-adjoint, the
fundamental solution of the problem is a singular particular

solution of the following equation
Lv =5(P-0)/0 (1-31)

where &(P-Q) is the D}rac delta function; P:(x,y) is the
field point and Q:(E,n) is the source point. The solution.
v=v(P,Q) of eduation (1-3.1) is a two-point function.
Physica]ly? it is the def]eétion surface of an infinite p]até
on elastic foundation loaded by a concéntrated unit 1oaq_at
point Q. The solution will be axisymmetric with respect to

point Q, that is,it will depend only on the radial-distance
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r=|P-Q]. Thus.the Laplace operator in polar coordinates with
point ¢ as its ofigin ,is independent of  the angular-coordinate, -
that is

.4

g4y (1-3.2)
"

o
EIC
2[“‘

In order to solve equation (1-3.1),we start with its
corresponding homogeneous equation, which is-valid for aTll
points P of the plane except P=Q. Thus, we have

2
e+ B gt 3.9

introducing the dimensionless independept variable

p=r/ 2
where . i - (1-3.4)
: %= /7% = VBT
equation (I-3.3) beéomes
1d,.dv?
(— ET)(_*Edp)*" 0 -(1-3.5)
‘moreover, introducing the variable
xofi .,  i=/T (1-3.6)

“into equation (I-3.5),we obtain

V'y-v=0 (1-3.7)
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‘where

g2a 82
vAdx’ '

=
n.ln.
I3

is the Lab'lace operator with respect to the x coordinate.
Equation {I-3.7) can be written in the following two
ways [54]'

v2(v2viv)-(viviv)=0
. (1-3.8)

V2 (v3v-v)#(Viv-v)=0
Thus, the defJection equation (I-3.7} is satisfied by the

solution of the Bessel equations

V2y+v=0 (1-3.9)
and .

V2y-v=0 . (1-3.10)
Equation (I-3.10) can be transformed into the equation (I-3.9)
l:;y changing the variable from x to xi.
- _The two linearly independenvt solutions of equation
(1-3.9) are 10(0/17)' and Ko(oﬁ),whi'le those of {1-3.10) are
Io(i/T) and Ko(pifi'). The functions.I and K  are the Bessel
functions of the first apd second kind, respectivel_y.

Hence,the general solutign of equation (I-3.3) is

y;él10(pﬁ)+5210(pi/T)+B3K0(o/§)+B4K°(p1‘JT) (1-3.11)
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Inasnuch as p is a real variable,all functions in equation
(I-3.11) are complex: Consequently,the arbitrary. constants B],
52,53 and By are also cemplex. In order to express v in terms
of real functions and constants,the Bessel functions I, and Kg
are expressed as
" 15{p/ET)=ber (p)xibet(p)
. . - (1-3.12)
Ko(p/ET)aker(p)iikei(pl

ber(p), bei{p), ker(p), and kei(p) are referred to as-the
Kelvin functions of zero order.
Substituting equétions (I-3.12) into solution {I-3.11),

we obtain

v=Clber(p)+CZbei(p)+c3kei(p)+c4ker(p) (I-3.13)

whére cl,cz,cs and c4 are arbitraiy real constants. The )
solution (I-3.13) must be finite -and must van{sh at infinity.
Thus,any of the constants pl,cz,c3 or 04,mu]tip1ying a Kelvin
function which is not finite for any value of its argument,
must be- set equal to zero. For small values of their argument,
the functions ber(p}, bei(p), ker(p), and kei(p] can be

expanded into the following series [78]

ber(p)=1-64(p/8)*+113.7777774(p/8)?-32.36345652(p/8)*2+.,.

" (1-3.14a)
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bei(p)=16(p/8)%-113.7777774(p78)5+72.81777742(p(8)* -. ..

) (1-3.14b)
ker{pj=-tn(p/2)ber(p)+ Joei (o)~ 57721566-59.05819744 (p/8]“+. ...
(1-3.14c)

kei(p)=-£n(p/2)bei (o)~ Fher(p)+6.76454936(p/8)%~

-142.91827687(p/8) +. .. (1-3.14d)

For large values of ‘their argument.the functions ber(p),bei(p),

ker(p), and kei{p) can be approximated by [73]

/2
“ber(p)- e cos(p//2-n/8) . (I-3.15a)
olVZ : )
bei(p). < sin(o/Y2-n/8) (1-3.15b)
o i . {
™ /2'
ker(p). & ad cos(p//Z-n/8) (1-3.15¢)
/2ol _ . C
kei(or. S22 Gintorvmmrs) (1-3.154)

eo/m

. Thus, the fynctions ber(p) and-bei{p) become infinitely large
for monotonically large values of p,while the function ker(p)
becomes infinitely large for p equéj to zero. Consequently,the
t:oeff'i‘t:'ients-(2.1,Cz,vll4 must va;lish and the solution {I-3.13)

reduces. to
v='C3kei(p) (1-3.16)
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The function kei{p) is finit; and vanishes at infinity. The
.constant C3 can be evaluated by noting”that.the resultant of
the shearing fot;es ﬂisfriby;gd on the ci(cumference_of a very
small circular element of the_p1a€e with ceﬁter at p=0, must
approach unify as the radius of the circle tends to zero.
However,we will follow a more systematic procedure for the
evaluation of the constant C3, uhich:gan‘a]so be applied
to-problems wherein the physical meaning of delta function
is not evident.

Integrating both sides of equétion (I-3.1) over an

arbitrary region Q,with boundary 3Q,we obtain-

iJ'Jn(v'-vvuzv)du‘:”n?ig;Ql do=1/D o e3an

" Application of the Green identity (1-2.4) to the functions v
and w=1 and use of relation (I-3.17) yields

” (V‘v+=2v)dc=J giv’vdsﬂlb J(1-3.18)
Q £l
As shown in appendix A, from relation (I-3.16) we obtain

. I .
%iﬂzv= Zker (p)coso (1-3.19)
22 . .
s
where, as shown in Fig.I-2, o=(r,n).

Substitution of relation (I-3.19) into {I-3.18) yields
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J ker’{p)cospds=1/D (1-3.20)
n :

If we choose for @.,a small circle with center at o=0 and

radius r;, then =0 and relation (I-3.20) reduces to

; .
/0= l—fj ket (o )rgdo= —ker (plog2n  (1-3.21)

In obt&ining the aboye result we. have tal;en_into account that
for small values of p,the function ker'(o) behaves 1ike -1/p
[see equatwn (1-4.12]] and,consequent‘lynt does not change
on tke circumference 30.

If the radius ro of the circle tends to zero,we have

E’impoker ‘ (p°)=-_1 .
Po*0

Hencé ,equation (I-3.21) gives,

Thus ,the fundamental solution of the differential equation
(1-3.1) is
y{P, Q)=- ker(p) ) (1-3.22)

Notice that the value of y(P,Q) does not change if the points
P and Q are interchanged. Thus, it is a symmetric fnnctmn. This
implies that the function v(P,Q) a'lso represents the def'lectmn
of the plate at the point O,due. to a concentrated unit Joad

at the point P.



I-4. The boundary integral equations

The integra].represéntatinn of the deflection function w
can now be obtained easi]y; We will find two integral
representations*'One from the identity (I-2.4) and another
from the identity (I1-2.13).

Let us consider the functions w(Q) and J(Q,P),satisfying

the following differential equations

Lw=‘ﬂuﬂ)_ - (1-4.1)
Lv=é(q_p)/u ) (1;4.2‘)
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Substituting the functions w and v into identities (1-2.4)

and (1-2.13),we get
QN IRERHOR RS @M v (A
S (v —;’iﬂlv=v(q,v)1as
"q q g
(1-4.3) ~
w(P)=”RV(Q,P)f(O)doQ-DJC [¥(9,P)¥n(a) -w(a)¥v (a,P)
B T v(q,P)nw(q)ﬁ—;’é,-‘:lmgq,v)]dsq-urc(m)

(1-4.4)

Notice,that in the above re1ations;points inside the region R

are denoted by capital (Q of P),while points on the bodndary

[4 aré denotéd by small letters (q or p). The subscript of the

surface element do.and of the arc element ds.denotes the point
. which varies during integrations. Alsd.sg— indicates. that the

normal derivative is taken at the point q.

Except where they are required for clarification, the

"arguments of the functions and the indices in equations (I-4.3)

and (1-4.4) will be ummTttedl Rence, tfiese equa;ions caﬁ be

written as

' = - 8 o2, 3 o2, 3Vo2 W2
w(P) “ vfdo- DJC(v S "anv V- SRV iut .n,v v)d§

(1-4.5)
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w(P)=JJvadoBJc (v¥w-w¥v- Py + My jas-ny,

(1;4.6)

We will first work with equation (I-4.6) in which the
terms in the boundary ﬁn;ggra] have a direct physical meaning.
This equation inqicate§ that the deflection w(P) can be
evaluated when tﬁe loading function f(P} is givep at every
poimt in R and the values of the deflection w(p). the slope.

3%{ the bending moment Mn =Hw:,and the reacting force Vn= Vw are
given on the points of the boundary C. However, in a well-
posed plate problem , only two of these quantities are
prescribed on the bouqdary [see equation (1-1.5)] .Consequently,
it becomes necessary to evaluate on the boundary the two
unknown quantities in terms of the given. This is done by
formulating two.coupled.boundary integral equations involving
the quantities w(pl;A%% ,» MW and ¥w. The solution of these
equations gives the two unknoﬁn quantities.

The ffrst boundary integral equation may be obtained from
equation (I-4.6),by I;tting point P approach a point p on the

boundary C. Thus,we obtain

w(p)'=”Rv(Q,p)'vfdo-.m;l'l;J l:(vvw-wv»:- LA g-;inv)'us-mc

(1-4.7)
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Before passing the limit to the:ihtggrand of .the fntegral,the
existence and continuity of the 1ine integrals siust be
examined as the P+peC. Moreover, ¥f the integral is.not
continuous as the point P reaches tfie boundary, its jump must
be established. B
Substitution of Vv and Mv- from equations (I-2.8) into
:equatfon (1-4.7) will result in integrals of the following

form
1,(P)= J 1(s)vs

1,(P)=| up(s)2E ds

IG(P) u3(s)vzvds

[
k
oL e[St
15(P)= L ug(s 12 es La—:sszb_) vas |

Top)=] usts')'a'j '3

1,(P)= Lu7(s)—v=vus

where v(P,q}.

" The function p4(s) s assumed different?ib]e and_the
functions us(s) and us(s) twice differentiable with respect
to s. The second .expression for the integrals I4,IS;I6 has
resulted by integration by parté. This integration has been

performed in order to eliminate the derivatives of the kernels
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with respect to s,thus,reducing the order of the singularity.
From equation (I-3.22) and -appendix A, we have

¢
3
=- 55 kei(p)

o
<

"
o

S TD kei(p)cose

|
Ed

N
o

(1-4.9)
ker (o) '

2, -
- g2y == ZnED “ker’ (p)cose

e

;rlhere w?ﬁq , r=[q-P] )

In the above expressions kei’{p) and ker'(p) are the
derivatives of thé Kelvin functions of" zero order kéi(p) and
ker(p) with respect to their argument p. Substituting equations

(I_-4.9) into (1-4.8) we oﬁta‘in

1,(pl= j 1 (shkei(p)ds
C

I (P)=J Z(S)ke'l (p)CDSqﬂs
[

I,(P]= (s}ker(plds
} j° ° (1-4.10)

1‘»4(1’) [ o(sIkeilo)ds

C
» 5(P)=jc 5(S)ke1(p)ds
[G(P) L (s)keiv (p)CDSq)dS

I (P)=J fi,(s)ker’ (p)coseds
[



In expressions (I-4.10),the constants in relation (1-4.9)
have been incorporated :into. the fanctions ﬁi(s).
From equation (I-3;14d),i§ is apparent that the function

kei(p) is not singnlar. That iss
Limkei(p)=-n/4 (1-4.11)
e>a s

Thus .,the integrals 11;r4;:r;5 in equations (1-4.16')_ exist for
P=peC and are continuous as P+peC. from relation (i-3.14c)
we see that the singular term in the series expansion of the
ker{p) behaves like 2n(p). Consequently,the pa‘rt of the
integral 13 corresponding t‘D this Vtervmvreprevsents the
- Jogarithmic bntentia'l dﬁe_to a mass distribution ﬁ3(s) on the
boundary C. This is a single layer potential and,thussthe
integral I3 exists and is continuous as P+peC [9,59]..1h:
this casesthe integral is an improper integral'and its value
is a Cauchy principal value. v
The behaviour of the functiunsv ket (p). and ker'(p) ,for
small values of the argument p,can be éxamined from the

following polynomial aproximations [78].

kei*(p)= -in(o/2)bei* (o)~ Lbeilo)- fuber’(p)

+o[.21139217-13.39858(5/8) "+ . .
= - in(p/2)p]1/2-10.66666(o/8)"+. ..]
-[2 16(0/8)2-113.7772(0/8) %+....] (1-4.12)

- rol-a(or8]t414.2222(or8)° - ...

+p[.21139217-13.39858(p/8)“+...]
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ker'(o)=-1n(o/2)ber’ (o)~ L ber(p)+} nbei (o)
’ +4p[-‘3’.’69113(o/8)z+.,.]
< -in(o/2Jo[-4(0/8)2+14.222(p/8)5-. . ]
-%Il-'ﬂ(b/s)“+113.7777(o/-8)‘-...] (1-4.13‘)
| %-nb[% -10.666(p/8)*+...]
‘ +o[..3'.59113(p/a)2;.".”.]

From expression (I-4.13),it is apparent that‘kei'(p) is not

singular. That is,

Limkei’{p}=0 o (1-4.14)
0

Consequently, the integrais 1, and 16 in equations (I1-4.10)
exist for P=peC and are continuous as P+peC.

From expression (I-4.18) we conclude that for p»0sthe

) function ker’(p) behaves 1ike lfﬁ. Consequently, the part of the

integral I7 corresponding to this term iﬁ equations (I1-4.10)
represents a double layer potential due fo a mass distribution
ﬁ7($) on the boundary C. Hence, this integral I7 exists when
PzpeCsbut it has a dlscontinutty as P»pec [9-59 .

The jump of tfie integral 1, as’ P+p£c wi11 be established

using Green®s first formula [59].

ou 2VE W AV 25do=| u 2 ¢ © (1-4.15
”R(H w twa )d°+”R"V vdo Jc" an ¢ )
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I

Chooging u=i(P) and V=v2v, where. v=- 5 kei(p] relation

B

(1-4.15) becomes

a_ﬁ_ A(v2v) | au 3(v%v),, by dee '4§_ 2
IIR(aX st o 3y Ydo+ RuV v#o_ t“anv vds

Adding and substracting II «2fivde to ‘the Teft hand side of -the
. R )

above relation,we obtain

B(P)+“Rﬁ(vﬂ"v+x2v)dc=1c_ﬁ (v & (1-4.16)

where

-] 2 o 2 ’
B(P)=”R(g% AT, 28 28y go-et [ fiveo

Using equation (I-3.1),relation (I-4.16) can be written.as

. ‘B(P)+“ ’ﬁﬂﬁﬂ d°=Icﬂ %E(.Vzv)ds- (1-4.17)

This equation for ﬁ(P)=ﬁ7(P) ¥i31ds(1)

(1) Let u(P) be a real functien of point P in & plene region
R,bounded by a closed curve C, which -may' be not smoodth,

that is,it may have a number of cormers. Then [59]
II u(Q)6(Q-Pldg=u(P) if P is inside R -
R - .
1‘“"u(Q)6(Q-p)d¢=‘- ;—-u(p) if Psp is on C -
R ¥ -

. Ij u(Q)8(Q-P)do=0 if P is outside R
R

where a s the angle between the tangents at p.(see

Fig. I-3); for a smooth boundary curve ¢=x.
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B(P)+ %a7(p.)=jcﬁ7 2 gtvds=1,(P) if Pek
B(p)+ ZnD %, (p)= I‘u7 2o vivds=I (v) "if P=peC
Suh.stract'ing these two last equatioms,we obtain
;Z(P)_-x,(b)=s(rlqa(p)¥ § 7 (P)- 225 5, (p)

Taking.the 1imit of the above equation as P+p.and noting that
B(P} and 1’17(P) are continuous as P+p,the jump of the dis-
» continuity of I, as P+peC s

' y N . :

0 ' ) - 3
Fig.I-3. qu-dimensional region with a discont'inuity
of the boundary slope. .

um[l,(P) 1,(3)]= 25 #;(0) (1-4.18)
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where y=2n-a is the aﬁgfe by. which thé tangent at point p of

the boundary tums (see Fig.I-3).for points where C is smooth

E1m[l (p)-1 (p)] 35 Bgle) (1-4.19)

Thus, al1 the integrals in equation (I-4.7) exist for P=peC.
Moreover, they are continuous as P+peC except the igtegra] of
the term wV(v) which has a finite jump equal tﬁ %ﬁi w(p).
Us1ng this fact in equation (I-4. 7).we obtain the first

boundary integral equat1on as

%?u(p)=”vada-nJc[m-uvy .Mw+ ‘ ne]ds D.IC "(1-4.20)

Notice,that a=n for points p wheré the boundary is smooth.

The derivation.of the secoﬁd indepéendent boundary
integral equation requires more ‘attention.A geserdl method for
deriving systematiéai1ybth§ second independént boundary
integral eqn;tionbfor.any boundary condition has been presented
by Katsikadelis et al. [39]. This method has been employed
by Bezine [45] to establish the deflection of thin elastic
plates wpwfudonthire@ea' t

In this method,the. directional derivative in a fixed
direction m of both sidesvof eqﬁatfon (1-4.6) is taken as the

point P varies.



87

Thus

. 31
aw(P) [ 2¥ey4_. » . 9w 3 C
o Ramfda D ( A N—‘-VV am"Hw-}au om Hv)ds D _

Letting_point P approach .point peC,and choqsihg the direction

7 as the normal ﬁp to the Eoundaryvit point p.we. obtain

aw_ _[[ av -
L -” fda-DhmJ (¥ VW Vv Pl
PR Pl P ’

W 3
o 5—Mv)ds Dg——-— (1-4.21)

Againsthe existence and the continuity of the line integral
in the right hand side of‘equatinn‘(I—G.Zl) as P»peC must be
examined.

Substituting ¥ and Mv  from equations (I-2.8) into
equation (I-4.21)sand carrying out the app;opriaté integrations
by parts,the resulting re]atfoﬁs will involve integrals of the

following form

1Py ()3

C

I(P)= C“Z( an anvds_
(1-4.22)

4

Jou
|

150p)=| -u3Ls)—(V’v)ds
I uq(s)a-?,—(g-v v)ds

1,(p
a(Pl=]
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from the Appendix A,we have

. I .
» %%; = 5 kei’(p)cose
2,
ng;n = —z'lt—n[ker(p)cosmcosm-_ % kei'(pJeos(ota)]
(1-4.23)
2 1. ) .
a—Vnp 2y, = =D m[ker(p_)]

3 - 1
a_ﬂ( vzv) D an {ker (p)eosa]. ..

Inasmuch as kei‘(p) is not a singular function [timkei’(p)= 0]
it can be concluded that the integral I in equat;gns(l 4.22)
exists for PzpeC and it is continuous as P+peC. Moreover, we
see from equations- (I-3.14) and (1-4 13) that for sma‘l]iva]ues
of p,the functions ker(p) and kei’(p) behave Tike n(p).
Consequenﬂy;the integral 1‘2 in (I-.4.22) exists for P=peC and
is continuous as P+p. It was shown.that for small .values
of _p,the function kev_‘(p) behaves. Tike 2n(p):hence, the integra] I3
in (I-4.22) is the normal. derivative of a single layer
potential. It is known [59,79] that this,de.rivative exis;s

for Psp‘;C-and it is discontinuous as the point P+eC. Thus,

.. 2
1,(p)=tim" J g (s)=2i2vds=- 3= 1 (p)+| nls)gyvrvds.
e RS e il TN D s >

(1-4.24)
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The quantify ﬁua(p)IZND is the ju.mp of the .discontinuity.
For a smooth houndary fy:*r: Fini\_l'ly, from the last of equations
(1-2.23), it ¥s concluded that the integral I, in (I-4.22] for
small values of the ai-g'umen_t p behaves 1ike the norma’l
derivative of the double layer potential’.I u4(s)—v vds. It
is known [59] ,that this derivative exists for P=peC and it
is continuous as the point PspeC.

]‘hus,a]’l the integrals in.equation (I-4.21) exist for
PspeC. Moreover, they are continuous as P+peC except the

3

integral of the term a—: %M\!, ‘which has a finite jump

Z:%% Using these factsin equation (I-4.21) we obtain
the second integral equation

3h3an
P

5"—3—"(2)-=”3Lfda-J( VHHBVV 25y
. Ranp P i

I
W 3 _ c
* 3 sl 5y

o (1-4.25)
Notice,that a=n for points p where the boundary is smooth.
From the way the above equation is derived, it can be proven

that it {s independent from the equation (1-4.21) [45].

We introduce tﬁe following Totation for thie boundary

functions



S0

a{s)=w(p)

wleio @

X(sh= 30

os]-i (1-4.26)
=hw

P(s)=V¥

?(s)=‘”vadc .

§(s)- ” ¥3itdo | (1-6.27)
ﬁ(s)=”R3—;; fao

Using relations (I-4.26] and (I-4.27),the boundary integral

equations. (1-4.20) and (1-4.25) ﬁay be written as

- ;,=;,DJ' {vi-yva-JLio+ HyX)ds-DI,
¢

2n
(I 4. 28)
3l
a y.f av 3 _ __C
o X_H-DJC(F—p L ) Vve b_pr e+—-MvX)ds D p

For any given bouhda_ry value problem,two of the functions
(1-4.26) are given [sée boundary'conditions(I-l.S)]. The other
two may Be obtained _frdm the solution of the coupled boundary

’ integral equations (1-4..28); In these equations,the terms F
and il may be established from the -given loading f(P).
certain types of loadi'ng,sucﬁ' as cuncentraﬁed forces or
generalised forces [see sect'lon 1.5],the integrals in (I-4.27)

‘may be evaluated dn-ect]y, wlile for other types of 1oad1ng
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they must be integrated numerically. Once the.functions @,X,0,¥
are known,the solution of the boundary value problem (I-1.1),
(I-1.5) may be obtatned from equation (I-4.8] which,using

the notation (1-4:26) and (1-4.27),may be written as .

H(P)=T’(P)-DI( ve-yva- $L vt )ds-nIg L. (1-4.29)
[

where v=v(q,P) and IC=IC(°‘Py;

The boundary integral equations (1—4.26) may be used ;o
analyze plates on eIa;tfc foundafioﬁvhaving any boundary
conditions (mixed, humngeneoué, non homogeﬁeous). However, these
equations require Epecia] care wheﬁ the boundary of the plate
is clamped. In this case,the integral equations reduce to
Fredhoim-type integral eqﬁatfons of the first ifnd, that is,

" the unknown functions appear .only in the integrals,and as it
“is knowr [BD],the numerical sq]utioniof these equations may
not depend continuously on the data; in other wbéds;a ;méll
perturbation of the data may give rise to an arbitrar&
large perturbation of the solution. This difficulty can be
overcome by employing special numerical techniques [81]. The
terms IC and alc/anp, which appear in equations (I-4.29) Qhen
the boundary has corners, also require special care during
tﬁe numerical integration. When we are not interested to
investigate the behaviour of the solution in the vicinity
of a corner,we can eliminate these terms by smoothing out -
the boundary at the corner. fﬁis can be done by replacing
the correr by an arc of. known geometry, say a circular arc

‘with a small radius of curvature. Inasmuch as the governing



92

differential equation is-.elliptic,this replacement changes
the solution only near the vic‘i_ni_'ty of the corner, (in elliptic
equations,a disturbance on the boundary does not propagafe
in the interjor of the region).

.Boundary integral equations of Fredholm-type of the
second 'kind.can be der'i,‘yed'for clamped .plates starting with
the integral representation {I-4.5}. Moreover,Boundary Tntggraf
equations which do not involve the term Ié can be derived for
simply suppor;ed p]akes with homogeneous boundary conditions,
starfing uifh the integral representation (I-4.5)}.

Fér the clamped p]ate with homogeneous bourdary condltlons
(w=0, %m =0 on the boundary), the 1ntegra1 representat1on
(1-4.5) ‘becomes

'w(P)=“'vfdo- I (v—V w- gvV‘w)ds (.1-4.31)'

Letting P+peC in the above equation, and noting that v and

.%%'are continuous as the point P approachies the boundary,

the following boundary integral equation is obtained
0=11 vfdo-nj (v3og2w- gv 24)ds (1-4.32)
R

To obtain the-second ihtgéra].equation,the operator V2 is

applied on both sides of eqﬁqtion (1-4.31). Thus

Vzw(P)=1I v2vfd «Dj (v2viviu- %ﬁvzvvzw)ds
R ¢ 'em . .
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Letting point P+peC in the abqve relation; and noting that

PR QS NECTUVIRS RO [ [
Fi.iml v2dv2uds= %Uvzwj 23 Sqvivds,
p+plc 37

- we get th.e following Fredholim-type integral equation of the

second kind

el

l\!l»—-

. . R 1 .
R 9 vido-D Ic(vzvg_nv_zw- VTS - (1-4.33)
Referring the relation (I-2.5),and using the notation (1-4.26)
and (I-4.27) the boundary integral equations (I-4.32) and

(I-4.33) may be written as ’

o=t‘=-bjc('vw- 2 g)ds (1-4.34)

1 =§-nj (v2ve- Lvva)ds (1-4.35)
Ie :

The boundary condition w=0 of simply supported plates
2 -
implies that % =0 on.the boundary. Thus, the first of the

equations -(I-2.8) becomes

N=v2+{v-1}K g—n (1-4.36)

3y

Adding and substracting .the term (v-l)l(an n

in equation

(1-4.5) we obtain

w(P)=‘“ vfdo-n[(v—vzw-w—vzv- Vs Dyos  (1-4.37)
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Using the boundary cqnditipns for the simply supported plate,
i.e. w=0 and Mw=0 and the notation (I-4.26) and (I-4.27)

" equation (1;4.37)_ Bbecomes
-w(p)=?(5)-nJ (ve+MvX)ds (1-4.38)
c .

The first integral equation is obtained by letting point
. P+peC in equation (I-4.38}. Inasmuch as v and Mv are

‘continuous as the point P appro‘aches Ehe bounqlary-,wg obtain
o=?-'nfc(v'iw+nvx)ds - (1-4.39)"

The second integrail équatién is obtained by
differentiating the integral representation (I-4.38) with

respect to a fixed direction M. Thus,

aw(P) =JJ %fdrbj @Les 2 HVX)ds : (1-4.40)
R

. am

Letting, in equation (I-4.40), point P+peC and the direction

m coincide with the outward normal ip to the boundary at point

p and noting that(n
5 K]
me M ygs=- L x J 50— MvXds
prpeC ¢ 'anp 2nD a"_p

(1) The integral’(,f g%xds behaves, 1ike the normal derivative

P

of a single layerP potential [see also equation (Ivl&.ZH)].
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we ohtaim

a u v 3
5= X=H-DJ (50— o+ —— MvK)ds
Zn. ¢ anp anp

For points p,where the boundary is smooth,it is

a=Tt

for p]afes with free or.guided edges and for ﬁomogeneous
boundary conditions,equations (I-4.29).can be used;.

On. the basis of the aforegoing,it is apparent that
dependfn§ on the boundary conditions of the plate under
c.onsideratian,one of the following sets of 'boundar.y integral
equatfons are t_he most suitable for numerical integra'tion

a) Clamped Plate

Q=X=0, @, ¥: unknowns

' D=?-0Jc(vw- %i‘:' o)ds {a)
—% o=§-DJ (g2ve- gﬁvzvo)ds' (b} (1-4.41)
[ ‘ .

w(P)=?(P)-DJ ve- 2L g)as (c)
x c 4 ;
b) Simply supported E':l’até

@=0=0, - X,7:unknowns

0=F-0Jc(&w+nvx)ds @ " (1<4.42)

1o @y, 233
3 X—H—DJCC%E;W *'3"p s ()

w(p)=?-DJc(vw-va)d§ (c)



c) Plate with free edges *
o=v=0  @,X:unknowns
v 30 ﬂ:”

. N .
Ié =- (v-l)izll[v'm -QTy+ o0 55 -

Lo =f. Dj { -wost vx ) ds-DI
S ¢

ST ’ ’ 3L
a g Q Y T C
X=H-DJ (- 59— wa: &Y 42 9 Hyx)ds- —=
F] N
ki ¢ M angn amp D ang
w(p):?(p)_njc(—Vv‘lfﬂle)ds-DIc
* d) Plate witﬁ gﬁide‘ﬁ edges
X=v=0, Q,9:unknowns

¥ av 3
1.=(v-1) ] [v1e-aTy+ —" 32 ]I
i=1

- 3V 2ids. \
% n-F-nJc(-vVn-, % olds pI (a)

0=ﬁ_DJ (-A_ VvQ-* o)ds Dr (b)
"
w(P)=F(P)- DI (~wa- 3% o)es-0I, o (e
where
_3X I
Te- 2% 28
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(b)

A{c)
(1-4.43)

(1-4.44)
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The boundary integral equations for plates with free
or guided edges,with a finite number of cormerssinclude a
number of terms wfn‘cﬂ‘ represent .the discontinuity of the
fenctions at the corners of the bg;md‘a_ry. To establish these
discontinuties the functions "g%, 'g—)s(»a_t the points S=sg') .and'
s=s$+) can be ex‘pllessed io terms of the values of @ and X

at point S5 and its adjacent nodal -points.

‘In this sec»t'ion,expresgions for the non-homogeneous terms
E(p), ﬁ(ﬁ) and &(p) in Equations (1-4.29) and (I-4.35) will be
established for the application of th_e BIE method to the
numerical eva'luat:io'ﬁ of the infl]uence fields 'for the deflection,
slope and stress resultants (bending moments, twisting moments
and shearing forces) of plates on elastic fdundation.‘

For thi; purpoise,tha following general form of the
reciprocal theorem [82] will be employed.

Theorem. Let w(Q,P) be the déflection at the point Q of a plate
on elastic fo_und'ation due to a unit singularity &6(Q-P) at .
point P, Forl any linear. differential operator N,the quantity
N[w(Q.P}] at point Q is equal to the solution w*(P,Q) of the

fol]owibng differential equation'

vV“_w*+|c’-w*=N[5(P-Q)]/D (1-5.1)

w*(P,Q) may be regarded as .the generalized:deflection at point

P.due to the generalized load singularity N[&(P-Q)] at point Q.



a.

. For NEQ— erll

-n( 2 —) [6(P~Q]] or D(1-v)2
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- Notice that

for Nzl

the generiéli*zed loading G(PQQY is a concentrated unit

" -force at the point Q and w*(P,Q) is the influence field

for the deflection. at Q.

X 2y

-thie genera]izedkloadi‘ngﬁg—x I6(P-q)] or g—y[&(P-Q)] is a

concentrated -moment at the peint -Q and w*(P,Qq) is the
aw W

influence field for the s1ope X or 3y at the point Q.
a2 a2 . ' :
Nz — or —
For ax? Py

. 2
the generalized loading %x—,[s(P-q)] or —[5(P Q)] has
no physical meaning for the problem at hand (it is a

quadrapole in theoretical physics) [83] and w*(P.Q)

32w 32w
© js-the influence field of the curvature — or —
: ax? ay?
at boin_i_:_ _Q..
For N- axay

the generali: zed loadmg

Bxay[G(P'Q)] has no physical
meaning for the problem at hand (it is a quadrapole
‘in theoretical physics) and w*(P,Q) is the influence field

for the twi‘sf

In s
3%y at the point Q.

the

32
a2
For N=-D (—'— v —), D(— v BT) or D('I'\')ax‘ay

the generahzed 1oadmgs -D(L v—)[G(P Qi],

‘axay [5(P,Q)] have no
phys‘xca’l meamng for the problem at hand (they qre'
combinations of quadrapoles) and w*(P,Q) is the influence

field of the bending moments M,, My and tﬁe'twiéti‘ng



moment M v respective]y at the point Q.

f. For N—-Ds—— or -D——i
the generalized load1ng -D——-[ﬁ(P -Qj] or -D [b(y-q)} has
o pliysical meaning for the probiem at hand (octapoles in
theoretical physics) and w*{P,Q) is the influence field
of the shearing force Ox or Qy, réspectivély, at the point
Q.

On the Ease of the aforegoing,it is apparent that in
nrder to establish the influence surfaces of the deflection,
the bending moments, the twisting moments.and the shearing
forces at a point Oo,the qoﬁ homogeneous terms F(p),ﬁ(p) and
&(p) f.n equations (T;4.29) and (1-4 35) must be evaluated for

3z 8%

932
N= Nz —, N N= > N=
1, ax? - ’ayz, ax‘ay ax

respectively.

i

=v%, and N— 2,

This can be accomplished by using the following two
propert1es of the Dirac. &6- funct1on. -
i. For the m- order derivavative of the delta function,the

following re1at1on 1s valid

a

L _ioqmd” .
9(’%)‘(u—m[5(x'§°)1d'x—(-l) mg(Eo), a<E <b

ii. The &-function in two dimensions may be expressed as
G(P'Qo)=5(xj§o)5(!'"o)’ o Palxey)s Qgi(Egeng)
Thus, for the function §(P) we have
” s(P) oY) [6(P-0,)]do=(-1)™*" L 7o) (1-5.2)
X .

where QoeR

99
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Thus, referring to Fig.I-4 and denoting by

: — A
Ppg=l0-pl/ 2 @pgMpeTpgs Ppoy”iPIEs e=hpLT

P’ POg
> .
and‘ =Xy (1-5.3)
y
C
o . .. ey

v .

- Fig. 1-4. 0 is the point of application of the
generalized force N[G(Q-QQ)]

we haye
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a) f(Q)f5(Q-Q )

Fp)e- 25 ”e(u ket (og)doge- Sopeiloye ) (1-5.)

fp)= m” 5(0-q, et (o b0, 1o05epqtoq gk (opg Jcose

B

) (1-5.5)
&(p)=- Zu_D”RG(Q-Qo)k"(DpQ)dQQ:_ mker(op'qo') (1-5.6)
) f(e)e 3’—2['64(@.-00;1“
ﬂ?(p).-' Z“D” kel(opq)—[s(Q-Qo)]ch
- by ke loylgug,
- 2'11_1)[k'e_r(o)cosvzu-"})kei"(rz)cosZa] o (1-5.7)

DEPI'1 i 52 reio
H(p)= ZTDJ Rke1 (.::;,Q)cosmpu “—2{5(0700)]&;0

7y tker’ (opg)cosele -q,

—,‘,1—'|:ker (p)cos?acosw- —[ker(p)- 2 ke'i (pﬂcos(Za-w)}
(I1-5.8)
t'i(p)=-—2—,11_5” Ker(ppq) [5(a-q, )'Jch
.1 a2 ’
= 7w g lkerlegglge,

= ; IZD[kei(p)_cosza*« % ker'(p)cosza] ’ (1-5.9)
nL .
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o )= —[a(oq)]
HORE-) jR kei(opel-2{6 cn'-'q-oﬁ dog -
-4 [ke’(pr)ll}Q - . (‘1-5.10)

=- V-Z‘I.—lm[ker(D)Sinza.f"% kei” (p)cos2a]

™ _ Lt . ) ’
i(p)= %”Rku (DPQ)cos_OPQ J[;5((3.110)3.1‘,(1

v=‘__2_lk it _ 1-5.11)
70 'Byl[ ei (pPQ)cosqu] Q'Qo ‘ (

) =2rlczu["“" fp)s*-"’ﬁwsi-’*%[ker(9)-—§kei : (O):lcos(Zu-w)]

S Bp=- ﬁHRRer(ppq)ﬁ[tS(o-QoU dog

= %%Lker(ppoljln -0, (1-5.12)

=5 J;D[kei(p)sinza.- %ker’(p)cosZa]
mi

d flQ)= —a%[a(.o-qoll

CFlp)= 23—;”Rkeicpp )525516(0-4, 1oy °
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S8 . . i )
ZnD axay[ke1'(ppq)][3=qo . (1-5.13)

- gaplker(o)- Bkei*(o)]sinza |

2
][ ket (pyq)cosg soryle(0-0;)]éoy
R

2 - A
énn axay[“‘ le Q)C"s“' qu =0, (1-5.14)

4“£D[ker (plsanacosm« —[ker(p)_-gkm (p)1sin(2a- m)]

E(py=- 2er“ ker(_ppq)g%;—y[é(flfﬂo)]dao
R ‘
- S L[ker( )]
2nd 3xay Ppg 0=, . - (1-5.15) °

=+4“;.2Dv[kei.(p)‘+§. r(»er"Cp)lsian
e) £(al= Bye?[6(a-,)]
¥(p)=- ﬁ—“ ke1(pPQ)—v*[ﬁ(Q-Qo)1daQ
R
2 N .
- E‘ﬁ g_xvz[ke‘("pa)lq?qo (1-5.16)

== Zu:D ker* {p)cosa

fi(p)= ﬁ” kei*(pyolcosopy B—X‘V 6(a- QO)]ch
R



= ks 2 z[keie(pr)coSme]Q=Qo (1_5..17)

=4 [‘lkel"’(plCDS(dvo))_‘fkei(p)COS(ﬂCOSa}
2ng2p 1P ) .

G(pl= ~ 1 jL ker (o, Ql v? [6(0-Q, 1] dog

= znn 5 [ker(opqlle- q, © (1-5.18)

o
kel (,plcosu
2mg?D

. i
£ Q= B is(0:,)]

Fp)e- S| ke (o127 (6(0-0, 6o
R
- ﬁl%g_y' Vzl[kei.(pvo?] o : {1-5.19)

I R
=~ 73D ker' (p)sina

{km (o, Q)cosmp‘J 2”,[6(!! Q,11dog
R.

'ﬁ(p)*‘r —«L

=;’ﬁ%[ket'bpa)cos@qugoo ‘ (1-5.20)

[:1 ker* (p)sm(u-o)ﬂei(g)sinus1nc.]

'Zrt‘

Bpl=- 2 ” ker(o) 72 [6(0-Q,)]dog
R
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=zia—, [ker(o)]QQ ' {1-5.21)

o1
2mg3D

kei’(p)sina

. Notlce that the term F(P) cnrrespnnd'mg to the generahzed

loads —[ﬁ(P-O)] or —[5(P-Q)] becomes infinite( ) when
LooxED T gyt C
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(1) For N= L,reférri‘ng to relation (1—5_‘.‘0_)-’ue have
ax?

F(P)z- -”—D]:ker(p eos?q- + kei (p)cos2a]

where, In this case p:!P-QOI/’. and u:n/,\rPQ.
For small values of p,using equations (I-3.14c) and
(I-4.13) we_obtain

F(P)=- ————[ 2n{p Jeos?a- %- Ln(p ]] cos2a+Regular teryls:i

2nD

1
= 355 ¢n(p)[1+Regular terms)

Hence
1imF (Plzse
p+0

2
For Nz a—,referri‘ng to equaticm (I-5.10) ,we have
By :

'FCP)= - 2—-[ker(_p)sm a* éke:L *(p)cos2a]

For small values of p,using equations (I-3.1%c) and
(I-4.13) we obtaim

F(P)E- m[—zn(p)sm’u-r —[-—pln(p)]coszmkegular terms]

% Ln(p)[HRAe'gu'laz‘ ferms]

Hence
4inf (2174
p+0
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P-*Qo (e+0). Inasmuch as the influence fields of -the bending
*moments Mx or M-y are produced by applying the generalized

forces

’ 32 32 52 32 .
_D[— +v—;]6(P-Q°.) or _eD[——— +y -——JG(P-QO), as expected,
] 3x

x? 3y 3y?
1ime=+® ) 1imHy=+w (1-5.22)
p>Qy P,

Moreover,notice that the term 'I?(P) corresponding to the
generalized load axayEﬁ(P -Q )] approaches a finite hmt(z)
as P"Qo' Inasmuch as the influence field for the twisting
moment Mxy is produced .by applying the génera]i’zed force

) 2
D(1-v)£—ay[6(P-Qo):[,as' expected, is the twist'ing_m.gmey\t at

the point of application of the concentrated force is an

(2) For Nz 5&7; referring to relation (I-5.13) we have

F(Pl~- ;;Btker(pT- < kei” (p)]sanu_

For small values of p using equation (I-3.14c) anad @~
(I-4.13) we obtain '

F(P)=- m[—’-n(o)ﬂn(o)i-Regular terms] sinZu
=Csin2a

where . 2imC=constant
& p+0

2imF(P)=an indefinite constant
p+0 .
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indefinite constant the value of which depends on the rarial

direction the point P approaches Q,- That is

TinM, =indefinite constant

P+Q o

Fina]]y,referriﬁg- to equations (I-5.19),(I;5.20) and
-(_I-4.14),t‘ne term i—f(P) due te the generalized force - )
g—iVZ[B(PfDO)] or ~\72[5(P q )I Becomes nfinite as P-»D .Thus,
as it wa-S'e)gpected_

TimQ, =x=, 11';mQy=':A (1-5.23),
" pQ p+Q

o 0

Thus,closed form expressions have been derived for the
non homogeneous terms F(p), fi(p) ‘and G{p) required for the
compixtation of the influence fields by the BIE mefhod‘ This
renders the BIE method better suited for the numerical ’
evaluation t;f the influence fields than the other numerical
methods (finite .differences and finite element method) which
may g1ve poor resu'lts because of the difficulty in

approxmahng the generalized forces.



PART 1II

NUHERICAL SOLUTION OF THE IHTEGRAL EQUATIONS.
FOR.THE CLAMPED AND STMPLY-SUPPORTED PLATES

_ I1-1. Approximation of the integral ‘équations for the clamped

plate by a system of simultaneéous Tinear ‘algebraic

equations

Equaﬁons (1-4.41a,b) may be written as

.[ %%st+J vipds= %JJ vfdo
¢ ¢ R (11-1.1)
%Dq)-[ g—ﬁ VZVMSV* ,V’vwds=-é— 1 924 fdo

¢ ¢ R
where iz ..
v=- %ﬁkei(p), p=rfe,  r={p~qf (11-1.2)

Introducing equation (IT-1.2) into equations (FI-1.1}, and
using relations (A-36],(A-8),(A~39] and (A=41] of .Api)endix A,

we obtain

T - %Jl.okeji’(p)qosods*{ Wkei(p)ds= %” fkei{p)do A
c R 1 R (11-1.3)

-nd- %{ okér’(p)coswdsi-[ yker(plds= %” fker(pldo
c

c R
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From fig.1I-1 we have

cospds=rdo » cp=r,nq ) (I1-1.4)

Fig.II-1,

. Introducing equation. (II<1.4} into equations (I1-1.3), we get
[ Opkei'(p)dei'J wkei(p)ds= %” frei(p)do _(11-1.5)
¢ - c UE o

-uO-[Opkér'(p)_dS-l-[ wker(p)dsé"%”- fker(p)do (I11-1.6)

c R

This substitution permits the integration of equations (II-1.3)

to be performed with respect to the angle & and ,thus ,the



110
computat1on of the function cosw(s) is avo1ded.

The numerical 1ntegrat1on of the boundary 1ntegra1
equations can be carried out by dividing the boundary into a
finite number of intervals (Fig.I1I-2) referred to as boundary
elements [46]. The end points of each interval are reférred
to as dividing points or interval points. The points od whiéh
the values of tﬁe unknown functibns.are evaluated are referred
to 2s nodal poiﬁts or simply nodes. The boundary can be
apprbximatéd.by.straight'1ine'segments or by curves of higher
order {e.g. quadratic). On each Tnterva1; the unknown boundary
function. can be approximated either as constant, oé as linearly

‘varying or as quadratically varying.[84,85]v0r by a polynomial
of desired ﬁggreg by applying a Gaussian quadratore. It i;
apparent ,that the integration becomesjmére comp1ic5ted with
the use of a more refined approximation. Special care must
be given to the integration on intervals where the kerﬁe] of
the integral ' equation.becomes singn]a;t In this case, the
Cauchy principal value of tﬁe integral must bé evaluated.
Moreover, each integral requires spécial treatment dépendfng

.on the singularity of its Kernel.

In this investigation, the unknown functions are assumed
constant on each interval'(step function assumption). More-
over, tlie curved boundary %s approximated by straight fine
ségments. This is a simplé approach and h;s'Been préven
effective [21,22,23,24] . -

The boundary is divided into M,not necessarily equal

intervals which are numbered,consecutively,clockwise. The
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centers’ of these interyals are taken as their nodes. The value‘s
of @ and ¥ are assumed constant or each interval and equal
to the values ca]éu]ated at the.nodes. Denoting' by oj and Wj
the values of ® and ¥ on the J-integral,equations {I1-1.5)
and (I1-1.6) are transformed to the following ZM simu'lfaneaus

linear algebraic equations

] M

R O

) (11-1.7)
' o
jzl(ij-ﬂﬁkj)ﬁfjgldkjwfﬁk (k=1,2,...M)

where M is thevn'umber of the nodal‘puints on the boundary,

&6, is the Kronecker delta and

k3
a k:i:'JJ- v -pkjkei "oy 5 1de

buéjjkel(pkj)ds- ) .
(11-1.82;b,c,d)

ij=fjjpkjkerv(pkj)de
'dh.=j _ker(pk:i }ds
j J
i

Ry L £(Q)Rei(pyq)doq
: (11-1.8e,f)

R |

= EJ}

fQ)ker(pyqldog

£
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where '[ [
r Q-p :
°ku=_':fR i O N

In relations (II-1.8),the symbol J~ denotes the lime integral
J
on the j-interval, that is, the interval containing the j

nedal pefnt.

j+1 .
—dividing point
j-interval

j~nodal point
dividing point

Fig.II-2. Discretization of the boundary.
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The system of equations (1I-1.7) may be rewritten in

matrix form as

AY=B ' (11-1.9)
where
o .
& f
% %
| 2 5=l fy (11-1.10a,b,¢)
LY b1,
?2 )
| % | L B | )
K b b b,,, ]
0 f2ecctay 1P P12ve-Pam
1 -
By, 2ppeesgy E bn .ﬁn...ﬁm
T A :
. . . : . . .
. 1zt Esm Bygze - By
- e s
0 '
33" €1pe- Coy R PR PR -
¢ c.<W.c
21 S22 19 Yoot
P Do
- . . t . . -
¢ et it i :
[ Szt Gz G|

The Tine integrals (II-1.8a,b,c.d) uhen’kfjsithat is, when
pf0, can be evaluated using any numerical technique. However,

in the case k=j;some of the kernels Become singular and a
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special technique must be used for the evaluation of the
resulting improper integrals..This iechnique depends, each
. time, on the specific kernel. The numerical schemes for the
computation of these Tine integra1§ are given in the following
section.
A major problem in the numerical solution is the numericaf
- computation of the double iategral (IT-1.8f}. Inasmuch as
gimker(p)==, this integral must Be treated as a double singular
?;gproper) integral. The evaluation of double singular integrals
is a complex task which is performed , in this investiqation,
by employing two different methods. in the first
procedure, the singularity. is removed by a coordinate .
téansformition, and the resulting double integrals are
evaluated numerically by known techniéqes.This procegure'can be
“equaly applied to-any two-dimensiona) integrals, whose integrand
exhibits a logarithmich or a Cauchy-type singularity. The
second method is by use of the generalized functions introduced
in Chapter I<5 to obtain_the influence field wt(P,0Q),which
is the Green functionbof the problem, and then to obtain the

solution for any given.functibn f(Q) from. thie relation
w(P)='” w(P,Q)f(Q)doq (11-1.9)
R

The function w*(P,Q) can be evaluated at desired points in the
region R and, thus, the integral {I1I-1.9) can be computed
numerically. When the fanction w*(P,Q) represents the influence

field for the defiection of the plate it does not have
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singu1aritiés. Consequently, in this case, the double.integral
(11-1.9) can be computed by applying the known techniques for
numgrfca1 double integration. If the function w*(P,Q) has a
singularity, as for example, when i; represents tﬁe influence
field for the bending moment, the first method may be employed
to evaluate the integral (II<1.9) numerically. :
The second method is prefera51e to the first since it
1eads to a simpler computer program for. the fo11owfng reasons.
" a) .For the generalized loads, the integrals (II-1.8e) and
(I1I-1.8f) are evaluated analytically and they.are kﬁoﬁn
functions (see section I.E);
b).For givén‘géometry and boundary conditions, the fnnct{on
w*(b,Q) is computed only once and the value of the
integral. for any loading f(Q) is obtained by a simple

double integration.

11-2. Evaluation of ‘the coefficients a j’ ka, ckJ kJ for
the clamped plate

.For the computation of the integrals (II-1.8) on the
) j-interQaT, we use either Simpons rule or, in some caseﬁz
the trapezoidal rule. The three points used for Simpson's
rule in each interval are the nodal point pJ and its ad;acent
dividing points 9.1 and qthincd-it is .not always simple to .
.find the middie of the arc qj-lqj’ we use ﬁhe'unqual‘spaced

Simpson®s rule which has the following form
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2
I= 5,'1 [(90-91 hy+(g .gz)h +n (_Zgl+3g°+gz)_+l|lf|z(gl+3g°+zgZEI
(11-2.1)

g

Fig.11-3.

In formuia (1I-2.1), 951949, are the values of the integrand.
. at the points X3sXgsXgs respectively. For hl=hz=ﬁ,the above

formula be'c'o'mes
1= 89 a9 %g,] v (11.2.21

for the computation of the values 9529197 ajld hl,hz, we‘need
the values LSTLITLPH the 1ine segments Sy and sz and tfie
angles el and 92‘ These quantities are compnted from the
coordinates of the boundary potats which are the only
geometri'cgl data of the numerical procedure.'

. The ‘nodal points are denoted by P; (j=.'l,2,....M') and the
dividing points by qj (§=1,2,...M) and their‘coordiflates by
X52¥§ and Ejonys respectively (see Fig.II-4}.



P

9 (Ernyy)
N\ Pi (x;y;)

a; (g;n;)

Pja .

Plxoy) - ’

Fig.I1-2,

Referring to Fig.II-4, we have

- %
S [ R LT eAY

. ro=[(xj-x.J'*f-Vj”k’zTs

r2=[(Ejvxki’+A(nJv~-yk)’:l}i

2 %
Csy=fogegg ) gy 7]

5o [("j'gj)z"_("j'“ﬁz]}i
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(11-2.3)

: el=2arc_s1‘,n(/{-zl-r1)(11-r°)/r1r°), _11=(r1+sl+ru)/2
. ez;ZarcsTn(»’(rz-r'z)(-rz-ro)/rzvjo), Tp=(rpts,ytrol/2
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a) Eyaluation of the coefficients akj .

Case i k#]
If both angles 61 and 92 (see Fig.II-4} do not vanish, we
can apply Simpson‘s rule (II+2.1] by setting
h1=el, h2=ez
9;=-p kei’(py)
: (11-2.4)
95=-pokei*(py)

9,=-pykei *{o,]

If one of the angles ”1’92 is equal to zero, say ez, then the
integral vanishes in the interval quj; because cosp=cosmn/2=0.
In the other interval, the %ntegral can be'approximateﬂ by the

trapezoidal ryle. Hence,

s Lo (g4 “when. 6, o B
ﬂkjg ?si(gi+g°) s when B35 0, =1or 2 (II-2.5)

If both angles ei and 6,y yanish

C _ (11-2.6)
Case ii k=j
In this case, r,=0 and from equation (re4;121,'ue
conclude that
l;imtpke.iv’(p)]éo
0. .
In this limiting case, where pk+pj, the angles 0, and 9, are

those between the tangent at the point Pj and the directions
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- ry and r,, respectiyely, (see fig.II<5). -
If the.slope of the Boundary is approximated by -the
relation )
dy|” "3yl
ax[p; E5Ej
"then the tangent ét‘pj is paraliel to the line qj'—lgj and, to

this order of approximation, we have from (Pig.II-5). .

el=a;=2arcs1‘n(_/ -ry) (x-rg)/ryvg)
) .* * . 3 )
ez=azf2arcsin(/(t-rz).(-r-ro)/rzro) (11-2.7)

. N _ .
. where t—(r1+r2+r°)/2
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The integral is computed from Simpson's rule (II-2.1) by
sett%ng
h=01a . hp=8,

91=-0 kei (o]

(11-2.8)
9,0 .
9p=-pykei*(p,)
If one of fhe angles ei,ez is zero, then
akk=0 ) (I1-2.9)

b) Eveluation of the coefficients bkj

Case i k#j
The integral can be computed by Simpson's rule (II-2.1)
by setting
' Ry=sy. fip=sy
9;~keifp;]
(I1-2.10)
g9o=kellp,)
gp=keilp,l
Case ii k=j
In this'case, roéo and from equation (I1-3.14d), we find
that ‘

ginkei(o)=:n/ ©(11-2.11)
p+0 .

Again we can apply Simson®s rule (II-2.1) by setting
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hyrys Bysr,
9,=ket(p,} -
(r1-2.12)
g,=-n/4

gg=kei(p,)

¢) Evaluation of the coefficients c'kj
Case i k#J.

In this case, the procedure s analogcus to tRat applied
for the evaluation of LID The integral can be -evaluated from

Simpson's rule (II-2.1] By setting

hy=8ys bp=8y  8,8,%0
91=-plker,'(pl)
(I11-2.13)
95=-pokerilosl
gz=..b2ker'-_(¢21
When e‘1 ‘or ez_l‘s‘ Zero, we use tfie trapezoidal rule {I11-2.5).
. Case ii k=j’
In this case,r =0 and from- equation (I-4.131 we conclude
that-
gim[oker(p)]=-1 (11-2.14)
>0 . .

We can apply Simpson®s rule (I1-2.1) by setting
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Cki”

hy=8ys hy™e,
9;=-p; ker’ (o, ]
(I1-2.14)
9,71
9,=-ppker*(p) -
1f one of the angles °1=°2 is. zero; we fave
0 . . . . (11-2.15)

d} Evaluation of the cuefficieﬁts_gikJ
Case i k¢#j
The integralAis copputed from Simpson's rule {11-2.1)

by setting

Ry=sy> Rp=sy

gléker&h) .
. (11-2.16)
9o=ker(py) .

g;3ker(p,).
case i k=]
In this case, r=0. Horeover, from equation (I-3.14c) we

conclude that for small valves of p the function ker{p)

behaves 1ike -2n(p). Thus, we can write

dk;=[kker(plds=[k[ker(p)+gn(p)]ds#]kgn(p)ds=ﬂ£k+dié

(11-2.17)
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where

dl"k=J,k[ker(p)+2n(pI]ds (11-2:18)
di"ﬁ—szn(p)ds (11-2.19)
From equation (I<3.14c) it {s apparent that

zim[ker{p)+an(p)]=gn2-.577217....
o0 . :
Thus, we can approximate the integral dyy using Simpson's
rule with :
fy=rys hprp
g =ker(py)+en{p;)
! ! ! (11-2.20)
g°=zn2-.577217

92=ke;(nz)+zn(pz)

The other integra],dié can be appreximated by direct éya]uation

of the improper integral [2f] on the straight Tines P;9

-1
~and qujm Thus, . o
T T,
1 .
d,;,;=-J anp)dr-J gn(p)dr
0 (] :
=—[rl(zn?1-1)+r2(1np-z-1)] (11-2.21)

11-3. Evaluation of 'F, and G, for the clamped plate

From Fig.[1-6, we see.that functions kei{p) ‘and ker(p)
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er(p)

o
o N

pp—
N . N e
Zo2 -
< AN
—04 AN . b
—as|— _\4/\”&(» : )
{p) - .
e | o
o 1.0 20 .30 40 50

Fig.11-6. Functions kei(p).ker(p),okei(p),oker(p).

“exhibit a peak at p=0. This péak is finite for kei(p) (kei(u)=
=-0.7854) and infinite for ker(p) {ker(0)=+=). Hence, the
integral (11-1.8f) is an imbfuper double integral and special
attention must be paid to its numerical computation.

In the sequel, we will present a numerical procedure
for the evaluation of the double integral (IT-1.8f). This

(procedure can be equally applied to any two-dimensional
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integrals;the integrand of which exhibits a Togarithmic or
Cauchy-type singularity,if the loading function f(Q) is not
singular (concentrated load).This latter.case of singular
loading funct%én has been discussed in Chapter (I-5).Recently
[46] Gaussian guédrature formulas for functions with Cauchy-
type singularity over triangles and quadrangles have been
developed. Houévér, the applfcqtion of these formulas to an
arbitrar; area requires subdivision of the area into triangles
and quadrang1es, whn:h 1s 2 tedwus task. ’

Although the integral (II-2.8e} is not improper, 1ts
evaluation was not satisfactory using iterated integration
with GauSSIan quadrature [86]. However, the numerical procedure
proposed in this investigation for the numerical eva]uat1on
of the double integrals with singular integrand, aliso yields
satisfactory results for the integral (II-1.8e).

In the procedure proposed in this 1nvest1gat1on po]ar
coordinates are employed having the point Py as the origin,
and the tangent line>to the boundar} at this point as the
;efe;ence axis for the angles 6 (see Fig.II-7). Thus,bthe-
viniegfa]s (I1-1.8e) and (1I-1.8f) may be written as

wer (9) .
£ %J [ £ (r, 8)ket (plrardo C(11-3.1)

oo
. . T r (0) X . -
6y 1—[ [ . f(r.0)ker(pjrdrde  (I1-3.2)

D
0’0
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ZEig.II-7. Polar coordinates for the functioﬁs4

kei(p) and ker(p).

From equation'(l—3.14c) it is apparent that

sim{pker(p)]=0
p+0

Hence, the integrand in the representation for Gk'is not
singular (see also the plotting of the function ﬁkér(p) in
ngmI;-Q and the iterated dategration-with Eﬂussian.quadratqre
can be employed [86].

Ihé function f(Q) is given with reference to a fixed

Cartesian coordinate system.Thus, its conversion to poiar
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coordin_ates whose origin and 'refere;nce axis for the angle-@
"change as the nodal point Py c'hanges,seems te'dious at first
sight. However, the value of the function f(Q) at any point .
: (r,6) can be computed by first e{tab]ishing the Cartesian
coordinates x,y of this poinf.

' If the 1;Jading fonction £ (r,8) is a constant f, » the
- integrals {I1I-3.1) and (II-3.2) can Se farther sirn}_)'lifi‘ed
[78]_ as . .

f g2 f 13 43 P, ’ .
° J J pk81(p)dp E J‘E’Ker'(p)] “d (11-3:3)
0 0 o
Iz faim R
&t Jodo kei(p)do de—D—J [;}kgi"(p):[ocde (11-3.4)
0

. taking into account that

gim[pker’ (p)]=-1
. pr2

2im[pkei’ (p)]=0

pt0 -

relations (I1-3.3) and (_II-3.4I reduce to

£22 " : '
F=- 3 l [o ker (p.)+1]de (r1-3.5)
0 .
2
foz’I o . .
84 —°p) pckei (o Jdo (11-3.6)
0 .

These integrals can be evaluated by using Gaussian quadrature.’
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Khen the equation of the boundary is given, we can find
the function pc(s)=rc(e)/1 for each point p, (see Fig.II-7).
However, the‘pr;gram would be more flexible if we could avoid
determining the function p (8] for each point of a given Boundary.
Thus, in the following,we present a method for computing the
integrals (11-3.1),(11-3.2),(11-3.5) and (II-3.6) by using
au_tomat‘icaﬂy the coordinates of the nodal and of the _éividing

-points of the boundary, iné-tead of ‘using the equation of the

@M"_'

T M4

The numbers in the
-circles correspond
to'the dividing points

X

Fig.I1-8.
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boundary. This method is also valid when the boundary
cannot be giyen by an equatioﬁ. If we draw all the straight
lines from point Py to the other boundary points (seé Fig.II-8),
the area is divided iﬁto a finite number of sectors and the
value of the integrals (II-3.1) and (II-3.2) for tfie whole
area can be found as the 'sum.of their valnes for each sector.
For the computation of the integrals (II-3.1),(1173.Z)A
as well as (I1-3.5) and (II-3.6), the radial distance r_(8) -
is required. As ghown Below, the radial distancé'rc(e) and
éheblimits of integration for each sector can be computed
from the coordiates of the three vertices of the sector.

Referr1ng to Fig., II-9 , the equat1on of the 11ne

P (x5 ¥i)

Fig.1I-9.
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PiP, With respect to the axes ox‘y* is

vy oy Y= SiRQT .
y (yi ‘Yo) cosaE‘ (xi .xo)]
or

y'cosa-x'sina=(yiﬁyo)cosa-(xi—xo)sinA {11-3.7)

moreover,

i'v=rccose, _y‘=rcsine . (11-3.5}
substitution of (II-3.8) into (II-3.7) yields

(]i'yo)COSG-(Xi-xo)s1nc
cosasing-sinacose

re(0)= (11-3.9).
The denominator becomes zero when a=8 Or G=n+8. This‘
implies that Tines Op and p;Py coincide. However, this
possibility is excluded bet;use the partial integraf is zero
in this case. .
The angular 1imits of integration are the angles ek and
64 which are evaluated from the direction cosines of t?e lines
. 6EE and Op{.v
The accuracy of the method presented in this investigation
:for the numerical evaluation of the improper integrals can be
%mproved if the'boundary‘is approximated by parabolic arcs
(see Fig.IT-10)..In this case, the radial distance r (8) can

" be evaluated as follows.
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X

Fig.11-10. Approximation of the bouﬁda}y

elements by parabolic arcs.

fhe equation of the arc P1P,P3 with respect to the axes

ox‘y* is. _

. 2
, y‘=alxi*a2ﬁ'+a3 . (11-3.10)

where .
¥’=r.cosd, .y'=r siné (11-3.11)

“and the coefficient al,az;a3 are géven by

- - 2 =L
ay x{ 31 a1 yi )
- 2
oy 1=[.%5 x5 gy, (11-3.12)
. 2
ag X3 X3 1 ¥4



uﬁere x{=xi-x° i=1,2,3
Substitution of (I1I-3.11) into equation {II-3.10) yields
Valcos‘9ré+(aécoss-sine)rc+a3=0

Assuming that alcos’efo,we obtain

- " -
-(azcose-sin9)+/?a2cosb-sin9) -4a1a3cn§2e .
- (11-3.13)

rc(9)= -
2d,cos?8

If-dlcosze=0 then

i) Either cos8=0 and sin6#0, thus r.(8)=ay/sine.
ii)or a1=0, consequently rc(e)=-u3/(azcoseesine).
Notice that, in this case, the parabola Ras degeneratéd into
@ straight line. The POssibility. a,cosb-5ind=0 is excluded

c

since it implies that the radial direction r_ concides with

the 1ine PyPoP3-

II-4. Evaluation_of tﬁe deflections -of the clamped p]afe

Subsequent to the computation of the coefficients 2,
kj’ckj K3 and ihe constants Fk’ek’ the system of the
simultaneous eqiations (II-1.9) is solved and the values of

b »d
the functions ®(s) and ¥(s) at the nodal points are obtained.
These values can be used to obtain the deflection w({P} at any
interior point P,as follows. ' .

The deflection w(P) is given by equation (I1-4.41c),

which may- be written as
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w(P)= ——( 1,+1 +I3) . (11-4:1)
where .
1= %JJRfkei(o)qc : . (11-3.2)
IZ:J vkei(p)ds (11-4.3)
C .
13=TJ okei* (p}do i (11-4.4)
¢ B

Thé integrals (II-4.2),(II-4.3) and (I1-4.4) can be

- approximated. by the following sums

-1 : . ] .
-5 i Jjjfge1(p)d°_ (11-4..5)
1,8 4.6
= . kei d -4,
. jglejj ei(o)ds ‘ (11-4.6)
>. " 2e
13--j£10jjjpke1 (plde (11-4.7)

 .The integrals j kei(p)ds and '[ pkei* (pldev;a're _computed
as discussed in Sections (II-2a) and (II-2b). The mtegra'l
”fkei(gw)dc i:s~ evaluated on the j-sector and computed as
discussed in Section I1I-3. In the integrals (II-4.5) to (I1-4.7),

. the infegrand'is not singuiar.
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Fig.11-11. Sectors for the evaluation
of .”Rpkei(p)da

- II-5. ‘Eyaluation of 'the ‘stress resultants for ‘th‘e‘f]amped

plate
The bending moments H“,Ht; the i:wfsting moment’ M'nt and
the reaction anon the boundary are readily c'omputed By

using relations



" --DLY‘H+(V 1)(a Ll +|<3 ]
. 32w a"
-D[vV’w-(v-l)(;;;~+K3 ]

-Kg"]

e Te v)[

v --n[ (7w) - (v-1)2 (mn -né:;

Noting that ¥ < 324 - 2¥ - I -9 and using

asz an. 3s3n.

the above relations become

¥y =<DV2w==D0(s}

= 2
Mt--vDV w=vM"

Mnt=D

_ AV
V=08 =opu(s)
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(11-5.1)

_r_élatiuns (1-4.26),

(11-5.2)
(11-5.3) -
(11-5.4)

(11-5.5)

Thus, ”n’"t and v_" are computad direct'lj from the values of

© and ¥.

. The bending moments Mx.'“y' the twisting moment Mxy and

the shear forces Q_x and Q.Y at any point of the plate are

evaluated from the relations’

Mx=-n'(a——21 +vﬂ) ;

ay?

] =_D(ﬂ wa_z_!) )
Yy ay?. ax?
5 D(l-v)

xy Bxay

(11-5.6)

(11-5.7)

(I1-5.8)
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(F1-5.9].

(11+5.10]

As can be seen, Tt {s necessary to evaluate the second and
third order partial derivatives of the deflection expression
- (I-4.41c). One advantage of the Boundary Integréf mefhod is
that the evaluation of thiese derivatives can be done

analytically.

3%w

B
'directly,it is more convenient to first evaluate their sum and

2
Instead .of evaluating the derivatives %;7 and —

the1r d1fference. X . . :

We introduce the followlng notation

o -2 S2w
at e Y22 s 412% 5%y
(11-5.11)
3 =2 g2
S TR N TR
‘From equation (I-4.41c] we obtain

2?2 32v _;a%y 3%v _ 32
) .du-dzz ”Rf@__ - ) o DI [w( y. - )-o_(a_—: - y:)]ds

(1155.13)
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d12=ljkf§{g~)ﬂo-nlctu§;}i§o§ﬁ(§§é"711ds . (F1-5.14)

c1=” f%;vvzvdd -DJ 5 ;vzy;':g%(%’;ytvlj ds  (II-5.15)
R c .

cz=”Rfa—y V2vdo "“DL[@W“WY"’%(W ¥l ds  (11-5.16)

Ustng the appropriate relattons from Appendix A, the above

expressions can he written as

dytiy b %” fxlgp{dmj. o, (olds~ %] o8, (olds| (11-5.17)
: R ¢ c :

e %” fKZColdo—rJ K, (pldse %I 08, (p)ds] (11-5.18)
- R c.

c
a4, i—n[- %”:fl(a(p)dwj w3 (p1ds- %J OAa(p'lds] (11-5.19)
R c Cole
€= 2—"11—,:[%” 1;K4(pldcsl vk, (o}ds- %J'.OA,;(QNS] (11-5.20)
R c c
& ﬁ[%j [ fos(p)da-wascplas; %j c'm'scplds] . s

wfiere 1t has been set
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k(p)=ker{p)
A, (pl=ker‘(p)cose
Ky(p}=C(p)cos2a »

a,(p]=ker (o) cos Zacose- '26 t(p)cos(2a-0) (11-5.22)

K3(pl=C(p]sin2a
A3(9)=ker'(plsin2acosw; % C(p)sin(20~0)
K4(pl=ker'(p)cosa
. A4(p)= % ker"(plcos(a~pl+ket(plcosacosp
Ks(p)=ker'(p)'s1‘nu.
 aglpl= ¢ ker® (plstn(a~pl ket (pTsinasng
tlol=ker(p]- £ ket (o]
Inasmuch . as point P, where the quantities (I1-5.17) to
(11-5.21] are computed, is tnside the region R, the argument
P does not vanish and the kernels (1I-5.22) are not singular.

Thus, their numerical computétion is not difficult. The

integral expressions are épproximateﬁ by the following sums

1.7 1%”” 1K (pldm%w}’x(id ‘1 ’)?O{A(;ld
- = . . ” S~ = s - s
DL ; i J=1jj1p ‘zjﬂ JJJI

(i=1,2,3,4,5)}
(IF=5.23)

where JJ fKi(pIdé is the douhle integral on the ;’sector and
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can be evaluated as discussed in Section II-3 l Ki(plds and
I Ai_(_p)_ds are the Tine integrails e:xtended over the j interval.
They can be evaluated by applying Simpson®s rule. When the -
integrals Ii.(l’) are computed, tﬁe. derivatives will he given
as
d11+d22=11(”/2u .
dyg-dyp=Ty(Pif2n S
dpp=T5(P)/an - - (11-5.28)
c1=I4(P1/2n1

c2=I’5(PU2ﬂ:L

11-6. Approximation of the integral equations for the simply

supported- plate by a system of simultaneous linear

algebraic equations

Equations (I1~4.42a,b) may be written as

I (vw+uvx)ds='%ff vfdo
c R

: (11-6,1)
1 I v I 3 L av
2% Ca—wn ds+ c-—ﬂaﬂ yXds DIL’“ fdo
. 4 P P
where )

2
v=- Fokeilo), . o=r/t,  r=lq-p| (11-6.2)
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Introducing equation‘(II-G.Z) into equatjoﬁs (11-6.1),
and using relations (A-36),(A~17),(A~39),(A-41) with (A-8) and
(A-23) we oktain ’

'Icwkei(p)d?+jcxEi;ier(n)+ v‘IK(s)km (p)cosuﬂd %{IRfkfi(o)do

nx+J'cx [—liker '(p)coswt{v-1}K(s) [ker(p)cosmcoéq;_—%kei ‘ (D)CDSV(wH;))]]dS

+LJ’ wkei‘(p)coswds= —;1” fkei'(p)coswdo : (11-6.3)
C R
" where ’ w=;/ﬂti (11-5.4)

Pq p .
The numerical integration of equations (I1I-6.3).is .
performed by applying the procedure described in Section 1I-1.
The boundary is divided into M interva'ls,not necessan'ly equal
and- numhered ,consecutwe'ly’, clockwise. The values of ¥ and X
are assumed constant on each i‘ﬁterva] and equal to their values
_ at the nodes of each interval. Denoting hy 'wj and )(j the values

th node (that is'the node of the.j-interval)

of w and X of the j
the integral equations (II-6.3) are transformed into the

following system of 2M simultaneous algebraic equations

) ¥1 k% [ ka R kel
i ' (11-6.5)
N

le ki J+ z (ko+“6kJ)x Hk (k=1,2,...M)
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where Gk

j 1s the.Kronecker delta and

akj:ijei(pkj)ds

-1 valf proie '
bys° lzijer(pkj)ds+ : Jckkel (pkjlqosods .

ckj=£L vei’(pkj)cosads' )
dkj='%Jjker'(pkj)cnswds+(v-l)Jijer(pkjiqoswcosads'
=02 K5kt (o, 5 cos (oo s
3Pk o
' (11-6.6a,b,¢,d,e,f)

e %”Rf(o)kei(pm)da

He= %JJRf(Q)kei'(pkq?cosudcb'

IQ‘Pk[
[

r . . .
where py o= S0- s+ QeR,  peC (see Fig.1I-2)

In the above ;elations, the symbol J indicates a line integral
J

on the j-interval. t

The system of equations (11-6,5) may be written in matrix

form as

AY=B (11-6.7).
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vwhere
“’1 F1
b Fa
wM
'] [
xl
%,
| % ]
(11-6.8a,b,c)
[ayy 21p--<ajy 7§ By Byge--byy]
331 3272 | Pay bope-boy
%2 e | D Pz Pum
A= :
. °11_ Cpee-Coy dﬁ‘"dlz...d1M
€21 €221 Son d21 3™ dgy

. o
Oy Oya- 45T |

L ch CHZ. MCHH

I1-7. Evaluation of thev.coefficients akj’—bkjﬁkjﬁkj for the

simply supported plate

in what follows, the same notation is employed as in
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Section 11-2.
. ;) Evaluation of .the coefficients 24§
The evaluation of the integral (II-6.6a) is given jn

Section II-2b.

b) Evaluation of the coefficiénts bkj

Equation (1I-6.6b) may be written as

I . (11—
Biy™ 2yt (10 (1-7.1)
" where
b£j=ijer(pkj)qs
and

b%{jg(s)pukei “(py g0,

The numerical technique for the computation of the integral

bij is described in Section 1I-2d. Moreover, noting that
11m[pke1 (p)])= 0 the integral. ka ‘can be-evaluated by employing
procedure analogous to that used in Section. I! 2a for the

evaluation of the 1ntegra1-ikj.

Thus, we have:
Case i 'k

For el,ezfo we can apply Simpons rule (II-2. 1) by setting

hy=8y5  by=0, . o
g Kporkei’(oy) NG E))
85 KgPokel” (,) o

957K poked” (py)
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‘where Kl’Ko’KZ are the yalues of-the curvature at the points
9;_1+P; and q; (see Fig.11-4], respectiyely.
For 6, or 6,=0

bm 3 silagre,)l,  when 05 =0, 1,2 (1I-7.3)

and
by;=0» when ©;=8,=0 ) L (11-7.8)
case il k= ' ‘ -
In this case, the infegral can :.he computed by Simpson's

rule (II-2.1) setting

h h

170 Rt

_ 9y7Kp kei (o))
9,~0 : . (11-7.5)
9p=Kop,kei " (p,)

Notice that if one of the angles e_l,el is zero, ‘then

1 o : - .
bk =0 . (I1-7.6)

¢) Evaluation of the coefficients C‘kj
Case i k#j .
We u'se Simpson_‘.s_ r;lle (11-2.1) setting '
) hy=sys hzf*z". -
glf'lkei'(pl‘?gl’s"l (11-7.7)
go=2kel” (p_o')-F°s‘?o'

gz=1kéi'(pé~)co§mz
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Case ii k=)
Since Lim[kei'(_p)]=0, we can use Simpson's rule with g°=0.
p*0 .

d) Evaluation of -the coefficients ko

Equation (II—G.Sd)’ may he written as

Cdps —dl’u+(v—1)dh—(v-lld”’

Where
. _ L .
dkj_ LJ’.‘ker (pkj)cosmds
5
/I . . .
k.'l J K(s)ker(pkj)cosmcoswds ) i (II-7.‘8)

di’s J K(s) ker (pk Jeos(gtuw)ds

For k#j, the abové integrals can bé eaéi'ly evaluated
using' Simpson's formula. (I1-2.1). #ﬁr-the evaluation of the

integral dl;j {k#j) we set

9,= %kt-zr'(.:al)cnsm1
_L. . - -
9,= Eker (|:>u)cus¢.:P ) (11-7.9)

9,= %ker'(po)coswzv

For the evaluation of the inte§r31 d:J (k#3), we set
91=K1ker(pl)cosmlqosw'1
g°=K°ker(p°)CDS<n°CDsq:° (I1-7.10)

9= szer(pz)cusmzc'uSQ;v2
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For the eya]uatlon of the 1ntegral ko, we set

hy=sps  hpes,
917K ;‘)—lkei'(pllcos(mlhpll
t (11-7.11)
=x 1 ae .
go'Kn a:ke] (pu)cos(mu%q;o)
92=K2 1—2kei"(pz)cus(w2+<pé)
For k=j, (p+0) and the integrals (II-7.8) reqUTre spec1a1

. treatment. The 1ntegra1 d fur Jj=k may be wntten as’

dki- IJ [ker (o)+ Hcose- %Ik €oseys (11-7.12)

From equation (I-4.13) we conclude that .

“wim[ker’ o)+ 3]=0 (11-7.13)
e+0 e . .

Hence, for the case p=0 the first integral in equation

(11-7.12)can he eyalvated by using Simpson's rule with

hy=sys hp%s,

= -l-[ker'(p }id 1—-]cosw V - (11-7.14)
917 % P17 oy 1 o
9,=0

9, %]_'ker'(.l:'z)*L g—zjcoswz
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Moreoyer, referring to Fig.11-12 we haye
cosw=~sing
Thus, the second integral in equation (II-7.12) may be written

as

.

1 o sing o » ’
-zJ-%g"‘dFJ s (11-7.15)

k

3

Fig. II-12. The boﬁndary ¢ and the E,n Tocal
system of axes

In order to use Simpson's rule for the evaluation of the above
'in_t'egra'l. the following Timit must ke eyaluated
ginsin® - ' (11-7.16) .
r+0 .

In order to evaluate the aboye limit,we introduce the
coordinate system (E,n) [52] haying point Py as its origin ’
[see Fig.II-—'lZ]; where E is the tangential and n is the radial



148

direction at p,.
The ei"tuation of the boundary n=n(E} in the neigbbourhood )

of p, can be expanded in a Taylor series. Thus,

_n=a°+;,lg+.uzg*+. C(11-7.17)

Noting that u.°=0, and that the Boundary cuyye at bk' 1s
symmetric, only eyen terms will Ee retained in the above
expansion. Thus, we have
» .
- 2n
n=f a, ET.
n=1 2n
Since E is small, we neglect the terms of order higher

than the second and write

_ 2
n=a,g

if Ko is tbe curyature at point P> We may write

_1, .2
n= 5K E (11-7.18)
and
r2=glm2=g2 (14K E°/4)
n 1 I(o :
sing= T = 7 ———0_F (11-7.19}
T1+K2E* /4
hence, .
) pinsind - g 2 < 1-1.20)

r+0

Thus , for the case p=0, the second integral in equation

(1-7.12) can be-evaluated by using Simpson's rule with
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" (11-7.21)

Consider the - lntagrand of the integral d ;| for the case k=j.
Inasmuch as the curvature K is a finite quant.ity. for a smooth

boundary , in the Timit as p+0, we have

2im[Kker (p)coswcosg] =KcospLim[ker(p)cosw] = (I1-7.22) ’
0 . p+0 :

The behaviour of ker(p) for small values of the zi;rgument is
analogous tﬁ 2n{p) [sée equation (I-3.14c)]. Thus, referring

to_ Fig.I1-12 relation (fI—7.22) be_comes
zimfKker(p}cosucose] =-KcosoLim [sinozna(r)]
p+0 . >0

Substitu.h‘ng equation (II-7.19) into the above, we obtain

11m[Kker(p)COSwCOS¢]--KCOS(PR.'HTI{] -——E[Lng*’lln(lﬂ(’EzM)]} 0
pro B0 “fiekzezTa.

- (11-7.23)
Thus, foir k=j the integral dzj can be evaluated using Simpson's

rule with
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gl=K1ker(pl)CoswlC05.<Pl

9°=0 (I1-7.24}

gz=K2keer2)cosm2cos¢2-
Finally, for the evaluation of -the integral d;’;"intthe case
k=j, we consider the behayiour of the function kei‘(p)/p as

p+0. . From equation (I1-4.12} we have

%kei',(p)=~i.n(p/2) [1/2-10.66666 (0/8]"+...]

Z %,[ls(p/a)1-113.77777(5/3)‘«..J] (11-7.25)
1 2 . [ 3 .
- gnl~4(p/8)*+14.2222(p/8)°~. . ]

+[,2113217-13.39658 (0/8) "+...]

It is fapparent that for small values 6‘f o the function

%kei‘(p) behaves ljke ln(p). This suggest that for j=k we

write the integral dl’(lll( as

dﬂ =J [K%kei ‘(p)cos (w+(p)+%l(oi.n (p/2)cos (o ey )]ds
k

e, (11-7.26)
=k cos (g ta;) ln(ﬁlz}ds‘
R

Notice that’
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@,= Limosinf2
. o0

9yt ime=2nf2 (11-7.27)
p0 o

cos(wy g, )=-1

Moreoyer, from equation (I7-7.25} we have
vim[2kei’ ()¢ 2en(p/2)]=-0.03860783 . (11-7.28)
o0 ° 2

. Thus, the first integral iﬁ equation (TI-7.26) can be evaluated
_using Simpsdn‘s rule (II-2.1) with
hlfsi, h2=§2

1

917Ky prkel (og)cos (oy vy )= FKytnloy/2)

»g°=0.03860783K0
' 1 .ee 1
957Ky EEkel (pylcos{wyta,)- 5K 2n(p,/2)
. The second integral in equation (II-J.ZG)_is,approximated by

using equation (II-2.21). Thus,

%KDJ 1n(p/2)ds¥ %k;[] En(p)dS*LHZI ds]
k- k k

=3k, iry [2n(p; 1-2]+ry [2n(p,)-2]~gn2(r y+ry)3

(11-7.239)
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I1-8. Eyaluation of Fk and Hk' for the simply supported plate

The evaluation of the inte;ra;l Fk is given in Section
{I1-3). Thus, in this Section,wé present a numerical procedure
only for the evaluation of the integral Hk' For the reason§
stated in Section (II-3), we use pp'lar coordinates with .
point‘_pkﬁ as the origin,and the tangent line to the boundary

'-'gt_ fhi_s point as the ;-eference axis (see Fig.1I-13}. .

8 .
”/ \Tungenjt
w

X/

Fig. II-13, Polar coordinates for the functior; kei‘(p)cosw

From Fig.1I-13, we haye cosw=-sind and thus, fhe integral

(11-6.6F) may be written as

8= %” £*(r,0)kei’ (p)rsingdrdo (11-8.1)
R
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where

r=r(8) and p=r(6)/2

Since zim[pke'E'(p.)]'=0", "the'.-integrand in the integral (II-8.1)
0 . : .
is not singular and,thus, it can be integrated using iterated
integration with faussian guadrature. Thus, we have
T rc(e) T

He=- %J J f*(r,8)kei’{p)rsinedrds {11-8.2)

: olo :
1f the loading functior; is a comstant fo the intégral (I11-8.2)

can'be further simplified

: £ a7 ([P -
B8 JU pket * (p)dp] sinede (11-8.3)
a’o :

11-9. Evaluation of the_-def-lections'of the_simply supported
plate ’ )

The deflection w{P) is given by equation “,_4‘42(:) which

may be written as

2
w(P)= %(‘11”2*‘13*14) (11-9.1)
where . .

v11=%” fkei(p)da’ (11-9.2)
" .

12=J Fkei(p)ds . i (11-9.3)
c , . .

1= L Jxker(p)ds ©(11-9.4)
4 o

(o}
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14=(v-1)j RKkei’ (p)pde : (11-9.5)
. C . .

The integrals (II1-9.3) to (II-9.5) are approximated by the

following sums

Y .
IZ=_Z wj] kei(plds (11-9.6)
=1 : .
J .
U e -
Iypr j£1xj ‘-ker(p)ds (11-9.7)
J . .
M
I,=2(v-1) ] X;| Kkei’(p)pde (11-9.8)
4 PR
i - .

The numerical procedure for fhe evgluation of the integral .
(I1-9.2) is given in section II-4, while the numerical
procedures for the evaluation of the integrals (I11-9.6),
(11-9.7) and'(II-Q.S).are inen in sections 11-2 and II-7.
In the above line intégra]s, the integrand .is not singufar
because point P lies inside the region R and the distance

Tpq does not vanish. .

The values wj and x of the functions ¥ and X at the nodal

points are obtained by so1ving the system of simultaneous
equations (11-6.7) after the coefficients ikJ’ ka, ckJ, ko

and the constants Fk' H have been cumputed.
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11-10.. Evaluation of the stress resultants for the simply

supported plate

The bend1ng moment - "t the twisting moment M ht? and the
reaction on the boundary are ea511y cumputed by using the
relations (I1-5.1). Koting that H=5—— =»Q—! =0 and M_=0-and

N s 3s2 - n
using relations (I-4.26),re1ations (II-5.1) yield

M= - D{1-v2)KX

Mnth(l-v)%% ' . - (11-10.1)

v =-0fe- (v-122F
3s?

Thus, the bending moment Ht is computfd di%ecily from khe
values of X. The derivatives ax - and Q_é can be computed either
by numerical differentiation thh res;ect to the arc length,
using the values-of X at the nodal points of the. boundary,

or by differentiating equation (II-4.403}with respect to s.

That is, -

2 2 . )
s =2H L fdo—ZDJ Bﬁ w ‘Hv]ds (11-10.2)
) g2 20

z . - , . .
X, “ 32’;' fdo—ZDJ [32" - Hv]ds . (11-10.3)
Ras np R 3s anp 35 Bnp ) .

Equations (II-10.2) and'(II-lo.S) yield more satisfactory

results hecause they do not require numerical differentiation.
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Moreover, using these equations, the derivatives of X can be
evaluated at points of the houndary which are not nodal points.

The bending moments B, .M , the tuisting moment B,ys and

¥ 14
the :Sbea_rfforces oxand t]y are evaluated from relations (II-5.6)
to (11-5.10). '

As in Section . II'—S_' » instead of evaluating directly the

32w 3%w s . .
derivatives o, it is more convenient to evaluate their
X

sum and thexr dxfference Thus, usmg notat\on (II 5 11) we
' have )
u+422-v=w‘=“ fv?vdq-D[ [zviv+vinvilds ° (11-10.4)
R e . .

32y, o 32v._3%vy, @2
dytge|| €% - 2o [0l >+(—--)an}“
.“ z? ” ax?  ay? »L ax? ax2ay

ay?
- : : (11-10.5)°
Toatv. |, 22My. ], s s oy
” my ]c[’L—axay PN x]gs : (11-10.5)
” fix V’vdo- [(‘g% Viv+ g—x v2HyX} ds : (11-10.7)
I (A ,
do-o] @ & v2v + & vmvx)d
2vdg-0 | (¥ 55 ! 5 " s. (11-10.8)
. . )

Using the avpropriate- relations from Appendix A, the above '~

ex_pression; can be written a's_
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du}_dzz-én[ %jj fK (p)uo+J wkl(p)-——J Jﬂl(p)ds-f——llcml‘(p]ds]

(I1-10.9)

d- dyy 2“[ 1“ X (D)da+J ?Kz(p)ds-i—zj;:iﬂz(p)ds+

+ "—‘ij KXAZ(p)ds] (11-10.10)

_d12=,1,—“[-%“RfK3(p)_dcﬂjcw@(p)ds_-.i—zlcx%(p)dw l’iJ’cKJ(A:;(D)ds]
C(11-10.11)

€= 2,111[1” fK4(p)decTK (D)ds+——J My (p)ds- "'—IJ'CKXA (D)ds]

{11-10.12)

CZ%@[%JJRfKS(p)do- chxs(p)ds+%1 M5(0)- ——jcxms(p)ds:[

(11-10.13)

where the kernels Ki(p), Ai(p) (i=1,...5) are given by
equations (I1-5.22) and
Ny (p)=kei(p) _b
NZ(D)=B(D)CUSZG.
N3(9)=B(p)s;in20. .
(11-10.14)
vN4(p)=kei'(p)cosa.
Ng(p)=kei’(p)sina

B(p)=kei(p)+ Zkei”(p)
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The numerical procedure for the evaluation of the integrals
(1-1-10.9) to (II-10.13) is the same as that presented in Section

1I-5.



PART III

NUMERICAL RESULTS

III-1. Introduction

Computer programs have been written for the numerical

evaluation of the reéponse of c]émped and simply supported

' plates by iniegrating- the BIE derived 1in Part 1 ,using
the numeéfca] technique developed in Part If. Numerical'regults
have been-obtained for circular piates, rectangular plates and
a plate with composite shape using a CDCICYBER -171-8 computer.
Whenever possibTe;the results are compared -with those obtained
from analytical solutions. It should be mentioned, that
analytical results exist only for plates of simple geometry,
subjected .to simple loading. For rectangular plates, the
results are also compared with those available for rectangu1ar
plates without elastlc foundation by giving ;mall values to

the constant of the elastic foundation.

11I-2. Dimensionless parameters for the circular plate

a. Circular plate under a concentrated Toad P at po1nt

In this case, the differential equat]on for the deflection of

the plate (I-1.1) is ; -

Ve -',;- W= % 8(0-00)s Q:(x:yL0g(x,,y,)  (111-2.1)

Denoting by 2 the radius of the circular plate, introducing
159
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the dimensionless varigbles
R CL(II1-2.2)
) E=3 n % : ( !
and noting that [90]

6(00)“—‘5(00)

relation (II1I-2.1) becomes

Vo ¥ A% = 6(0-B) {111-2.3)
where
. . . .
a 6. % =
a2 ,p=20-0 5. “ 1i1-2.4
7°8°3 7 PaZ/D g: (E,n) ( )

Referring to the integral equati&né (i1-1.3), it is
apparent that for clamped plates the quantity w does npt
depend on Poisson's ratio v. Hoyever, fnom the .integral
equations (II-6.3) we conclude that for simply supported
plates, when the curvature of the boundary is.not zero, their
non dismensionless deflection ﬁ.deﬁends'on Poisson's ratio.
Thus, from equation (III-2.3) it is-apparent that for clamped
circular plates the dimensionless deflection w depends only on
the dimensionless parametérs A and B, while for simp]y
supported c1r:u1ar pIates it depends on A,B and v. The )
parameter l'alz-a/ /57_ 1nc1udes all’ the geometr1ca1 and
mechanical properties of the plate and the mechanical property
of the subgrade,while the parameter § characterises the load

position.
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Thus, for the clamped circular plate, we define the

following dimensionless quantities:

¢; (A,BL= —2
3 pa /D
M,
¢, (.8) = 5 (111-2,5a,b,¢)

-y, 2
¢; (2,817 Vo 3

i
where M, and v, are, respectively, the bending moment normal
to the boundary and the reaction on the boundary of the plate.
The quantities ci,ez and C3 are tabuléted'in-Tab1e I for
various values of A and B. ) ‘

For the circular,simply supported plate, we défine the
following dimensionless quantities:

Cyl2,B,v)= —2
Paz/p

Hy .
C(AB,v)= 5E (111-2.6 a,b,c)

ColrBovi= ¥y %

where M, ;nd V, are the bending moment along the boundary
and the reaction on the boundary, respect{vely. The quantities
C4: csahd 66 are tatulated in TaETé 1L for ;arious values of
A and g for v=0.3.
To estabiish the influence.fields  for the bending moments

My and My,equation;(I-S.l) is converted to a dimensionless
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form. For instance, the influence fiel& for the bending momelnt

Mx is obtained from the fol'lovn'ng equation.

Vweskes = -(~— +v——‘a(q Q)

Using the dimensionless coord_'inates (I11-2.2),we obtain

2 2 .-
Farsnir = (L 2)5(G-0q) (111-2.7)
3 iz F

From equatiom (I111-2.7),we cnnc]ude that for c1rcu’lar
c]amped plates
WA= *(X,a,8)
and for circular simply supported plates
w*si*(v,2,a,8)
where a denotes the dimensionless position.of the bending
moment M
The ifluence coefficients for the bending moments h nd
I’lt are tabulazted in Table III for the clamped plate,. and in
Table 1V for the simply supported plate. Notice, that_for the
'c'lamped plate the influence coefficients are given for v=o.
Tin's allows us, to establish the influence fields of Mr and Ky
" for any of the values of v. However, for.the simply supported

plate, the influence toefficients are given only for v=0.3.
b._ Circular plates under a distributed load:

Using the dimensionless variables (II_I-Z.Z), the differential
equation (I-1.1) may be converﬁ:e_&f to the following dimension-

Tess form



163

V= (E,n) . {111-2.8)
where it has been set

g, = L0 (111-2.9) |

fo being 2 constant with dimensions of force per unit area and

v

; (111-2.10)
fod*D

w

Fhe dimen_sion]ess deflection w definéd by equation (I1II-2.10) h
for a specified' dimensionless loading P depei_nds only on the
parameter A for a clamped circular plate and on A and v for

a circular s‘imply- supported piate.

The dimensionless bending moments and the reactions are

defined as:
- Mh :
4=
foa
(111-2.11)

¥
d,= n N
- 2 ?o_a

For the clamped plate,the quant.'ities d1 and dZ depend only on
the parameter A, while for the simply supported plate, they

depend on A and v.,

111-3. Dimensionless parameters ‘for the Tectanguiar plate

,'a.' Rectangular g]ate'un'der ‘a2 concentrated load P.

For-a rectangular plate with 2ax2b dimensions,we choose:

as dimensionless coordinates



164

€1, -eselse,  e=2 (uraa

-1<E= 3

i

Using these coordinates.the differential equation (I11-2.1)

takes the following dimensionless form:

v et w=6(8-8,) (111-3.2)

where )
=2 oW = . ; . e
A= 2, W i Q:(E,/n), 60.(59,110) (111-3.3).

From equations (I1I-3.1) and (III-3.2), it is apparent that
the dimensionless deflection W for a specified load position
depends on both the parameter A and the side ratio e= b/a
Inasmuch as the curvature of the boundary is zero, w does

not depend on Poisson's ratio v qun for simply supported
plates. The dimensionless bending moments and reacting forces
are those defined for .circular plates (see equations

111-2.5 b,c).

The influence coefficients for beﬁding‘moments, reactions,
and deflections at‘éome characteristic points are tabulated
for various values of the paraﬁeters A and e,and for various
dimensionless load positions for clamped plates in Table V,

and for simply supportéd plates in Table VI.

b. Rectangular_plate uﬁggr distributed_load:

In this case, the dimensionless quantities defined for

the circular plates. are used. However, in this case thess
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quantities also depend on Fhe side ratio €.

111-4. Accuracy .of the method and some numerical” results

In this section, some numerical results obtained for the
axisymmetric loading of the circular plate are comhared with
those obtained by the existing analytic solution [64].

In Table 11I-1, the values df‘theﬂdimensionless.deerction

. w=v (Pa2/D) for a clamped and a simply sdbported circular plate,
-subjected to a centrally applied concéntrated_load,are
presentea as obtained from thg BIE method with 32 b;undary

nodal points, and from the an$1¥tica1 solution [64].

Table I1I-1 Deflections of a clamped and 2 simply supported

b]ate subjected to a fentra]]y applied concentrated

Toad.
A=l Clamped . . *Simply. Supported
. w=w/(Ra? /D) __W=w/ (P& /D)
T/2 |BIE (m=32) | Amalytic [64]| BIE (m=32) | Amalytic [64]
0 .1972-01 .1973-01 .48688-01 | .48689-01
0.2 ].1638-01 .1639-01 | .44203-01 | .44203-01
0.4 |.1076-D1 .1077-01 .35146-01 .35146-01
0.6 |.5351-02 | .5357-02 .23978-01 | .23977-01
0.8 |.1%61-02 ,1462-02 .11973-01 .11971-01

In Fig. III-1, the percent error in the numerical results for

the deflection at points r=0 and r=0.5a and the bending moment
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Mn at pointsr=a of 2 clamped _circu’lar plate,restipg‘ on

elastic foundation (A=1), subjected to a centrally applied

concentrated load,are plotted versus the number of boundary
nodal points. l

20%

15% L
“

LS

2

w

05 -

L Pt

10T 20 30 40 S0 60 . 70 B8O 80 100

' Number of boundury points

Fig. III-1. Percent error of the deflection W at.r=o, r=0.5a
and the bending moment Mn at r=a of a clamped
circular plate on elastic foundation (A=1)

*subjected to a concentrated Toad at its center.

In Fig. I11-2 , the percent error in the numerical results
fo'vl- the deflection at r=o and r=0.6a.and the'reactive-fqrce Vo
at r=a of a simply supported plate on elastic foundation {a=1),
subjected to a centrally applied concentrated force at its
center ,i; plotted versus the number of the boundary nodal
points. . . )

‘From Figs:_IiI-1 and III-Z,ﬂTis appareni that ihé'é;rr;r
is very small. Only few nodal points (30 to 40) on the
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boundary are sufficient to obtain accurate results. The error

increases as the computed deflection approaches the boundary.

I
AT

e 3% - ~
a0 B\ . I
o VW:. . —er:?.sa . o N

0 20 30 _40. 50 €0 70 80 90 IO_O

Number of boundory points

F1g. 111-2. Percent error of the deflection at r=o, and r=0.62
and the reactive force of a Slmp]y supported
circular plate on elastic foundation (A=1)

subjected to a conqentrated force at its center.

In this case, it may be necessary to increase the number of

the nodal points on the boundary.

Tt {s apparent, that as the constant of the elastic
foundation decreases, the deflection obtained for 2 plate on
elastic .foundation wi]i approach that of a free plate {i.e.
not resting on ejastic foundation). This is illustrated in

..Tables I¥I-2 and III-3
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Table I11I-2. Deflections of a clamped circular plate

subjected to a uniformly distributed load qd

- - §
¥nax™ wmax/(qoa /m
r/a
{ BIE (m=32) A=.671 |Analytic [64]a=0
0 ©.155501 . .1563-01
’ .1430-01 - .1430-01
.4 ©.1093-01 ©.1103-01
6 .6321-02 .6400-02
8 | .19se02. .2026-02

Table.111-3. Deflections of x=y=0 of>simp1y supported
rectangular plate centrally loaded by a

concentrated load at its center

e o ’ ?max='wmax/(ga=/n)_
BIE (m=24] A=0.212 | Analytic‘™a=o

1ol 0.1160-01 1 0:1160-01
(1.2 0.1355-91 0.1353-01
1.8 0.1486-01 0.1484-01
1.6 0.1569-01 ‘ 0.1570-01
1.8 0.1620-01- 0.1620-01
2.0 | q.rsso-oi 0.1651-01

(*) The analytic solution is obtaimed from p. 143 of Ref. [7?]
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In Fig. III-3, ‘the results obtained by the BIE method and
those of an anaIytipa] solution presented in reference [65]

are-plotted. These results are in excellent agreement.

ar

e———Fletcher Thorn[E5]
S X * ¥ BIE sdlution

i w .
w-_q.a‘/u . : ) N .
—-:—=4.o b -08 07 Q6-05-04-03-az-03 0 Y
Fig. 111-3. Deflection 2long x=0 of a uniformly loaded

c]amped_.square p]aie on elastic foundation
with e=1, A=1l.1

In Fig.I11-4, the distribution of the def'Iection, the
bending moment Hn and the reactiye force \fn along the boundary
of a unifurvmly loaded clamped rectangular (b/a=2} plate for a
smél'l value of the elastic constant (A=0.671) is presented. The
corresponding maxw [ Ref.-[73] p. 202) is 0.4064x10"1 (a=0)].

In Fig. 111-5, the distribution of the deflections along
the x and y axes and of the béndi_ng moments My, and reactive
forces ¥V, along the boundary of a clampeg plate of composite

shape, resting on an elastic’ foundation are presented.
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_Vr=-09334q,2

Voo .

)
b
- . M
. (] 3 [ I .
Vn=-.1.0270q°a\. » . s : o MU:—Q;joaqoa‘-
. 4 . X ) .
inwor 02027618 o] -

. b
.vn~'

2

Mp
Mn=-Q2282q,a*
) .

- Fig. I1I-4. Bengﬁng moment Mn, reactive force v;' :along
"the ‘boundary and deflection w along y=0 of
a uniforily loaded clamped rectangular (e=2)

plate on elasti’tc foundation (2=0.671)



ot y=0 g

eﬂedm w

‘bcundory o? the plnb
Scote: tem=it |

{ LI .
Bending moment Mp on )
the boundary of the plate
Scale: 2:m-1\m °

F1g. lII 5 Umform’l_v loaded clamped p'late of composite

shape rest'lng on elastic foundatwn k=500,

* h=.10m, E=2.1x10° t/m2, v=0.30, 9=

J2t/md -

III-VS.'Tab’Iés for circular and rectanguiar_clamped and'simp']y

" supported plates resting on elastic foundation.

The constant of the elastic foundation may vary between 0

(free-plate) ‘and 20000 t/m3 [73]. Thus, for usual engineer.ing
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applications, the dimensionless paran;eterx(= 3/ = a/*/DJk)
varies between 0.5 (soft subgrade} and 20 (stiff sdhgrade).
For a plate not resting on an elastic foundation it is kQD,and
thus, A=0. However, this value of k results in computational
difficulties and, consequently, results for plates not'restiﬁg
on an elastic foundation are obtained using a smail vaiue_ of
. k (say 'Ig=1-).(*) -
1;|. order to determiﬁe for which ._values of A should tables
-~ for the quantities (:1,(:’2,1‘,3 (defined by equation II11-2.5) be
given, these quantities are plotted in Fig. III-6. From this
figure we see that the change of these quantities is
negligible for 0<i<l and very smalt for A>11. Thus, the -

" tables will be presented for 1=1,3,5,7,11. c .

In Fig. III-7,the bending moment M, at x=a,y=0 and the
deflection at x=0, y=0, as well as the bending moment M‘y at
=0, y=b have been p]étted versus the side ratio've=b/a of a.
clamped rectangular plate on e]ast-'ic fouhda‘tion_(hz), sub-

. jected to a unit concentrated force at x=y=0. From this Fig.,
it can be seer;_ that for values of e=b/a>1.8 thé qua_ntit'i_es W,

' Mx and. My approach the corresponding values of an infim"tely
long plate clamped at the two (a=constant) opposite edges.

_ Thus, the values of b/a chosen in the tables are e=b/a=1.0,

1.2,1.4,].6and I.8. .

(*) Eor a plate with a<2.5m, h=0.10h, E=2.1x10°t¥m?,v=0.3,
and k=0.1 it is l=0‘.381‘0r the same plate with k=0.01 it
Cis As0.21 . :
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Fig. I1I-6. Dimensionless parameters C1:Cp> and Cyq
versus A
25 . I I — 12
700s: 4 10 :
R $ X
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Fig., 111-7. Dimensionless parameter Sl,Mx(a,D) and
) M.y(a,b) versus side ratio e of a c]émped

rectangular plate resting on elastic

foundation (A=2).
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In Table I,the deflectiun.clﬂvn/?az; at points r=ca

(2=0,0.2,0.4,0.6,0.8) on the radii 6=0°,22.5%,45%,67.5°,%0°,

112.5°,135%,157:5318F , the moment C,=M,/P and the reacting
force C4=Vya/Pat points # 1 to # 9 [6=0°,(22.5°),180°] of
the boundary are given for a c]ampedv.circulvar plate resting’
on an elastic foundation (A=1,3',5;7,1I), subjected to a
concentrated toad P,at points r=32(8=0,0.2,0.4,0.6,0.8) of the
radius _e=0°.(See Fig.nIII-Bl. '

In Table II, the deflection C4v= wD/Pa&, the bend_ing moment
CS=Ht/P, and the reactive ,forcg 155=Vn8/?for the same points
as in Table II, are given for.a circular,simply suppor’ted plate
resting on an elastic foundation (A=1,3,5,7,11), subjected v
to a concentrated load P.at po%nts'r=aa (8=0,0.2,0.4,D.6,0.8)
of the radius .6=0° (see Fig. III-8). Notice, that in this case,
the results are given for v=0.3.

In Table III, the influence coefficients for the bending
momentsAMr and My at points r=ga (8=0,0.2,0.4,0.6,0.8) for a
clamped,circular pia'te'w'ith A =>1,3,5,7,l1 and v=0 are given.
lThe values of the ﬁf'luence co}afficients have been computed
at points reoa (1=0,0,2,0.4,0.6,0.8) of the radii 0=0°,(22.5%),
180°.

In Table IV,the influence coefficients of the bending

.moments Mr and Ht are g;iveh for the same values of B, a, and
A as in Table III, for a simply supported circular plate with

v=0,3
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In~Table V, the influence coefficients for the ‘deflection
Sl=wD/P§2, and -the influence coefficients for the bending

moments My and My at x=y=0,as we]l‘aﬁ‘; the ‘rgq;:_tidry-_s:; _=_V‘,-(‘ajP any the

¥ .
L 2| MyVy -
E
BRI & 2SS -
. b )
N l .
L oiiith -
. BN 188 N
l W-M)My_ 111 IMxVx
" b . O
Il hi
F-a—r—a—y

Fig. II1I-9. Mesh of the points where the influence’

coefficients are computed
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ben&ing moment Mx at x=a, y=o0, the reaction SZ=Vy %‘and the
bending moment H& at x=0, y=b are given.for ? clamped -
rectangular plate havfng v=0.3side ratio e=b/a =1,1.2,1.§,1.6,
1.8 and resting on an elastic foundation (A=1,3,537,11).'The
values of the influence coefficients ﬁave béen computed at
poiﬁtsx/a,y/b=0,:0.2,tU.A,tD.G;D.B(see'fig, 111-9).

F'ina'l]y,v in Table VI, the"influem_:e coefficients. qf correspon-

ﬁﬁg quantities, and for the same values of the parameters as

in Table V, are given for. a rectangular, simply supported

plate resting on an elastic foundation.



TABLE 1

- 177
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-Clamped Circular plate l A=1
c=wD/Pa? .
. c.an/P cVaa/p
o] 02 04 0.6 o8 -
L1973E-01 J16396-01 .1077E-01 .5354E-02 ,1461E-02] ~.7866E-01{ -, 15676400
+1973E-D1 .16396-01 .1077E-01 .5354E-02 1461E-02|-.7866E-01]-.1567E+00
J1673E-01 .1A39E-01 L1077E-01 .5358E-02° .14E1E-02 -.15£7€400
J1973E-01 .1£39E-02 - .1077E-D} .5354E-02 .1461E-02
J1973E-C)_ .16396-01 LIOTTE-0) .5354E-02 .1461E-02
+19736-017 .1639E-01 .1077E-01 .5354€-02 .1461€-02
<1973E-01 - <1639E—01 .JOI7E-01 .5356E-02 .1461E-02
[.1973£-01 ".1639E-01 .1077E-D1 .5354E-02 .14€1E-02
W1973E-91 ,1629E-01  .1077E-01 .5354E-C2° .1861E-02 ~7666E-01| =.15¢7€+400
0 |.1639E-01 .1819E-01 .1351E-01 .7142E~02 .2037E-D2f -.1137E+400| ~.2839E400
225].1639E-01 .1758E-01 .1303F-01 . e +2634E400
45 {.1639E-01° .1667E-01 .1191E-01 .6209E-02 .1745E-02} -« 9596E-01} -.2171E+00
675 | .1639E-01 .1527E-01 .10BSE-01 .3443E-02 11507E-02f -.8182E-01) ~.169BE+00,
02 90 -] .1639e-01 .1418E-01 .95126-02 .4761E-02 .1299E-02} --696BE-O01| -.1334E+00
112.5] .1539E-01 .132BE~01 .BH27E-02 4237E~02 .1141E-02} —.6066E~D1} —.1088E+00
185 | ,1639E-01 ,1264€-01 .BOO9E-02 '.3a7BE-02 .. - E-D1 —.9366E-01
1525 | (18396-01 .1225€-01 .7647E-02 .3671£-02 .9742E-03f--.5126E-01
180 | .1639E-01 .1212E-0) .7328E<02 - +3603E~02 . .9545E-03] =, 5016E-0Y,
0 |.io77e-01 - .13518-01 .1395E-01 .8520£-02 .2622E-02| -.1552€+00
225 |L1077E-01 .1303E-01 .1230E-01 .7474E-D2 .2281E~02) -.1327£+00(-.3973E+00
.45 1.10778~01 ,1191§-01 ,G9SEE-02 .5687E-02 .1673E-02f -.9378E-C1f -.2257€+00
675 {3077E-01 .10L4E-01 .7985£-02 -.4261E-02 .1199€-02 -.6513E-C)]
0.4 | 90 |.10776-C1 .95128-02 .6547€-02 .3309E€-02 .85G7E-03 | —. 478QE-01
1125 [.10776-01  .B627E-02 .55726-02 .2710E-D2 .7200E-03 | -.3772E-01
D5 1.1077E-0) .800BE-02 .4955E-02- .2351E-02 ~.6157E-03[ ~»3199E-01
1525 | .1077E-DL L 7B46E-02 .461£E-02 .2160E-02 .5613E-03| -.2903E-01
, {180 |.1077E-01 .7527E-02 .4508€-02 .2100E-02 .5445E-03| -.28126-01| -+3966E-01
0. |+53526-02 ..7140E-02 .5518E-02 .B117E-02 .3053£-02| -.2034E+00f ~,1022E401
225 { 45352E-02  ,6868E-02 .7473E-02 .S7AIE-02 . 2
45 | 5352E-02 .6207E-02 .56B6E-02 .3591E-02 .13117E-02|-.6334E-01
6725 | +54516-02 o X R :
0.6} 90. {«52526-02 .4780E-02 ..3308£-02 .1673E-02 .4507E-03( ~.2364E-01
5352E-02 44236602 <2709E-02 .1301E-02 .3406E-03( -«1761E-0|
5352E-02. .3976E-02 .2350E-DZ .1095E-02 +2822E-03| ~e1446E-01
0; E ©2159E-02 o . -+1292E-01f ~.1597E-01
+3602F-02 " .. . ~+1245E-01| -.1527E-01
0 | -1458E-02 ,.2033E-02 ..2616E-02 .3050E-02 .2575E-02| ~<2591E+00] ~.2621E+01
225 | +145BE-02 1948602 ,2277E-02 .2070E-02 .9320E-03{ ~.6361E-01] ~.2009E+00
45. | *1458E-02 .1742E-02 ,1669E-02 .1115E-02 '.3577E-03 #.34C3€-01
675 | ©1458E-02 .1504E-02 .1196E-02 .6639E-03 .18€3E-03
O8] 90. | .14586~02 .1296E-02 .BYTSE-03 .4495E-C3 .1150E-03
1125 | L 1450E-02 .1139E-02 .7182E-03 . s
135, | -1458E-02 .30326-02 .51%1E-C3 .2815E-03 .7146E-04
1575 | »1458£-02 . L9727E-03 . +25256-03
‘|0 }2458E-02 .9521E-03 .5431E-03 7 - +3350E-02

+6134E-04 °




Clamped Circular plate . J 7}:_3'
c=wD/Pa? i [
ST o 04 06 o8 |MnPleshale

3612E-01 |-, 4922E-01 °
3512€-01 |
3612E-01

0 | .12506-01 .9331E-02 ..5969E-02 .2752E~02 .7052E~03
225 | .1250E-01 S969E~02 ‘42752E-02 ~+7052E-03
45 +2250E-01 «5969E-02 .2752E-02,
of|&s]- 1250E-01 JBZIE-BZ «5969E-02. +2752E-02
00 +1250E-01 .9B31E-02 .5969E-02 .2752E-02
1125 | +1250E-01 ' .9631E-02. “.5969E-02 .2752E-02
«9831E~02 J5969E-02 2732E-02
+9821£-02 .5969E-02 .2752E-02 ° 1
180 +1250E=01" o9831E~02 (5969€-02 J2752E~02 .7052E-03|-.3612E~01 |=.%922E-01

«7052E-03

-+ 4922€-01

6700E~01 [-.1528E+00
6258E-01 |-.1358 £+400
5211E-01 |-.9850E-01

0 +9831E-02 - L1193E-01 .8700E~02° .4433E-02
225) .9831E-02 .1135E-01 LB261E-02 .4192E-D2
031E=01 «7249E-02 .3616E-02
209E~02 .6131E-02 .2964E-02 4064E-01'|-.62586-01
8230602 .5161E-02- +2404E-02 3121€-01 [-+370.
ms .Ql!lE—o! o T44BE-02 o6423E~02 L1987E~02 .4942E~03 1-,2452E-01 [-.2138E-01
Bs «9831E-02 bl?ﬂE-OZ ~e3920E-02 L1710£~02 .4158£-03]<,2025€-01

1525 | J9831£-02 “ 6559602 +3631E-02 L1554E-02 3724503 )=, 1792E-01]-
1B #983LE-02  BA49E-02 +3537E-02 +1504E<02  +35B86E~03{~.17I9E~02 |=46965E-02

0 '] .5969€-02 .8700E-D2 .1006E-01 +6216E-02 .1905E-02 |-4112B€+00 |=.3829E+00
225} J5969E~02 J8261E-02 JB4B4E-02 ' .45234E-02 .1590E-02]-.9199E-01 |=:2720E+00
45 | 599E-02 L7249E~02 .6317E-02 .I604E-02 ' +1043E-02|=,5729€-01 |-.1213E+00
625 | +59696-02 L 6131E-02 .4575E-02  .2385E-02. ,6393E-D3 |~.3323E-01 |-, 4458€~01
0.4 | 90 | “5969E-02 .5161E-02. .3365E~02 - «1588E-~02 .502)1E~03|~.1988E-01 [-,2357E-01
125 | 5969E-02 'e4423E~02 .2586E-02 +1130E-02' ‘+2706€~03 [-.1281E-01 [~.1413E-02
96902 o3920E-02 .2113E-02 +B720E-03 .1997€+03[-.9121£-02{ .3386E-02
5 | +5969E-02 ,3631€-02 .1862E-02 LTGOBE-03 ,1648E~03|-.7345€-02] 15217€-02
180 | 5969E-02 ,35I7E-02 .17B4E-02 .TOOPE-03 1543E-03|-.6826E-02 | .5691E<02

X “eR752E-02 4 4432E-02 «B216E-02 o6674E~02 +2580E-02]~.1742E+400[~.9133E+00
225 | .27528-02 o 41926-02 oS234E-02 44126-02 .. 36556400
&5 | .27326-02  I615E-02 3603E-02 - .2368E-02 +7421E-03]=.4123E-01 |- 7624E-01 -
615 .nszt-nz -a2964E=02  +2365E-02 412B4E=02 43510£-03(~.1785E-01 |~.13736~01
0.6] 90 | .27526-02 - +2403€-02 ., .1SBBE-D2 7462E-03 .2842E-03[-,8715E-02] .9358E-03
125 | .2752E-02 +1987E-02 * «1230E-02 44754E-03 +10BOE-03 |- .4791E-02] . 4632E~02
135. | ,27526-02 L1710E-02 .8719E-03  .3376E-03 .7173E-04 |-.29976-02| .5482E-02
X oT408E~03 ' +2720E-03  +5516E-04]-.2299E-02] '+ 5602€-02

180. | .2752E%02 T.1504E-02 - TOOTE-03 .25266-03 .5035E-04[-.1071E-02| 359802

0 | 70476-03 2225602  .19064E<b2 o2579E-02 26116021 200l zsmenn
25| 7ow7e-0." isze-0n o15896-02 o+ 16326-02 543, 666400
10426-02  47407€-03 .uzoe-ox ~1308€-01
T047E-03 L70026-03 6389603 3300E-02 5
08190, | .70426-03 .6143E-03  14018E-03 - +1840E03 . 4340E~04] ~41930E-02)" +2313E-02
125 | [70476-03 .4939E-03 +2704E-03 +1079E-D3 +2287E-0 2369 E-02
TOATE=03  o41556-03 W1996E-03 o 716BE-04 o1379E-0: +21786-02

02

152 27047E<03° L3721E-03 4 164TE-03 55126-D4. +9841€-051-,3228E~03]"42027€-02

5
180. .7047!—03 ©3583E-03 +1542E~03 +5031€-04 .07205—05 =e2730E<03| +197T4E-02



180

Clcmped Circular plate I ‘A=5
8 - c=wD/Pa? M v
g o o2 04 o6 s |ceMnfPlesale
0 S4989E-02 (3143E-02 1201602 ' .3495E- nz +4026E-04) = 11306€-03 .zsns 01°
225 | +4989€-02° .32436-02 .1201E-02 3495 +4026€-04( -, 1306603
45 | +499EL0Z 3M43E-02 .1291E-02 .3«55—53 +4026E-0¢] - 1306E-03) .zsuz—m
€5 | -4989E-02 .3143E-02 .1291E-02 .3495E-03 .4026E-04|-.1306E-03| .2513E-01
o -og | +AT89E-02 31436-02 .1201€-D2 .495E-03 .4D26E-04|-.1306€-03] iz513E-01
a5 | 4999602 .31436-02 .1291£-02 .3495E-03 ,4026E-04 06E-03] .25136-01
B3> | -4989E-02 .2143E-02 .1291€-02. .3495E-03 . 4026£-04/=1306€-03 .25136~01
“lis7s | +9989E-02 .3143E-02 12916-02 .34956-03 i \25136-01
180, | +4989€-02 .31438-02° .1291E-02 .3495E-03 .4026E~04[-.1306E-03{ .2513£-01
0 | 3143602 .4983E-02" .3116E<02°. .1230E-02° .2619€-03.1142E-01| .798%-02
225 | .3143E-02. L4484E-02 .2B0BE~0Z -,1093E-02 . 2267E-03]-.95026-02| ,1333E~01
%5 | +3143E-02 .3672E-D2 .2142E~02  +7868E-03 .1489E-03}~.53E9E-02] ", 2242E-01
625 [ +3143E202 .2896F-02° 14B5E-02 L 4827E-01 .T467E-041~.17126-02| 42644£-01
02| 90" | .31436%02 ,22896-02: .9887¢-03 .26376-03 .2505E-0%| .5053E-03| ,2697E-01
X N2.5| .3163602 10126-02  .6619E~03  .1309E-03 -.1B3BE-05 ,1528£-02{ .2131E-01
D5 [ J3143E-02 .1511E-02 .4BTOE—03 = .5913E~04 =, 1443E-06] .1895E+02| .1790E-01
TS5 | +3143E-02 " 13S1E-02 3662E-03 .2517E-04 -.1953E-04] .1990E-02} J1571E-01
1B | «3143E-02 .1287€-D2 .3353€-03 .1530E-04 ~.2085E-04| .2004E-02] .1497E-01
[ +1291E-02 LI116E-02 .4862E-02 J2028E-02 .7833E-03~.43626-01]-,12485400.
225 | .12926-02 -.280BE-02. +3339E-02. -.208BE-02 :o56B6E-03|-.3006E-01=,5543E-01
45 | J1291E-D2 42142602 1995E<02 +101BE-D2 +2539E-03|-.1074E-01] 1572E-01
675 | <1291E~02 “.,14856-02 . . =¢1324E-02]. +2853E-01"
04 | 90 | .2z926-02- ".9887E-03 .L4474E-03  .100BE~03 -.2412E-051 +1476E-02| +2135E-01
125 | .1291E-02- .6619E-03 .1824E-03 ~,6543E-05 —.] . 2] .1348E-01
05 | .1202E-02 .$670E-03 ..6150E-04 —.4214E-0¢ -,2338E-04| .1673E-02] .B528E-02
1575 | +1201~02+ o35626-03 .1121E-04 —.5205E-04 —.223BE~06| +1663E-02| ..6046E-02
180 | o1291E-D2 .3353E-03 ~.2362E-05 =453BBE-04 —,2176E-04| +1385E-02] 5309E-02
0- | "$3495€-03 ' .1230E-02 '¢2828E-D2 +6137E-02 .1635E-02(-=¢1F11E+00|~;56156E+00
25 +1093E=02 420B7€-02 +216BE-02 ' +B345E-03]~.5127E~01|—s1544E400
45 +7866€03 ..:ous-oz «T1276-03 . X «2244E-01
625 <AB27E-03 ©1626E-03 o «24236-01
0.6} 9% .zuss-n:- T4TSE-02]  (1254E-01
01025 | 13493E-00 .13096-03 211868-02} J5667E-02
135 | "43499E~03 5912604 82626-03] .2505€-02
15751 ,3495€~03. 12516E-04" 04} +6154E=03} .1217€-02
180. [ .3 «1530E-04 - 1039E-04] +5494E-03) (8744E-03.
[ «4024€~04 o2618E-03 o T7BI2E-03 o16356-02 2008E-02]~,2179E+00|-,2385E¢01
225 | o4024E-04: -422666-03 o56B4E~D3 .8344E~03 ,4780E~03|-,3348E-01{-,7105E-01
45, | +HOZAE~DA J14B8E-03 ,2438E-03 +2039E-03 .6612E-04[-.2504E-02] ,1925E-01
BI5 1 .4024E-04 oT4BAE-04 o643BE-04 +2308E~0% —.1066E~05)..5918E-03]. ,9575E-02
0899, | .4024E-04 2504606 ~,2414E~05 ~.7750E-05! 5938E-03} .3552E-02
125 | 4024E~04 ~+2080E-04, = —i5878E-05) .35516-03] +1144E-02
[135. ~+3871E~051 12016E-03| +2665E-03
1575 3 2753€~05| +1281€-03|-,30926-04
180, | o4024E~Dh =o2086E-04 =o2176E~04 .~+1039E~04 =+2521E=05] +1070E-03|~.2010E-03:




1

81

l ‘AJ A_;7

Clamped Circular plate
c=wD/Pa? . mfplesy
BE o0 w2 o4 o6 o8 |SeMPieshal
1 o LZ550E-02 .1174E=02 .2320E-03 -.1887E-06 ~.1979E-04 .1467E~02 .7746E-02
225 - +2320£-03 =.1687E~04 —.1979E~04] <14567E-02| .7748E~02
. & | <25306-02 L1174E-02 .23206-03 -.1687E-04 -.1979E-04 27746E-02
€5 | -+2550E-02 .1174E-07  .2320E-03 -.1687E-04 ~.1979E-04 +7746€-02
o 90, +25506-02 L1174E-02 .2320E-03 ~.16872E-04 —.1579E-04 #7746E-02
1% | 2530E-02 L1L176E-02 ,2320E-03 -.16B7E-04 -, 2979E~04 ’ T768E-02
5‘ +2550E-02 4 1174E-02 - 42320E~03 -.1867E-04 -.1979€-04| " 1467E-02] T748E-02
w7s |- «2550E-02 174E-02 2320€-03 - 15875-0’. =+1979E=04} - «146TE-02 "« 7744E-02,
1800 | +25308-02 ;117¢E-02 .2320E-03 ~.1657E-04 ~.1ST9E-08] 146TE-02| +7T66E-02
0 | '1174E-02 .2549E-02 .1173E-02 .2367E-03 .3908E-05| .1824E-02| .2836E-01 -
225] .1174E-02 . J9B24E-03 ,1B5BE-03 -.33276-05| .1995E-02| .2631E-01
5| omrse-oz +8123E-03 .8304E-04 =.1544E-04{ ,2115E-0Z| +20306-01
625 [ .1174E-02 ~03 o - +1251€-01
02] 90°| .11746~02 .6706E-03 .1291E-03 -.2683E-04 -.1646E-04 +8195E-02
25| 2176E~D2 J44B1E-03 L393GE-Ok ~3485E~04 - 14T1E-04 «2630€-02
B5 | 1174E-02 .3L84E-03 ~.4429E-06 -.3240E-0% ~.1045E-04 +6034E-03
1525 | L1178E-02: .25226-03 ~.1614E~04 -.3068E=04 ~+B8300E-05 - 1447€-03
180 | .1174E-02 .2320E-03 =.2029E-0¢ =.2952E-0% =+76126-05 -43371E€-03 |~.3399€-03
0 |. <23206-03- .11736~02 .2547E-02 .1186E-02 .2207E-03|-.8469E-02| .172¢E-D1
225 | .23208-03 .9824E-03 _.15006-02 ~43147€-02 ). +3605€-01
45 | .2320E-03 .61236-03 '.5594E-03 - T L1761E-02| +3302E-01
. V&5 | .23208-03 .30mie-03 .13ake-03 +1800E-02|."+1342E-01
0.4 | s0 +2320E-03 1291E-03 =.4240E-05 «8350E-03 | +26588-02
1125 | +2320E-03 .3936E-04 ~.3492E-04 - - 8
135. »2320£-03 ~,4430E-08 ~,3552E-0 565E-04 -.2468E-05] .42B6E-04|=.1139E~02
1525 «2320E-03 ~,1614E-04 —.316BE-0% 045E-04 ~4GTBLE~06|—a2648E-04 |~.1077E-02
180, |- ~23206-03 ~.2019E-04 ~,30026-0¢ -.B926E-05 -.60516-061-04107€-04 [~.10206-02
0- \1166E-02 L245TE-02 . 897SE-03 ~+2967E400
25 J7010E-03  :9024E-03- .3247E-03|"
45- »1785E-03 +1125E-03 “.1167E-04
615 +68506-05 ~.70226-05 ~.2765E-0¢ ~.1636E-04| .13296-02
0.6 95 ~126B3E=04 =.3465E-04 =.2293E-04 =+6613E-05) +3264E-03
“Ofhazs =+9322E~05 ~.1245E-05 ~2885E-05,
135 =+6966€-03
1575 | ~.1687E-04 - - 31£-03
180. | =01687E~04 —.2952E-06 —o8926E-05 ~.9T33E-07~ ~43527€-03
o | ~-.i979E<08 .3903€-05 .2207E-03 .8%77E-03 .1578E-02 -2071€401
225 | ~e1079E-08 =,3330E-05 .1195E-03 .3247E-03 .2314E-03
%5 | =<1979€-04 =,1344E-0% .6423E-05 ,1169E<04 -.3086E~05 . .2084E-01
€75 |.-+1979E-06 =.2050E-04 =.1972E-04 ~.1638E~0% -.6876E-05 3[ .2037€-02
los| sa 979E-04 ~21303E04 =, 8612E=03 ~+1440E=03 |, «4277E~D4|-.5485€-03
el E1713 979E-04 - ~.8259E-05 —,1265E~05 - +1412E-06]~+3074E04 [~,39286~03
135. 91vs-oe~ +1055E-04 ~o24 . +3083€ 204 |=
1575 | .=+1979¢ 06 - - 7236-04
180, -.nm-u TIT611E-05 —.60506-06 +6339E-08 - .2474E~ 1421€-04 | =4 34426-04




182

PN

R - -
Ctamped - Circular plate ] A=
- c=wD/Pa2 e
BSE o. o2 04 o5 o8 |Vl
0 +1033E=02 .2123£-03 =.1360E~04 --30!15-05 «23B2E~06] =, 6268E~04 '1_0515-0:'
225 +1033E-02 ~«1180E=04 = +5611E-05- "+2382E~06] =+ 6268E~04 | <. 7061E-03
e +1033E=02 .—.96115-05 =+ 7061E-03
o 625 «<1033E=02 =45611E-05 .23B2E-06] ~.6268E~04]~.7061E~03
| 0. +1033E~02 ~.5811E~05 L2382E-06| =.6268E~04 |=-.7061E~03
125 +1033E-02 =.5611E-05 .2382E-06| ~.6268E-04 ) -, 7061E-03
135': +1033E-02 . =+5611E-05 +23B2E-08] —,626BE=04|=.7081E-03
1575 +1033E-02 - ~+5611E-05 7061E-0)
‘BQ'_ . .1_._03357_021 +2123E-03 =+1160E-04 ~.5811E~05 T061E-03
0 42123E=03  ,1033E-02 +2123E~03 =, 1158E~04 =,5545E-05] (1705E~03 -.13515-02
225 #21236=03 L7174E-03 1431E-03 -,2392E-04 =i4431E=05| .9907E-04 |~.1634E-02
45 «21236-03 . .36T7E-03 +41526-04 -.1390E-0% ~,2079E~05 |~.2022€~0%
" 6.5 «2123E=03 156 7E-03 ~.5701E-05 ~.8750E~05 6891 £-04
021 s0 «2123E=03  o5455E-04 =¢1475E-04 =.3741E~05 5575E-04
AMC 2.8 | «2123E-03  L1148E-04 ~+1078E~05 ‘3113E-0%
ns. «2123E-03 - 4590£~07 . 1539E-04
1525, «2123E-03 -.1034 2 2777E-08° 8275E-05
180 «2123E-03 -.llblE-Di . +3458E-06 +8349E-05 | +4T19E-04
0 =~ 1160E-0% +2123E-03 +1033E-02 +2122E=03 =48380E~05| .1927€-02 .2096£-01
225 | =«1160E-06 2431603 .3561E=03 ".6200E-04 ~.2270E=0%| +1339E-02| »1043E-01
45, | =+1160E=06 +4152E-0% +3069E-04 =, 1418E~04 «2513E-03 |~,10908-02
625 | =+1160E=-0%"=.5701E=05 ~o1473E-0% - -.1365€-02
0.4} 90 ~e1160E=04 =+1475E=0% ~,7975E=05 ~,6025E-06 «e3324E~04 | =, 20 03
A 125 1180E~0% ~a1203E-04 —22268E-03 <4633E-06 =e4066E=05[ "+ 5886E-04
15 1160€=-04 5 758E~06 .-+ 208 05| «5348E-04
1160E=0% .=, 6290E-05 498E~08 . 42366E-06 ~08] - +2629E-05| +3303E-0¢
80 1160E-04" .55!2"-05 #I4STE-06 . +1962E~06 . +2655E-04
0. - MXIE-OS =s1158E-04 o2122E-03 +1032E-02 +2116E~03|~,5826E-02F +3472E~01
225 B811E-05 =1392E~0% . «6200E=04 <1310E-03 ,1347E-06| +211BE-02| s5150E-01
45- S611E-05 ~+1390E=04 =+141BE=04 =.1483E=-04 -, 7104E-05| +4538E-03 | .4329E-03
625 { ~e3611E=03 ~¢8750E~05 =.6967E~05 .~.2253E~05 1607E~06| | =+1008E-02
06 90, =o5611E~05 =o3741E-05 ~.6025E-06 +4770E-06 4 1901E~06 +3450E-04
N 5811605 NlOYIE-bs 24633E=06 ,+2027E-06 42612£-08 5| «424TE-04
5811E-0% 4591E-07 +3649E-08  +3350£-07 14126~07, «7051E-05
5811E=05"+ 2117E-DA 2388E~06 ~+5697E~08 1219E-08]. 6962E-06
180. .| —«5811E-05 .)UBE-OA «1962E~06 =,1159E=07 =.7307E~08] .2536E~06 18695€-05
[ .23!!5-0& --55655-05 8380E-05 ‘znas-oxu +9185E=-03{ =s1040E¢00 [=41267€+01
225 +23B2E-06 . 4431 1270E-04. J134BE=06 ,2293E-04 $7986€-01
£5. +2382E-08" .IDIOE-D 60B0E—05 ~.7192E=05 ~.3557E~05 ~o T160€-03
675 W2382E-06 ~,3016E-06 =.3323E=06 +1605E~06 2581E-06|-.3034E~0% [~,3109E-03
08 90. +2382E-06 +3464E-08 J3845E~06 +1901E-06 22701E~D7| .8761E-06| +4624E-0%
< jn2s -23!2!-06' »3873E-06 . TE=08 +28613E-08 ~.1040E=~07 +85506-06 -6957E-05
135 «2382E-06" +2904E-06 * 3072E~07 ~.1412€-07 »2057E-07
1575 |- «2382E-06, '\2272E-06-.1858E08 -, 9219E-0B =0 7994£-07 |- |
180, 23815—00 +19326-06.~.7800E-08 -.7307E~08 | =+ T885E-07 |~ 1028E~05




T TABLE II
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- Simply supported circular plate (v_-_-oa)l .=1
j c4-wD/Paz
By oo o4 T (e Al e

1495€+00,

1] “4859E-01 o4420E=01 .3515E-01 .239£E-01° .1197E-01f .5333E-02
1495E400

225 | 4B869E-01 +4420E-01 .35156-D1 .2398E-01 ,1197£-01 +5333£-01
45 | +4869E-D) .4420E-01 3515E-01 ,2398E-O01 .1197E-01) ,5333E-01{-.1495E+400
o | 675 L4889E-01 .4420E-01 .3515E-01 .239RE-01 .1197E-01| .5333€-01}-.1495E400

+4BBOE~01 4420E-01 35)5E-01 239EE-D) +1197E-0) .5333E-01{=.2495€+03

‘%2_5 «4BHOE-01 4420E-01° .3515E-01 .2398£-01 .1J97E-01} .5333E-01}-.1495E400
135, 4BGYE-D1 4 4420E-01 .351SE-01 +2398E~01 '.1197E-01| ,5333£-01 |-« 1495E400
1495E400

k3
152.5 | -486%£-01, +4420E-01  .3515E-01 +2399E-01 .11976-01] .5333E-01
180 «5889E=01 . 5420E-01 +3515E-01 .2398€~01 .1197E-01 45333E~01{-21495E+00

W4520E-D1 .4581E-01° o3B55E=01 +2694E-01 .1361E-0L .6963E~01[-.2317E400

0 &
" 225 4420E-01 44513E-0]1 o37G2E-01 +265EE-01  +1337E-01| .5376E-01]-.2196E+00
5. JA420E=01 <43B1E-01 .36416-01 .2533E-01 .1276E-01| .5701€-01}-.1924E+00
+2390E-01 .12006-03] .53556-01|-.1611E+00

§75 | -5s208-01  .42316-01
02| 90 | ~4s20e-01 .4087E-01 «22526-01 .11276-01] .5020€-01|+,1363E+00
1125 |. 4420E-01 . 3965E-01 .31 «21376-01  +10E5E-01 1256€+00
135. L4420E=01 o3873E-01 .3034E-01 .2052E-01 .1021E-01 10708400,
157.5 | +4420E-01 .3817€-01 .2969E-01 .2002E-01 -9937E-02] .441BE-01|-.1006E400
V4520E<01  ,37986-01 ,2048E-01 .19856-01 .9ECAE-02| .4377E-01)-.9255E-01

0 | .35146-01 .3854E-01 .37436-01 .2734(-01 1539£-01{ .6530E-01 |-.3807E420
22.5| .3524E-01 +3792E-01 .3552£-01 .2636E-01 L1363E-01f .6135E-01
45. | 3516E-D)  .3552E-01 ..3236E-01 .2347E-01 .2205E-01| .5411E-01 |-
62.5 | 43514801 . 3459E~01 932E-01 +2072F=01 o1052E-01f 4705E~01
0.4 90, | (3514601 .3285E-01 .2680E-01 .1654F-01 .9311€-02| .4153E~01|~.1042€409

<1125 .3524£-01 .3150E-01 490E<0) .16956-01 +B450E-02{ .3750€-01[~,83§0E-01
135, §..3514E-01 *.3034E~01 +223598~01 15891-01 +7R81E-02| .3502E-01{-.7178E-21
1875 | 135146-01 2969601 .22836-01 .1528F-01° .7559E~02]. .3350E-01 |-.6584E=01
180, | .3514E-01 .20¢8E-01" .2257E-D1 .1503E-01 +7454£-02] :3309F-01:-.6401E-01

0 | +2397E-0L° .2693E-01 .2784E-01 +2470E-01 41370E-01]  .6272E-01 |-,7060€+00
225 | 12397E-01 '.2648E-01 .2635E~01 .2165E-01 +1190E~01| .5449E-01|-,3862€400
45 ] .23978-01 ,2533E-01 .2347E-01 .17G3E~01 .9429E-02| .5268E-01]-.1725E400
675 | 122976-01 - .23906-01 12072E=01 .14Q4E=01 7666€-02| 43440E-OL|-407S6E-01
0.6 |90, | .22076-01 .2251E-01 .1854E-01 ".1291E-01 .6508E-02( L2904E-01|-.0647¢-01
1125 | 23976-02- ©1695E=01 “u1154E=01 ..S754E-02| +2560E~01(~.5155E-01
1385, 42397E-01" «1589E-01 +1067€~01 +5286E-02| +2348E-01[-+4361E-01
1575 |-.2397€-01. “e152BE~01" <1019€-01 +5029€~02] .2231E-01{~.3968E~01
18.0. -!397!-0! +1985€-01 1S08E-01 +1004E-D1 o4947E-02| .2194E-01~. 3“05-0]

o | «aieee-01 .ng:i-,ox’ 1038E-01  11369E-01 .9921€<02] v4935€-01|-.1707Ev01
-0 1336E=0.

N

225 «1190E-01 . 02| +3397€-01~.2439E+400

45, 1 +2328€-01}-.8336¢-01

. 675 1 +1296E-01 . 1199E-01 +2051E-01 <7662E-0: +1780€~01 [~.4627E~01
08 | .990. ‘e . +1466€-01
125 2B44GE-D2  o5T52E-02. « 1275€-01
135, | +1196E=01 .1020E-01, 7876E-02 .5283E-02 .2614E-02] .1151E~01
JIS54E=02 +5026E-02 - +2477E~02] 4 1099E=01

1875 | “1396E-01 - L99308-02
.1“05-03 Te9B40E~D2 L THA9E-D2  +4944E-02 +2434€-02f +TO79E-01




185

Simply - suppqriéd circular plate f(v' 03) I

. -X=3%
B c4=wD/Paz S VS
o o 02 04 06 08 |5 tfPles™n
0 |.14986-21 .1233E01 .8470t-02 .5053E-02 .2304E~02| .9941€—02 | .23194E-01
225 | +1496E-01 012336500 .6470E-02 .5053E-02 .2304E-02| .9941€-02 | L2394E-01"
45, | +1498E-01 ,1223E8-01 .B¢70E-02 .5053E-02 .2304E-D2| ,9941€-02 | +219¢F-01
O | 675 [-2ssE-01 .1233E-01 LaeT0E-07 45053t-02  .2304E-~02 | .99 42E-02 | +2194E-01
A 90 | -1498E-01 l1233E-01 .6470E-02 .5053E-02 ,2304E-02| .99¢1E-0Z | .2134E-01
2395 | -249e-01  i12336-01 Les70E-02 .5D53E-02° .23C4E-02] .9941E-02 | .219¢E-01
1387 | \1498E-0D1 .1233E-01 8470E-02 .5053E-02 ,2304E-02| .9941E-027] 4 ZII4E-OL
1375} c2498E-01 L1233E-01 .8470§-02 .5053E-0Z .2304E~02| +9941E-02 [ .229¢E-01
180" [ <149BE-01 .1233E-01 .E4T06-02 .5053E-02 ..2304E-02{ .9941E-02 | 219¢E-01
. 0 "|':2233E-01 '41491€-01 .120BE-01 .783BE-02 .37T46E-02| +1642E-01 [-42469E-01
225 § 112336-01 “1429E-01 .1156E-01. .7¢86£-02 ,3571E-02| 41564E-01 [~.1704E-01
45. 1 .1233E-01 .1314E-01 W5614E-02 " 4 3133E-02 | ©136BE-01 [-.5159€-03
625 | .12336-01, .1188E-01 .. JSST3E-02 .26056-02 | +11326-01 | +1469E-01
0.2 190 | J12336-01" .1073E-01 :7624E~02 +4620E-02 .2121E—02 | +916SE-02 | +243BE-01
1125 |-112336-01 .9790E-02 ..660TE-02 »3B71E-02 - J1742E~02| «7479E-02 | .2927E-01
135 |.012336-01 .9101£-02 .5BT9E-02 +3340E-02 .1481E=02| .6318E-02 ) .312BE-01
157-5 | 1233E~01 .BOB6E-02 54564E-02 3046E-02 +1330E-02 .5649E~02 | +3193E-01
180.” | 12336-01 .85476-02 .5315£-02 .2947E-02 .1281E~02 .5432£-02 | .3208E-01
: 0 | .e469E-02 .1208E-G1  .142BE-01 .1077E-01 .54B4E-02 | .2539E-01
225| .5¢69E-02 41156E~01 - «1251E-01. +4828€~02 | +2155E-01
45 | .8469E—02 .1033E-01 .9E4SE-02 +3568E=02{ +1584E-01 1-+2349E-01
62.5| .8¢69E-02 .B912E-02 7480E-02 L +2445E-02] +1074E-01 | < 1457E-01
0.4 | 9. | c4s9E=02 .7623E-D2 J5681E-02 .3551E-02 .1655€-02) .T174E-02 | +2727E-01
1125 | t846E-02 .6500E-02 4&27E-02 «25751-02 .1149E=02 | 4912E-02 | +2975E-01
135 | Sp4s9E~02 .5878E-02 .3622E-02 1970F-02. .8¢77E-03| .35TIE-0Z| +2906E-01
1575 | \9469E—02 * .5454E-02 .3177E-02 «1659E-02 .6BYSE-03| .2874€-02 | °.2800E-01
180 | +869E-D2 ,5314E-02 .3035E-02 +1559E-02, .6403E~03| .26586<02 § .2756E~01
0 | -.s050e-02 . 7835€-02 +116PE-01 +6B99E~02| T3177E-01 [-. 49T6E+00°
225 1 .50506-02: "4 7483E~02 .9D56E-02 45259E~02| «2431E-01
45 | .5050E-02  ..6611E-02  +T107E-02 .5826E~02 .3154E-02] ,1431E-01
&15 S570E<02 ..5036E~02 +3624E-02 .1827E-D2| .8113E-02
0.6 | 99 5 451BE-02 +3550E~02 +2277E-02 +1075E-02| «4675E~02
7 In25 | 3050E-02- ,3869€-02 2574E-02 .14845-02 L65L8E~03) .279E-02 +2299E=01
05, ] (5050E-02 .3347E-02 J1ST7EZ02 (1036E-D2 .4296E-03| .1787€-024 .2074E-01
1575°] J5050E-02 .3044E-02 .1658E-02 .8085E~03 .3173E~030 .1292E-02| +1909E-01
180. | .5050E<02 .2%45E-02 . .1558E-02 .7350t-03 B34E-03| +1144E-02| .1852E-01
0 | .33006-02 .3740EvD2  .5456E-02 +6B91E-02 .6275E~02| +3260€-01 |~e1562E401
225 +3565E~02 '+ GB21E-02 © «5254E-02 * +3609E~02{ -+1781E-01 [-31359E400
45. 127E<02. 3563E-02 ' +3150£-02 «1611E~02| -+8373E-02 [-. 4412E-02
. 675 | 2300E-02 " 26006-02 12442602 .1826E-02 .9435E-03| -4217E-02| 12LAE-O1-
08 ]99.-| .2a00e-02, \1652E-02 . + 1074602 .5110E-03| .2226E€-02|-+1378E-01
1125 {.72300E~02" 31739E-D2 - «114TE-02 [ +6550E03 "u2 882E~03| 4 1222E-02 - 1209E-01
135 | 2300E 147BE-D2  B462E-03  .42§0E-03" .1729E~03| .7107E-03| +1040E-01
¥575 | +23006502: .1327E-02 .6882E-03 +3168-03 .1178E-D3| «4686E-03| ©9324E-02
180, | +2300€~02 412 7BE~02- +2630E-03 ,1015E~03 +B963E-02,

+6391E-03

~+3972E-03




186 -

- Simply suppqrtéd circular plate 'iv__%_.o,3)|

<06734E-04 ~.2364E-04 ~.BOSBE~05

A=5
K . cq=wD/Pa2 s fP -
Feag ™ 02 04 06 08 |5 tf |6 3
0 | .49896-02 .33426-Cz 412920-02 -43515E-02 .4277E-C4| .2013E-04 | (25T6E-C1.
225 | +49896-02 .2142E-C2 .1252E-02 :3515E-C2 .4277E-04] .2013E-04[ .257¢E-02
45. | +4989E-02 .31428-02 25156-63  J4277E-04| .2013E~C4 | 3257€E-01
o ]675 | s4oe9E-rz Lansse-0z- +35156-03  .42776-04| 2012€-Ca | 2526801
gg | +4989E-D2  .3143E-D2 .35156-03  44277E-04| 42013E~C5 | \2576E-0)
1125 | -s589E-02 -31436-02 _+35156-03 .&2776-04| .2013E-04 | .2576€-01
135 | -4989E-02 .23620-C2 435156-02  J42776-04| .2013E-b4 | 2576 E-01
157.5 | +4989E-02 .2143E-02° .12526-02 .3515E-C3 4277E-04) .2013E-C4 |'.257¢E-01
180 | +4989E-02: 03143602 .1292F-(2 .3515E-03 .4277E-04) .20126-C4 | .257¢€-01
. 0 | .3143E-02 JS008E-02 .21888=02 »1365E-02 «4277E-03 +154CE-C2| +4635E-01
225 ) .2143E-02 871E-02 ..1214E-D2 13696E-C3} +1309E-02.| 4526E-01
45. | .31438-02 - .2186E-02 «6659E-C2 .2350£-03] .7913E-03 |..402CE-02
6725 | --3243E-02 «1305E-02 ~.5I71E-C2 . ,1105E-03| .2920€-03 | .32€7E-01
0.2] 20 ] .3143E-02 . «2E46E~C3 2649€-C4 | .23828-01
1125 §.,31426-D2 1E07E-02 65126-03 - +1126E~03 -.2324E-04[-.2023E-03 | .1657E-01
135. { .3143E-02 <1502E-02 - .4503E-03 3215704 =.4421E-G4|~.2682E-03 | .1171E-01
157.5 | +3143E-02 .1321E-C2 .+3470E-03 -.4 E38E-05 —-.5214E-04|-.2880E-03  .9C52E-C2
180, |.+31436-02 .127¢E~02 +3154F~03 -.1535E-C4 - ,5403E-04[~.2916E-03 | .6226£-02
0 | .1292E-02 .318BE-C2 ,snn;:-oz -.3znuz—c1 +13578-02| . +554SE-02 | +2367E-01
225| .12926-02 ,2871E-02 +3735E~ 4676-02 +1020E-02| +4148E-C2] .4216£-01
45. | .1292E-c2 -.21E56-02 .211¢F cz .lZZ'IE—DZv +4570E-03| .1823E-(2 [ .5120E-01 .
675 | -12926-02 J1505E-02 +1C27E-C2 +45226-03 .1259£-02| .4034E-03 | .3515€-01
0.4] 9. | -12926-D2 .9901E-02 .44B5§-03 .S755E-04 ~.137€€-03 |- L1€25€-01
S 11125 +1292E-02 . .65128-C3 -.1532(-03 -.3425E-C -.2631E-03 ] 4 1965E-02
S | +1292E-C2 .45C2E-03 .3585E-04 - -.2548-C2 | .2946E-02
1575 | +1292E-02  434€9E-03 ~.1347E-064 ~. - -. 2254E-€2 ".8612E-03
180, | +12926-€2 23154E-03 -.2657E-04 -.B113E-04 -.&T41E-04[~, Z124E~C3 | +30S5E-03
0| .35126-C3 uus-oz 43289E-62 +5101E-02 .2BRSE-02| ,1286E-Cl {-.2116E+00°
225 02 .4 206€E=C2 . <2502F-02 - +1697E-02 - 7621E-02 |-
45 +5283£-03| 42279E-02 [ +5504E-01
875 +8362E~04| 2950803 | +3CC5E~01
0.6 | 80, ~+30€8€-064{~. 1731E-C2 [ +3091€-01
n25 -+4332E-04 |, 2017E-€3 | -2 245EE-02
ns. b= - 1502€~03
1525 |, a4 926E~05 —+BO6IE-04 —+2651E-04 | ~+1102E-03 j=4 1353E-02
180, | +3512E-03 -o1564E-04 ~20113E-04--05602E-06 ~+23¢BE-0%i-43664E-04 |-, I5ECE-02
0 | +4238E-06  14263E-03 . 1354E-C2  .2881E~02 -.3731E-02] .2C21E-01(-.1257E+01°
225 | .423BE-D4 - 436B4E-03 - JOITE-02 S <1695E-02 ..14%0E-C2] +7475E-02( ,14BOE-01
45. .238B)E=03 " .4657E<03  o5275E~03 .3282€-03| .1519E-02| .4335E-01
. 67.5 L11C4E563 | 212556-03 .B370F=C¢ .3250E-04[ .1209E-03
08 | 90. .&zsus-c& +2345E-06.~,1214E=04 -+3CH&E=C4 —.2267E-04 [~4 1122E=C3
125 BE-04 =4233BE~04 -~05023E=06 —s4328F-04 —o2244E~04 |-, 9957E~C4
135. .l.zsu-m ~e4636E-06 ~¢5345E-04 -+344BE-04 =.1420E~04]-. E123E-04
. {1575 | 423BE-04 ~ 5236E-D4 . 493BE-05
180, | +4238F-04 - 54CIESC4 | -.2991€-04 |-, 1c57€-02




187

- Simply supported circular plcte (v—og)[ A= 7

. c4-wD/PaZ

- =My [P |ce™
P leg o 02 04 o6 o8 {sM/Pshk
.0 |'e2ss18-02 " .3175E-02 .2317E-C3 -.22171-04 -.31;1:—:6 ~.2458E-03 | +6454E-02
225 | .25516-02 .J175E-C2 .2317€-03 -.2217E-04 - L6494E-C2
45. | +25516~02 \1175E-C2 «2217£-03 -.2217E-(4 +66945-03
0 | 675 +25526-02 .1175€-02 .2317e-03 ~.22171-0 +6494£-03
on |:-25518-0z .11756-02 .2317E-C3 -.2217¢-04 <6454 =03
1125 | +2551F-02 .11756-02. .2217F-03,-.2217E-04 ~43131E-0% +8454E-03
135 | <23m6-02 .)135E-C2 .23176-08 -.2217€-04 ~.31J1€-C4) - 145203 +6494E-03
157.5 | «2551E-02 .1175E-C2 .2317E-03 -.2217E-t4 -.3131E-04f-.14588-03 ] .. 6494€-03
1800 | +255JE-D2 +11756-02  .2317E-03 -.2217E-C4 Ii3111E-04| ~ 2eseE-02 | L6494F-03
‘0 {7.1175E-02 .2550€-02 .11726-C2 .2318E-03 -.1048E<04{ - 1BSIE-C3 .158E-01
- Q225 [ 1375E-02 213060z .9818E-C3 .1786E-03 -.1B51E-04] <, 1973E-03| L1694E-01
5. | \175e-02 .1526E-02 .€11€E-03 .7570E-04 -.31]1E-04[-.2055E-03 [ 1023¢-01
675 | -1173E-02 .1Cz2E-02 . 30E5T-03 .4129E-06 -.36208-04[-.1784E-03 | ,278¢E-02
02 900 | “21756-02 :67176-03 *.1287E-03 ~.3158E-04 -, 2BZSE-04| -0 1294E-C2 |-, 9524E-0L
3125 |.21175E-02 «44S1E-03 «3927E-C4 ~+207BE=D4| -4 8459E-C4
135, | +1175E-02 .3152E-03 -.391¢E-CE ~a1479E-04] -, 547€E-0¢
157.5 | 1175E-02 .252CE-03 -.F603E-04 -.3206E-C4 -.1140€-04[-.3912E~04 |-. 2¢52€-02
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Simply. supported  rectangular plate (v-0.3) l b/a=1.8 [ A=1
Influence coeftficient  s,=wD/Pa2 at x=y=0] Intluence surface of My ‘at X=y =0
y&al o . 02 . 04 0.6 0.8 o 02 - .04 086 08
0.8 +10916201 11037€~01 +8801E=02 +6381E~02 ,3342E-02 = 7555E-03 03 =23911E-03 =o1467E-03 —¢
22178 +1844E=01 +3720E-02- P27 . .
348761 ©20920€-01 12223E~01 o 221B8E~0: o186 o1 .
2 4TOAE= 23964 E~01 «ThT4E=01 - ki i 222308~
#5352 . WASTAE=D] +1000€+31  .1862E400 <1126E+ 87 * 93182E-
«ATBAE-01" +3064E=01 STHT4E=01" o734 A 22239E=0!
+344TE=01 4 2920E-01 02223E=01  ,2218E~ .zoros-ox 21610
22176E~01 +1844F=D] +3720E-02 078«02 o
-0.8 .IOQIE-OX +1037E-01 «3B01E=02. .03015-02 .33‘2[-01 = 7565E=03.=.8486E=0 _.;q)]g-og ~01467E=03 =4
. Influence coefficient 'Se=Vya/P at x=0,y=b Influence surface ot My at x=0., y=0,
e 04 . 06 08 ) Q2 .. 04 0B
0. E*01 ~e33T2E400 =41423E400 572€=01 2462€=01 ,2320E=-01 41953€-0 +1395E-0.
0. E400 3)60E+00 ~01851E400 318E-01 2342, 01 o5
0 2117£400 -.uzuwo 0¢0E-01 +9383E-01 ,3813E-01
02 £400 1319E40 801¢~-01 +16798400 4} +3736€=01"
0 E~01 195!;-0 970E=01 +1000€431  ,1728¢+00 010)2
~0-2 AOLE=0L 46790 T76E~01 " +1873E200 +1406E£400 .Q!IJE-O) o!“b -0 «2709 3
=04 ~133076~01 2671€=0: 020E~01 +95A%E=01 ,08B813E=01 .4 +2275€=01
-06 =e1770E=01 . 1431E-01 = 454€-02 130226-01 .3094E~01  +42026-01 +2943E~ +1302£=01
-0.8 =+ 7666E=02 72"“-“ ~¢6200E=02 =¢4504E-02 3¢3E-02 .+24826-01 +2328E-01  .1933E-01 .uvse-o +1217€-02
] Influence _coefficient ss=Vxa/P at x=a, y=0 )
VRS =08 : ~-0,6 ~04 ~0,2 ] 0.2 0.4 0.8 0.8
08 --bll)l!-l)! «41170E=01 ~41619E=01" =,1000€=01 =+ 1985E=01 =2179HE=01 ‘=s1427E=
06 | . =01500E=01 =42031E=01 =oA194E=0] =¢ 5162401 =, 3682E=01 =4 5519E=01 448 2132106201 -0
0.4 “«12767E=0) =+ 5520E«01 w,8261E=01 =,10916400 ~s1314E400 =,14406300 = 1379E4 .
02 © aihOK1E=OL =, R276E~01 =¢1203E400 ~41024E400 =424396400 431426400 =¢ ~.~m~ 400 =02
0 =1 4393E=03 249523E~01 =.1515E400 =42201E400 ~43095E400 =4 4350E400 =46302 -l
Influence surface of Mgy at X=0., y=0 :
T -08 -06 -04 -02_ 0O 0,2 04 06 . 08
08 |  =uD150E=02 =(1342E-01 =4 1364E~0) «,0543E=02 O, WB343E-02 +136AE-01 (13A26-01 +€130E~02
08 . me2126E-01 = 338401 -,3T21E-01 ~,2304E=01 O, (2384E-01 | 437216=01 336AE-01 12126F~01
04 ©sA053E=A) =, 71708201 =.B162E=01 =4 5673E=-01 O, +3673E=01 481626201 +7170E=01 +4033F=01
02 ;.l5D5E-01 =49230€-01 ;.nnrwo ~31280E400 g- o.llﬂo!‘hb +1331€400 0-0230[-01 «4583F=01
N SespsE-01 " 19230£-01 +13318400 .nnos~6o 0. ~11200E400 -11331E400 Zi9230e-01 -.noss-u
+5033 178E-01 +8182E~01 13! 0 ~«3673E~01 033E~01
+2126E=01 564E=01 .3721E«01 384E~01 IISQ‘GI
,nuns-nz +1342€-01 -l!h.l-ﬁl 543E=02 «€1986=02

282
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Simply ‘supported rectangular plate - (v=03) . |

b/a= 10.] ~=3 .

Influence coefficient

s4= WD/Ra2.at’ x=y=0

Intfluence surface of My-‘at Xzy =0

v 0. - 02 04 06 0.8 o 02 04 - 06 - 08
08 «2123E=03  ,1956E-02 +1527E-02 9971E-03 .4310E=03 | ~+B8939E=02 =.7936E~02 =.5439E~02 =4 3138E-02 ~41399E~0
a8 HB9TE=D +4287E~02 43281E-02 ".2093E~02...9971E=03 | -=¢1247E=01 ~,1023E=01 «,8239E~02 ~,3321E~02 1439¢=0.
o +79B9E=02 L T167E-02 J5294E=02 +3281E=02 +1327€-02 | =+1483E~0Z .1431E~02 <2993E<02 +1753E=02 +3381E=0;
02 +1178 E=0. *1021E=01 7167602 24287E=02.- +1955E=02 . +48B4E<01 .4334€=01 - 42464E=01 +1084E-01 ,3T7I8E=0.
) +1441€-01 ~ J1768E-01 .7989E=02 .4BF7E-02 .21236-02 | +1000E+31 .9848E=DL 400TE~01 +1397E~0L +8371E-0.

xy) 1178E-01" . 1021E=01" 7187E=02 :42876-02 .1936E~02 +A304E=08  (2484E«01 oJ084E-OL 373BE-D;

.04 1T9O9E-02 (16TE-02 . 232816202 .1327€-02 +14316202 - (2995E=02 +1733E=02 8531€-0
~06 «AB9TEAD2 1 4287E=02 3281E-02 "L 2008E=02 .9971E=-03 =e31023E~01 =,6250E=02 =¢3321E~02 =,1439E~02
0.8 +2125E~02  11936E~02  1327€-02 . 9071E-03  .4810€-03 | -.u:vs-oz ~.7038E-02 =, 5A39E=02 ».3138E=82 02399 E-0:

Influence coefficient  ‘Sg=Vya/P at x=0,y=b Influence surface ot My at’ - x=0. ¥y=0

sl © Q2 0.4 06 _ 08 [*] ._Q2 .08 08
[Y = 1707E+01 =~ = . sDrie-ol | 3aTie-0z L31amc-0z 1459E-02 =41399€-02
0 --62!55000 -+1107E400 .4450E-02 T73E~01 1 +10B4E-01 3321€~0 138E~02
0. =190 +1659E-01 0 439E-02
.02 11351 €01 338E~02
9 $1442E-01 939 £02
-0.2 +1239E=0 ¢ §334E=01 36E-02
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Simply supported rectangular plate (v-0.3) | b/a= 12 .
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Simply -supported rectangular plate (v=03) . I b/a=1.8

A=3
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Simply supported rectangular plate (v=03) l .b/a=1.0""
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Simply supported rectangular plate (V=03) |

b/a= 12.
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‘Simply - supported. rectangular plate

wv=03) | ‘b/a=1.8 A=7

Influence coefficient  s,=wbD/Pa? at x=y=0
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CONCLUSTIONS

- In this investigation,the BIE method has beenr success-
fully developed for.the two-dimensional boundary value problem
governing the deflection of th{n eTasfic p]ates,restfng on
Winkler's typé elastic foundation. The integral representation
of the solution and the coupled,boundary,singular,integral
equations are established apd a procedure of their numerical
solution is presenied. Numerical results are aiso obtained for
plates of various shapes. The accuracy of the method is .
discussed and its effectiveness is demﬁnstrated. The method
is adjusted for the evaluation of influenée fields (Green's
‘functions) q% various field guantities.

In Part 1 of this investigation the following has been
done: .
a) .The problem has been stated in i;s most general formv
including all pqssible béundary conditions mixed or not.
b) The region occupied by the plate may be multiply connected.
c) Two versions of Green's identity of the problem under
considefation are established. In the first version, the
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boundary terms do not have 4physic§1 significance. It can
be applied to derive boundary integral equations only for
the clamped and simply supported plate. The sec;nd version
of Green’s‘identity is obtained by modifying the first so
that all the boundary terms have physiia] significance.
This allows the derivation of boundary integral equations
for all kinds of boundary conditions (geometric or natural)
;egardless of.whether they are homogeneous or mixed énd,
tﬁns, the problem can .be treated ir a unified form. From
the Eomputational point of view, one set of boundary
integral equations for. each boundary valqe problem is
proposed which are very suitable for numerical solution,
as substantiated in this in&estigatiqn. .

The boundary may have corners. In this case,an additional

term appears ‘in the integral representation of the solution and

" the boundary integral equations. This term results from

e)

f)

the discontinuity of the slope of the bound;ry.

The fundamental solution used is that of an infinitely
extended plate on elastic foﬁndafion,under a concentrated
Toad. In ﬁresenting the derivaticﬁ of the fundamental
solution,a systematic procedure for thé evaluation of the
arbritrary constant of fhe solution is described. .

The Boundary integfa] equations were formulated by a
limiting process in which the fieid point is let to
approach the boundary. The first boundary integral equation
was established in a straight fo%ward manner. However, a

special’ tecﬁnique was developed in order to obtain a
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“second boundary integral equation. )
_The existence of the boundary integrals having singular

‘kernels as the field point épproached the boundary was

. proved. Moreover, a procedure was presented for computing

h

the jump of the discontinuity of the boundary integfa]s
whenever the kernel behaved 1ike a Newtonian double Tlayer
potential. Higher order singularities were reduced to that
of a double ]aier putentia]vby appropriate integration,by
parts ,along thebboundiry;

By examining the behaviour of the Kelvin functions and
their derivatives,it is shown that {he boundary integrals
behave like single and double layer potential and,hence,
theorems valid for the potential theory can be app]ied to
the derivation of the boundary integral equations.

It .is shown that the BIE method'is very well suited for the
numerical evdluation of influence fields of various
quantities (such as defléctions, sIapes; bending and
tiisting moments, and shearing forces). In this case,an
approach based on the properties of the &-function is
employed.useneraTized loads are introduced whicﬁ are

actually derivatives of &6~function. In the problem at hand

these generalized loads have not direct physical heaning (they

are combinations of muitipoles of theoretical physicsf. The

reciprocal theorem is used in a generalized form and the

influence field is the deflection surface produced by the
generalized fbrce. A major advantage of this approach is

that the non homogenous terﬁs in the boundary integral
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equations ‘are readily obtained ana]yt%ca]ly for plates with
any shape and, thus; the numerical evaluation of imp}oper
double integral is avoided. Another advantage of this approach
is that.it results in considerable'saving of computer time,
because the influence field is obtained by solving once the
boundary value problem. Hhen the influence field of a quantity
is ohtaih§q~hy ptacing the unit l1ocad ;t various positions,

a boundary value prob]gm'is solved for every position of the

-unit load. An additional aﬂvantage‘of.the BIE method is that

a concentrated load doesvnot have to be approximated by:an

équivalent qistrihuted Toad on.a small area, as in the case

of the finite difference method, or to apply it only at nedal

points, as in'the case of the finfte element method.

In Part II of. this investigation, the following has beeﬁ
done:

'a) The boundary integral equations are approxjmated py a
system.. of simu]taneous{]inear,a]gehraic equations. The
approximation is_based on the discretization of the
boundary into a finite number of elements ﬁn each of ﬁhich
the unknown boundary quaptities are assumed to be constant.
The coefficients of the system are evaluated by numerical
integration on the boundary element. Speciai numerical
schemes are developed for the evaluation of iine integrals

on the elements where the integrand is singular.

b) A numerical procedure is developed which can be employed
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for the numerical evaluaiion of improper double integrals
having a logarithmic or a Cauchy-type singularity. This

procedure is employed for the numerical evaluation of

' improper double integrals which are present in the boundary

integrals equations.
The numerical schemesfor the computation of the deflections
at any desired point are given. Numerical schemes for the

evaluation of the stress resuizéﬁts are also presented. They

. are computed at any desired point without requiring numerical

differentiation.

In Part III of this investigation, numerical results are
obtained for clamped and simply supported plates of various
geometry. From these results,the fo]{owing conclusions can
be drawn: o
a) The numerical results are presented in»terms of

appropriate;nonfdimensjona] parameters for circular and
rectangu1ai plateg. Tables are given for the analysis of
circular and réctépgu]ar plétes of a wide range of
dimensions. . ’

b) Tnasmuch as in the ‘BIE method only the boundary is

discretized, in this method, less input data is required
for the cbmputer program than for other numerical methods,
such as tﬁé finite element and the finite difference method
in which the th1e tﬁo-dimehsiona] area is discretized.
This. saves time and ne&ucek the risk of error.

¢) For relatively smoﬁth Sbﬁn&aries(uithout notches) only

" a few nodal points on the boundary can give accurate
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results. As the number of nodal points on the boundary

is increased,the error of the results approaches zero.

d) The step function assumption for the unknown boundary

quantities gives satisfactory results.
e) As it was anti'cipated, for small values of the constant
‘of the elastic foundation, the results approach those for
. a p'late not restlng on e]ashc foundanon.

. f) The accuracy of the estabhshed quantities is greater

for points located away from the Boundary. In order to
improve the accuracy for points near the boundary,the
number of nodal points must b_e incre'ased.

The formulae estabiished in_ Append_ii A may be used in
developing the BIE méthod for o*:her two-dimensional dif-
férential operators. ) -

From Appendix C,it is concluded that the values of the
Kelvin functions obtained by expanding them in Chebysﬁef series
are a better approximation than those'-available in the
IMSL 1ibrary. The Jatter have been computed hy Burgoyne using

Lanczos' econpmization procedure



APPENDIX A

In this appendix certain formulas are dérived which
_facilitate the differentiations of the kernels of the internal

equations.

(A-1. Cartesian coordinates

‘ The points of the region R are denoted by P(x,y),whﬂe
tﬁe points on its boundary are denoted by q(E,n). The angle
between the positive x éxis and the vector P_q’=)'- is denoted
by a. The angle between the positive x axis and the normal
to.!:he boundary,at the point q;is denoted by B. Finally,the
angle between. the positive x axis and an-arbitrary direction

i {s denoted by y (see Fig.A=1).

y

—

Fig.A-1.
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From Fig.A-1-we have
’ Eay
a={i,r)’
g

8=(1.n)
Y
y=(1,m)
" 97B-a

©=Y-a

(A<1}
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The angles a,8 an_d Y are positive when the x axis rotates

counterclockwise to reach the directions Fﬁ,ﬁ and m,

respectively.’
Reférring to Fig. A-1, we have
E-x

cosas ¢

f-y

sina=
T

r=[(E-x) 2+ (n-y)?]%

Differentiating (A-4) we obtain
=~ &2 =-cosa -
LR LR S A ]

ar_ ar 4 3r

an_ " ax 3y S1NB”

=«{cosacosptsinasingj=-cos{g-a}

=-COSp

(A-2)

(A-3)

(A-4)

.(A-Sl .

" (A-6)

(A-7)



Differentiating (A-2) and (A-3) we get

alcosa) »L(Eﬂ)
3x axt r

. cre{e-x)orfox
.rz
- sin’qv
T

alcosa) _ 3 (E )
. ay ay 'r
xy-1 ar
. =(§-x)]7W
‘_cosasine
=R
“3(sina) =3;(3:11
X xtr
a(hoy)=l 2T
-(“fY)}z-ax

. cosasina
) r

(A-8)

(A-9)

(A-10)

(r-11)
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(%) Here the subscript P or q denotes that the normal

derivative 2; is taken assuming the points q or P is

]
fixed, respectively.



3{sina) . L‘}_'l)
3y Ayl r

(A-12)

Ngﬁsu) _a'(ggsgz 0sB+ - B(CDsu)
P

sing

= su"! sinfa ocay casr.zsmus,l“B (A-13)

- Sinasine
or

a_(;:lﬂl - ﬂ;—j"&lc'osy a_A;;’nu)sir’IB

ey g 2 s
- s1n<:cosa 0sp-S98 z:smg (a-14)

.. cosasing
- r
moreover,

a(cos2a) _ 3(2cos?a-1)
3"P anp

=4cosa a(cosn) (A-15)
P .

. =4cosa smn:mq

- 2sin2asing
N r



“3(sin2a)

anP

‘- Referring to

we get

roreover,

ot
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=2[sinﬁ 3 gosu) +eosa a(:;ilna)]
n
P . p

=2[sina

sinasino _ cosasing)
" cosa == ]

2(co

Fo

= écasZusinm
= T (A-;lﬁ)

Fig. {A-1),and using relations (A-5) and (a-6)

LI 14 A o5
amy T ax cosyt 35 siny

=-(cosacesytsinasiny) - (A-17)
svCos(y-a)

FeCOSW

groo_ar

35 = 3L cos(B +a)+ Isin( +8)

=~cosasinp+sinacosp . (A-18)

@
a

=-sin(g-a)

=-sing -

a(cosa) . a(ggsu) 0s (% +4)+ a(cg;u[si“(%el

q .
P : .
5": “sine—cos‘;’}ﬂ

cosp (A-19}

- Sinacose
r
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3(sina) _ (51g°'!cus("' 18]+ a!‘sa;na) “(z *6)

ot

< gosasing qp, Cos’acosp (a-20]

- £osacose
r

. : 3
ﬁ;(sfnmh E[sin(a- al]

=‘sin33-'3(—"::2-s&l -cosB 3—5—{-'51 “(A-21) .
IR | q

-~sinaco
8 ST 2 SW

st cosscosacos&v
.
__ cos?g
r

(cosw)— [cos(B-cx )]
q
wcosp a__ltwsu - L-l(s' o

- cosgsing

LO3p3I1n® e

18 (Si‘an)=[sinoJ—' k (cqsm)_*cos'?—'? (sing)] {(A-23)
2 atq at_ at

_51" COSQ"S'HIQ _cos CDS P

~. Cos@cos2gp
T
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2% _ 3 3r P
2L - 2 (315 = 0e(<sing) . (A~24]
st Otq otg 3T P
cos?e
- r
5~ o (an)” a(e0se) | - (a5

_Coswsing
r

Differentiating relatioh (A-l?)and referring to Fig.A-1, we

3%r o3 8r ,_ 2
Ca— = (=)= ——(-cosw)
am 3 3 3
33N, ~ I amy [
B —5’:— cos (y-a)
q :
=-|:cosv—i—)-a sosa +sinY—H(§2"°’} (A-26)
q q )

écés'yginc.;;s"ing _sinvcosc:sinw
_ sinw§i.nm
. Cons_ider _the\differenti_al equation
W %; Winiw=0 o 27
Its solution.is‘ [76)
o g weker(p)+ikei (o) a2 .

From equation (A-27) we have

W % woHiw (A~29)
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SubstituAting equation (A-28) into equation (A-1.29},and -

separating the real and imaginary parts,we obtain

kei”(p]=- L kei(p)+ker(p) (A-30)

ker#(oT=- L ker*(p)=kei{p) (a-31)

1
)
1
=)

In what follows,we will express certain higher order
deriva.t‘i'vesléf the functions i:gi(p)' and ker{p} in terms
of these functions and their first derivatives.

.Denoting by u=kei(p] and z=ker{p) relations (A—3d) and
(A-31) can be written as .

. T

== S utz (A-32)
2% % zt-u (A-33)

where the prime denotes differentiation with respect to the
argument o. ’ »
Referring to relations (I-3.4),(A-5),(A~6). and (A-7)

we get

5x © % ar 9x =-%u'cosa (A-34)
u dudpdr 1.

y 5 3r 5y " T Y sina (5535)
“gu__ 3u duc. o 17,

Tp = JxCOsBigysing=- 3 u'cose (A-36)

Differentiating (A-34) and using relations (A-9)
and {A-5) we obtain
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3%u __ ;l_ 3, dRu’ 3(cosa)

3—;2 % 5% (u*cosa)s- ’.[g osaty-d 3% |
2 rkcostas Lursin? '
——z[u tcosZa+ ;u sin%a] (A-37)
2%

=i—[ZCDqu- 1y cos2a]
22 e

In obtaining the last result,relation (A-32) has b’eer; employed.
Differentiating (A«351 and using relations (A 12) and

(A-6), we obtain

a2 13 T 1 1T AR ) 355’in&! .

.3—-”2 15 —y(u sina)#- z[a—y sutu-l-u' ¥] 1
Y rcinzas L oyreos? Sl : .
==fusinat S ureos a) . (A-38)

<L [25in%a+ L urcos2a}
gz P "
In obtainin§ the Tast result relation (A—BZ'L has been employed.

Gsing relations (A-37) and .(A-38] we obtain

z . (A-39).

Differentiation (A-34) and using relations (A-61, (A‘m) and
('_A 32) we get
S QY- 18 Gucosa)
axay ay(ax g gylwrcosal -

= —[‘g—-cosaﬁu __(%'sull
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1

= %(- 1 u”sfnacosa+u'£2§9§iﬂ§) . (A-40)

r

LA 1 ;
= —— (u”- = u’)sin2a
282 P

= A (2o 24)sd
= le(z ou )sin2a

Differentiating (A-39) and using relation {A-8) we get
?__(p2y)= - - -
3nq(v u) l’z cosg (A 4;)

Moreover,from relations (A-37) and (A-38) we obtainm

au 3w =—(z- gu')cosZa. (A-42)
ax? ayz - g2 P

Differentiating (A-42) and using relations (A-S) and (A-32)

. we get
'a_a’u..___-é_ /_1."
a"q(;;: - ) anq[(uf Su’)cos2a]

1 8 g L ey, gy 1, %50 (cos2a)
) —Ez[cosz%nq(u B u’ )+ (u”- 2u™) 3N ]

=l;f ﬁ”-%u7+l;u'}cbsvcus?u-%(u"-%u’)sinmsinZaJ
2 P : .

=l—[;'c052acos¢- 2(,. 2 u’)cos(2a-¢)] (A-43)
23 T p

Differentiating (A-40) and using relations (A-8) and (A-32)

we get



269

—(axTy = 2—11 W[(z- £ u)sin2a]

=-2i—2—[sin20.a—an—(z- %u')+(z- ) (sta.)]
q

=1 Teinzad(z- 24°)° _ 2,.y2c0s2asin
_uz[sTnZa.z(z v Y cosp+(z Su )'—'r L24]

2

I 2.2 2
Y [sin2a(z S

. . 2 2 yeocomes
+ o u )cosqﬁ—p(-z ol Jcos2asing]
L e singe 2,2 .ys
=——[z*sin2acoso- £(z- Su’}sin(20-9)] (A-44)
223 P =} B
Differentiating (A-39) and using 'rela'tiuns (A-5) and (A~6}

we obtain

3 _(p2y)=- L - o _
ax(-v u) > z cosa (A-45)
g—(vzu 3=- Lzvging . (A-46)
Yy 23 . N

Differentiating (A-45) and (A- 46)_ and usmg re]atlons (A 8)

and (A-33) we obtain . -

e 2 _(y2y)]=- 1 —L(z‘)cosa‘*z'a—(cosu}‘
- Getrm- L6 s
1

=- L[#/cospcosas L 2'sinasing]
I P +

= JT[ucoswcosa+ % z'cos(a-9}] ' V(A—‘47)
L : . .

aaTq]:g—y(v2 u)]=- ‘E—z[aaTq(z ‘}sinatz ‘:Tq(s_inu;)]



Moreover,
obtain

8 u

: ampanq
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=L [z cosgsinat ~‘1;z coso.smm] (A-48)

= T[usinwcosua* % z'sin{a-0)]
2

using relations (A-25),(A-17),(A-8) and -(A-32) we

- .a au - E— ,ar

: _ (A-49)
= -i—-[u"cosmcosw % u’sinesine]

= L [zcoswcosm- % u cos(qﬁw)]

By substituting -u for z, -u’ for z°, z for u and z* for u"

in equations (A-34) to (A-49) we obtain the respective

derivatives for the function z.

Thus

;g—; = % z'cosa (a-50}
‘t;_; .=‘ % z'sina (a-51)
-g%_p = :%z"cosw : (A;-"SZL-
?a_;;i an ‘:—z[u:os‘cﬂ % 2°cos2q] (A-83}
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:% == ij[MSin’u- % i':os'g-a:! - (A-58)

viz=- ;—,J{ ‘ (A-55)
g:azy == i(w % z')sin2a - (A-56)
Q,T(Vgu)ﬁ-.i—zu"coso e - (A-57)

32z _a’z __ L(ys % z')cos2a . v (.A-SIB) ]

a‘xzn ay? 22

__q(:x: : Z)—l—[ u cuszacos¢+-(u+_z )cos(zq.m)]
y

o . (A-59]
—(gx—;y)- —[—u s1n20cusm+—(u+- z*)sin{20-9)]
(A-60)
g—x(vzz)= 171.—’ u'cosa ’ (A-61}) i
- é‘g(\ﬂz)}= i—; u's'1;nu (A~62)

-G (9221) =5 zcos0c0sa %u ‘cos(a-@}]  (A-63)
q ) ;

8_r3 =1 " 1.
a—ﬁ;[ﬁ‘vzzﬂ';ﬁs‘nwcosu— 5 u'sin(a-g)].  (A-64]

32z

Sman =1 [ucos:ocosw —z ‘cos(q;m)_] (A<65]
P q
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A-1I. Int;insic Coordinates

It is often necessary to use the intrinsic coordinates
s and n, that is,the.arc length of the boundary and the langth
along the normal n to the boundary. In this case, the
derivative with respect to s, generally, is not identified
with that corresponding to the tangential dfréction t. For
a function. w, we have

(A~66)

»
I

cul’tv
wix
)
@
=

Referring to Fig. A-2. we obtain

Fig.A-2.



2
% = g—s(g—! osB+ s‘mB)
=g—s(g—:)cosﬂ )s1ne+g: gs(cosa)+3y as(s*tnB)
3_(3_"'(;055 —"s‘mB)+( s]nB osB)—
at'ax 3
z" 3w
Rt
‘where . .
= =28
K=K(s) 55
is curvature of the boundary.
Ihus,we.obtain the following two relations
3w _ 3w aw : : ) )
3san son TRt (A-67)
o I L ‘ : © (A-88)
atan  3san Kas -

Moi‘eover,dsing (A-66] we obtain

- 8. (_ W .. oW
s( ~sing+ WCOSB)

—gscg")s1na+ (,a )cosg‘- 5% a—%ﬂ +g§ ,g—s-(coss)

5 1:[ s1 ne+ osga[ coss+ slnajas

]
|n>.
o+
%
qffv
=i
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hence, : : .
2
iy (a-69)
3s?
2 2 .
1N 2w 0M (A-70)
at?  asz2 M
2 2 2 2
V2“=§_"+"’_"J_"+3_"+3_: (A-71)
an?  3t? an? 3s?

Similarly,using relations (A-67),(A-69),(A-J8)- and (A-25) we
get ’ )

% ' (A-72)
anq al:qan’._l K'et

3‘CDS(D) _ 3
3s .

(A-73)

for rectilinear boundaries K(s)=0 and it is a1way§ -2
: \



APPENDIX B . -

Computation of the term I - for non-smooth boundaries

e (s) ;
g g(sh

g(s)

b. s

Fig.B-1. Discontinuous funétion with g(a)=g{b).

Consider a function g(s);defined on an interval {a,b},
which at a point S5 has a ﬁi’scontinul‘ty with a jump
[[g]l.‘=g(s:.'l‘-g(s;). Moreoyer, assume that

i : ]

- glal=g(b) (8-1)

If o(s) is a continuous function defined on the interval
N R

- (2,b) with .

p(al=p (b} (8-2)

we have

6! e b .
J gd—: ds=1 91’2 ds+I: 9512 ds
2 a

ds _s+’_ ds
,s’igﬂ b
o], 8 el
i
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. s b
=(gq;)s._-,-(go),__+(g»),,—(go)s; -ng ads
. i v

iR

(g0l (g0l -L%g‘.pds

= llsell; Ja%wds S U

When g(sj and Q(s) aré’ldefined on a closed curve C

’ equation, {B-1) "is satisfied and relation (B-3) becomes

.L _Q ds=- |[go]| i J s ods- (a_) '

or (B~4)

-(b).'

Fig.B-2. Boundary-having N corners.
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Notice,that when g is continudus {looll; =0. Relation {B-4) and
(B-5) can be used to-carry out in.l:egration by parts when one
of the functions in the integrand is discontinuous.

' Referring to Fig. B-2, we see that the curvature .of

the boundary K(s) and the normal derivatives g—: and 2

are discontinuous at corner points s.i; Thus, relations

(B-__4) can be used in integrating,by parts,the following

terms of the boundary integral (1+2.10}. - .

B BT

B J e
[ e ] ] s oo
R o R
[ oz ] [ 3restes e

Substituting equations (B-5a) to (B-5d) into relation {I-2.10)

and denoting by

7= 55w K55 . (B-61:

we get for a boundary with N corners

N’ '
- 3v 2w _ 3w Y] R
.Ic"("”l)izl frrw-wres an 3s - an as]l (8-7)



APPENDIX C. -

Evaluation of th&

A method for apﬁroximating the Ke'l\{in functions ker({x},
kei(x) and their.first derivatives ker'(x), kei'(x) has ‘been
presented by F.D.Burgoyne. [87]. According to this method,the
Kelvin functions a_lje~_‘a‘pp_r‘9)§ima§:ed to at least rine significant "
figures (').This accuracy did n'otvmee’t our computation needs. -
In order to increase the accuracy,the Kelvin. functions are
approximated with their finite expan;ions in Chebyshev
polynomials [88]. Thus,

a) for 0<x<8

ker(x)=- (y*1n x/2)ber(x)+(n/¢)bei(x)-(x/8) I e T, {x*/64)

I
n=p." 20

ket (x)=-(¥+1i x/2)bé{(x)f(ﬁ/d)ber(x)+(x/8)!§0fnTzn(X!/54)
‘ ok
(c-1)
ker'(x)=-(y+1n %/2)ber’(x)-x""ber(x)+(n/4)bei’ (x)-

. @ 2
.(x/B)anZDgnTZn(x /64)

kei " (x)=-(Y+1n x/2)bei " (x)-x™"bei (x)- (v/4)ber” (x)+

. I 2
o +(x/é) ngohnTZn(x /64)

(*) The IMSL Library uses tlhis approximation for the Kelvin-

functions. .- 2
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where

C) 2 :
ber{x)= ] a T, (x /64 bei(x}=.F:b T
%) nZO n'2n ! n:p

2yt /68)
(c-2)

ber*(x)%(x/8) EochZnﬂ(x’/sn bei” (x)=(x/8) Eud“TZn(xllﬂ)
n= n= : .

TZn(xj and TZnﬂ(x)‘ are the .even and odd C_hebyshgf polynomials,
respectively. The coefficients an’bn’cn’dn’en’fn’g;l and hn are’
© given in Table C-1. ’

The Chebyshef polynomials are evaluated from the recursive

formula.
. Tn(x)=éxTn_1(x)-Tn_z(x) nx2
Tl o (c-3)
T1=x
b} for 5

ker(x)=Re [Ko(xe' i““)]

'kei'(x);lm[ro'(“—i"”)] (c-4)
rer’ (});gg[evaiyz/lakl(n_i“,f)]_
kéi i (x);-im [e3in/4l(1 (‘x'e'_inll‘_)]

where



R (xe” ‘““) (o 22) %o 1 (/84u) -u z pT(5/x)

K (xe” i"“) =(n/2x )lsei (r/8+u) ~u ED‘!.J; (5/x)
ne

(c-5)
=%, x5 i

n“RPp)+il(p ), g =R(q )+11(q;)

o .
Tn(x) are the Chebyshey polynomials: of the second kind and are
related to. T, with the relation

T,=T,(2x-1) o (e-6)

The complex coefﬁnents P, and qn are given in Table C-1.R(p ),

and I(p ) denote the real and Imaginary part of pn

TABLE -1 )

Coavoney Commanems rox ber(a), bete), ker(s, ki(e), 4 Tezn Dearvstors

1

% .

n 2
02,2552 15482 79523 90138 0 =29.3¢949 10970 21269 22222
] 1 -8.98368 67413 38207 ST6A¢
2 2 3.¢0890 09758
3 3 -0.14735 80153 21209 28046
. 4 0.00192 21031 56268 04953
5 5 -0.00001 04178 99277 03635
Y & 0.00000 00277 43180 21356
7 7 -0.0000D DOO0O ADSEY 17690
2 8 0.00000 DOOOD DOO3S 22916
9 9 -0.00R00 ODOCO 00000 01933 '
10+ 0,00000 00000 00000 00039 10 0.00000 0000 00G00 00001
s % a . %
© 25.78109 26625 89600 75371 © -9.99584 3484321679 05729
116094051 22687 76532 54706 1 -5.3229% 13802 52723 50097
2 -2.68497 25515 96R18 57127 2 201600917317 54580 36429
3 007541 6557% 88338 L1832 3 050716 d707a 49198 13307
4 -0.00077 64982 50509 45331 4 0.0059 23¢57 75034 3463
$ 0.00000 39 Z31a) <iste 5 <o 1186 [9171 AT426 !
& -0.0Q000 00079 4A3K2 & 0.00000 01200 26851 82563
7 0-00000 oanoo 1015y T -0.00000 00003 G3819 S626d
& -0.00000 00000 0000 £ 0.00000 000D
5 76150005 59500 06000 Baser 9 -2.00000 0000 00000 18356
10 0.00000 00000 00GOD 00007




TABLE C-I (continued)

= s >

5
N 03749 12279 0243 09428 0 -34.11314 §792¢ 443D 18243
§ i 1 03178 9859 A3enz
2 2 93950
3 27 3
5 4
S 000000 72383 87142 14307 s
. 003e8 .
7 -D.00D0D 0000 1719¢ 29932 H
H -+ 7 © e
30 ‘000000 00000 OKOOD GODOD 10
‘» [ » LY
© -30.7609 21143 27290 84320 © -10.33308 52726 S7S1y 42343
-1 -E33190 Sa5e aisre a6y 1 463400 29303 76352 4285
7 12 shiet Diez0 d1ens - 2 21318 10822 9143¢
H qw.-.uss 1930 4437 3 30466 03610 97755
- . 4712 00w 212
S -5ibooss 2e80s 15192 2313 s 21414 83300 29904
¢ c.uo00D onsy. 13527 Ye2%0 € ©.00000 G571y 22062 5045
T 0.0 #8679 Te048 7 ~0.00000 00010 OTS6} 98801
s 00 00000 00034 79515 2 0.00000 Q000D 01028 97780
+3  -2.00000 0000 TOOOD 02784 9 ° ~0.00000 0000 OOODD 65109
0. 0,00008 00000 00000 0O .10 0.00000 00000 00ODD
» Ms,) 2 ey}
° 27590 13757 71500 © -0.00790 65368 61206 002B¢
1 92248 00627 .. 1 -0.somel sani osnz szl
2 00279 13133 2 0200028 01428 S3c66 02342
3 42797 59179 3 -0.00001 08679 91455 73912
4 2857 32398 © 4 71791 3sess
5. 2092526933 s 78127 35761
e 03665 38911 e 77666 56739
1 20405 87453 K
] 07409 37643 ]
] o 4940 ?
0 Q0807 043¢s 10
n 00126 91627 1
12 0.00000 00000 00016 7863 12
13 -0.00DH 000 00001 74350 12
14 T0.00000 00000 90000 D795 16,
0.00000 90000 00000 02532 15
000 00 01072 16
0.00000 03000 00000 00230 17
400000 00000 00000 DU 1
.00000 00000 00000 00O1) 19
-0.00000 T0000 0000000002 20 00000 00000 O
. Mq,) - = .. - (e)
0 1.02638 45771°27877 Z3ess 0 0.02493 11563 34580 5957
-1 0.02637 27379 D162 30833 1 0.02463 02175 32635 25335
7 -0.00007 11145 12850 32471 2 -0.000¢i 1 ? 11200
3 -0.00000 #3456 63118 TIC9 . 3 84493
© D.DDKOD 08572 29001 82 « 17209
5 -9.00000 00678 19783 5 0232
& 0.00000,00D45 60014 8 4 70219
7 -0-00000'0ono2 05822 7 13000
8 000000 00000 09832 K 08190
9 - 0.00000 00O 9 53798 -
13 -0l60000 00605 09te 10 a7¢93
1 ©0.00000 00142 11 0.00000 000CO 0ODOR 52051
12 ~0.00000" 000 12 ~5.00000 000G 0001 79428
13 0.00000 00000 00001 13 _p-90000"00000 0000z 83522
.14 -0.000d0 00000 00000 14 0.0 0000 586177
15 ~0.00000 00000 60000 15 "0-00000" 00000 0000 09541
16 0.00000 00009 00000 ‘16 -0.00000 00000 00000 01338
17 ~0.90000 96900 06000 03 I .17 0.00000 00000 00000.00138
18 0.00000 0000 .7 18 0.00000 00000 00000 0ODOD
19 000000 00000 00000 960 : 19 ~0.00000 0O0DO DODOO 00GOS
20 .0.00000 00000 00000 00002 20 0.00000 00000, 00DOD GDODZ

21_ ~0.00000 00000

00000_0000%
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In table C-II the values of the functions ker(x), kei(x),
ker’(x}, kei’(x) are given as computed from the two different
methods of approximation..é;r-comparison the corresponding
values arellistéd as they are giygn in the fTahles of the
Besgel-Ke]vin functions Ber,Bei,Ker,Kei and their derivativesf
by H.H. Lowell [89]. Lowell has used normal series (ascending
powers of(ghe argument) for ke; and kei and their derivatives
over the argument range o to 8.89; beyond that he has used
asymptofic series. Lowelli's Tables ave ta the authbr‘s
knowledge the most accurate. As we can see from the Table C-11
there is an excellent agreement bgtueén the values coﬁputed

by using_chebyshef series and these from Lowell's tables.

TABLE Cc-I1

Yalues of the functions ker(x), ke1(x) ker” (x) kei(x}. Computed
from Chebyshef series expansion, from Lowe]l's Tables and

Burgoyne* s.approx1mat1on.

Cnebyshel. Lavel] T surgome

x serls)

1| 20670 w208 2040 | 26670 62087 2m3ec | 28670 62087 280u0
2| ~.an6s4 S1099 151-00 |-.42664 51999 150-01 |-.42664 S1099 O
3] .67 2300 W0 |- TR 230 3D |-.608 BN W01
4} 36178 BIS 95501
S| ~.1180 F2nS B0
6] -.6530 7500 473-0 |-
71 ".1920 ses ez |
8| .14858 M08 819-02
s onean me | ansaw -0 | €06 087 030
1

L2546 D02 BT | L1246 602 | -0 { 146 0247 3

91 [ ~.000 w60 605 |.4500 610 019 |-.906 Lo 64229
92 -0 1801 's80-® |00 5801 3853 b
3] 359 43603 922 {35218 436 97-29 (35219 43603 964
sl e 19 513 |- a9 S22 (-0 5923 4e-m
5] s oms 010m | L1952 mas yos-a1 | 195D @1 08a-u
961 L7015 M55 430 | 20156 BS540 | 22056 4SS 20030
97| 200 %% @130 | 205w 20m 9130 | 2050 290 650-20
58| .eom vas e | w7 vas st | a7 s sun
#7060 N6 | L1407 06360 UE21 | 2RD 0O BaE

100 | + 550 12996 732 {-.98984 17956 Y3122 |-.56984 11998 22622




20475 704 48230
52 v e06-21
553 S350 31021

218 wm5 0 @
11 W99 O
TH6 104 4
20

- 38762 396 84529
a2 Q7 e
1600 ST T3
8407 10466 0U-20
1475 7014 3020

10 w1868 23228

= B4 31100000

ST O -0
305 M -0

-84 On) 18-
U5 82 9029
B8 TS 29029

~ 4D 10 SEH00
- 10060 A3 a0
21678, 20685 7601 *

San @ nee
42080 94673 9650
- 80972 490 986-00
- TH1Z3 09538 00S: 0
-85 @2 8861

-6M1 B2 TR
10529 Y465 329-29
29605 1745 1029
1754 08360 S 29
475 TRRS| BD-30
228 5000 06531

12687 308 3B

99171 s 1O

- 47 D 08831~

812 00 1603

X ] - )
1. [~ 2823 a9130 202000 | 35236 991 610
2 | 2ise0 29009 J9e00 | 21500 1907 19600
3 [ 52000 05060 c25-c1 | .92000" 0504 000 !
o | oncam ma | amown @
S [o.ti0% 6308 2000 | -0 843 -m
6 [-522 20080 9012 |-.5829 20061 0 -2

L7 |5 oo @02 [ -34S oot

|8 |13 1900 0002 [ -.1306% 1218 -.13083 318 g2
¥ (-0 I 270 | . 20007 410 20007 4188 ©5-03
10 | .4 N6 5@ | LAE1 3N <1451 3052 25803
n | anaien o00-23° M8 16925 500-20 | 19881 10925 w528
92| O OO ST | 2078 061T 906-23 | 70728 OB107 TS0
0| WS M s | ANT M s | 2m9 M -
B |- 1010 @) 6830 (-.1ML @) 60-30 [ -,1841) @S0 V630
95 [ -.62690 40193 $57-30 [ -.628 5293 934-30 | -.62B8 M3 30
36 { +.42200 22331°147-20 |-.4230'22391 146-30 | 42330 2290 884-30
97 | ~.16485 S4B 566-30 | -.16485 BAN2 86630 | -.)6486 BOWR WE-20
98 | - 2019 AN IR-I1 [+ 2019 Q97 B2 | -.n19 NS? RN
9| 2520 45 ST-1L | 2970 OASES S26-01 | .ZNZD OMSEB 140-11

100 | .ZB3 6B @61 | 225 6RM G50 | .Z9ES 6 a3l
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