
Principal Component A n a l y s i s
( PCA )

I d e a : w h a t d o e s t h e S V D d o ,

geometrically?

Exploit t h i s understanding t o

r e d u c e t h e d i m e n s i o n s o f

d i s c r e t e problems



Ta k e f u l l S V D f o r A 2 × 2

A = V I V , U , v a r e orthogonal

2 × 2 matr ices, [ i s a diagonal

2 × 2 m a t r i x . A s s u m e 0 i s

n o t a diagonal e n t r y o f {

W h a t d o e s V ( o r ✓ I d o geometrically?

u n i t c i r c l e

0 "
Both V a n d V r o t a t e t h e

u n i t c i r c l e (can a l s o h a v e

re f l ec t ions )



Diagonal m a t r i c e s

[ = [ 'o: )

"o"÷t÷
N'on:[8)
[1191):[5)



Applying U ro t a t e s t h e

e l l i p se

0¥
= A (unit circle)

i s a n ellipse



Ellipse (entered a t ( o , o )

2

Equation: ¥ t II = /

Major a n d m i n o r a x e s a r e a s s o c i a t e d

t o e i t h e r x = 0 o r y = 0 .

Higher Dimensions

Ellipsoids!

Fauation i n LR":

a'÷'t IIT..-t¥--I



Axes a r e assoc ia ted t o

X i = 0 f o r a l l b u t o n e

coo rd ina te .
T h i s produces

line segments, l a rges t

o n e = m o s t r e l e v a n t

i n fo rma t i o n .



I d e a o f P C A :

1St principal component

= longest a x i s o f t h e ellipsoid

produced by A .

(sometimes c a l l e d " the" principal
component)

2nd principal component

= 2 n d longest a x i s o f

t h e ellipsoid produced

by A , e t c .



No t e : by applying permutation

m a t r i c e s , w e m a y a s s u m e

t h a t ,
i f t h e d i agona l e n t r i e s

o f { a r e 0 1 , 0 2 , . - i
0 4 I

0 , 2 0 2 ? 032
- - - I % ,



I f A i s m x n

A - - U E V f u l l S V D

Score m a t r i x : #
1st principal components

1st co l umn o f T

2nd I ' I l =
2nd 11 1 1 1 1

e t c .



Example 1 : A-- [ 'o
'

, f ]

f ind t h e principal component.

S o l u t i o n : A s h W o l f r a m A lpha !

Wo l f r a m Alpha g i ves u s

u = I [ i t ]

E - [9%0]
✓ =

¥ FE toE÷÷÷1

A - - v a r



T = u s

= ÷ I i I' I C? %I

= ÷ c : : : I
= in. ÷.: I

"÷i%÷÷;÷r€



Application: image recognit ion

(stolen shamelessly f r om sect ion 7 . 3

i n Strang)

photo = dig i ta l photo = pixelated image

Every pixel h a s a numerical v a l u e

t h a t corresponds
t o t h e c o l o r

o f t h e pixel.

Photos = h e a d s h o t s i n 7 . 3



Suppose e a c h imag e has t h e s a m e n u m b e r

o f pixels o n a n d suppose y o u

h a v e n i m a g e s . T a k e e v e r y

image o f n pixe ls a n d
m a k e a

c o l u m n v e c t o r o u t o f t h i s image

( "vectorize"
t h e matr ix)

T h e n "center" e a c h v e c t o r

by subtract ing i t s 1- n o r m

from each component.



S ta r t w i t hE * ¥

g ; ; : )
vectorite! (Ig) = V

7

11 VH, = s u m o f e n t r i e s

= 18

a v e r a g e : 1¥ =
'f- = 3



Subtract 3 f r o m e v e r y

e n t r y o f t h e v e c t o r :

- 2

- Ifit
4

Sum of e n t r i e s = O ✓

t h i s i s a "centered"

v e c t o r .

(entered = m e a n i s z e r o



N o w t a k e t h e v e c t o r s y o u h a v e

obta ined through vector iz ing a n d

averag ing e a c h image ,
a n d

a r r a n g e t h e m a s t h e co lumns

o f a m a t r i x A . T h e

1st principal component of A gives

t h e l i n e a r combination
o f k n o w n

images t h a t b e s t i d e n t i f i e s
a n e w

image. T h e
2nd principal component

gives t h e second-best ident i f icat ion , -

e t c .



Example 3 : S t a r t w i t h i m a g e s

[ 'o:D and

I : : : )
We've already vector ized a n d

centered t h e f i r s t m a t r i x ,

s o let 's do t h e second:

1 2

vec to r i t e a s I §q) = w



Hu l l , = 48

ave r a g e : ¥ = 8

Ce n t e r W :

4
- 8it2
6

s u m o f e n t r i e s i s z e r o .



- 2 9
- 8A:

(
'a:
)- 3o 2

4 6

S U D i s r a t h e r complicated!



Problem: s i z e ' .

e a c h image i s , s a y ,

6 4 0 × 4 8 0 p ixe ls .

Each v e c t o r i s t h e n i n

1/2307,20
0 .

Suppose yo u h a v e 1,000,000

s u c h i m a g e s .
T h i s i s a

l o t o f data! Maybe

too m u c h f o r y o u r computer.



F i x : Compute [ a h e a d o f t i m e .

{ w i l l h a ve 3 07, 2 0 0

diagonal e n t r i e s . O n l y

t a k e a
f ixed n u m b e r o f

these e n t r i e s , s a y the

first@singular v a l u e s .

Use t h i s t o generate smal ler€÷÷÷:":*.na
me

i s 5 0 0 enough? I s i t

t o o much?



T r i c k f o r images : m o s t nearby p i x e l s

s h a r e t h e s a m e co l o r

v a l v e . A v e r a g e ce r t a i n

portions o f y o u r im ag e t o

produce a sma l l e r m a t r i x .


